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—2E}{ E%(1 — cosfy cosf, +sinby sind, cose).
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and because the threshold values of P2 for continuum
states are much smaller than those in deep-inelastic
electroproductions.

8The angles 6, 0,, and ¢ are 21°, 9.4°, and 111°, re-
spectively.

BFor E =3 GeV, E{=E}=2.5 GeV, ¢°=—1.5 GeV?,
w=1.8, and pr=1 GeV2 the effective cross section is
of the order of 10738 cm2 for (Q?)=1. Therefore, if the
scaling does not start at —g? less than 1 GeV? as it does
in deep-inelastic electroproduction, it is hard to perform
this test in the near future. Even in this case, however,
this test is much more feasible than the test of Gross and
Treiman because their effectwe cross section is esti-
mated to be less than 10™%cm? for the same kinematical
values given above.

2. L. Auslander et al., Phys. Letters 258, 433 (1967);
J. E. Augustin et al., ibid. 28B, 508 (1969).

PHYSICAL REVIEW D

VOLUME 5, NUMBER 9

1 MAY 1972

Chiral and Dilational Symmetry Breaking and the ' = nam Decay Rate*

P. Weisz, Riazuddin, and S. Onedaf
Center for Theovetical Physics, Depaviment of Physics and Astronomy,
University of Mavyland, College Park, Maryland 20742
(Received 9 December 1971)

Assuming the Gell-Mann ansatz for the structure of the hadronic energy density 6,, = 6y,
+u+ 6 with u = €,(S; + ¢ Sp) belonging to a (3, 3*) + (3*, 3) representation of SU(3)®SU(3),
¢~ -1.25, and the additional ansatz 6 = constant, we obtain an estimate for the decay rate,
T'(n’ —=nmm) < 0.2 MeV, assuming that the (958) is the ninth pseudoscalar meson.

I. INTRODUCTION

In a recent paper,’ two of the present authors
(R. and S.0.) presented a calculation of the rate
T for the decay 7’(958) —~naw, under the assump-
tion A that the SU(3) ® SU(3) symmetry is of the
Goldstone-Nambu type and that the symmetry-
breaking Hamiltonian density « belongs to a (3, 3*)
+(3*, 3) representation of SU(3)® SU(3).2'®* An
anomalously small value for I" was obtained and
it was concluded in paper I that assumption A is
probably invalid. It could be argued that such a
conclusion can only be regarded as heuristic,

since, of course, a prediction of an extremely
small width T cannot rule out the theory involved,
at least until experiment proves otherwise. The
main purpose of this paper is, however, to point
out that by modifying some of the at first sight
seemingly harmless additional assumptions made
in paper I, but retaining assumption A, that a
value of ~0.2 MeV can be obtained as the approxi-
mate upper limit for I'(n’ - n7w), which is an
order of magnitude larger than that obtained in
paper I. The value I's 0.2 MeV is still surprising-
ly small for a strong decay and, if confirmed by
future experiment, this could be proclaimed as a
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success of the model under consideration.

There are two main assumptions which were
made in paper I that we modify here. The natures
of these assumptions are somewhat distinct and
hence we can consider the changes to the estimate
for I in two independent steps.

The first modification concerns the behavior of
the transition amplitude 7 over the Dalitz plot.

In paper I it was assumed that 7 was approximate-
1y constant over the Dalitz plot. Here (in Sec. II),
however, we allow for some variation which is ex-
perimentally indicated and find that by taking this
into account a factor of about 5 is gained for T'.

The second change is considered in Sec. III and
concerns the matrix elements (M;|S,|M;). In
paper I it was assumed that (M;|S,| M, = 6;; %
(constant). We now prefer to drop this assumption
which fails in general if dilation invariance is
spontaneously broken, and in its place we assume
the Gell-Mann decomposition for the energy den-
Sity ©,,=6,,+#+ 6. We assume, moreover, that
0 is a constant; this assumption is the most ele-
gant and so far there is no evidence against it.*
The magnitude of the amplitude 7' turns out to be
quite sensitive to the value of the dimension d of
u. For d=2 we recover the result for T obtained
‘in paper I with m,=0. However, for d=3 (as
suggested by a quark model) the value for 7 is
approximately double that obtained in paper I. In
Sec. IV we add some comments concerning the
physical implication of the present estimate.

