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its divergence.

But the strange thing that we observe is that
values of a (and consequently of 8) as obtained
from various combinations of Eqs. (6) are not con-
sistent.> The results* are

(6a) and (6b) give @=4.5, B=4.8;
(6a) and (6¢) give a =-2, B=-2.1;
(6b) and (6¢) give @ =-1.5, B=-1.58.

We find this result surprising.
Recently, it has been shown® that in the limit of

M. P. KHANNA 5
conserved SU(2)xSU(2) symmetry, the contribution
of the (1,8 +8, 1) representation is not as small as
originally thought. In fact the corresponding pa-
rameter is as large as unity. But this result will
not make any change in our conclusion because the
only specific information on the symmetry-break-
ing Hamiltonian that we are using is SU(3) octet
breaking.
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Using electromagnetic gauge invariance, chiral symmetry, and the requirement that an
amplitude involving soft pions vanish when the neutral-pion four-momentum vanishes (or
equivalently that the divergence of the axial-vector current in the symmetry limit be inde-
pendent of pion fields), a unique expression is derived for the effective Lagrangian de-
scribing the interaction of photons with odd numbers of soft pions in arbitrary charge com-

binations.

Recently there has been a considerable amount
of literature investigating the processes y+vy
—g*7~7°. Aviv, Hari Dass, and Sawyer! have ap-
plied effective-Lagrangian methods to calculate the
matrix elements for neutral and charged cases of
2y —3n7. While there is general agreement about
the result obtained by them for the neutral case,
their results have been shown to be incorrect in
the case of charged decays.?:®* The discrepancy has
been pointed out to be due to the fact that the inner-
brehmsstrahlung graphs arising from the vertex
v-3w were left out and also due to the fact that
there should be additional terms present in the
effective Lagrangian to render these pole-graph
matrix elements gauge-invariant. Adler, Lee,

Treiman, and Zee, and Wess and Zumino have cal-
culated the correct effective Lagrangian describing
the 37 process. In this paper we derive an effec-
tive Lagrangian for the processes y-odd 7’s and
2y —~o0dd 7’s using the principles of electromagnet-
ic gauge invariance and chiral symmetry.

The starting point of our derivation is the obser-
vation, due to Adler,**5 that the divergence of the
axial-vector current (in the presence of electro-
magnetism) does not vanish in the limit of chiral
symmetry but is given by®

9,jt,=C,E-B  (a=neutral),
where C, is independent of the pion fields. In
terms of an effective Lagrangian describing the
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interaction of pions with photons this is equivalent
to the statement that under chiral transformation
about the neutral axis the variation in the Lagran-
gian is given by

6£=C,E-B.

This has also been conjectured by Aviv and
Sawyer " based on their loop-model calculations.
C,, however, is believed to be model-dependent.
We shall show in this paper that the combined re-
quirements of gauge invariance, restricted chiral
symmetry (the particular form of 3£ believed to
be right), and the experimental width for the #°
-2y decay are sufficiently restrictive as to en-
sure a unique expression for £ and hence C,.

Since the variation in the Lagrangian is quadrat-
ic in the electromagnetic field, the one-photon-z»-
pion part of the effective Lagrangian does not con-
tribute to 6£. This at once suggests that the one-
photon effective Lagrangian must be chiral-invari-
ant. The form of the one-photon—three-pion La-
grangian as calculated by Wess and Zumino is

Tﬂ;;—ﬂ; € wor Fuy %9, o, 1.

As pointed out by Weinberg,® the only chiral-in-
variant Lagrangian is the one that is constructed
not out of ordinary derivatives but covariant deriv-
atives D,7. It is not difficult to show that the on-
ly possible chiral-invariant function involving at
least three pion fields and a single electromag-
netic field with at the most three derivatives is

€ worA uDy T+ (D FX D, 7).

The actual form of the covariant derivatives de-
pends upon the particular gauge chosen for the
pion interpolating field. In general, the structure
of the covariant derivative is

D, =A(7)3,7 +B( 'ﬁz)aﬁzi
Thus the “one-photon-odd-number-of-pions” part

of the effective Lagrangian must have the form

£,=2 A,D,7+(D,#xD, 7).

_e_ 1

3f1r3 24,”2 HVOT

Under the electromagnetic gauge transformation
Ay"Ap"'ap X "*_.efiex"*

the above Lagrangian is not invariant. To com-
pute the change in £, under this transformation,
we introduce the notation

Ty=~Ry7;, O,my—=d,MR;;+ed,xTy;my,

where
cosey =-siney 0
R=|sinex cosex 0 ), eT;;8,x=9,R;;.
0 0 0
Then

Duni-R” Dﬂn, +eDuxT”1rj,
with
D,x=A(T%)9,x.
Using the transformation property of D ,m;, we

find the change in £, under the photon gauge trans-
formation to be

e 1 0
f 3 24,”2 Euuo‘rApDv‘”
T

X[A(72) + 2B(F*)72]8, 72D, x

AL =)

2 1
xfes 327 Cwvord 0, THA +2BT%)0,7%, x A,

The form of the “two-photon-pions” interaction
must be such as to cancel AL, under the gauge
transformation since the total Lagrangian must be
gauge-invariant. Also, the G-parity selection rule
for 2y - 37 combined with the AT <3 selection rule
for second-order electromagnetism restricts the
most general form of this Lagrangian to be

£2 pf348112 pvoTt uUA D "OG( )

cel L
87, T8 Cwvor

We shall now show that p, £, A, G(72), and B(7?)
are uniquely fixed by our requirements above.

