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We present an approach to the breaking of SU(3) && SU(3) symmetry which emphasizes the
Nambu-Goldstone realization of this symmetry. Here the octet x, X, g are the ground-state
mesons. For matrix elements which are not analytic in the symmetry-breaking parameters,
we can establish exactly the leading behavior in symmetry breaking. An example of this is
a chiral-limit theorem on the meson decay constants f&/f+ (0)f„—1= [3(m& —m„)/64+f„]
xln [647tf„/3 (m& + m„)2] + 0 (A). For matrix elements which are analytic to leading order in
symmetry breaking, we advance the hypothesis of threshold dominance of the Goldstone-
boson-pair states. When this hypothesis is applied to the mass splittings of the ground-state
mesons there results an eigenvalue problem to which the unique nontrivial solution corre-
sponds to octet enhancement. This is independent of any assumption about the Hamiltonian
symmetry breaking. When we apply these ideas to the baryon mass splittings we again ob-
tain octet solutions corresponding to tadpole-model results and a new result ~(f/d)& = (f/d)z/
[3(f/d)&2 —1) relating the baryon mass f/d ratio to the axial-vector-baryon f/P ratio, in good
agreement with experiment. We also discuss electromagnetic mass shifts in this context
and advocate that for AI = 1 mass shifts the Cottingham formula diverges (and should be
abandoned). If the Cottingham formula diverges for AI = 1 mass shifts, then we no longer
have Dashen's sum rule pE~2 —pEO = p~ —p. ~o . An alternative, finite approach for AI = 1
mass shifts is suggested and developed.

I. INTRODUCTION

This paper is devoted to a study of the breaking
of the SU(3) symmetry of the strong interactions.
This is undertaken with the recognition that it is
low-energy Goldstone-boson-pair states that dom-
inate symmetry-breaking matrix elements.

The primary assumption on which we base this
work is that in the absence of symmetry breaking
the Hamiltonian for the strong interactions is
SU(3) xSU(3)-invariant, ' but the vacuum state is
just SU(3)-symmetric. Coleman's theorem' then
requires that the SU(3) symmetry of the vacuum
state be m'anifest for all physical states so that

they may be classified according to the irreducible
representations of SU(3). But the vacuum sym-
metry, SU(3), is not the same as the Hamiltonian
symmetry, SU(3) x SU(3). In this instance the
Goldstone theorem' requires the existence of an
octet of massless pseudoscalar ground-state me-
sons. These are identified with the octet m, K, and

That the physical pseudoscalar mesons are
massive is to be accounted for by the presence of
symmetry-breaking terms in the Hamiltonian.
Explicit symmetry breaking is also responsible. for
removing the SU(3) degeneracy of other states In.
the absence of such symmetry-. breaking terms,
however, the ground-state mesons are strictly
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massless. The attractiveness of this picture lies
in the fact that the pseudoscalar octet w, K, g is
indeed the lowest-lying octet of hadrons.

We now consider what happens if we add to the
SU(3) xSU(3)-symmetric Hamiltonian Ho a term H'

which breaks this symmetry

H = Ho+ XH'.

The term H' is responsible for removing the
SU(3) degeneracy of the states and also gives the
ground-state Goldstone bosons a mass. These
masses vanish as A, -O and we recover the sym-
metry 4If .the SU(3) xSU(3) symmetry of H were
realized on the states so that there would be parity
doubling, we might suppose that it is possible to
do power-series perturbation theory in X for com-
puting matrix elements. However, in the Nambu-
Goldstone realization of chiral symmetry which we
consider here, such power-series perturbation
theory in A. is not possible since in general the S
matrix and matrix elements of currents are not
analytic in A, near A. =p. ' The reason for this non-
analytic behavior i;s that as A. - 0 the ground-state
mesons become massless, and the strong inter-
actions acquire a long-range component. The con-
tribution from meson loops then can give rise to
factors like A. 1nX or A.'~'. In the chiral-symmetry
limit A. -O there are no infrared divergences since
the pseudoscalar mesons have P-wave coupling.
Still the symmetry limit is approached in a non-
analytic fashion.

Whether or not a particular matrix element. is
nonanalytic to leading order in X must be examined
in each particular instance. We will find it neces-
sary in this work to distinguish between matrix
elements which are analytic to leading order in A.

and those which are nonanalytic to leading order.
An essential assumption in our work on sym-

metry breaking will be that to leading order in ~,
whether it is nonanalytic or not specifies the

dominant correction to the symmetric value of a
matrix element so that we may ignore, as a first
approximation, higher-order terms in X. As a
second assumption we will suppose that the diver-
gence of vector and axial-vector currents S„V'„(x)
and B„A'„(x) are gentle operators so that their ma-
trix elements between physical states obey unsub-

tracted dispersion relations. This assumption en-
ables us to calculate the matrix elements of the
symmetry-breaking Hamiltonian from unitarity.

As a consequence of these two assumptions we

discover that matrix elements which are nonana-

lytic to leading order in A, can, to this leading or-
der, be computed exactly. ' Hence we establish
the existence of chiral-limit theorems. More ex-
plicitly, the nonanalytic behavior can be viewed

as a consequence of the threshold divergence of

dispersion relations for the matrix element as the
threshold approaches the chiral limit. The ab-
sorptive part in the dispersion integral for the
production of the ground-state mesons is con-
trolled at the threshold by current-algebra low-
energy theorems. Hence, the coefficient of the
nonanalytic term is determined from the threshold
behavior of the absorptive part.

As an example of such a chiral-limit theorem
we will establish the behavior of the pion and kaon
decay constants as A, - 0 according to

fg 1
3(m»' —m, ')

1
64»'f, '

f,(o)f. 64~'f, ' 3(m + m„)'

(1.2)
Here the left-hand side, which vanishes in the
chiral limit, is determined from Cabibbo theory
to be 0.28, while the right-hand side, behaving
like Xlnh. , is 0.19.