II. DALITZ-PLOT CONSIDERATIONS

To make this paper self-contained we repeat
some of the steps performed in paper I. We are
considering the decay n’(p') ~m;(k,) +7,;(k,) +n(p),
and define the variables
_ (o=FR)(p+D)

dm.,,
. ’
=vy+ ky 2(P+P)
m.,’l
ky-(p+7) ,

2mn,

V=

S 7

° (1)

b= (my = m,?)
o~ 4mn;
kl . kg

2my,

b

Vg=— , “

t==(p' = pP.

Using standard current-algebra and PCAC
(partial conservation of axial-vector current)
techniques® and taking k,=0, %2=0and %, =0,
k,2=0, respectively, we obtain
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6ijT(V=_Vo’ VB'_‘O, k12=0; k22=0)
=6HT(V=V01 VB=03 k12=0’ k22=0)

2
f2

(n(P’)IZi,-(O)I?J'(P» lt =0 s
(2)
where T(v, vy, k2, k?) is the weak off-shell
amplitude with normalization
6;; T(v,vp, k%= —m,> k?==m,")
= —i(n (p)m ;(kp)m; (k) [S [0’ (p')
=T (v, vp)dy;,
®3)
and Z;; is the usual Z commutator
z,,(0)=i[F5(0), 24,(0)]. 4)

In addition to the above constraints we also have
the Adler zeros®

T(V=vy vy=0, k%=0, k2 =~-m,?)
=0
=T(W==vy, V=0, BZ==m,? k2=0).
(5)

With assumption A, that the SU(3)® SU(3)-sym-
metry-breaking part « of the Hamiltonian belongs
to a (3, 3%)+ (3%, 3) representation of SU(3)® SU(3),*

we have

u=¢€y(S,+¢Sg), (6)
and X;; becomes

D;;=0:8€0(c+V2)(V2 S, +Sy). (7)

Bose statistics require T to be an even function in
v, and thus the conditions (2) and (6) can be written

T(W2=v2 vy=0, k2=0, k2=0)=~ f—izo,,,,, 8)
and
T(w2=v?2 vy=0,k*=0, BZ=-m,?)
=0
=TW2=v2, vy=0, k2==m,? k2=0),

(9)

respectively, where
Oy = 3€(C +V2XN(P) V2 Sy +SgIn' (P Wi = - (10)

For the off-shell amplitude 7 we shall assume an
approximate linear variation in the variables

vg, k2 k2inthe region 02 k22 —m,? 02 k,?

z —m,® and vy and v in the neighborhood of the
physical region,

T, vg k2 B~ a+b(kZ+ k) +evy. (11)
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Then using the conditions (8) and (9) we have for
the on-shell amplitude in the neighborhood of the
physical region

2
T (v, VB)=}.—§O'nn;+eVB. (12)
m

One may ask, what is the intrinsic error intro-
duced by the linear assumption of linear variation
of T in the region of interest? This is certainly
hard to estimate, but we doubt whether this as-
sumption introduces errors for the on-shell am-
plitude much greater than 20% (and hence errors
for I' much greater than 50%). Our argument is
simply that the first nonsmoothness can be ex-
pected to be introduced by some enhancements in
the 7-7 channel, i.e., for {~m2. But if one ac-
cepts a rather large value ~700 MeV for m, then
(t/m?) reaches a maximum value (m,. —m,)*/m,*
~ 0.1 in the physical region for n’ ~nu#7 and is
much smaller in the bulk of phase space. This we
consider supports our statement above that our
assumption of linear variation probably introduces
errors for I' less than 50%. Furthermore, we
eventually take e from a linear fit to experimental
data and this consideration is also obviously rele-
vant to our theoretical procedure.