Under the gauge transformation the change pro-
duced in &, is given by

Fy Fop B0,

e 1

A£z=Pf 3 4842 € yyor Fuy XD+ 7°G(7?)
m
e 1

=p 7;3' W euuurauAu

X [A(F2)0, 10+ B(72)8, 7210 (72)5, .

Transferring the 8, on A, to the pion fields, we
have

e2 1 - -~
AL, = =75 0557 €uror A2 X, 19,7 BG - UG)],

where the prime indicates differentiation with re-
spect to 72, Thus our total effective Lagrangian
will be explicitly gauge-invariant if and only if

A%(A +2B7?%) =[BG —(AG)']% .
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For convenience we shall demand that the 7° -2y
part is contained entirely in the piece with B(72).
This would impose the boundary condition on G(72),
viz.,

G(0)=0.

So far we have not restricted ourselves to any
particular gauge for the pion interpolating field.
But for ease of calculation we shall adopt the “o-
model gauge.” In this gauge,

1 1

A=1, B=3 fr0+02?

where
0=(f"2 _"2)1/2 .
Thus the differential equation for G becomes

ldG A

2 fr+0 "2 do +f"5’
with G(0)=0. The solution is

4f° >_
fet0 /P
In the o0 -model gauge the variations in the fields

and their derivatives produced by a chiral trans-
formation about the neutral axis are given by

(f,,(f,r +0) -

611=-i06,-0, 80 =14m0, b6TZ=-2i070,

8(D,m;) = (6,01r Dpn ~D,mom; 5 .

Using these variations, the change in £, under the
chiral transformation about the neutral axis can
easily be computed:

2
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len

The coefficient of 7°D 7% in 58, is

ie® fr 4fr® G )
A—35 * 3 F_A_[(1+ -
fo® 487 €uvor fuv ( (fo+0P  fu(fy+0)
ie? 1
=8)\'4—§1-5 €uvo-rFuqum'
But
1 1 (770)2
—_—— -0 o1y M J
(7, +o " T T o

Hence the contribution to £, from the above term
is

2 (770)2
FOT (f +0.)2 .

The term containing 7D .7 is

F,

FEXEX BN s "

48 2 €pvor

-rie? 1

_fﬂ-?’_ -4_8—;1-2_ EﬂUOTFMUAO

E’Dr:ﬁ 4f8
X frtO <f,,(f,,+a) S +o)

Since 7 +D,%=-f,9,0, this term can be put into

the form
4f,*
("" fat0 )

__die? 1 4f,2
T2, 4 287 €wor Fur For ( f1r+0).

rie? 1
fs 4811’2 uvo‘r uvA f'rrza
™

If we demand that the terms proportional to (7°)2
in 6L, be zero, as indeed we must if 6£ is to be
independent of pion fields, we have

e 1
0L, =pF@—”—2 wor FuvAo (6GD, w°+G 6D, m°)
" igy é 1 __ge2 1 dB
'E—;i 481 % €pvor Fy F - (67°B + 6B1°) . 4748 (fyvo) I 4" do
T (o}
T or
We have dB 27\
—f——z .
G = <z'f,r1r°+(—f4—fi‘—)2-n> do ~ & (f,+0)
p’ This yields
i e
8D o= (#-D,7 —=1°D,7°), = 2\ fr
{,,+o B= £ _—fw+o +D,
6B=1 gg mo. where D is a constant to be fixed. Thus
i
_ i 1 4f,2 ite® 1 2)  fr
62=~ 5= ot wor P Por (04 ) = 55 g5 e B0 (0 5F5)
rie?2 1 D¢ 27e% fr
== 35 T8 €wwor Fin For 0'<1 r22 )-f4—8-1):2l-eu”m.Fqum
m
2ie®fr

== 4872 €;tchFquo'r)
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choosing D = -)\/2¢.
Thus we have the desired result. The expression for £ is therefore

e 1 - - - e 1 4f,°
£=7\[—-—3fw3 247 cz,,,,(,,A"D,ﬂr-(DL,11XDT1r)+-f“—3 T € yvor Fyy AoD, Tr"(f,,(f,r+o) - w:°>
62 1 0 Z1r l
v, 2ag Cwor Fu For™ (f,m '4)] .

A is now fixed by demanding that £, contain the correct® 7° -2y effective Lagrangian. The 7°—~ 2y effec-
tive Lagrangian according to our theory is

e 1

sé"o_»z’y:"x zepvo‘erch'rno
4f, 247
Aa °—> -
== *B.
617, m°E

Thus X is fixed by the 7° lifetime to be
(64712 >1/2 67[f1r =2

m37, a

’

where 7, is the lifetime of 7°~ 2y and a=e?/47.

It is easy to check that our effective Lagrangian reproduces the structure obtained by Wess and Zumino
for 37’s except for a multiplicative factor. The 2y -37° is identically zero in agreement with earlier liter-
ature. Also the ratio “F®"/F"™ introduced in Ref. 2 is automatically fixed in our treatment.
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