Some matrix elements are analytic to leading
order in A, and for such matrix elements we can
not establish chiral-limit theorems. However,
the absorptive parts in dispersion relations for
such matrix elements can be computed exactly in
the symmetry limit at the thresholds for the pro-
duction of the ground-state mesons. The charac-
teristic of the analytic matrix element is that the
dispersion relations do not diverge at the thresh-
olds, and hence one can not prove threshold dom-
inance as in the nonanalytic case. In order to
estimate such a matrix element, we will introduce
as a third hypothesis the assumption of threshold
dominance of the relevant dispersion integrals.
This assumption will be given a precise formula-
tion in Sec. II in terms of the domination of an

analytic matrix element by the leading pole in the
threshold plane.

This hypothesis of threshold dominance has al-
ready been applied to the calculation of the anom-
alous magnetic moments of the nucleons with suc-
cess.' In this application we learn that the two-

pion intermediate state contributes a large isovec-
tor term at threshold and a smaller isoscalar
piece. The smallness of the isoscalar anomalous
moment relative to the isovector anomalous mo-
ment can then be understood from this threshold-
dominance picture.

The principal physical idea in our program of
examining symmetry breaking is that it is the
long-range components of the strong interactions
in the chiral-symmetry limit that dominate sym-
metry-breaking effects. For nonanalytic matrix
elements one may prove this is true, while for
those analytic to leading order in X we advance
this as a hypothesis. A consequence of this idea
is the identification of the primary component of
the tadpole as pseudoscalar Qoldstone-boson-pair
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states. This identification of the tadpole was
originally suggested as a possibility by Coleman
and Glashow in their work on the tadpole model of
symmetry breaking. '

With this identification of the tadpole we can
actually go beyond the tadpole model which imple-
ments the experimentally observed octet enhance-
ment of symmetry breaking. Working within the
context of our three assumptions and making no
assumption about the transformation properties of
the symmetry-breaking Hamiltonian, we will prove
that matrix elements are octet enhanced. In the
tadpole model this was an additional assumption.
In the context of our program this experimentally
observed octet enhancement emerges as the solu-
tion to an eigenvalue problem for the ground-state
meson mass splittings. As will be discussed in
Sec. III the eigenvalue is positive as a direct con-
sequence of the attractive nature of the ground-
state meson-meson scattering amplitude at thresh-
old in the chiral limit. This requirement uniquely
fixes the eigenvalue corresponding to the octet
solution to the eigenvalue problem.

This program of calculating symmetry breaking
is reminiscent of the Dashen-Frautschi S-matrix
perturbation theory. ' What is new in our program
is the recognition of the importance of Goldstone-
boson-pair states and the implementation of cur-
rent-algebra constraints.

Once octet enhancement is established for the
ground-state meson mass splittings, they serve
to establish octet enhancement for other matrix
elements. In particular, we examine in Sec. IV
the splittings of the baryon octet' which again ex-
hibit octet behavior. Our identification of the tad-
pole as meson pairs takes us beyond the tadpole-
model results in establishing the relation

(1 3)

where (f/d)s is the baryon mass splitting f/d ra-
tio, and (f/d)„ is the same ratio for axial-vector-
baryon couplings. This relation is in excellent ac-
cord with the experimental determination of these
ratios and provides additional evidence that we
have identified the major component of the tadpole.

In Sec. V we will discuss in detail the role of
electromagnetism in our approach to SU(2) viola-
tions in hadronic interactions. Besides pseudo-
scalar-meson pairs dominating the matrix ele-
ments of the divergence of the isospin current, we
also consider the two-meson-one-photon state as
a "driving term. "

Our approach to isospin violations in the strong
interactions is compared to the Cottingham ap-
proach. '0 It is suggested that for M=1 mass
shifts the Cottingham formula diverges, while for

AI =2 mass shifts it is finite. Further, the original
hope of relating the nucleon mass shift to experi-
mental electroproduction data via the Cottingham
formula is not practical since there are contribu-
tions to this integral which are all but impossible
to extract from data. So we abandon the Cotting-
ham formula for AI= 1 mass shifts. As an alter-
native we suggest the use of crossed-channel dis-
persion relations which in the context of our as-
sumptions enable us to relate isospin violations
in the baryon sector to those in the meson sector.
The isospin violations in the meson sector are
then determined by perturbation theory in z, the
fine-structure constant, about an eigenvalue prob-
lem. A preliminary attempt to compute the driving
terms is made, and this suggests how the correct
sign for the 6l = 1 meson mass splittings might be
obtained.

One problem which will not be dealt with in this
paper is the question of the symmetry and trans-
formation properties of the breaking term in the
Hamiltonian. It is a virtue of the present program
that results can be obtained without such assump-
tions. What is remarkable is that, although
SU(3) x SU(3) as a symmetry of the strong inter-
actions was proposed over ten years ago by Gell-
Mann, so little is really known about the symme-
try of the breaking term relative to the invariant
term. This is the question of the relative strength
of SU(3) violations versus SU(2) xSU(2) violations.
What makes this question so difficult to answer is
that with the Nambu-Goldstone realization the sym-
metry breaking of the Hamiltonian and the vacuum
become entangled.

To get an idea of the relative strength of these
violations we must find experimental parameters
which vanish if SU(2) x SU(2) is exact or if SU(3)
is exact. If SU(2)x SU(2) is an exact symmetry of
the Hamiltonian, then the pion mass vanishes. If
we choose to compare this with the kaon mass then
a measure of chiral SU(2) xSU(2) breaking is

m, '/m, '= 0.OV5. (1.4)

o/M =0.12 to 0.04, (1.6)

Further, if SU(2)xSU(2) is exact then the correc-
tions to the Goldberger-Treiman relation vanish.
They are observed to be

I -Mg„/f g=0.08+0.02.

Finally, the 0 term in pion-nucleon scattering
which essentially measures the amount the nucleon
mass is shifted when we turn on SU(2) x SU(2)-vi-
olating forces has been estimated by Cheng and
Dashen" to be about 110 MeV, although it could be
smaller by a factor of 2 or 3." Hence, we have as
a third measure of SU(2) x SU(2) violations
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which is compatible with the estimates (1.4) and
(1.5). There is nothing particularly large about
this o-term estimate relative to other measure-
ments of SU(2) x SU(2) violations.

