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reasonably be expected to produce reliable results for the S waves.
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We represent the spectra for fast 7t+, m, E'+ secondaries inpp collisions in Reggeized
forms that describe the experimental data measured at several energies and that scale at
high energies. We relate the inclusive amplitudes obtained to backward elastic &'P, X+P
scattering and predict both their relative magnitudes and their energy and angle dependence.

I. INTRODUCTION

The inclusive reaction p+p-X+anything, where
X is a specified secondary, offers the simplest
probe of the dynamics of particle production pro-
cesses, and has recently been the subject of ex-
perimental and theoretical study. Particle spectra
have been measured in pp collisions at momenta
of 12.4 GeV/c, ' 19.2 GeV/c, ' and 30 GeV/c. ' Gen-
eral considerations about the features of the spec-
tra have been proposed by Feynman' and Benecke,
Chou, Yang, and Yen'; Vander Velde'has demon-
strated the equivalence of their approaches and
shown that the fast secondaries of Refs. 1-3 sat-
isfy their predictions. Calculations of the spectra
within specific models —the multi-Regge model' '
and the Hagedorn thermodynamic model'0 —have
been compared with the measured data.

In this paper we show that the spectra of fast
produced m', K' in pp collisions can be repre-
sented by Reggeized expressions that scale at
large energy, and that such expressions are in-

trinsically related to the experimental backward
m'p and K'p elastic two-body differential cross
sections. This approach will allow us not only to
predict the, inclusive fast spectra at high energies,
but also to extract the properties of backward
elastic cross sections at lower energies.

Consider first the process p+p-m+ anything of
Fig. 1(a), with "m" a produced meson and M' rep-
resenting the remaining secondaries. We will de-
scribe those produced m', K' that emerge with
large momentum in the center-of-mass (c.m. )
system, and hence with large positive momentum
or small negative momentum in the lab. In a
multi-Regge model, these mesons emerge at the
end of the multiperipheral chain, with the incident
proton traveling a link down the chain and periph-
erally scattering with the other incident proton
[Fig. 1(b)]. We represent this process with the
diagram of Fig. 1(c), the cross section of which is

do'1s P'(f )M'o, (M') .
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Here, o.(t) is the effective trajectory of the ex-
changed baryon, P(t) is its residue, and or(M') is
the total cross section for the baryon-baryon,
scattering. Such an expression was first obtained
by Caneschi and Pignotti' several years ago on the
basis of multi-Regge theory. Recently, Peccei and
Pignotti" have further studied the experimental
consequences of (1).

We organize the paper as follows. In Sec. II we
discuss the spectra predicted by (1), and its ap-
proach to a scaling limit. In Sec. III we obtain
quantitative expressions of the type (1) for the
v', K' spectra from the 19.2-GeV/c data In. Sec.
IV we test the scaling predictions of (1) by com-
paring with the 12.4-GeV/c and 30-GeV/c data.
The shape of the fast backward spectra predicted
by (1) should be independent of the incident par-
ticle, and in Sec. V we compare (1) with the v

fragmentation of the proton in K'P collisions at
12.4 GeV/c. In Sec. VI we discuss the relation be-
tween the inclusive inelastic process of (1) and the
elastic backward meson-proton differential cross
sections, and we use this relation to predict ener-
gy dependence, angle dependence, and relative
normalization of the three processes. Section

VII contains remarks about the K, P, and P
spectra.

II. SPECTRUM PREDICTED BY EQ. (1)

The momentum spectrum predicted by (1) will
be given by

d p2mPo d g
d td~2 (2)

Here, P and E are the momentum and energy of
the secondary, P, is the incident beam momentum.
We can express (2) in terms of the longitudinal-
and transverse-momentum components PL,, p~ of
the secondary in the c.m. system by using

t=nP+ p, '+2(p, p~ —E,E),
I =4E —4E E+ p.

(3a)

(3b)

t=m'(1 —x) + g' —(pr'+ p')/x,
M'= s(1 —x) .

The spectrum is then given by

(4a)

(4b)

p. is the mass of the secondary, and P„EO are the
c.m. momentum and energy of the incident particle.
When P~ and P, are both large, we introduce
x=P~/P0-E/Eo, and t, M' become

Sjm~ M
(4c)

=d'p
.=

E f(x, Pr), (4d)

(a) (b)

fTI

xN, Q,
U ~

where f(x, Pr} is the Feynman scaling function.
In the lab system, the expressions for t,I' be-

come

t=m + p,
' —2(p, pi —E,E)

-m'(1-R)+ y,
' —(Pr'+g')/R,

M' = (ED+m —E)' —po —p' + 2po pi

(c) —s(1 -R), (5b)

where R=P/P;-P~/P„as introduced by Vander
Velde, ' and the spectrum becomes

d'o= f(R, Pr) .~ =d'p
(5c)

