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We calculate the radiative corrections to the ° — ye*e™ decay over the whole range of the
Dalitz plot, with no restrictions on the radiative photon energy. The corrections are found
to be negative and large in magnitude in the region of large invariant mass of the Dalitz pair,
and small but positive for small values of the same quantity. The total correction to the

decay rate, defined by T**°
previous calculations.

I. INTRODUCTION

Radiative corrections to the general process

A~-~ Be'e”

(M — ye*e™)/ T (1 — yy) is positive and agrees with the results of

were calculated recently by Lautrup and Smith,*
using the soft-photon approximation. In this paper
we concentrate on the specific decay

°~yete”
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and include the hard-photon corrections so that our
results are valid over the whole range of the
Dalitz plot.

Interest in this process stems mainly from the
possibility it affords of measuring the strong-in-
teraction effects at the pion vertex. Since these
effects are small, radiative corrections become
important in such measurements.?

The branching ratio I'(n°—ye*e”™)/T(1° - yy) was
calculated by Dalitz® in 1951 with the result (ne-

. glecting strong-interaction effects):

r'(1°—~vye'e”)
L(1°=vy)
Radiative corrections to the decay rate were
calculated analytically in Ref. 1 and the result

agrees with a previous numerical evaluation by

Joseph*:

™ (1~ yete)

(1 ~yy)

=0.01185. (1.1)

=1.05x10"%,

Experiments performed so far (or possible ex-
periments at the Los Alamos Meson Facility) use,
however, the differential decay rate, and hence
require radiative corrections to the latter. Such
experiments are designed to detect only the Dalitz
pair, with no attempt at measuring the photon
energy, which is necessary for the application of
the soft-photon approximation in the radiative
corrections.! The problem is further complicated
by the ambiguity due to the identity of the radia-
tive and decay photons. These difficulties are
solved by removing the restriction that the radia-
tive photon be soft. This we do in the present
calculation.

In Sec. II we introduce our kinematical variables
and present the lowest-order differential decay
rate and the virtual-photon corrections to it. The
discussion here follows almost identically the one
in Ref. 1. Section III contains the matrix element for
the bremsstrahlung corrections, and a discussion
of phase-space integrals. We present our results
in Sec. IV. In Appendix A we give the spin-and-
polarization sum of the square of the bremsstrah-
lung diagrams, and list some phase-space inte-
grals in Appendix B. Finally, in Appendix C we
discuss the infrared-divergent integrals.

II. LOWEST-ORDER DIFFERENTIAL DECAY
RATE AND VIRTUAL CORRECTIONS

In this section we quote the necessary definitions
and main results of Secs. II-V A of Ref. 1 as applied
to the pion decay.

The process 7° ~ye*e” is presented, in lowest
order, in diagram (1) of Fig. 1. The momenta of
the pion, photon, positron, and electron are de-
noted by p, k, q,, and gq,, respectively. The in-
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variant mass squared of the Dalitz pair (in units
of m,?, m,=pion mass) is

_(g,+q,)?
x= 3.

ey (2.1)
The variable y is defined as
y= 2p- (g, - q5) 2.2)

myo(1=-x) °

We also define the matrix element for the decay
of 7° into two photons (which may be virtual) by

(v(Ry, €4),v(Re, €) | T [7°(p))

o P 2 2 e )

V01,0
Xeuvpceilezklkz ’

where F is a dimensionless constant, and f(p?/m 2,
k2/m 2, k2 /m ?) is the “form factor” of the 7°
normalized to

£(1,0,0)=1.
The decay rate into two real photons is given by

my|F|?

Fo=r(77°"')/7)= 641[

We can write for the lowest-order differential
decay rate

=

1

1

[
(3)

ki
Y

i i
] 1
1 i
(4) (5)
FIG. 1. (1) Lowest-order diagram for the decay °
— ye*e™. (2), (3) Virtual corrections. (4), (5) Brems-
strahlung corrections.
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1 d?r(m®-vye'e”)

T,  dxdy
_a 2(1"‘)_3< 2 f)
_," |f(1’0’x)| 4x l+y + x
and (2.3)
1 dr(r’—~ye'e”)
T, dx

2 51,0, 2= p(1+ 1),

where (m =electron mass)
4,”12 7,2 1/2
2 _ = —_—
[ B (1 p ) . (2.4)

The limits on x and y are given by
-Bsy<B.