Note that since the = term (10) is itself of order
m,? an extrapolation of the form (11) is at least
necessary; however, even with this linear extrap-
olation to go from zero-mass pions for which
current-algebra constraints hold to the mass-shell
pions, the slope parameter e is not fixed. In
paper I the assumption that 7' is approximately
constant over the Dalitz plot was made, i.e., e=0;
however, experimentally this does not appear to
be the case. Writing

T, vg)=MQ1+ay), (13a)
where
y=—1+ 2(my+2my)

My (Myr = my—2m,)

[(m,,, —myf = 2ma® VB:| ,

dm,,

(13b)
we have

(z/fwz)ann’ (14)

M=1v2.0a) "

Osborn and Wallace® have calculated the phase-
space integrals relativistically and find
I'=3(1.00+0.240+0.2702)|M[? keV. (15)

We see, therefore, from (14) and (15) that our
estimate for T is very sensitive to the slope pa-
rameter «.

[on

For a=0 as assumed in paper I, the result is
essentially the same as one would obtain for a non-
relativistic calculation and one had

I'=3.0

f,,2 Oy keV.,
However, the experimental estimate for o is a
=-0.28+0.06," representing a quite appreciable
enhancement in the number of events for higher
dipion invariant mass values and thus probably
reflecting the presence of the s-meson resonance.
This gives, using (14) and (15),

r~14.8 keV, (16)

72

which is larger than the above-mentioned estimate
in paper I by a factor ~5.

III. ESTIMATE FOR o,/

There already exist many calculations!’¢-%:° of
the n’ —nnm decay in the literature and here we
first wish to comment briefly on some of them.
If 0,,, is estimated as in paper I so that

c+\/_

Opnr = N q[(l ‘/’_C)( My +m,,2—2mK2)
+V2 cmg?]
“‘/—p - q(2 GeV? = 1.8my?), )

then a large value of the width I' can be obtained
only if m? is very large. Only if m® is of the
order of 6 GeV? would one obtain the value of T’
from (16) and (17) with ¢=-1.25 to be of the order
of 1 MeV as in Ref. 6. Thus although the calcula-
tion of T with oy, given in (1 7) is similar to that
in Ref. 6 where a nonlinear chiral Lagrangian with
(3, 3*)+ (3%, 3)-symmetry breaking is used, paper I
differs in the use of the value of m?, for there it
was thought that m,? should lie in the range 0 < my’
< 1.25 GeV? which is the natural scale for the
pseudoscalar nonet. Certain other calculations®
have been commented upon in Ref. 6 and concern-
ing these we do not wish to add anything more. We
just add that there also exists a calculation by
Schechter and Ueda® who use a linear SU(3) ¢
model, but it is difficult to compare their results
with paper I.

In this section, however, it is our main aim to
present yet another estimate for o,,. using present-
ly acceptable ideas on dilation symmetry. We as-
sume Gell-Mann’s ansatz for the structure of the
energy density

Opp =8+ U+ 0;, (18)
i
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where #, the only term breaking chiral symmetry,
has scale dimension d#4; 8, has dimension 4 and
§; are Lorentz scalars of dimension d; #4. We
shall, however, make the more restrictive as-
sumption that there is only one c-number 6 pres-
ent in ©,,. As mentioned in the Introduction, this
is certainly the most elegant assumption, and to
the knowledge of the present authors, so far there
is no evidence against it. Moreover, it seems that
if there were a 6 which played an important role
for n-n’ mixing, then it would be difficult to in-
clude its effect and at the same time justify a cal-
culation based on similar assumptions to those we
shall be making in the following.

The virial theorem is now

epu = —(4 - d)(u - ()(u)o) ) (19)
and we have for any state |M)
MOVl M (PP, o = 22N, (20)

where N is a state normalization factor which we
choose equal to one for mesons and equal to 1/2m,,
for baryons.

We define the physical states n, 1’ with obvious
notation as

77:1’7734"1770, 77’=q773 "p7703

with (21)
pPP+q®=1.