(e)

FIG. 1. (a)—(e) Diagrams for fast mesons; m,p refer
to meson and proton, respectively; M2, s, s' refer to
invariant energies squared. (a) Diagram for a produced
meson. (b) Multi-Regge representation of (a) for a fast
meson. (c) Multi-Begge diagram used in this. paper.
(d) Diagram for backward elastic meson-proton scatter-
ing. (e) Meson produced internally in the multi-H, egge
model.

t=nF+ p.'- 2',
M =(Eo+m —E) —po —p +2pop~

- s[I - (E -p, )/m],

(6a)

(6b}

Finally, we can derive the expression for slow
secondaries in the lab (backward fast secondaries
in. the c.m. system) by writing t, M' relative to the
target:
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Equation (6c) depends only on P~, Pr and is inde-
pendent of P„as conjectured by Benecke et al. '
and Vander Velde. '
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III. QUANTITATIVE EXPRESSIONS

FOR THE SPECTRA

.To derive quantitative expressions for the sec-
ondary spectra, first we compare Eq. (1) with the
19.2-GeV/c data (Fig. 2). We cut the data at fixed
M' (Fig. 2) and plot against t. This gives Figs.
4(a)-4(c). Perhaps the most interesting features
of the data are the sharp forward I; dependence
and the shrinking diffraction behavior as M' de-
creases (or the Regge subenergy s/M' increases).

If Eq. (1) is to represent the data, then a plot of
the cross section at fixed t against M' on a log-log
graph should give straight lines of slope 2a(t) —1.
These plots are shown in Figs. 5(a)-5(c). The w'

cross section in Fig. 5(a) shows the most dramatic
Regge behavior, with straight lines over as much
as 2-,' decades in the data. The n and K' data also
show Regge behavior over M' & 20 GeV'.

The Regge trajectories n(t) can now be evaluated
from the slopes of Fig. 5 (we take or = 1), and they
are graphed in Fig. 6. The relatively low inter-
cepts are at first surprising, but we shall see that
this corresponds to the relatively fast fall in the
backward elastic processes in the intermediate-
energy range (po= 2-4 GeV/c).

Next we assume the cross section does take the
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FIG. 2. (a)-(c) Spectra for fast z~, X inpp collisions

at 19.2 GeU/c. The solid lines are the theoretical rep-
resentation of the data obtained in this paper.

FIG. 3. Cuts on the data of Fig. 2(a) at fixed M2. The
curved lines are from Ref. l.
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form (1) and set s = 37.8 GeV' —the s dependence
will be verified by comparing (I) with spectra at
other energies. We solve for the residues P'(t),
and this gives Fig. 7.

Collecting these results, we compare (2) with

the experimental data in Fig. 2.
v' spectra. Equation (2) adequately represents

the data for R &0.4, except for the structure at
p=14 GeV/c. For R &0.4, we expect the diagram
of Fig. 2(e} (internal pionization) to contribute to
the spectrum, and Eq. (2) falls below the data.

Z. v spectra Equ. ation (2) represents the data
for R &0.4. Note that the m.- spectrum at 12.5 mrad
falls by 3 decades from P = 4.5 GeV/c to P = 16
GeV/c, while the tt' spectrum falls only 2 decades.
It is this relatively rapid falloff in the fast m spec-
trum in the Regge region that leads to the low value
of o.z,(t), and this is related to the relatively rapid
falloff in the w P backward elastic cross section
(Sec. VI).

3. K' spectra Equa. tion (2} represents the data
for R &0.5, except for the 12.5-mrad data, which

gives a P~ dependence at P~-0 that becomes very
broad for p & 12 GeV/c. Generally, the momentum
dependence of K' spectra is similar to that of the
w', and this leads to the similarity of their tra-
jectories in Fig. 6.

In all cases, Eq. (2) overestimates the data for
R & 0.98 as P approaches the kinematical limit at
p-19 GeV/c, because the condition that or(M') -0
at threshold has not been used.
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FIG. 4. (a) —(c) The data of Fig. 2 replotted at fixed
M2 against t . Dots represent the interpolations of the
data of Fig. 2 and Fig. 3.

IV. COMPARISON WITH 12.4-GeV/c AND

30-GeV/c DATA

The trajectories and residues of Figs. 6 and 7

have been obtained from Eq. (2) by fixing s = 37.8
GeV'. To test the energy dependence of (2), we

compare our quantitative expressions with the data
at 12.4 GeV/c and 30 GeV/c in Fig. 8.

v' data(Fig. 8(a)j. The data at. pr'=.0.22

(GeV/c)' are adequately predicted for x &0.4. The

data at Pr' = 0.43 (GeV/c)' stops at somewhat small
x for a comparison. In Fig. 8(c), the prediction
at 15 mrad is adequate for R &0.2.