The radiative corrections to d?I'/dxdy are writ-
ten as
d*r= a’r
=0(x,9) 7——
dxdy dxdy

ri<xs<l,

and (2.5)

dr 6()

6 is naturally divided into two parts,
6= 6vil't + 6lmsm .

Ovirt 1S obtained by considering the interference of
diagram (1) with diagrams (2) and (3) of Fig. 1,
which contribute through the second-order renor-
malized photon spectral function and the electro-
magnetic form factors of the electron.®
is given by

N9 == [§- 36" + B} -3 Iy ], (2.6)
with v =(1 - 8)/(1+p).

The former
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For the electromagnetic vertex in diagram (3)
we write

e[y, (F+FP) - G20 0],

2m
with

(2)=g _ 1+2B2
Fy 17[ 1- m Iny

- 1;33 [Liy(1 =7)=37% + Iny]

146 m]
+<1+ 35 lny)ln)\ ,

2. & 1-¢°
=7 48

Iny,

where the dilogarithm Li,(x) is defined as

Lia<x)=-foxﬂ1;‘—”dt,

and X is the photon mass (infrared cutoff). [Note
that in F® defined in Eq. (5.5) of Ref. 1 the factor
112 should read 572.]

In terms of these functions we have
Oyiet (%, ) = 8,(x) +65(x) + 65/ (x, ¥) , (2.7)
where
61(") = “2H(2)(x) ’
65(x) =2(FP® + F{?)
1-92-9%/x
’ = (2)
(4 (x,y) 2F2 (x) 1+y2+1’2/x .
[Equation (5.8) of Ref. 1 contains a misprint. It
should have a factor of 2 on the right-hand side to
agree with the equation for 6(x, y).]
Similarly,
Buirt (%) = 8,(x) +05(x) + 85" (%), (2.8)
with

637 (x) = F®(x) 12012

1+9%/2x °

III. BREMSSTRAHLUNG CORRECTIONS

We compute Oyem through
d:r™™ | a*r

v (509 =535~ ey -

(3.1)

2pbem /dxdy is obtained by considering diagrams (4) and (5) of Fig. 1, plus two others obtained by inter-
changing the radiative and decay photons. The amplitude is given by

= _eiF: f(]'vO’ l!2/mI2)
m, 1,2

where 1, =q,+q, +ky, Gy,=€,,,5€5 k512, and eX(k,),
momenta &,, k,, respectively.

ﬁ(qz)[dz(—éx —Ky—m) Y+ E (e + By - m)_ldzlv(ﬂh) +(ky k) , (3.2)

€$(k,) are the polarization vectors of the photons with
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As discussed in the Introduction, the strong-interaction effects are expected to be small, hence we ne-
glect the variation of (1,0, 1,/m,?) with respect to the photon momentum k,, i.e.,

f(1’ 0’ l12/m1|-2) =f(1, 0, x+2k1 ¢ (q1 +¢12)/m,,2).=f(1, 0, x) .

In fact, one usually writes

f(lso,x)=1+ax+°”,

where a is the “slope of the form factor”; hence we are neglecting terms of order aX dpem, Which is surely

justifiable since a is a small number.?
The differential decay rate is given by

1

brem __
ar="= 4m ., (27)°

spins, pol.

We have suppressed all the 6 functions in Eq.
(3.3).
We define Tr by

-(CELN
spiE:MIA/IIZ-(MW) Tr. (3.4)

The structure of Tr, which is essentially the
trace of the ¥ matrices occurring in |M|?, is best
seen by examining the various propagators in-
volved. There are six of these:

A=ky*qy, B=ky"qy C=ky'q, D=k qy,
E=(q,+q:+k)?, F=(q,+4,+k,),

not all of which are independent because
A+B-3E=C+D-3F.

As discussed below, the integration over phase
space is considerably simplified by introducing
the invariant mass squared of the two photons (in
units of m,?),

By +By)?
Ky = gt

m,:

so that our five independent variables become x,
¥, %, A, and B, since

C=L°q1—A, D=L'qg_By

(3.5)
E=m,*x+2A +2B, F=m,*(1-x,)-2A-2B,
where
L=p-q,—q,=ky+ky,
L+gq =3m [(1-2)(1+y)-x],
and
L-gy=3m (1 -x)(1-y)-x].