It would, of course, be desirable to have more
such experimental parameters since (1.4) and (1.6)
are not free of theoretical and experimental criti-
cism. Qne would conclude from such numbers that
SU(2) x SU(2) is a good symmetry to about 8% to 5%.

This is to be contrasted with measurable viola-
tions of SU(3) symmetry of which we have an abun-
dance in the mass spectrum. Choosing multiplets
free of f and d coupling problems, we have from
th'e baryon 10 and vector meson 8

(Mrs -MNg)/MNg 0.1, (1.7)

(M, *'-M, ')/M, '-0.3. (1.8)

From such numbers one would conclude that SU(3)
is violated to 10-30% which appears on the face of
it larger than our estimates of SU(2) x SU(2) viola-
tions. About how such experimental numbers can
be fitted with parameters in models for the sym-
metry-breaking Hamiltonian we have nothing to
say.

II. THE THRESHOLD PLANE

D'„~(t) =—,ImD'„8(t').m, t —t

From the unitarity condition on ImD'„&(t) we have
that this absorptive part is given by (see Fig. 1)

(2.2)

ImD'. ,(t) =--,'tg(2v)45'(p-, +p„-p„)

x (~pin)(nits&V&l0). (2.3)

In the chiral limit the threshold t, =0 corresponds
to the production of 2, 4, 6, . . . ground-state mesons
in the state ln). In particular, we will focus our
attention on D'„8(0) since this quantity specifies the
matrix element of the syinmetry-breaking Hamil-
tonian. In the chiral limit we have to leading order

In our introduction we remarked that matrix ele-
ments which are analytic to leading order in A. can
be estimated if we make the hypothesis of thresh-
old dominance. We now will make this hypothesis
precise.

Our interest in studying SU(3) symmetry break-
ing centers on establishing matrix elements of the
divergence of the vector current is„V'„(x) for a
=K, n . We denote these matrix elements by

D'„,(t) =
&

I's„V'„(0)IP), t = (P. P, )' -(2.1)

where n and P are arbitrary states. Since we have
assumed that tB„V&(x) is a gentle operator, we have
for D' 8(t) an unsubtracted dispersion relation of
the form

D„V„(0)

FIG. 1. Unitarity condition on Im D~B(t).

1 "" dt
D'„8(0) = — —ImD'„8(t),

40
(2.4)

where we have assumed that the limit t, -0 exists
as is the case for matrix elements analytic in A. to
leading order. We further observe that as t-0 the
leading behavior of the absorptive part is specified
by current algebra according to

ImD'„s(t) ~ Cst" . (2.5)

Here r &0 and the constant C, is determined from
the current-algebra low-energy theorem for the
intermediate states containing a pair of Goldstone
bosons and phase space. Higher multiparticle
states such as four or more bosons will contribute
to ImD'8(t) terms less singular than t", the two-
particle state contribution, purely from phase-
space considerations.

Next we introduce the dimensionless variable
x=t/4M', where M &0 is some scaling mass and
define ImD'„~ (x) =(4M') "ImD'8(t), so that

1 ""dx
(4M') "D„'8(0)= — —ImD'8(x)

40

Instead of this integral we consider

F'„8(y) = —
~ „ ImD„'8(x),

1 f" dx

0

so that

(4M )
"D „'

& (0) =F '„&(0).

(2.6)

(2 7)

(2.8)

It is clear in this development that if we know

E'~(y) in the y plane (the threshold plane, see
Fig. 2), we can reconstruct ImD'z(t) by inverting
the Mellin transform (2.7), and hence obtain D' 8(t)
from the dispersion relation (2.2).

E '8(y) contains all the information in D„'8(t). It
has the virtue of displaying the threshold behavior
of Goldstone-boson pairs as poles in the right-
half y plane —the threshold poles —which are from
the Goldstone-pair states of 2, 4, 6, . . . ground-
state mesons, and the residue of the leading pole at
y =r is completely specified by current algebra.
The singularities in the left-half y plane are deter-
mined by the high-energy behavior of lmD„'&(x) as
x-~. If, for example, ImD'8(x)-Ax 'ln x as
x- ~, then the leading singularity of E '8(y) in the
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F,'p(y)

y =I' f'p fg
XXXXAKKXX,

Qi
High-energy singularities Threshold po/es

ing from this procedure since the matrix element
is determined only up to the positive, but other-
wise arbitrary constant (4M')'. But for o. and P
considered as varying over the member s of the
same SU($) representation, the multiplicative con-
stant (4M')' will be independent of o and P to lead-
ing order in chiral breaking. Hence, the ratios of
all such Inatrix elements are specified independent
of 3fwithin the context of our assumptions. An ex-
ception to this remark is the application of these
ideas to the g1.ound-state meson mass spkittings,
where the constant M is determined. from an eigen-
value px"oblem.

FIG. 2. VhreshohI plane.

left-half y plane is (A/v)/(y + s)".
If we assume that the behavior of ImD„'q{x) is

such that E~gy)-0, y- ~ for Hey &yo with yo&0,
we may represent E'8(y) by

N&8 N Y
{2.9)

where the r„are determined froxn. threshoM be-
hRvlor of four ox' more -Goldstone pairsy Rnd

B„B(y) is a background integral from yo —i~ to
go+i~ and incorporates the contribution from the
high-energy region. This result, Eg. (2.9), is de-
rived in Appendix A. This background integral can
be pushed back depending on the leading behavior
of ImD'„~(x) as x- ~. Our assumption can now be
stated that E„B(0)is dominated by the leading
threshold pole so that

E„',(0) =(4M')"D„',(0)= C,/~v (2.10)

The case for matrix elements D„'8(0) nonanalytic
to leading order in A. is characterized by r&0,
and such matrix elements must be treated sepa-
rately. For these matrix elements no assumption
as the above need be made, as was emphasized in
the Introduction.

The assumption of retaining just the leading
threshold pole is equivalent to writing

D-'l(0) = —I

f I~.'8(t) (2.11)

using the theorem on the absorptive part,

imD '&(f) C,t",

and substituting this result into (2.11),

D „'8(0)= (4M~)"c,/rw.

This establishes the connection between the thresh-
old plane and threshold dominance.