The dashed lines in Figs. 8(a) and 8(c) represent
extrapolations of Fig. 6 to the range of t+-1.2
GeV', where Ref. 1 had no data. These extrap-
olations were obtained by linearity extending o.(t)
and taking P„'(i) as listed in Table I. Other extrap-
olations —such as a flattening a(t) —could have

been used; there are too few data for a unique ex-
trapolation and we report our result only as a
gU, lde.

data. The features of the m predictions
Figs. 8(b) and 8(c) are similar to those of the tt',
except that at both energies they are on the aver-
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age 50% above the data. This result was also ob-
tained by Vander Velde' in his scaling analysis of
the data and represents possible differences in the
over-all normalization of the different experiments.
In counter experiments, such discrepancies are
possible. "

U. COMPARISON 1VITH m FROM Kp DATA

The spectra of the fast m that are backward in
the c.m. system should be the same in EP colli-
-sions as in PP collisions. In the multiperipheral
model this comes about from these w being

IO
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FIG. 6. 'Effective trajectories obtained from the slopes
of Fig. 5; o.z, 0.'&, O.A refer to the trajectories for-the
x+, m, and E spectra, respectively.
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FIG. 7. Residues p2(t) obtained from Figs. 4 and 6.
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emitted at the proton end of the chain and hence
having a spectrum independent of the beam particle.
To test the present model with this conjecture, we
compare the prediction of (2) with the spectrum of
Ko and Lander" in Fig. 9. The agreement is rea-
sonable. In particular, note that Eq. (2) describes
the w mesons with small P~ to a small value of x,

x- 0.2, but m mesons with large P~ only up to
x-0.5. As discussed in Ref. 9, this occurs be-
cause Figs. 1(b) and 1(c) give rise to the forward-
scattered mesons at small Pr, whereas Fig. 1(e)
gives rise to mesons at larger values of P&. Hence
the extrapolation of Eq. (2) to small x when pr is
small is expected to be good.
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FIG. 10. Predictions of Eq. (8) for backward x+p, fl. p,
E+p elastic differential cross sections. (a) and (c) Mo-
mentum dependence at 180 . (d) -(g) Angle dependence
at fixed momentum. In Fig. 10(b), the dashed line is
the duality prediction of Ref. 18.

sence of the N* resonances at 1525, 1670, 1688,
and 1700 GeV forces the m'P cross section to a
low average value in the range P,- 1-2 GeV/c; its
average value is one to two times larger than the
n P cross section. At larger P„P,-4-5 GeV/c,
the m'p process is 10 times larger than the 3 p
process. As discussed in Ref. 9, it is this rela-
tively faster falloff in the m p process that leads
to the low position of the n~ in Fig. 7. [At large
p„beyond the resonance region, p„&4 GeV/c, the
canonical trajectories dominate the n P cross sec-
tion and Eq. (8) undercuts the data. ] Similarly,
for pr & 1.5 GeV/c, the backward K'p process has
an energy dependence similar to the w'P; this
leads to the inclusive m', K' spectra having similar
momentum dependence (Fig. 2) and hence similar
trajectories (Fig. 7).

If we now turn to small values of P„ in Fig. 10(a),
P„-1 GeV/c, we see that the theoretical dv/d&u

undercuts the structure at the n(1236) resonance.
This corresponds in Fig. 2(a) to the bump in the
v' spectrum at P-6 GeV/c, which similarly lies
above the background predicted by the theoretical
distribution. [In Fig. 8(c}this bump occurs at the
scaled value p-9 GeV/c ]A simil. ar undercutting
in the K' data in the resonance region occurs in
Figs. 2(c) and 10(c).

We can also compare the angular dependence

TABLE I. Parameters representing the data. '

0'. jIi(t) =-1.35+ 1.25t,
=-1.35+ 0.35t,

e&(t) =-1.9+1.25t,
=-1.9+0.75t,

n A (t) =-1.15 + 1.5t,
=-1.15+0.75t,
=-1.25+ 0.5t,

t&0

t&0.
t&0

t&0.
t&0

-0.4&t & 0

t& -0.4.

P '(t) =50e'"
10 5e 0.345(t + i.2)

=4

P
2 (t) 35ei+ 03(t + Oe2)

35e0.4v(t + 0.2)

=35e '"
P 2(t) 7 4ei. 05t

4 39e0.69(t+ 0.5)

t & -1.2
-4&t & -1.2
t&-4.
t & -0.2

-1&t&-0.2
t&-1.
t& -0.5
t & -0.5.