Because the two photons are identical, the ab-
solute square of the sum of diagrams (4) and (5)
in Fig. 1 is equal to the one obtained by inter-

2 IM [%d 4q15(q12 -m?)d qué(qzz ‘;'nz)d 4k16(k12)d 4By 0(R,2)0% (P — g, — gz - ky—ky). (3.3)

—
changing the photons. Further simplification oc-
curs when we use this symmetry on individual
terms (e.g., 1/E=1/F, 1/AE =1/CF, etc.).

The trace was taken on the Brookhaven CDC
6600 using the SCHOONSCHIP program developed
by M. Veltman. Only terms up to order m? were
kept. The result, after applying the identities dis-
cussed above, is given in Appendix A.

We now turn to the phase-space integrals. Con-
sider

f 24q,0(q,2 - m?)d *q,0(ay? — m?)d *k,5(k,2)d *k,5(k;2)

X 64(p -4 ==k~ k) Tr(x,y, x-y’A: B);

this can be written as

°mgt

_—LIG f(l - x)dxdydx,J [Tr(x,y, %, A, B)], -
where J is written as an operator

sl (&% Ik

21J Ry ky “h=h),

6P -a1- 4,
and is essentially an integration over the direction
of one photon momentum, affecting only A and B.
The results, for various combinations of A and B,
are given in Appendix B.

Equation (3.3) can thus be written as

2ybrem 2 2
1 ar™m ﬂ(ﬁ (1-x)
Ty dxdy 64 \7

xfdx.,J[Tr(x,y,x.,,A,B)]; (3.6)

the limits on %, are

)\2 yZ 2 1/2

o sx7s1+x—<4x+-ﬁq (l—x)) ,

where ) is again the photon mass which is set
equal to zero except in the infrared-divergent in-
tegrals. There are three of these, since (see Ap-
pendix B) J[1/42], J[1/B%], and J[1/AB] behave
like 1/ %y, SO that there is a logarithmic divergence
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upon integration over %y (whenever no %, appears in the numerator). These integrals are evaluated in Ap-
pendix C with the results:

1], __4 m 27
Je [A’]d"V' o {1“ x I +y)} ’
_]; _ 4 m menx
Js [Bz]d"v wim {“‘ x N -"x')'('f-y>} ’
._.1._ = -8_ ﬂ 4 zx;“x 1 m'nzx yz
fJ[AB]dx./ =i InyIn X " o {Zln T-x +31n e ln(l - E) Iny

gt ] i w2

3.7

Substituting these expressions in Tr and extract- and a similar expression for 1/BE, we see that the
ing the divergent part of divergent part of d*I'™™/dxdy cancels against the

. 1 divergent part of d2I'™ /dxdy =b6ynd *T'/dxdy.

f J[Zz—E] dx, and f J[E"’—E—] dx, The integration over x, for the rest of the terms

is performed numerically to obtain d2I'>**™/dxdy

through and Syprem (%, v) through Eq. (3.1), which, when com-
1 1 2 1 B bined with Eq. (2.7), yields 8(x, y) = bvir(x, »)

A’E mxA® T m,’x (TE + ﬁ) +Oprem(%, y), the radiative corrections to the Dalitz

TABLE I. 6(x,y) given in percent for a range of values of x and y (i.e., the Dalitz-plot corrections).