For a single pair of states o. and P we learnnoth-

m. BREAKING THE SYMMETRY OF THE
GOLDSTONE BOSONS

Qf pRx'tlculRr importRQc8 in oux' Rpploach to
symmetry breaking is to estaMish the character
of symmetry breaking in the Goldstone bosons
51eIQselves S1nce these matrix elements usHlg
unitarity, will by our hypothesis dominate other
matrix elements. %'e now will establish an eigen-
value problem for the meson mass differences
pr(. —p, ~ ~ pg —p. y) ~ p.~ —pg 0 q p~+ —+~0 and
the transition mass b, „o„={v')-is„V„"(0)[ri).

The matrix element of the divergence of the vec-
tor current between these xneson states is specified
according to

(M'(P, ) ] -fe„V'„(0)tM'(P, ))= d"'(t),

d'"(&)=~f'"t{~.* u.*)f,(f)+-tf «)1.
where f, (t) are the usual vector form factors. The
nonrenormalization theorem implies f+(0)= 1
+ O(A. 'Ink), so that

d' {0)=&f' (p,' —p,')+O(X'Ina).

In Record with Oux' RssUInption thRf. %'e- %1B kBep
only the leading order in X, we will drop second-
and higher-order terms in what follows. %'e as-
sume that d' (f) obeys an unsubtracted dispersion
relation, so that

d~(0) = — —Imd' {f),
N

X 4

where unitarity specifies the absorpbve yart ac-
corcting to

im'"(f) = --,'f(2v)'P {M'{P,)IM'(P, )N)

&{sL-@ V'„(0)(0)0'(Z„-q),

wxth q=p~-p, .
As remarked in the Introduction, the absorptive

part in the chiral limit and at threshold is speci-
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Imd' (f) = -,' (td"~(t)-42(t)M '~(t), (8.5)

wl181'8 M ~(f) 1s tile S-wave meson-meson scattel-
ing amplitude, and

I

fied exactly by current-algebra low-energy theo-
rems. To establish this theorem we need retain
only the two-meson state in the intermediate-state
sum since the contribution of states containing
four or more mesons will vanish relative to the
two-meson state at threshold. As we show below
the two-meson state contributes to the absorptive
part a term proportional to t as t- O. Hence the
integral (3.8) is finite as fo-0, and we have the
case of an analytic matrix element. In the language
of the threshold plane, the two-meson state gives
rise to the leading threshold pole at y = 1."

The two=meson states contribute to the absorptive
part according to

M
2 f2 (8.11)

There are two solutions to these equations one of
which is the trivial solution in which all the mass
differences vanish. The nontrivial solution re-
quires that the determinant for (8.10) and (3.12)
vanishes or

(3.13)

If we set b=m corresponding to mass difference
in an isomultiplet, there result the relations

112+ —P2O = 2tt-(P2+ —P2O )»
2 2 1 2 2

P»+ —P»o = & tt(II»+ —lt»o ) + 2&3 ttt-t »tot)» (3.12)

&t(O») = 2 ~3tt(PE+ —11»O ) ~

t (t —t, )(t t,))'"-
sv

(3.6)
which has for the eigenvalue

(3.14)

is two-body phase space with the threshold I;,
= (lt, + lII, )2 and pseudothreshold t, =(p,, —(Lt~)2. In
the chiral limit t„,-0 and 42(t) = 1/Bw, while
d"'(o) =If"(11.' —VI').

Applying Weinberg's treatment'4 of meson-me-
son scattering in the chiral SU(3) X SU(3) bmit, we
find for this amplitude symmetri, zed with respect
to e and f as is required in (3.5),

M ~(f) ~ f7~;Og 2(T.'.-~+7g'o 2.)],t~Of
(3.7)

where f =f, =f» =f„-lI„/&2 is the meson decay
t t, d

2
T~;ey= 3 ~o:&ey+daeydef) y (3.8)

where d ~ is Qell-Mann's totally symmetric tensor.
Putting these results together we obtain a theorem
on the behavior of the absorptive part in the ehiral
limit:

The negative eigenvalue is ruled out by the re-
quirement (3.11) a & 0 which reflects the attractive
character of meson-meson scattering in the chiral
limit at threshold. Hence the nontrivial solution
is uniquely fixed, and with a = 4; we have from
(3.10) and (3.12)

4 kg =3 JLL~ + p, ~

2 2
P~+ —P&o =Oy

1 1/2
~t(O)) =(2) (P»+ —((t»O )» II= r»

(3.15)

the octet mass formulas. The unphysical eigen-
value a = -2 we note corresponds to a pure 27-type
splitting, but this is ruled out. We conclude that
our assumptions imply octet enhancement in the
meson sector without any assumption about the
transformation properties of the symmetry-break-
ing Hamiltonian. . In this instance the otherwise
arbitrary sealing mass is fixed by the eigenvalue
condition to be

M'= —"It'f'= 0.46 GeV' (3.16)

X[T',.g —2(&., ~+ ~y, ..)j(~/f ')
, (8 9).

What remains to be done is to use this result to
extract the residue of the leading threshold pole
or equivalently insert (3.9) in the dispersion inte-
gral and integrate to t = 4M', where M is the scal-
ing mass. Finally we will set b=K' since this
gives the medium-strong mass differences. There
result the following relations:

(I »' v') = 2 s(I »'-~.') 2o(~»' ~-,'),
(8.10)

(v»'- u, ') = -2 s(u»'- v„') Os(II»' ((-,'), -

In this treatment we have assumed that Qold-
stone-boson-pair states are the dominant contribu-
tion to these matrix elements. If in addition there
is a scalar ~ meson which couples strongly to
B„V» (x), our symmetry-breaking eigenvalue
equations are modified by an inhomogeneous term
on the right-hand sides of (3.10) or (3.12). If the
scalar mesons are an octet, then we still obtain
the octet solutions (3.15) to these inhomogeneous
equations, but we lose the eigenvalue conditions
(3.14) on a. If there are scalar mesons which cou-
ple strongly, then our assumption of pure thresh-
old dominance is wrong and the tadpole is then a
combination of two mechanisms. " In the experi-
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f» 3(V»'- V.'} I 64»'f. '
f (0)f 64K'f ' 3( )'

This result is easily obtained by utilizing the
Da.shen-Weinstein" theorem for

(3.17)

mental absence of such scalar mesons, we will
continue to assume pure threshold dominance.

