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Differential cross sections have been measured for nucleon-isobar production and elastic
scattering in p-p interactions from 6.2 to 29.7 GeV/c in the laboratory angle range 8 &0~
& 265 mrad. N*'s at 1236, 1410, 1500, 1690, and 2190 MeV were observed. Computer fits
to the. mass spectra under varying assumptions of resonance and background shapes show
that conclusions on t and s dependence are only slightly affected despite typical variations
in absolute normalization of + 95%. Logarithmic t slopes in the small-~t~ range are ™15
(GeV/c) for the N*(1410), -5 (GeV/c) for the N*'s at 1500, 1690, and 2190 MeV, and

9 (Gev/c} for elastic scattering. Also for the small-Itl data, cross sections for N*'s
at 1410, 1500, 1690, and 2190 MeV and for elastic scattering vary only slightly with P;n,
consistent with the dominance of Pomeranchuk exchange and with diffraction dissociation.
A fit of N*(1690) total cross sections to the form 0 cr-P " gives n=0.34+ 0.06, while for elas-
tic scattering n =0.20+ 0.05. For the X*{1690)the effective Regge trajectory has the slope
(1'eff (0) =0.38 + 0.17. When compared with H* production in )t -, K, and p beams these data
also agree with approximate factorization of the Pomeranchuk trajectory. N*(1236) cross
sections are consistent with other measurements at similar momenta. For -t & 1 (GeV/c),
elastic scattering cross sections decrease approximately as P;„, , and they and N*(1500)-
and N*(1690)-production cross sections have t slopes consistent with 1.6 (GeV/c) 2.

I. INTRODUCTION

This paper reports the results of an experiment
on (1) nucleon-isobar (N*) production in P-P scat-
ter1ngq

and (2) elastic P-P scattering, using the missing-
mass technique. The experiment was performed
at the Brookhaven AQS. Data were taken at beam
momenta of 6.2, 9.9, 15.1, 20.0, and 29.7 GeV/c
and over the momentum-transfer-squared range
0.01 t&5.&0 (GeV/c)'. The N* peaks' which were
studied are at the nominal mass values 1236, 1410,
1500, 1690, and 2190 MeV. Some of the results of
this experiment" and of the accompanying study of
single-particle spectra4 have been reported earlier.

In the isobar-production experiment the N~'s ap-
pear in the missing-mass spectra as peaks riding
on a smooth background. It is well known that with-
out a precise model for the background and for the
resonance shapes (including whether they interfere)
the extracted cross sections will have large un-
certainties. Therefore, the heart of the N*-pro-
duction analysis has been an extensive study of the
dependence of the cross sections on the resonance
and background shapes. This study shows that the
angular distributions and the energy dependence of

the cross sections are insensitive to the shapes,
despite large variations in absolute normalization.

II. EXPERIMENTAL SYSTEM

A. Missing-Mass Technique

Figure 1 is a schematic drawing of the "missing-
mass" system used in this experiment to study the
reaction

A beam proton (1) strikes the target proton (2),
and a single proton (2) which recoils from the un-
identified particles (4) at a small scattering angle,
8„, and at high momentum is detected by the re-
coil spectrometer. The missing mass M~ = $Vis
given by

W'=(Z, +m, -z,)'-(P, —P,)',
where g~~ P ~~ E~~ Ps are the energies and mo-
menta of the beam and recoil protons. It is in-
structive to observe that to lowest order in mo-
mentum and scattering angle this formula reduces
to

&' =~.'+ 2~. (I&,l
—I& I) —I&, l I

I'.le,.',
so that at small angle the uncertainty in Wis given
essentially just by the momentum resolution:
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FIG. 1. Schematic representation of the missing-
mass experiment p+p p + X.
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and is relatively insensitive to the scattering angle
g„. For a fixed setting and for low missing mass,
the momentum resolution was relatively insensi-
tive to the missing mass, so that the mass resolu-
tion at Wcould be calculated simply from the elas-
tic peaks, which were essentially background-free.
Typically in this experiment the width of the elas-
tic peak varied from 55 MeV', full width at half
maximum (FWHM), at 6.2 GeV/c to 180 MeV at
29.7 GeV/c.