x \ y 0.00 0.10  0.20 0.30 0.40 0.50 0.60 0.70 0.80 0.90 0.99
0.01 2.77 2.72 2.61 2.46 2.28 2.07 1.79 141 0.81 -0.35 -5.64
0.02 2,77 2,74 2.64 2.50 2.32 2.09 1.79 1.37 0.72 -0.52 ~5.82
0.03 2.70 2.67 2.58 2.45 2.27 2.04 1.73 1.30 0.62 -0.68 -6.07
0.04 2.60 2.57 2.49 2.36 2.19 1.96 1.65 1.20 0.51 -0.83 -6.30
0.05 2.48 2.46 2.39 2.27 2.10 1.87 1.56 1.10 0.39 -0.97 -6.51
0.06 2.37 2.35 2.29 2.17 2.00 1.78 1.46 1.00 0.28 -1.10 -6.71
0.07 2.25 2.23 2,17 2.06 1.90 1.67 1.36 0.90 0.17 -1.23 -6.89
0.08 2.14 2,12 2.05 1.95 1.79 1.57 1.25 0.79 0.05 -1.36 -7.07
0.09 2.02 2.00 1.94 1.84 1.69 1.46 1.15 0.68 -0.06 -1.48 -7.23
0.10 1.90 1.88 1.83 1.73 1.58 1.36 1.04 0.57 -0.17 -1.61 -7.39
0.15 1.33 1.31 1.26 1.17 1.03 0.82 0.51 0.03 -0.73 -2.20 -8.14
0.20 0.77 0.75 0.71 0.62 0.49 0.28 -0.04 -0.51 ~1.28 ~2.78 -8.83
0.25 0.21 0.20 0.15 0.07 -0.06 -0.27 -0.58 -1.06 -1.83 -3.36 -9.49
0.30 -0.35 -0.36 -0.41 -0.49 -0.62 -0.82 -1.13 -1.61 -2.39 -3.93 -10.14
0.35 -0.92 -0.93 -0.97 ~1.05 -1.18 -1.39 -1.70 -2.18 -2.98 —-4.52 -=10.79
0.40 -1.50 -1.51 -1.56 -1.63 ~-1.76 -1.97 -2.28 -2.76 -3.56 =5.13 =11.45
0.45 -2.11 -2,12 -2.16 -2.24 -2.37 | -2.58 -2.89 -3.38. -4.18 -5.76 -12,13
0.50 -2.74 -2.76 -2.80 ~2.88 -3.01 -3.21 -3.53 -4.02 —4.82 -6.41 -12.84
0.55 ~3.42 —-3.43 -3.47 -3.55 -3.69 -3.89 -4.21 —4.70 -5.51 -7.11 -13.58
0.60 -4.15 -4.16 -4.20 -4.,28 ~4.42 —4.63 -4.95 -5.44 —-6.26 -7.87 =14.37
0.65 -4.95 -4.96 -5.00 -5.09 -5.22 -5.43 -5.75 -6.25 -7.07 -8.69 —15.23
0.70 -5.84 -5.85 -5.90 -5.98 -6.11 -6.33 —6.65 -7.15 -7.98 -9.61 -16.18
0.75 -6.86 -6.88 —-6.92 -7.00 ~7.14 -7.35 -7.68 -8.18 -9.01 -10.65 -17.26
0.80 -8.08 -8.09 -8.14 -8.22 -8.36 -8.57 -8.90 -9.41 -10.24 =11.90 -—18.53
0.85 -9.60 -9.61 -9.66 -9.74 -9.88 -=10.10 -10.43 -10.94 -11.78 =-=13.43 =20.10
0.90 -11.67 -11.69 -11.73 -11.,82 -11,96 -12,18 -12.51 -13.02 -13.87 =-15.53  —-22.23
0.95 -15.11 -15.13 -15,17 -=15.26 -15.40 -15.62 -15.96 -16.47 -=17.32 -19.00 -25.72

0.99 -22.86 -22.87 =-22,92 -23.01 -23.15 -23.37 -23.71 -24,23 -25.08 —26.76 = —33.51
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3(x,y)

1 1 1 1 1

0o 2 4 y ) 8 10

FIG. 2. 6(x,y) given in percent for x=0.01, 0.15,
and 0.50.

plot in x and y.
A further integration of Eq. (3.6) over y gives
drbe™/dx and thus dyem(x) defined by

dr™" /[ 4r
s

adding to this the right-hand side of Eq. (2.8), we
obtain 6(x).

Finally, we integrate Eq. (2.5) to obtain I'"™, the
correction to the decay rate of °~ye*e™.* We dis-
cuss our results in the following section.

IV. RESULTS AND DISCUSSION
Table I gives the radiative corrections to the

Dalitz plot and we draw 6(x,y) for various values
of x in Fig. 2 (only positive values of y are used

1 1 1 1 J
00 02 04 x 06 (03] 10

FIG. 3. 6(x) given in percent as a function of x.

len

(dr™%dx) / (a/mL;
g 68 ¢

S
T

-|: \.—'./’Tf ) y

00 Q2 04 x 06 o8 10

FIG. 4. Plot of (@T"™ /dx)/(&/m?*T, as a function of x.

since the corrections are symmetric under y - —y).
We see that 6(x,y) changes sign (for small values
of x) as y increases and becomes more negative
for larger values of x.