Nowhere in this development have we appealed
to any information regarding the forces responsible
for violating the conservation of the strangeness-
changing current V& (») and the isospin current
V „' (x). We have shown in our approach to sym-
metry breaking that there are self-consistent so-
lutions for these currents not conserved. While
we have no knowledge of the forces which violate
the conservation of V» (x}, we do know that elec-
tromagnetism violates isospin conservation. Per-
haps this force is responsible for all of isospin
nonconservation. If this is the case, then, if we shut
off the electromagnetic interactions, the mass dif-
ferences of isomultiplets should vanish. The ap-
proach we have developed does not in any way rule
this possiblility out. We see however that our so-
lution (3.15) obtained by retaining only the leading
threshold pole does not set the scale of the meson
mass splittings. There is nothing that tells us that
the splittings in an isospin multiplet are small
relative to splittings in a U-spin multiplet.

If we now incorporate the photon as a zero-mass
particle into our approach, we find that besides
the two-meson intermediate states there is a con-
tribution to Imd (t) from the two-meson-one-
photon state. We will discuss this contribution
from this state in more detail in Sec. V where we
develop the role of electromagnetism in our ap-
proach. We remark here that this state does not
contribute to the leading threshold pole at y =1 but
contributes to Imd(t) terms that vanish like e't 'Int
and e't ' as t- 0 corresponding to double and single
poles at y = 2 in the threshold plane. So that within
the assumption of keeping only the leading thresh-
old pole we have the pure octet formulas (3.15).

It is also worth remarking in this context that
if we attempt to retain higher-order terms in
chiral breaking by putting such terms into the me-
son-meson scattering amplitude and also examine
the t' term in the absorptive part as t-0 from the
two-meson intermediate state (this is necessarily
model-dependent), we then obtain transcendental
equations for the symmetry-breaking parameters.
The discussion of such equations takes us beyond
the intended scope of this paper.

An interesting by-product of our discussion of
these matrix elements is an exact chiral-limit
theorem" for the meson decay constants which is

D(&) =(W '- p.'}f,(t)+&f (&),

which is the matrix element for the divergence of
the strangeness-changing current between m' and
g states. Their theorem can be written in the
form

D'(0) = " —1+0(A,) . (3.16)

From the dispersion relation for D(t} we obtain

D (O) = — —, ImD(t),
"dt

(3.19)

and our theorem on the absorptive part is

f» -f. = -3(f» fn)+O(~)- (3.22)

where the difference of decay constants is O(X Ink).

IV. BREAKING THE SYMMETRY OF THE
BARYON OCTET

It is clear that once one establishes that the
matrix elements of the current divergences into
Goldstone-boson-pair states are octet-enhanced,
then this implies from our identification of the
tadpole that all symmetry breaking is octet-en-
hanced. Within an SU(3) multiplet one can calcu-
late the symmetry breaking up to a proportionality
constant, the scaling mass, the sign of which is
known, and coupling constants of the bosons to the
other. states.

As an illustration of this idea we have computed
the baryon 8 mass splittings. ' The input to this
calculation is the three assumptions specified in
the Introduction. We established the chiral-limit
threshold behavior of the absorptive part illus-

ImD(t), (-', (p,,' —~,') —';(I,'- p „')1.
~-0 4»f'

(3.20)

Ignoring the dependence of the threshold on mass
splitting and setting f, =(p»+ p. „)' and p, »' —p, ,'
= -3(p»' —p „') we obtain our chiral-limit theorem
(3.17) from

4~ d,D'(0) = — —,lmD(f)+O(~). (3.21)

We establish the scale parameter I' from the
solution to the eigenvalue problem, M' =~3m' f'.
Hence, we have that f»/f, =1+0(XInA). Of course,
one may change the scale of the logarithm and
affect only the correction O(a).

Applying these same techniques we can obtain a
similar theorem for f»/f+(0)f „—1, where f+(0) is
the analogous form factor for g decay. Using this
result we obtain an octet-breaking-type formula
for the decay constants
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0 n gA (~ I ~ 2)&(3 4nm)fS, »+ » 6 (4.1)

— ~" (3 —4a)

". (V»" ~e'}n(1 a}—
4»f'

" " n(1- n}
3

2". (V"»-i ~').-'(-3+» n8 )a

' " (2n-1)(3 —2n)
3

2
Mg++Mg 2Mr, gg

(
R 2)(1 )2

M

where f = p, ,/v 2 = 90 Me V is the decay constant,

g~ =1.24, and (f/d)„=(1 —a)/a is the f/d ratio for
axial-vector-baryon couplings, e'"I' =0.66 + 0.02.
Here M is the scaling mass.

%'ithin the same scheme in which we have es-
tablished these relations, the mesons obey the
octet formulas (3.15). Using these relations on
the meson masses we obtain from (4.1) the tad-
pole-model results

2(M„+M-.) =3MA+Mg,

M-. —-M~o =M~- -Mq++M~ -M„

-(f/&) =—

Mg+-Mq-
(M, -M„)+(M.—-M~) '

(f/~)s = (f/d)

(4.2)

p, »0 —jj,»+ 2(M~+M:~0) —2(M~+M~-)
p, »' —p

' -',(M3, +M/-Mz

M~+ +3f~- —2M~0 =0,

and a new relation which goes beyond the tadpole
model,

trated in Fig. 3 with a Goldstone pair in the inter-
mediate state. The results of this calculation are

2
~ =

9
",[(g» —p, » )(15 —48n+28n )

+ 3(p»' —g „')(-3+8a —4n') j,
g", [(p,»' —p, ,')(-15 + 12n+ Ba'}

96»f'

+3(u»' —g ')(3-4a)1
2g", [(p,»' —p, ,')(9 —36a+24n')

M 96»f

+ 3(p»' —p „')(3—4n) j,

8~V~ (0)
0

& ~

7rd

FIG. 3. Leading threshold singularity.