In outline the experimental system consisted of
a proton beam, diffraction-scattered from an in-
ternal target, and a wire-chamber magnetic spec-
trometer on line to the Brookhaven PDP-6 com-
puter. Much of the experimental system has been
reported previously, ' so in the ensuing discussion
we will stress those aspects which have not been
treated before, and in addition repeat the points
which are essential to an understanding of the ex-
perimental technique.

B. Proton Beam and Hydrogen Target

The beam consisted of protons quasielastically
scattered at 1 by an internal Be target at the F10
straight section of the AGS. The spill for this ex-
periment was from a special "front porch" of 250
msec in the acceleration cycle during which the
beam energy was maintained fixed but with rf
bunching retained for post acceleration to full en-
ergy. The time of the front porch in the accelera-
tion cycle was varied to obtain our beams at 6.2,
9.9, 15.1, and 20.0 GeV/c whereas for 29.7 GeV/c
the standard 500-msec, essentially structureless,
flattop was used. Special vacuum tanks were con-
structed in the target area of the AGS to allow the
beam to leave the machine normal to the vacuum
window in order to minimize interactions and loss
of beam coherence.

The beam transport system is illustrated sche-
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FIG. 2. Layout of the proton-beam transport system:
(a) horizontal view, (b) vertical view. Dt, D2, D3 are
analyzing dipole magnets, Q& —Q8 are quadrupole fo-
cussing magnets. C&, C&, and C& are Pb collimators.
The so1id lines indicate the focussing action of the quad-
rupole magnets and the AGS fringe field.

matically in Fig. 2. The beam was momentum-
analyzed and brought to a first focus at collimator
C, by dipole magnets D, and D, and quadrupoles

Q,-Q, . D, swept the beam of low-momentum con-
tamination and quadrupoles Q, -Q, produced a beam
at the hydrogen target which was para. llel horizon-
tally and slightly convergent vertically. C, was a
fixed vertical collimator and C, was a remotely con-
trolled horizontal collimator used to vary the beam
intensity from 10' to 10' protons/pulse for 5x10"
protons/pulse incident on the internal target. The
intensities agreed well with expectations based on
the solid-angle acceptance of the system and on
simple quasielastic scattering from the Be. By
varying C, we could therefore compensate partially
for the wide range of cross sections studied in the
experiment. The fluxes into the transport system
were quite similar at all momenta since, amusingly
enough, for elastic p-nucleon scattering dc/dQI, b

at 1'is approximately constant. The momentum
resolution and horizontal spot size, depended on the

settings of C, and C„respectively. During low-in-
tensity runs at small 8„ typical numbers were



ISOBAR P ROD UC T ION AND E LA S T IC SC AT T E RING. . . 1075

Hp
TARGET (g

BEAM

IC

SPECTROMETER
MAGNETS

SCALE I

FIG. 3. Layout of the experimental apparatus. Recoil
protons scattered by the hydrogen target are analyzed
in momentum and scattering angle by the magnetic spec-
trometer. Wire chambers X&-X4 and X5-X8 measure
the horizontal projections of the track before and after
the analyzing magnets. Y~-F4 analyze the vertical pro-
jection of the track before the magnets. The chambers
are triggered by a coincidence of scintillation counters
S&-S4 in anticoincidence with Cerenkov counter C. The
beam is monitored by the ionization chamber IC and
through secondary scatters into monitor M~M2.

The layout of the recoil spectrometer is shown
in Fig. 3. The scattering angle and momentum were
measured by means of wire chambers of the core
readout variety placed on either side of the bending
magnets D, and D,. Horizontal and vertical pro-
jections of 6j„were measured by chambers Xy X4
and F, -F4, respectively, upstream of D4, and the
horizontal projection of the magnetically deflected
proton by X,-X,. Four chambers were used to
measure each straight-line projection. Since only
three of four sparks were required to fit a straight

AP/P=0. 6'%%uo, AV=2. 0 in. , AH=0. 8 in. , 68~=0.8
mrad, and A8z, = 1.6 mrad, where AP/P is momen-
tum resolution, b, V and AH are vertical and hori-
zontal spreads at the hydrogen target, and b 8~ and
b, &„are vertical and horizontal angular divergences.
All values are FWHM. The beam momentum was
kept fixed to within +0.2% for a given set of runs,
and small adjustments were made to D, at the begin-
ning of each run to maintain the beam on the target
center. The error in resetting the momentum was
at most +1.2%, and more typically +0.5%%up judging
from the position of the elastic peak.