In Fig. 3 we plot 6(x). For x20.15, 6(x) is nega-
tive and rather large in absolute value. However,
as suggested in Ref. 1, the corrections become
positive for small values of x (where one could not
use the soft-photon approximation) and this region
is important in calculating the radiative corrections
to the decay rate, since most of the contributions
to [(dT'™/dx)dx come from this region. The rea-
son for this is, of course, the well-known 1/x be-
havior of the nonradiative differential decay rate
[Eq. (2.3)], which more than compensates for the
small values of 6(x) in the small-x region. This
is seen clearly in Fig. 4, where we plot (dI"™/dx)/
(a/7)?T, versus x [the extra factor of (a/7)? is in-
cluded for convenience]. The 1/x enhancement and
(1 - x)® suppression (for large x) is obvious.

As a check on our calculation, a final integration
over (1/T)(dT™/dx) [removing the extra factor of
(a/m)?)] yielded the value of 0.95x107* as the cor-
rection to the branching ratio, which compares
favorably with 1.05x107* quoted in the Introduction.
The 5% difference is due to numerical inaccuracy
in computing the three-dimensional integral which
is very badly behaved for small values of x. How-
ever, the values given in Table I involve only the
integration over x, and are accurate to 1%. The
value 1.05%x10"* was obtained using the fourth-
order corrections to the photon propagator. This
calculation neglected the interference between dia-

FIG. 5. Example of a two-photon-exchange diagram
which is proportional to the electron mass and can be
neglected in our calculation.
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grams (4) plus (5) in Fig. 1 and the corresponding
photon-exchanged diagrams. In Ref. 1 it was
argued that the contribution of this interference
term is negligible since it reduces to a two-photon-
exchange process which, as has been shown by
Brown,” has no divergence in the lepton mass. We
have checked this explicitly by omitting the inter-
ference terms and found that I'™ changes only by
about 0.3%.

It is for the same reason that we neglect two-
photon-exchange diagrams like the one in Fig. 5,
whose interference with the basic diagram (1) of
Fig. 1 is of the same order in « as the corrections
we have considered. The contribution of Fig. 5,
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however, is well known to be proportional to the
lepton mass, so we are justified in neglecting it

completely.
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APPENDIX A

Here we list the expression for the trace of the bremsstrahlung diagrams as defined in Eq. (3.4).

B A 1 1 *m 2 1
Tr=32 +16;+16-§+8m2m,,3(1 +xy =9y -xy)zy+8m2m,r’(y-. _y)? +8m—x@”-— [(1=x)?2(1-9%) +x72]A_B-

dm (1= 021 +9) 4 2] o

—dm*m M1 +[y(1 = x) = x + %, F} = .

AB A’E ~
v xyt 4 1
= 4
+4m*m 2(y-»—y) —22—A—Eﬂ——m,, (5 +2xyx, +6xy — Taxy — 12x+ 2x% + 3x® — 2yx, — 8y +9x, + 6, )AE

—m *(11.25 - 2.25xyx, +0.5xy — 3.5xy* — T.T5xx, — 10x — 2x %y + 1.75x%*

+2.75x% +2.25yx, + 1.5y +1.75y% +8.25x, +6.5x72)BI—E

2‘;‘2.32

- 16 - 16m

—32—-4m B +xy=3x—y— 3x7)——

1
"wz(y -~ =) E

+4m®*m 22 +xy - x - y+7xy)—+4vmm2(v—-—y)Ec-22———"—

- 413 5 1
m®m (13 +5xy — 19x - 5y+11x7)EFC

—m®m (4.5 —6xyx, - 6.5xy — 8xx, — 5.5x+2x%y +2x> +6yxy,+4.5y +1.5x, +6x,%) ——

-mP*m Ay = -y) 5= BEC

+m?*m (4.5 - 9xy* — xx, - 3x+4.5x%

+m®m 51 +x+x,+y(1- -x)?

-m ,*(5.25 - 2.25xyx, +0.5xy +0.5xy* +4.25xx, +2x — 2x%y - 0.25x%*

- 3.25x% +2.25yx, + 1.5y - 0.25y% +4.25x, +0'5x72)E_1-D

+m (1 = 2xyx, — 6xy - 4xy® = 5xx, — 2x%y + 2x%y

mim
EC
—mPm A1 = 2xy — 2xy% — 2xx7+x23’2 -x%+2y +y? _x‘fz 'AéC
1
AED
1 ———m®m Oy - —y?
AEFC " BEFD
2,0.5%2 +4.59? +3xy+0.5x72)AEI‘F'TI')'
2 +3x2%+2yx,+8y +2y% = 5x.) = -
Y YEC

—m 5(2xyxy, — 2x9%, % + 4y + 2xy°x, + 2x9% + 10xx, % + 2% — 4x®y — x2y2x, - 4x%y?