'. (f/—&) =(f/~) /f&(f/&) ' l1 -(4.3)

Using (f/d}s"P =-3.3 we obtain from (4.3) n =0.69
which is in excellent agreement with the experi-
mental number. We also go beyond the simple
tadpole model in the qualitative observation that
since M & 0, (4.1) has the correct sign for all the
mass shifts if we use the octet formulas (3.15) for
the mesons. From (4.1), using as input the experi-
mental parameters, we obtain I= 370 MeV, which
is a factor of 2 smaller than the scale mass we
found as a solution to the eigenvalue problem (3.16).

Our treatment of the electromagnetic mass
shifts is not complete since we must also include
a "nontadpole piece. " It is encouraging to note that
the hI = 1 electromagnetic mass shifts as given
just by (4.1) all have the correct signs if we use
the experimental meson electromagnetic mass
shifts. However, the AI =2 mass-shift relation
given by (4.1) has the wrong relative sign. This
indicates the need to consider nontadpole driving
terms, which are well known to be the whole con-
tribution to b,I= 2 mass shifts. We wiO discuss
these problems relating to electromagnetism in
the following section.

V. KLECIOMAGNETK VIOI.ATIGN QF SU(2)
SYMMETRY

So far we have developed our approach without
making explicit assumptions about the dynamics
of the symmetry-breaking forces. We now turn.
to examining the role of electromagnetism in
breaking the SU(2) symmetry of the strong inter-
actions. %e wDl coxnpare our i-channel approach
with the Cott.ingham approach' with which we as-
sume the reader is famQiar. However, we will
review a few features of the Cottiagham formula
xelevant to our discussion.

The original point of Cottingham's approach to
the mass-shift problem was to relate the nucleon
mass shift to inelastic electron-nucieon scattering
cross sections which couM be measured experi-
mentally. This was possible providing that the
virtual forward Compton amplitudes obeyed unsub-
tracted dispersion relations. Subsequently, Harari
pointed out that Regge theory implied that one of
the brompton amplitudes required a subtraction
for EI=I mass shifts, while no subtraction was
implied for 6I=2 mass shifts. It is weH known
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that the Cottingham formula gives good experimen-
tal agreement for b,I =2 mass shifts like p.,+'
—p. „0' from just a few low-lying states, while for
AI =1 mass shifts the sign is not even understood.
So there is a problem for the AI =1 mass shifts.

The experimental evidence that there was only
a small longitudinal cross section for virtual
Compton scattering at high energies suggested that
one assume that the longitudinal amplitude in the
Cottingham formula be unsubtracted. This assump-
tion, compatible with data, does away with the sub-
traction problem" and one can again express the
nucleon mass shift in terms of the scattering data.
However, . a new problem arises if we now assume
that the electroproduction data have scaling be-
havior, that is, the inelastic structure function
satisfies"

vW, (q', v)- E,((d),

W~(q', v) -E~((u) +a((o)/q', (o = -q'/v

as -q'-~ and v-~ with their ratio fixed. Since
we have assumed no longitudinal cross section
E~(u) ) =0, we find on these assumptions that the
mass shift is divergent':

p2 2

5m ~—(lnA') I d(o [E,((u) +2H((o)/(o]
4p

as A- ~. (5.1)

This is also what one would expect on the grounds
that the nucleon has point-like constituents, and
(5.1) just reflects the standard logarithmic diver-
gence from point Fermi particles. The structure
function E,((d) for the proton-neutron difference
has been measured experimentally" and is not
zero The fun.ction H(v) is all but impossible to
measure because (i) it is a part of the longitudinal
amplitudes which are difficult to obtain, (ii) it is
a nonscaling part of such a longitudinal cross sec-
tion, and (iii) what is relevant is the difference
between proton scattering and neutron scattering.
Hence, for all practical purposes the Cottingham
formula has lost contact with experimental data.

There are various attitudes one may take to the
presence of such a divergence. First is that the
assumptions gone into obtaining this result are
false. Alternatively, one may assume that the cut-
off A gets replaced by some finite quantity. An

example of this is Lee-Wick electrodynamics. "
One could find that some dynamical effect makes
the integral (5.1) vanish so there is no divergence.
In that case the remainipg finite terms in the Cot-
tingham formula are presumably dominated by the
Born terms" and this is known to fail to give the
correct sign for 4I=1 mass shifts.

We will assume here that the Cottingham formula
diverges for bI =1 mass shifts, while it is finite

M, -M„=C(0)+5M(0). (5.4)

Here C(t} is the matrix element of the first term
in (5.2), which is written in an effective form

u(p')u(p)C(t) =2 2, , T(q, p', p),2 2w q (5.5)

T(q, ((,p) = f u'xe "'(((p')l(&„(x))'„' (0)),ln())),

and 6M(t) is the matrix element of the counterterm
in (5.2).

for LI =2 mass shifts. If the Cottingham formula
diverges, it is, of course, not the correct expres-
sion for the physical mass shift, which is finite.
The evidence we present in favor of this point of
view is (i) the SLAC data are consistent with the
scaling hypothesis and this strongly suggests (but
does not prove) that the Cottingham formula diver-
ges for the nucleon mass differerice, (ii) if the
Cottingham formula is finite and is the correct
expression for the mass shift, then Dashen24 has
shown that to leading order in chiral breaking we
have the sum rule p, ,+2 —p. „02 = p.~+2 —p, ~2, which
is in violent disagreement with experiment.

So we will drop the Cottingham approach for
AI =1 mass shifts. To see what might be going on
in this problem 1st us consider the SU(3) x SU(3)-
symmetric gluon model with a renormalizable
gluon interaction and a triplet of massless quarks.
We presume that the physical quarks acquire a mass
through the mechanism described by Nambu and
Jona-Lasinio" so this is a nonperturbative solution.
Now we introduce the electromagnetic interaction
via the standard minimal interaction. The isospin
current is no longer conserved and the divergence
of the renormalized isospin current is given by"

s„V„"(x)=-ie:A„(x)V„" (x): -5Mq(x)&" q(x),

(5.2)

where A„(x) is the electromagnetic field and 6M is
the infinite counterterm required to renormalize
the electromagnetic interaction. This procedure
renders the matrix elements of 8 „V„' (x) finite.
If we shut off the electromagnetic interaction, then
8 V„' (x) =0, so isospin violations are purely
electromagnetic.