The beam was monitored by the ionization cham-
ber IC placed on the beam line downstream from
the target, and secondarily by the scintillation
telescope MM, placed at 22'to the beam line (see
Fig. 3). These monitors were calibrated in turn
by a separate scintillation-counter telescope placed
downstream from IC on the beam line, during spe-
cial low-rate runs. Because of scattering in the
target, this telescope counted (97.5+ 1.0)%%uo of the
beam.

The liquid-hydrogen target was of a standard
Dewar type 8 in. long and 6 in. in diameter with
(0.85 a 0,03)x 10'4 protons/cm'.

I

C. Recoil Spectrometer

line, both high efficiency and clear track identifi-
cation were achieved in the reconstruction program.

The wire spacing in all chambers was 0.05 in. ,
and they varied in size from 3.2 in. & 3.2 in. for Xy
and 7, to 8 in. x17.6 in. for X,-X,. Equal spacing
of 10 ft between neighboring chambers was main-
tained in each set, and He bags were used through-
out the spectrometer to minimize multiple scatter-

. ing. The apertures of the bending magnets, BNL
type 30D72, were 6 in. highx30 in. widex72 in.
long, and their fieMs were maintained to +0.1% for
a given setting. The mean total bend angle varied
from 210 mrad at 6.2 GeV/c to 70 mrad at 29.7
GeV/c. At a given setting the acceptances of the
system were 60„=14mrad, AQ =10 4 sr, and
nP/P = 8-25% depending on the bend angle. The
resolutions of the spectrometer were dominated by
multiple scattering at 6.2 and 9.9 GeV/'c and by
spark-location precision at 29.7 GeV/c. They were
(FWHM) 58„=0.8 (0.2) mrad and 5P/P =0.5%
(0.4%) at 6.2 GeV/c (29.7 GeV/c).

The trigger telescope was a coincidence of scin-
tillation counters S„S„S„andS, in anti-coinci-
dence with the threshold gas Cerenkov counter C
for pion rejection. S,-S4 were sized to require that
a coincidence correspond to a track through a11 the

V'

chambers and through C, in order to make a mean-
ingful and direct calculation of system efficiency.

V'

The Cerenkov-counter sensitive volume was 12 in.
high&&40 in. wide&70 in. long. It was filled with
Freon 12 (CCl, F,) to a maximum operating pres-
sure of 20 psig. Although it was not needed for
missing mass &2m~ it was used for the high-mass
region and for measurements of the pion spectra.
From separate tests it was found to be &99%%uo ef-
ficient in rejecting pions, and from the appearance
of an elastic peak in the pion spectra, (2.5+0.5)% of
the protons were counted because of interactions
and 5 rays. Accidental triggers were typically 4/0

at small 6„ increasing to as much as 70/o at the
largest 0„. These were due primarily to random
coincidences between two distinct particles up-
stream and downstream of the magnets.

Because of the length of the system and the prop-
agation time of electronic signals there was -1
p, sec delay between arrival of a particle and firing
of the chambers. Upon triggering the chambers,
spark information in the cores was read out into
the "data handler" wherein the data were recoded
and stored in a buffer memory. A dead time of
1.25 msec was imposed on the trigger for readout
and to allow the chamber system to recover. As
many as 130 events/pulse were stored. At the end
of the spill time the buffer memory was dumped
onto magnetic tape and into the computer for on-
line analysis during the -2 sec between machine
pulse s.
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TABLE I. Nominal settings for data taking. e, is the mean scattering angle in mrad. jt & ( is the mean ~t [ value in
(GeV/e)2 for elastic scattering at the mean scattering angje.

P; „(GeU//c)

esp

6.2 15.1 20.0

15 0.0087
35 0.047
60 0.137

0.0220
0.061
0.119
0.214
0.346
0.93
2.20
4.83

1'5

25
35
47
60
100
160

0,051
0.141
0.277
0.495
0.80
2.10
5.01

0.090
0.249
0 484
0.90
1.38
3.60

15
25
35
47

0.198
0.55
1.06
1.88

The on-line program served the purposes of
monitoxing the pexformance of the apparatus and
of track reconstruction, both for checking the
quality of the data during the xun and for later off-
line calculation of cross sections.