= Tx%x,+2x% +2x° = 2y, + 292, — 9%, — %, + 2,

1

=5%°) 5Fc
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fen

+am 51 +xy%,% +3xy — 2xy°x, + %y — 3wy® — 2xx, +3xx, % — x — 2xPyx, — Bx %y + x2yPw + x%y? +3x%?
1
- 3x2x7_ xz +x3y __xsyz - xsya +x3 +2yxy_yx72 -y +y2x7_y2 +y8 - 3x7+3x72 - xys)AED

1
BEC

+m (13 +9xyx, +43xx, +32x —9xy —13x% — 9yx, +9y — 15, ~ 30x72)E;,—

+im (9= =)
- im *(3xyx, - Txyx,® - Sxyzx., +6xy°x,% = 3xy®x, + 3xxy — 6, ® + Tukey ® — B Py, +6x%yx, ® - 3x2yix,
- 3x2y%x, % +3x%y%x, + 3xx, — 3x%x, % = Bx®yx, + 3%y %y — x°y%xy + 2%, + By x, - Byx, ® +Tyx,

1

1 1
+3y%xy ~ 3y%x,® +9%x, + %, - 6x,* = 3x, 2 +7x73)KE-F-rC- ~dm By~ -y) BEFD
-m,(-10.25 +4.5xyx, + 1.75xyx,? - 10xy - 1.5xy%x, +6.75xy% + 8.5xx, +8.75xx,% - 6.25x +0.25x%yx,

+1.5x% +0.75x2y%x, - 5.26x%% — 6.5x%x, - 1.75x2 + 2x%y +1.25x%y% + 2.25x°

1
- 4.75yx, - 1.75yx,* +6.5y +0.75y%x, — 2.759% + 6x, +0.75x, * ~ 4'5x73)B—EF

1 1
2m?*m . %(6 - 5xy — 2x +5y GxY)BEF +m . 8(4 - 6xy — 3xy% +4x %y + 3x2y% +2x°%y — x%y? +97) 5T

1 m,x m*m,* m,Cx m?m *
2 423 -5 7 5 -8 —Ir=_ T Tz T
rmim {28 =8y +Tw+ 8y +2) prp =8 — 82T -8 2
m,* , A ‘ 1
-32 E’; -16m,%(1+x - xY)E—F+2m,r2(7xy +11x =Ty - 32x, - 43)E—
1
2 4 2
—mPm (1 +2xy - 22y - 2x, + 6%y — 2,2 = 2y +9% - xz)BE—D
—2mPm (L —xy+x+y+x )L— 2m*m 2y = -y) l—
T YAC " BD
r
APPENDIX B m.2
‘ p0=zmﬂ—[1+x—x.,+y(1—x)];
Here we give the basic integrals
L, -L-
Jlra, By =k L % 1>3=4‘£};1—£; Go=3m x5 q=(q° -m*)"%
J4, T 27 ki PRy
_—myly(1—x) =mE2x_m,
X 8%p - 1= gz — by — k) (A, B) 4 aL 7 Ty, T
with fixed x, y, and x,. The photon mass is set 4y =(ay? - m®)"2%; g, = Loygio—L-4q, .
equal to zero because the divergent integrals are 1o ? e L, ’
treated in the next appendix. Losgao — L+
The general procedure is to evaluate the integral G20 = G105 Y922~ ‘“Q‘le—&;
in the rest frame of the particles whose momenta !
appear in the denominator of f(A, B). We shall _ m°x? 1-201 2 6. .
need the following definitions: €1 6m? [(1 -2 +9) +x7] M Xys

2
T

. . m
b1=m,,4x[2L01(1—x+x7 -

L-q,
Ly, = o ’ L1=(L012—m,,zx7)”2;

x(1+x- xy)] ;

g cs=m (Lo, = %, 06)% —m 2xx.) ;
Loz = Lmq ; L2=(L022_mw2x7)1/2; : l(Lon YPO) " y]’

m .°
by =5 {~(1 = x,)° = y(1 = 0)[(1 - x,)* = (1 +x,)]
L-p:—mé Wz(l—x-}-xy); LO:sz_; (l_x_xy); 3 2m Y Y Y’