For example, if we take the matrix element of
ia „V„" (0) between the neutron and proton, we ob-
tain for

u(P')D(t)u(P) = (P(P') ~iS „V„"(0)~ n(P))

the relation

D(t) = C(t) + 5M(t), (5 3)

and to lowest order in e' (which we presume suf-
fices) D(0}=M~ -M„, so that
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It is straightforward to show by an isospin xota-
tion that C(0) corresponds to the Cottingham for-
mula. In this model with a pointlike quark txiplet
we would expect C(0) to diverge for bI = 1 mass
shifts and C(0) is finite for rQ =2 mass shifts, so
no counterterm is required in this. case. For AI =1
mass shifts one could hope to compute from (5.4)
in terms of the physical%-6' quark mass difference
and the Coulomb or Born term. This would be
similar to the calculation of nuclear mass split-
tings in an isomultiplet. But then one is left with
the completely unknown quark mass difference.
However, one could do the same calculation for
another AI = 1 mass difference and parametrize
this in. terms of the quark mass difference. %e
can thus obtain relations between, say, baryon
and meson mass shifts or between baryon mass
shifts themselves without reference to the quark
masses. This is the essential idea of the tadpole
model results which we have reproduced in Secs.
III and IV. However, here we have not started
with a formula like (5.4) but instead have chosen
to compute mass shifts from the crossed-channel
dispersion relation

(5.6)

which directly relates mass shHts via unitarity so
that one is always dealing with finite quantities.
%hat is of interest is that the octet formulas
emerge from the assumption of the Nambu-Qold-
stone realization of SU(3) x SU(3) without appeal to
the symmetry-breaking transformation properties.
So there is hope that one may compute mass shifts
from the crossed-channel ayproach where the
Cottingham formula fails. No explicit reference
need be made to the quarks or counterterms as
for example in (5.2). It is also clear that we avoid
the Dashen sum rule since the Cottingham formula
is no longer valid for the K'-K' mass difference.

Although our approach of crossed-channel dis-
persion relations and the framework of our as-
sumptions gives the octet mass formula, we have
not yet indicated how one goes beyond this. In

particular, for the meson sectox ean we under-
stand relative sign of the v'-v and K' Kmass-

. difference T If we can understand "sign reversal"
in this sector then there is hope that we can under-
stand it for the baryon bI =1 mass shifts as well.
Besides the Goldstone-pair state the presence of
electromagnetism requires us to consider the pair
state plus a photon as illustrated in Fig. 4. This
is what we will eall the "nontadpole" piece in our
work.

It is of interest to compare our f-channel ap
proach with the Cottingham formula (the s-channel
approach) For. dI= 1 mass shifts one can not

'M

FIG. 4. (a) Tadpole graph. (b) Nontadpole graph.

caxry out the comparison if, as we suggest, the
Cottingham formula diverges for these quantities.
However, for M =2 mass shifts such a comparison
could be carried out if everything is finite. An

example is the m'-m' mass difference, The term
we call the tadpole from the pair states corre-
sponds to highly inelastic states in the Cottingham
formula as is illustrated in Fig. 5. Such an
identification is valid only if the sum on the states
n and m in Fig. 5, suitably integrated in the un-
subtracted Cottingham dispersion relations, re-
produces the appropriate scattering amplitudes.
From our result (3.12) we have that such states
are estimated to contribute

-2o(u„+ —p, ,o ) =--,(p, ,+ —W,o )
1 2 2 2 2 2 (5.7)

FIG» 5. Tadpole COIltl lbutlOD to 518 CottlIlgbRM fOX'MQla.

to the mass shift, which is not negligible.
A piece of the nontadpole contribution Fig. 4(b)

is shown in Fig. 6. It is clear that this diagram
represents paxt of the Born or elastic contribution
'to the CottlllghRlll formula Rs ln Flg. 6(R). How-
evex" lt is not identical with this term as 18
seen in the two diagrams of Fig. 6(b) which do not
contribute to the elastic Born term in the Cotting-
ham approach. It is clear that the states are
eouoted in a very different fashion in this t-channel
development and a simple identification with the
elastic Born term in the Cottingham formula is
not possible. It is also necessary in this t-channel
method to ensure that the cgculation maintains
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FIG. 7. Semidisconnected nontadpole piece.

and since in general if the divergence of the iso-
spin current is given by (5.2), we have the Cole-
man-Qlashow-type formulas in the SU(3}-symme-
try limit

(5.10)

so (5.9) is trivially satisfied. Using this relation
and eliminating d,o„and a from (5.8), we find,
assuming 5, ~ „~0, ae-2,

,. &~V. *-u.o*) -5.+5»&
2(&»

(b)
FIG. 6. {a) Nontadpole contribution seen as part of the

elastic term. (b) Inelastic contributions to the nontad-
pole piece.

gauge invariance. First it should be remarked
that the operator s „V„' (x) is not gauge-invariant
although the equation for this operator that we have
been considering (5.2) is gauge-invariant. Hence
matrix elements of S„V„"'(0)are in general not
gauge-invariant. However, between single-particle
states of the same isomultiplet at zero momentum
transfer the matrix element is gauge-invariant
and gives the physical mass difference of mem-
bers of the isomultiplet. We discuss these prob-
lems associated with gauge invariance of the non-
tadpole graphs in Appendix B.

