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its divergence.
But the strange thing that we observe is that

values of o. (and consequently of p) as obtained
from various combinations of Eqs. (6) are not con-
sistent. ' The results are

(6a) and (6b) give n =4.5, p=4.8;
(6a) and (6c) give n =-2, p=-2. 1;
(6b) and (6c) give e =-1.5, P=-1.58.

%e find this result surprising.
Recently, it has been shown' that in the limit of

conserved SU(2) xSU(2) symmetry, the contribution
of the (1,8+8, 1) representation is not as small as
originally thought. In fact the corresponding pa-
rameter is as large as unity. But this result will
not make any change in our conclusion because the
only specific information on the symmetry-break-
ing Hamiltonian that we are using is SU(3) octet
breaking.
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~M. Gell-Mann, R. J. Oakes, and B.Renner, Phys.
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2We take the matrix elements at zero momentum trans-
fer squared.

3One trivial solution which is common to all is of
course 0. =P =-3. The inconsistency in the values of e
is evident if we consider the determinant formed by the
coefficients of the homogeneous equations (3) and (4)
which does not vanish.

40n the other hand, if we take different combinations

of Eqs. (4) and (5) to solve for e we obtain better results.
For example, if we divide (Ga) by (4) and (Gb) by (Gc) and
solve these two resulting equations simultaneously, we
obtain e =+1.82 and P =+2'~6. Similarly, if we divide (Gb)

by (4) and (Gc) by (Ga) and again solve, we get n =+1.73
and P =+1.76. Not only are these values consistent with
each other, but the magnitude of n is in agreement with
generaQy accepted values of Az/Af.

~K. Schilcher, Phys. Rev. 0 4, 237 (1971).
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Using electromagnetic gauge invariance, chiral symmetry, and the requirement that an
amplitude involving soft pions vanish when the neutral-pion four-momentum vanishes {or
equivalently that the divergence of the axial-vector current in the symmetry limit be inde-
pendent of pion fields), a unique expression is derived for the effective Lagrangian de-
scribing the interaction of photons with odd numbers of soft pions in arbitrary charge com-
binations.

Recently there has been a considerable amount
of literature investigating the processes y+y-g'g m'. Aviv, Hari Dass, and Sawyer' have ap-
plied effective-Lagrangian methods to calculate the
matrix elements for neutral and charged cases of
2y-Sn. While there is general agx'cement about
the result obtained by them for the neutral case,
their results have been shown to be incorrect in
the case of charged decays."The discrepancy has
been pointed out to be due to the fact that the inner-
bx ehmsstrahlung graphs arising fxom the vertex
y 3g were left out and also due to the fact that
there should be additional terms px'esent in the
effective Lagrangian to render these pole-graph
matrix elements gauge-invariant. Adler, Lee,

Treiman, and Zee, and %'ess and Zumino have cal-
culated the correct effective Lagrangian describing
the sz process. In this paper we derive an effec-
tive Lagrangian for the processes y-odd z's and
2y-odd m's using the principles of electromagnet-
ic gauge invariance and ehiral symmetry.

The starting point of our derivation is the obser-
vation, due to Adler, ' that the divergence of the
axial-vector current (in the presence of electro-
magnetism) does not vanish in the limit of chiral
symmetry but is given bye

B„j,",= C, E ~ 8 (a = neutral),

where 0, is independent of the pion fieMs. In
terms of an effective Lagxangian describing the
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interaction of pions with photons this is equivalent
to the statement that under chiral transformation
about the neutral axis the variation in the Lagran-
gian is given by

5g =C, E B.

where
cosey

R= sine'

(0

-sine' 0

coseg 0, eve~ ~& g =~&R~& ~

This has also been conjectured by Aviv and
Sawyer ' based on their loop-model calculations.
C„however, is believed to be model-dependent.
%e shall show in this paper that the combined re-
quirements of gauge invariance, restricted chiral
symmetry (the particular form of 5Z believed to
be right), and the experimental width for the w'- 2y decay are sufficiently restrictive as to en-
sure a unique expression for 2 and hence C, .

Since the variation in the Lagrangian is quadrat-
ic in the electromagnetic field, the one-photon-I-
pion part of the effective Lagrangian does not con-
tribute to 6g. This at once suggests that the one-
photon effective Lagrangian must be chiral-invari-
ant. The form of the one-photon-three-pion La-
grangian as calculated by Ness and Zumino is

—Se
Og +g24' 8 ~»ar Fpuw aw rwf. '

As pointed out by %'einberg, ' the only chiral-in-
variant Lagrangian is the one that is constructed
not out of ordinary derivatives but covariant deriv-
atives D„n. It is not difficult to show that the on-
ly possible chiral-invariant function involving at
least three pion fields and a single electromag-
netic field with at the most three derivatives is

e»„A „Dvw ~ (D, wx D, w) .

The actual form of the covariant derivatives de-
pends upon the particular gauge chosen for the
pion interpolating field. In general, the structure
of the covariant derivative is

D„w =A( w')S„w+B( w')8 pw' w .