For each set of chambers X,-X4, F,-F4, and

X,-X8, a straight line was fitted to the track by
least sqQRI'es if at least three of the fouI' chambers
had one and only one spark. The criterion for a
good fit was a maximum deviation for any spark of
0.05 in. from the fitted line. Next the momentum
was cRlculated Using R squRre-field Rppl"oximRtion
for the magnets, and the upstream track was pro-
jected through the magnets (using the calculated
momentum) to test its line up with the downstream
track. Typically the criterion for this test wa. s
agreement within +0.2 in. at chamber X,. Informa-
tion such as momentum, polar and azimuthal scat-
tering angles, and transverse position of the track
at the target center was then calculated and stored
on magnetic tape. The program also sorted the
data into several hlstograms in various of the kine-
matic quantities, such as recoil Inomentum, for
printout at the end of each run. This printout also
included data on the performance of the system
such as frequency of misses and multiple sparks
fol each plRne Rnd tx'Rck 1econstructlon efflclency,
The over-all track-reconstruction efficiency was
typically 85/p.

The on-line program was fast enough, 15 msec/
event, to process all data on line. There were
some runs for which the computer was not opera-
tive, and in this case the raw-data tapes were pro-
cessed off line on the PDP-6.

The running scheme was to set the appax'atus for
R fixed D16RQ scRttexlng RDgle Rnd then tRke datR Rt

each beam momentum, changing the mean bend
angle in the dipole magnets to maintain near-maxi-

mum field. At each setting, target em-pty back
ground runs were taken. Typically the background
was &5~/(, of the full count. Over-all, continuous
data were taken in five (6„)settings from 8 to 6V

mrad Rnd large-angle data then sampled at 100,
160, and 260 mrad. Operation of the front porch
near the txansition energy of the AGS was unstable
so only three (0„)settings were taken at 6.2 GeV/c.

The nominal settings for I',.„,, 6„, and t„axe
given in Table I. At each setting data were usuaQy
taken at two or three settings of the magnetic field
in order to cover the whole mass xange of interest
for the whole angle range. A total of 3 &10' events
were taken in the experiment.

IH. DATA ANALYSIS

In this section we discuss the analysis of the
data from the output of the on-line program to
elastic scattering cross sections and to the final
inelastic missing-mass spectra fxom which isobar
cross sections were later evaluated.

A. System Acceptance

It is necessary at this point to discuss in detail
the scattering-angle and recoil-momentum (hence
missing-mass) acceptance of the system. Figure
4(a) illustrates the definition of "unbiased" accep-

. tance. Rectangle A, is the projection of countex 83
on a plane through its center and transverse to the
beRm 11ne, PolDt B 18 the intel section of the beam
line with this plane. Area A. corresponds to scat-
tering in the interval 68„about a mean O„of a
particle of unique momentum. The azimuthal ac-
ceptance &Q was calculated simply from the geom-
etry of the system. A similar diagx'Rm pertains at
other apertures such as R, which cox responds to
counter S2, but with larger 4Q in all cases so that
n, Q was defined by 8, only. The boundaries of A
were slightly fuzzy because of the beam divergence,
momentum spread, RDd flnlte size Rt the tRx'get. If
fol' Unique IQl88lng-mass Rnd scattex'lng-angle in-
tervals no such areas were terminated by vertical
edges of apertures (chambers, counters, or mag-
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FIG. 4. Acceptance of the spectrometer in missing
mass W, scattering angle 9„, and azimuthal angle Q.
(a) Projection of vertically defining counter S3 transverse
to the beam. A represents the area into which particles
at a unique momentum are scattered for scattering angle
9 + 40 and azimuthal angle range AQ. (b) Typical accep-
tance in 8' and O„at a fixed physical set up. The solid
and dashed lines represent the boundaries of "unbiased"
data for two different magnet current settings. (c) Typi-
cal Q distribution of events for fixed 0

nets) the data were termed "unbiased. "
For a given magnet setting the unbiased missing-

mass range varies with G„as illustrated in Fig.
4(b). The two overlapping areas correspond to a
fixed angle setting with two different magnetic
fields. In practice, 4Q was evaluated from the
data. Figure 4(c) is an example of the distribution
of events in Q at fixed 8„and missing mass. The
full width at half height agreed within +3% with
calculated values. All data used in the experiment
were "unbiased" except at large scattering angle
where for small cross sections, the large beam
size necessary with high flux precluded defining
any such region. However, we estimate that the
error introduced there was &10% and the statistical
errors were large in any case.