+x(1 - xy)(Z +2x, ~ 2}

(7.2 2, \1/2.
L=(Ly" =m'x,)" cs=(L,L- q,) —'m,,zxyLaL- 9191, +%m1r4x72‘112 ’



o

b5 = —Lz(szL * 41910 — 2L02L 14,

2 2 2,
My xyqloqu) —My xyLoqu ’

ny=m x| 3b,+2Vc, L M+qb
1 7 vy 2¥1 112m 2z

+2(Ly; + Ly)(e, +m2xLc,);
d, =m"2xy'[%b1 + 2‘/?1_1’1(%{ - qzb]
+2(Loy = L)(ey +m*xLycy);
ns =m "%, 30y = 2VCq Ly(po + )]
+2(Lgy + Ly)(cs +m 2LV c5);
dy =m "x,] 3bs = 2/eg Ly(py - p,)]
+2(Lgy = L )cg +m ;2L /cs);
g =m,,2x.,[%b5 Ve, Ly(g0 + 4412)]
+2(Lgp + Ly)(cg +Vey Ly L+ q,);
ds =m,,2xy[§b5 - ‘/C_st(Qm - ‘hz)]
+2(Log = Ly)cs+Ves LyL- qy) .
With the above definitions the basic integrals are
given by
J1]=1,
Lt

1 mVx +Ly+L
= In ,
2m NxL mpx+Ly~L

——

| =

—_
]

3

s
il
|

—

l"JNll—A

—
/]

3

I PN
'y

xR

<
‘:>|,_.’
=
§H
a(&
)?\;&-
R
X

Q‘j
T,
) :>IH
Rl .
I
o

—

—
»AII|H §
Nl
% .
w2 t~

~

s ety

m N x+Ly+L

My (42 (1 — -
+8xL<L( x4 5) )lnm,7x+L,,—L’
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1 1 n
—_|= L3
J[BC] mVc, lnal5 ’
B 1 L, Ly, +L
= . =\t tLy
J[Xé‘] mle [2‘1'” +<‘]2o 92z L, )hl Los— Ll] ’
1 4L b 1
T . L NS
J[AZE] ~mPc,x, (XL + %y Ga) 2mc, J{A ] ’

1 -b L 1
- 1 2 o
J[AEZ] Zmmyixc, T (XL + %y Ga) ¢ J[AE] ’
Letting vy~ —y one obtains corresponding ex-
pressions for ¢,~ g¢,, e.g., J[A/B|=J[B/A],. _,.
Relations (3.5) can be used to obtain the integrals
not listed above, e.g.,

1 2 1
J[AEFc] “Ioq J[EFC]

“m A1 +:7— xy)L* g, (J[:ZIE] +J[I_El—5]) '

APPENDIX C

We now evaluate the infrared-divergent inte-
grals. First let us consider

1 1 d3k d(m Pxy—2Lk+2?%)
fJ[AB] dx7_1rfdx7 ky k-q, k- q,

L .
=fdaK(q1’ Gz @),
o

where

d°k 8(m o*xy = 2m Vxyky +23)
By {lag, +(1-a)g,]- kP

1
K(Qn /P (1) =;fdxy

(we are working in the L=p - §, - §, =0 frame).
Writing

lag, +(1- a)gy)- k=kpA, - Askz,
where
A= agy,+(1-a)gy, Ay=|ad,+(1-a)g,l,

q _La q _L-g
10 m’ 20 m;

z =cosine of the angle between k
and [a@, +(1 - a)G,],
k=K,

we get

dz

Kdk !
K(q1, ¢y @) =2 f dzy f T 5(mw2x7'2mw‘/;;k°”2)f_1 (ko A; — Agk2)
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[on

= 4[ dx'y (m ﬂzx')’ - )‘2)
(A7 - A7) m o2 xy = N2)% +4m . 2x, A PN

Now,

2
A=Al =m?+m,  a(l - a)(x-fnmz> (c1)

Ls

and is independent of x,, while
dm 2xy AN =5m N [(1 =~ 2)(20y +1 - 9) - x,]%;

however, the A* terms are important only for x,~X*/m,* Hence we can write

Kt ) =g [ iy
915 9> m A2/ m g2 @Az _A:)xyz + D31 - x)2Q2ay+1-9)

- 2 4 PPA2 - A%
mnz(Alz‘Azz) 7\2(1 x)?Q2ay+1-y)7"