Thus the "one-photon-odd-number-of -pions" part
of the effective Lagrangian must have the form

e2, - & 2f, 24~ & „v~,A „Dv w (D~ w D, w) ~

Under the electromagnetic gauge transformation

A -A „+e g I'- e'~ex~~
P

the above Lagrangian is not invariant. To com-
pute the change in g, under this transformation,
we introduce the notation

77] R]) 7Tj p pK) ay+JR)j+e pg +jj Ig p

Then

8~m; R )g D~ng + eDpgTg~m~,

with

D„X=A( w')s„X ~

Using the transformation property of D „w„we
find the change in g, under the photon gauge trans-
formation to be

e l.
4C~ —X ~ 3 24 2 eq„~,A„D„w

x'[A(w ') + 2B( w')w']s, w'D, g

=&f ~ 24~ ew„,AP„wo(A+2Bw~)s, w~s gA~.

The form of the "two-photon-pions" interaction
must be such as to cancel hg, under the gauge
transformation since the total Lagrangian must be
gauge-invariant. Also, the G-parity selection rule
for 2y-3n combined with the AI & 3 selection rule
for second-order electromagnetism restricts the
most general form of this Lagrangian to be

e2 ]
p ~2Z, -pf 3 48+ Ep /EveoA,vD, w'G(w )

e2

+ ~ ~ 48 a ~ pvar FpvFar B(w )w
Jg 7T

We shall now show that p, $, X, G( w'), and B( w')
are uniquely fixed by our requirements above.

Under the gauge transformation the change pro-
duced in g2 is given by

e
p 2n2, =p ~, 48, e„„„F„„B,gD, w G(w )

J~ 7T

2

P f 3 24w2»GT P v

x [A( w' )s, wo+B( w' )e, w'wo]G(w')8. ~.

Transferring the B„onA„ to the pion fields, we
have

e 1« = -f, p 24+ ~ „„„Ap, y&„wos,w'[BG - (AG)'],

where the prime indicates differentiation with re-
spect to g'. Thus our total effective Lagrangian
will be explicitly gauge-invariant if and only if

A'(A+2Bw') =[BG -(AG)']~ .
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For convenience we shall demand that the m'-2y
part is contained entirely in the piece with B()r2).
This would impose the boundary condition on G()/2),
Vlz. ~

G(0) =0.

The coefficient of m'D, m' in 5g, is

fr ~ 1
4fv'i' 484 """ "" ' (f )' f(f ))

So far we have not restricted ourselves to any
particular gauge for the pion interpolating field.
But for ease of calculation we shall adopt the "o-
model gauge. " In this gauge,

But

((var jlv a (f )2

1 14=1, B 2f 2 Hence the contribution to 5g, from the above term
is

where

(f 2 ~+ 2)1/2

ie (~0)2
+ p x ~ x 8X 2 e ~vgTF~vF~T4&7 (f.+oi

Thus the differential equation for G becomes

1 G 1dG
+ =+fr

2 f2+(7 2 d(T P

with G(0) =0. The solution is

0 = (f,(f.+&)—

In the o -model gauge the variations in the fields
and their derivatives produced by a chiral trans-
formation about the neutral axis are given by

57T; = -io'5;0, 60 =ir, 6 I = -2iom,

6(D„w;) = (5; 1/ D„r/ D„)T m;).-, +o

Using these variations, the change in g, under the
chiral transformation about the neutral axis can
easily be computed:

8 1

The term containing g D„m is

-hie 1
48+ Vvar ((v a

Since p D, 7/= —f,—s,o, this term can be put into
the form

f' 48m u v f+~)

48&2 e(fvar+pv+ar o+ f +&

If we demand that the terms proportional to (r/0)2

in 6g, be zero, as indeed we must if 6g is to be
independent of pion fields, we have

2 4 48)/' (f, +o)2 f, 481/2 da

We have

5G = i f„r/0+ (,2 7/0
v+o)

5Drr/0= (1/ Dr1/ -r/Dr)/ ),
2 +(f

. dB5B= i —mo.
do'

or

dB 24). f„
der ] (f +(r)2

'

This yields

2X fvB=— +D,f, +o

where D is a constant to be fixed. Thus

8f, 48m' "" '" " f, +e f, 48m' "'" "" "
4 f +v)

Lie 1 Dg 2ie fran
48 2 PvoT Pv GT y 48+ PvoT PvJ 7I 7T

2 ie2 f„A.
2 . PVQT PV OT

7r
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choosing D = -A/2$.
Thus we have the desired result. The expression for g is therefore

1 ~2 4f„'
3f 3 24 Q Eppg/A&D„s'(p~mxD m)+ ~ 46 ~ » ~F „A D n' f (f +o')

z z ~pf 24lP "" " f +0' 4

A. is now fixed by demanding that S~ contain the correct m -2y effective Lagrangian. The z -2y effec-
tive Lagrangian according to our theory is

2,p, e 1 0&a -- 4~ 24 3 &tva~+Pv+a~&
Jg 7T

@PE B.
6mf„

Thus A, is fixed by the g lifetime to be

( 64m '~~ 6sf„
(m„Vp O.

where 7., is the lifetime of mo- 2y and n =e'/4n
It is easy to check that our effective Lagrangian reproduces the structure obtained by Wess and Zumino

for 3m's except for a multiplicative factor. The 2y-371' is identically zero in agreement with earlier liter-
ature. Also the ratio "Ea'/ll'" introduced in Ref. 2 is automatically fixed in our treatment.
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