B. Data Reduction

For each setting the data were sorted into two
dimensional bins of W and 0„, with bin sizes usual-
ly 30 MeV and 2 mrad, respectively. Differential
cross sections d'o/dWdQ» were calculated and

The target-empty background was subtracted next
using the same efficiency as was used for corre-
sponding target-full data.

Uncorrected elastic cross sections, do/dt, were
evaluated by summing the data for 0.81 & TV& 1.0'7

GeV. Small differences in absolute normalization
between settings were corrected by adjusting for
equality of the data in overlapping t bins, or for
smooth I, dependence where no overlap existed.
These differences were due to uncertainties in the
system efficiency and beam normalization and were
smaller than +8%. The correction factor was as-
sumed to be 1.00 for the 25-mrad settings and for
the widely spaced data at -t & 1 (GeV/c)'. Small
corrections were made to the mass scale on the
basis of the position of the elastic peaks, at most
+30 MeV, and their widths noted for later use in
N* cross-section evaluation. Systematic errors
of +4% have been assigned to each elastic data point
to account for small nonuniformities in the system
and for'uncertainties in the relative intersetting
normalization.

Additional corrections to the elastic scattering
data were required for (1) absorption in the target
+3.6/p, (2) absorption in the spectrometer and
counters +(4.0 +0.5)%, (3) beam-counting ineffi-
ciency -(2.5 +1.0)%, (4) plural elastic scattering
(an angle-dependent correction), and (5) inelastic
tail under the elastic peak (also angle-dependent).
Plural scattering in the target, two or more elas-
tic scatters, gives rise to apparent single elastic
scattering but with shallower t dependence. For
example with a simple exponential dependence,
do/dt-e", bdogbjc= p 5sillghf However, the peak is
shifted to lower missing mass. This shift is neg-
ligible at small angles but increases with ~t

~
.

Therefore, as noted in Ref. 3, this correction was
coupled with the subtraction of the inelastic tail
using hand-drawn curves. The correction was
small at small ~t~, e.g. , 2-3% at -f =0.4 (GeV/c)',
but grew to as much as (25+ 15)% in the region of
-t =1 (GeV/c)2. Corrections (1)-(3)were made to
the inelastic data also, and contributions similar
to (4) are discussed in Sec. V.

Finally, as discussed in Sec. IV, the elastic data
were renormalized to agree with the optical theorem
at t =0, and the inelastic data adjusted accordingly.

As a step toward preparing inelastic spectra for
computer fitting, the high-mass tail of the elastic
peak was subtracted from the region R'& 1.05 GeV.
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FIG. 5. Sample missing-mass spectra for p+p p +X.
(a) and (b) Spectra for 9.9 GeV/c for several t values
from 0.023 to 2.12 (GeV/c)2. Also included are repre-
sentative elastic peaks associated vrith these plots.
(c) Spectra at -t =0.044 (GeV/c)2 for data from 6.2 to
29.7 GeV/c. (d) Spectra at -t =0,88 (GeV/c)2 for data
from 9.9 to 29, 7 GeV/c. (e) High-mass spectrum at
29.7 GeV/c taken from Ref. 2. Note that all these plots
are for fixed scattering angle and that the quoted t values
are for W =1500 MeV. See Hefs. 6 and 7 for further dis-

cussionn.
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Since the elastic peaks were not symmetric below
the 5% level, it was possible to use only a hand-
drawn tail, and therefore the spectra could not be
fit reliably where the subtra, ction was &30%. The
cutoff in the N* fitting was typically at TVm~ =1.11
GeV.