'The Pz (t) is based on the 19.2-GeV/c data. We rec-
ommend an extra factor, f =3, to bring agreement with
the 12.4- and 30-GeV/c data, The constant c in Eq. (8)
is 30.

predicted with the experimental data. In Fig. 10(d)
we see that the m'P differential cross section pre-
dicted by Eq. (8) is in reasonable agreement with
the data. The prediction for the n p data in Fig.
10(e) represents an average to the experimentally
measured cross section. In Figs. 10(f) and 10(g)
there is a reasonable agreement for the K'P data.

Having seen what a simple application of Eqs.
(9a) and (9b) leads to, we return to these equations
and discuss the assumptions they involve in more
detail.

(1} We have represented the meson-proton two-
body interactions of Figs. 1(b) and 1(d) by the ex-
change of an effective Reggeon. This "Reggeon"
is, of course, not a bona fide canonical Reggeon, .

but simply a duality representation of all the com-
plicated baryon resonances that dominate these
amplitudes. What has been most surprising is that
the trajectories in Fig. 6 obtained from the in-
clusive data then predict the energy dependence of
the elastic backward amplitudes so well. In Fig.
10(b}, the dashed line indicates the duality extrap-
olation obtained by Barger and CIine" using the
conventional Regge poles. We see that the inclu-
sive process provides a more sensitive probe of
the two-body process in this energy region.

(2} The exchanged Reggeon will be off-mass-
shell, and so the total cross section o& for the
Reggeon-target interaction will have a t dependence.
We have assumed that this term is given by the
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residue term already incorporated into the elastic
amplitude A(s, t), and hence is contained in
A(s/M', t). Comparing Figs. 10(d)-10(g), we see
that in an average sense this approximation is rea-
sonably good.

(3) We have assumed that the total cross sections
or(M'} are all equal to unity for the three processes
considered. This is perhaps the strongest assump-
tion, because it has led us to predict the relative
rates for the two-body processes from those for
the inclusive processes.

VII. THEE, p, AND p SPECTRA

The spectra for K, P, and P secondaries are
very different from the m', K' secondaries. We
expect few fast K, because the backward K p
elastic cross section falls very rapidly in the in-
termediate energy range. An analysis of the type
performed here should lead to a low effective tra-
jectory, with an intercept --4.

Similarly, we expect no fast P at all because of
the absence of double-baryon exchange in Fig. 1(c}.

The proton spectrum is a special case. If we
plot the data at fixed M' against t, we obtain Fig.
11(a), we again obtain sharp forward peaking at
small t; but in contrast to the I', K' spectra, there
is no shrinking diffraction peak. This can be seen
in Fig. 11(b), where we plot the data at fixed t

against I' on a log plot. The indication of straight
lines suggests a representation of the form

~c(t)N2/s
P (f)

d 0'

dtdM2

By performing this analysis on the data at the other
two energies'of Refs. 2 and 3, we have found that
the exponent of Eq. (10) does take the scaling form
indicated. " These results will be reported else-
where.
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The effective-range formulas for the P-wave scattering amplitudes, I =2 and I = 2, of pions
on nucleons are derived for the low-energy region using the requirements of analyticity,
unitarity, and crossing symmetry and a sum rule. The S-matrix calculations are carried
out by the generalized one-channel Chew-Mandelstam method in which the denominator func-
tion D may, generally, contain a Castillejo-Dalitz-Dyson (CDD) pole, while the function. N
is considered in the three-pole effective-range approximation. The effective-range param-
eters are then determined by the usual procedure in which the input values are the p-meson
and {3,3)-isobar N~ discontinuities and the high-energy contributions in the crossed channels,
and the nucleon pole in the direct channel. The amplitudes P~3 and P33, derived in this way
as functions of the CDD-pole term, are then compared with experiment by means of the
calculated and experimental values of the scattering lengths a&3 and a33. It is shown, as one
of the main results, that the low-energy P&3 amplitude does not contain any CDD pole and
produces a scattering length which is in excellent agreement with the experimental value,
while the P33 amplitude necessarily contains a nonzero pole term. These results are in
agreement with the conclusions made on the basis of a quite different approach-the "crank-
shaft analysis" —in the papers by Atkinson et al.

I. INTRODUCTION

S-matrix calculations enable us generally to de-
rive analytically the partial-wave scattering am-
pl. itudes in strong interactions, which are consis-
tent with the requirements of analyticity, unitarity,
and crossing symmetry.

An approximative approach which starts from
these requirements and determines the partial-
wave amplitudes in a certain low-energy region

has been worked out as the N/D effective-range
method by Balkz, s.'

The determining left-hand cut in the s-plane is
replaced in this approximation by several (in our
case two) poles s, so that the numerator function
N is given as a sum of n fractions b, /(s s, ) with-
unknown residues b, .

To solve the problem of finding the N/D ampli-
tudes, we determine these residues in our self-
consistent calculations by comparison of the