Then it follows immediately from (20) that
mn2+m,,,2=m,,:+mnoz. (22)

For 7,j,1=1,..., 8 we now assume that the follow-

ing parametrization for the matrix elements of S;
and the vector currents V;, between the pseudo-
scalar mesons,

My (D)[S; | M; (P = = Bl 5, 23)
and
ANV AV
=ifyl £ (D + P+ F. ) = D),
(24)

with f,(0)=1, are reasonably reliable. Then taking
the divergence of (24), setting #=0, and using (25)
and the relation

av; =€ocfiam Sms (25)
one obtains
fijl(mjz - mzz)‘—'eocﬁfism dmjl . (26)

Taking M;=K~, i=4+15, and /=3 and 8, respec-
tively, one obtains first the Gell-Mann-Qkubo
mass formula

3m, * = 4my® +m,* =0, 27

and second the matrix element
cB
€o<7’3 lcselnss) ==€ 73

=§(mg® = m,?). (28)
For convenience we now first rewrite o,,, defined
in (10) as
Urm’ = f(c)p ¢ CI(<778 |uln8> - €0<nslcss Ina) - <no|uino>)
+{(1/eXnluln’) +€,(V2 =1/c) b+ almolcSsmo)
+ (q2 - sznglsol??o)]}, (29)
where
fle)=3(c+V2)(V2 =1 /c). (30)

It seems reasonable to impose the orthogonality
condition

nluln; -, =0 (31)
simultaneously with
Mo1Ss 1160 <o %0

~ (Mg |So Mo s =o - (32)

Then we may neglect the terms in the curly brack-
ets in Eq. (29). Note that we do not assume that
(M, |So|M,)=6,,% (constant) for [,j=1,...,8 as was
done in paper I, as this would only be consistent
with our other assumptions in the case d=2.

The orthogonality condition (31) gives
m,,o2 -m,*

pP=qt= ———F, (33)

my®=m,
which together with (21), (22), and (27) gives
|p-q|~0.21. (34)
We now have our final estimate

S S
d-2
+ 4—_-_—d(m,,,2+ m?— Zm,,:)]

z:tO.lZf(C)(Z: 2 +0.'64) . (35)

The function f(c) is very sensitive to the value of
c. However, if we take c~ ~1.25 [i.e., f(c)~0.12]
the “preferred” value of Gell-Mann, Oakes, and
Renner,® one obtains using f, =0.134 (Ref. 10)

2

~2.0 for d=1
~3.7 for. d=2
~11.8 for d=3. (36)
Note that the result for d=2 reduces to (17) in the

2
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case m,=0.

IV. DISCUSSION AND CONCLUSION

We see from the result (36) that the estimate for
I" is quite strongly dependent on the value of the
dimension d. Combining the results (16) and (36)
a “maximum value” for I' of about 0.2 MeV is
obtained for d=3 (incidentally the value suggested
by a quark model). Recall the similar situation
for 7N scattering. There the assumption of just
a c-number 6 gives

Oun = 1(c+V2) [f_AgN +€0(-} —ﬁ)(N‘cSSIN)] ,’

&)

assuming €, (N [cS,|N) is of the order of baryon
mass splittings, e.g., ~=0.21, then for ¢=-1.25
one has

o,mNO.O'73<4—i——E +0.38) GeV, (38)
and again one has a maximum X term for d=3 of
about 0.1 GeV. The latter value was in fact
obtained in an analysis of Cheng and Dashen'!
using the assumption of linear variation in the
pion mass variables of the weak off-shell 7N
amplitude to relate its value at the on-shell point
(v=0,v,=0) to o,,. However, there are too many
varying estimates for oy, in the literature'? and
we prefer not to trust the estimate of Cheng and
Dashen which in the above analysis favors the
value d=3; indeed if one had the above situation
with € (N |[S,|N) large, ~M,, then one would ex~-
pect a very large Z term in KN scattering of
about 1 GeV and the question arises —why didn’t
von Hippel and Kim “see” such a large effect in
their analysis?!®

We sum up our conclusions as follows: The
1’ —~nuw is a strong decay which proceeds without
angular momentum barrier effects. Therefore,
naively we may expect I'(n’ -~nnm)= 1 MeV. For
example, the very similar (but G-forbidden)
process, n—mam, has a partial width around 1
keV. If this decay were not G-forbidden, we
might have expected a partial rate for this decay
of the order 1-10 MeV. Indeed popular models'*

[on

(e.g., the Veneziano model and quark model)
usually predict I'(n’-nrr)=~1-10 MeV.