At this stage we calculate [J[1/B%] dx, by putting =0 in the above equation, A?-A,*=m?, to obtain

fJ[ ]dx., I E 2 [ln +1n(1—2x’§z;—y)]

Similarly,

J'J[L]d :4_[1n +1n__ﬁ’£1’f'_’f___]
| M e R e (1-x)(1+y)

Returning to the evaluation of fJ [1/AB]dx,, we write for Eq. (C2)

(C2)

K(qy, 92, @) =Kpy+Kony »

where

4 2xjax
— uadic A
Kpw m A A 2)<ln +1n1 x)

Keonv= In Al - A7
conv mnz(A{" -A)  m*2ay+1-y)7"

Using Eq. (C1) we obtain

N ‘
f da Ky = Bxﬂ (lnm +1n2Tig-) Iny, (c3)
o

where 8 and y are defined in Egs. (2.4) and (2.6).
Observing that ﬁ,‘da Kconv is symmetric under y -~ ~y, we can write [letting a—3 (1 + )]

. _ 4 M da " 2 1~ azﬁ
./0. dOtKCOW—m,,“xf_l l—azﬁa R
S P\ 1 M] : [1;3] - [1_+_B]
g {[ln(l—ﬁz)—z In oo Iny + Li, 3 - Li, )

‘L4, [yu ¥ B)] +Li, [y;1++ﬁs)] _ Liz[yfvl_‘ﬁﬁ)] _ Liz[yﬁ,lfﬁ B)]} . )

Adding Egs. (C3) and (C 4) we obtain Eq. (3.7) for J[1/AB]dx,.
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We use the unitarity sum to rederive in a simple way an explicit formula for the p-w mixing
phase in terms of |e|, ', Ty, and mwz-mpz. We then present a systematic study of the
condition imposed by T (or CPT) invariance and unitarity on the relative phase and strength
of the mixing. It is shown that the departure from 7 invariance in the p-w system is, in
principle, directly demonstrable through the measurement of the p-w mixing phase in ete”
—n*71~. The connection between the phase discrepancy and the breakdown of microscopic
reversibility is also discussed. Finally, two possible graphical representations for the p-w
mixing parameters which exhibit directly the condition imposed by unitarity and time-rever-

sal invariance on the relative phases and strengths of the p-w mixing are given.

I. INTRODUCTION

The discovery of the G-parity -violating effect!:?
w - 27 seen as an interference dip in the p-w spec-
trum has reactivated the problem of p-w mixing in
recent years.’~® In this paper, we wish to report
a systematic study of the condition imposed by
time-reversal invariance and unitarity on the
phase and strength of the p-w mixing and present
a simple method of calculating the mixing phase
from the so-called unitarity sum.

Although the problem of p-w mixing has often
been claimed® to be equivalent to the neutral-kaon-
decay problem and the phase of the p-w mixing has
been estimated previously,®® nevertheless, we feel
that the connection between the two problems has
not yet been thoroughly explored and the role of
the unitarity sum in the determination of the p-w
mixing phase has not yet been fully exploited.
Here, we wish to reveal gradually through our dis-
cussion this close connection between the two mix-
ing problems and then use the Bell-Steinberger
unitarity sum to obtain an explicit formula for the
p-w mixing phase in terms of the p and w masses
and widths, assuming CPT invariance. The result
obtained by us as well as those reported recently®

seem to show that the theoretical estimated phase
of the p-w mixing is not in excellent agreement

- with its earlier experimental value.® There has

been an attempt® to correct this discrepancy by
considering (i) not only the mass mixing of p and
w vector mesons but also their vector mixing” and
(ii) the energy dependence of the p width, but the
situation is not improved much. On the contrary,
the new estimate might even widen the discrepancy,
taking into account the fact that in the latter esti-
mate, the p-w mixing phase may be smaller than
112° which is the value estimated in Ref. 3. We
are, therefore, content with the mass mixing
alone. In view of this difficulty, we believe that

it would be interesting to consider a detailed in-
vestigation of the condition imposed by unitarity
and time-reversal invariance on the mixing phase.
This condition might serve as a guideline for fu-
ture experiments measuring the phase concerned.
The results of this investigation will be reported
in a subsequent section of this paper. Besides, we
show that the departure from T invariance in the
electromagnetic interaction would, in principle,
be directly demonstrable through the measured
phase of the p-w mixing in e*e™ - 7* 7~ alone,
should the accuracy of the determination of that