The general consequence of including the nontad-
pole terms to the calculation of the meson electro-
magnetic mass shifts is to alter the homogeneous
equations (3.12) by the addition of driving terms
5„»„proportional to e'/4»

p, „,' —j.„o'=-{a/2)(p, , ' —p, ,o')+~, ,

V»
' ~~'=(~/4)(~»" I e')+(~—~/2)~&:&+5»

a„o„=(v 3/4)a(p, »+' —p»0') +5„. (5 8)

These equations imply

(1+ 2~)HV ..' u) —(V»+'-- u a') +~»:,)
= ~w —~»+~&~g

(5.9)

(5.11)
The point of view that we advocate is that the

pion mass shift p, „+'—p, o~ is a given quantity
since this is a bI =2 mass shift and can be cal-
culated, with good experimental agreement, from
the Cottingham formula, which we assume is finite
in this application. No such statement can be. made
for the hI =1 mass shift p,~+' —p.~' and to attempt
to understand the sign and magnitude of this quan-
tity on a theoretical basis we advocate our ap-
proach. This we see requires calculating 5„~
from the dispersion relation and using a formula
like (5.11).

The nontadpole contribution to the absorptive
part can again be calculated exactly at threshold.
We find that these pieces corresponding to the
diagrams in Fig. 6 contribute at threshold t-0
to the absorptive part like ImD(t) =Ct' lnt+Dt '.
A semidisconnected piece as is shown in Fig. 7
does not contribute here because it contains the
amplitude for a zero-zero transition of the phys-
ical photon which must vanish. From the stand-
point of the threshold y plane the nontadpole piece
first contributes a pole and double pole at y =2.

In this paper we will not attempt to estimate the
driving terms 5, ~ since this constitutes a whole
study in its own right. We should remark however
that besides the nontadpole contribution to the
residue of the threshold pole at y =2 there is also
a contribution from the nonthreshold behavior of
the two-meson intermediate-state tadpole Fig. 4(a}.
These contributions should also be included if we
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retain the philosophy of keeping the next-to-leading
threshold poles at y =2.

Within the framework of our original assump-
tions of keeping only the leading threshold singu-
larity at y =1 we have the pure-octet formulas fear

the meson and baryon mass shifts. - With the above
remarks as to what is involved in looking at the
next-to-leading terms, including the nontadpole
piece, we conclude this study.

APPENMX A

Here we will derive our representation for
E„'8(y). Starting with Eq. (2.7)

(AI.)

which is a Mellin transform, we have that the
singularities of E„8(y) in the right-half y plane
are determined by the threshold behavior of
ImD„'~(x) as x-0. The point x=o corresponds to
the production threshold for N=2, 4, 6, . . . ground-
state mesons, and from unitarity one expects the
behavior

ImD'„8 (x)~()Q C„x"", (A2)

which is Eg. (2.S) in the text with the background
integral identified as

e j»+leo dy/Ea'( I)
&.8(y) =

2Kb
y0

(A5)

%e can push this background integration line
back into the left-half y plane depending on the

where C2 and r2 =x are determined from current
algebra and unitarity. This behavior (A2) for
ImD'„8(x) at x- 0 implies from (Al) that E' ~(y)
mill have poles at y =~N along the right-half real
axis with residues at these poles equal to C„/v.

E„'8(y) is a meromorphic function defined by
analytic continuation by (A1). If EN8(y») exists
with y, ~0 and real, then (Al) implies E„'8(y}-0
for y- ~ with Bey &y,. If we now consider a con-
tour C in the half plane Bey'&yo which encloses the
point y and the poles on the real axis, Cauchy'8
theorem implies

1 dy'E„'8(y'),
( ) g C„/w

2~j Q Y Y g
Cfs ~

Opening this contour integral to a line integral we

have

C,/v C„/v 1 ~"'" dy'E'. (y')
27fl gg~

N&2 y

(A4}

high-energy behavior of ImD'8(x) as x- ~. If, for
example, ImD'„8(x) - x ~ as x- ~, then the leading
left-hand singularity of E'„8(y) is at y =-S, so the
background integral could be pushed back to
yo= -S.

APPENMX 8

Here we will discuss the problems of gauge in-
variance in this approach of writing dispersion re-
lations in the momentum transfer. The problem
centers around the fact that 9 „V„' (x) is not a
gauge-invariant operator. Under an infinitesimal
gauge transformation B»V»' -8»V»' +e(8»5$)V»" .
Hence, in general the matrix element of this oper-
ator transforms according to

& ls, v„' (0)IP&- & I .sv„(0)IP&

—f(q"- q')» e&o'I v; (0)54 (o}IP &

—&~ls„V„" e50IP&,

where we have used

8»(5(f&V» ) = 5/8»V» +(8»5$)V»

To the Lowest relevant order of electromagnetism
which we are considering here, we may drop the
last term in this expression since it is of higher
order in e. But we may only drop the second term
if the momentum transfer {q —q8)„=0. For cal-
culating mass shifts in an isomultiplet the momen-
tum transfex' vanishes, so to leading order in elec-
tromagnetism this matrix element is gauge-inde-
pendent.

If we now calculate D(0), which is the mass
shift, from the dispersion relation (5.6),

] +OO

D(0) = —
(

—ImD(t),
W„o t

and consider the nontadpole contribution to the ab-
sorptive part, there enters into the unitarity con-
dition the matrix element (0 I js„V„+{0}I v'(q, )v'(q )y(y}&
corresponding to the two-meson-one-photon state.
Using (5.2) we obtain for this matrix element

&olfe „v„"(o)lv (q,)v'(q, )y(~}&

= ef,*((q,+ q.)')e»(&)(q, —q, )„f"",
with e»(k) the polarization vector of the photon and

f,((q, + q, )') the vector form factor. This matrix
element is not gauge-invariant under e„-~„+Xk„.
In computing the absorptive part we contract this
matrix element with the scattering amplitude for
y(k)+ v'(q, )+w'(q, )- v'{p,)+v'{p,) which we can
compute exactly at threshold by low-energy the-
orems in a gauge-invariant fashion. In calculating
the absorptive part there appears a sum on the
photon polarizations Q e»(k)c„*(k), which in the
Feynman gauge is specified by -g„,. We are re-
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quired to calculate the absorptive part in this gauge
if we use the dispersion relation (5.6) since other
gauges will destroy the analyticity properties of
D(t) which we have assumed in writing (B1) by in-
troducing additional singularities. The result of

this calculation for D(0) or the mass shift will be
gauge-independent. Our conclusion is that we must
use the Fdynman gauge in conjunction with the dis-
persion relation (Bl). A similar observation was
made in Ref. 7, footnote 9.
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