In this paper we have obtained under the as-
sumption A an approximate upper bound of ~0.2
MeV for I'. Although this bound is lower than the
above-mentioned naive expectation, it could not
be considered totally unacceptable, i.e.; the at-
tractive assumption A is not disfavored by the
present mere theoretical consideration on T.
However, we remark that even accepting possible
large errors it would be hard, within the present
framework, to attain a width I" as large as 1 MeV,
keeping ¢ reasonably close to -1.25.1% It would
thus be very important to see whether the present
experimental upper limit of ~4x0.65=2.6 MeV
for T" can be lowered by an order of magnitude. Of
course, our bound depends also very strongly on
the slope parameter « and it will be interesting to
see whether such a large value of o =-0.26 is
found in future analyses of experiments with
higher statistics.

We also note another rather surprising possibil-
ity which is relevant to the present problem. The
spin of 7/(958) is not yet established, while there
is another strong candidate for the ninth pseudo-
scalar meson, i.e., E(1422). E(1422) is listed'®
as 07, although the assignment 1* is not com-
pletely ruled out. Theoretically, there are indeed
various considerations'” which favor E as the
ninth pseudoscalar meson. If the E meson [in-
stead of 7/(958)] were the ninth pseudoscalar
meson, the above-discussed difficulty related to
the rate I'('(958) —nnw) disappears. The E meson
has a decay mode E -num but the decay is domi-
nated by the process E —7,(1016)x —nuw.

In this connection then, the clear determination
of the spin-parities of 1’(958) as well as that of
E(1422) is certainly awaited.
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A new lower bound is derived for the hadronic contribution to the anomalous magnetic mo-
ment of the muon. In spite of a careful treatment of the p-dominance region, the numerical
improvement over a previous bound due to Langacker and Suzuki is not very significant.

I. INTRODUCTION

Recently, various interesting inequalities im-
posing restrictions on some vertex functions in-
volving electromagnetic' or weak® hadroni¢ cur-
rents have been derived by assuming cut-plane
analyticity. Technically, the methods used in
these derivations essentially rely on the Schwarz
inequality or upon a quite different maximum prin-
ciple originally introduced by Meiman® and re-
cently improved by Okubo and the present authors.*

More specifically, Langacker and Suzuki,® and
Palmer® have obtained in this way lower bounds
for the hadronic contribution to the anomalous
magnetic moment of the muon, Aag,, in terms of
the charge radius of the pion »,. The bound de-
rived in Ref. 6 by using Okubo’s method is the best
possible one with the total charge and charge ra-
dius of the pion given, and is free of any phenome-
nological input. On the other hand, the method of

Ref. 5 assumes a once-subtracted dispersion re-
lation for the form factor and requires in addition
some knowledge of the p-wave 77 cross section,
resulting in a substantial numerical improvement.
Although the lower bound thus derived is a direct
consequence of the Schwarz inequality, it can be
shown that it is an optimal one if the pion charge
radius and the p-wave cross section are the only
input. However, the pion form factor which satu-
rates this lower bound clearly violates Watson’s
theorem,” another condition which arises as

soon as one decides to include the rather reli-
able experimental information on the iow-energy
p-wave 77 scattering, dominated by the p-meson
contribution. Hence, one can expect a further
improvement if the method can be modified in such
a way that the phase of the pion form factor is en-
forced to have the correct behavior in the p re-
gion., The present paper is devoted to the solution
of this problem. It turns out that the practical