Overlapping data for different analyzing magnet
currents at the same I',.„,and (8„)setting were
combined to provide unbiased data for 1.1s ~
s 1.95 GeV over typically 60% of the 14 mrad bi-te

in 0„. In order to keep the event count high and
to maintain the validity of the fitting proceduie,
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these data were summed into larger-angle bing,
typically one or two per (8„)setting. Separate
spectra were constructed to include the N*(2190)
and higher masses.

gion or at masses higher than 2190 MeV.

IV. ELASTIC SCATTERING

C. Missing-Mass Spectra

Several missing-mass spectra are shown in Fig.
5 to illustrate the qualitative features of the inelas-
tic data. ~ Figures 5(a) and 5(b) show representative
spectra at 9.9 GeV/c for 0.020 & -t & 2.20 (GeV/c)'.
I'or comparison several elastic peaks are also in-
cluded. The N*(1690) is present in all spectra, the
¹(1500)is also clearly present except at low ~t~,

and the N*(1286) is present only at small ~t~. The
N*(1410) is also clearly seen at small ~t~. How-
ever, the N*(1410) and ¹(1500)are not clearly re-
solved in any of the data. Instead, as ~t~ increases,
one sees a shift of the composite peak from 1410
to 1500 MeV and also a narrowing. Thus, for -t
&0.1 (GeV/c)' the N*(1410) dominates and for -f
&0.8 (GeV/c)' the N*(1500) dominates.

The energy dependence is illustrated in Figs.
5(c) and (d) for i=0.044-and 0.88 (GeV/c)', re
spectively. ~' At small ~t~ the A is seen to decrease
with energy, it is clearly visible at 6.2 and 9.9
GeV/c and not evident at 20.0 and 29.7 GeV/c. The
N*(1690) is seen at all energies and at both low and
high ~t~, and the N*(1410) is seen at small )t~ for
P;„, ~]0 GeV/c. As will be shown later quantita-
tively, the production cross sections for N*(1410),
N*(1500), and ¹(1690)are at most slowly varying
functions of momentum for P~, ~ 10GeV/c. (Note
that increasing resolution smearing causes peaks
to appear less prominent as P~nc increases. ) A re-
markable feature of the data at small

~
t~ and for

missing mass &1.5 GeV is the energy independ-
ence of shape and normalization for P;„,& 15
GeV/c. In addition, at 6.2 GeV jc the "1410MeV"
peak is less prominent vis-h, -vis the N*(1690) than
it is at higher P,„,. These features, in addition to
the approximate constancy of the N* cross sections,
are suggestive of a diffractive-production mecha-
nism for the total signal at small mass as will be
discussed further in Sec. VI. At -t = 0.88 (GeV/c)'
there is also a tendency toward energy indepen-
dence, although it appears that for high ~t~ this
saturation occurs at higher energy than for low

A high-mass spectrum which demonstrates
N*(2190) production at 29.7 GeV/c is shown in
Fig. 5(e). This peak was not evident in the data
for P,„,&15.1 GeV/c. There is no convincing evi-
dence for N* production in the 1900-MeV mass re-

The elastic differential cross sections at 15.1,
20.0, and 29.7 GeV/c were fit to the form Ae"
for -t &0.8 (GeV/c)'. The data for 6.2 and 9.9
GeV/c were fit to the simpler form A, e"because
of the limited t ranges for which data were taken.
All data were then renormalized to agree with the
optical theorem at t =0 using total cross-section
data' corrected for the real part of the forward
scattering amplitude. " The factors by which the
data have been scaled are 0.93, 1.06, 1.14, 1.09,
and 1.17 at 6.2, 9.9, 15.1, 20.0, and 29.7 GeV/c,
respectively. ""The combined statistical errors
in these numbers from the total cross-section
measurements and from the fits to the elastic scat-
tering data are small (&5% in all cases) compared
with the estimated systematic error in normaliza-
tion of +15/z due principally to the uncertainties in
beam intensity, system geometrical acceptance,
and system efficiency. Thus, considering the
over-all systematic error, the renormalization
factors are consistent with unity.

Final cross sections are given in Table II(a) and
plotted in Fig. 6. For the range -t& 1.1 (GeV/c)'
shown in Fig. 6(a) the data show the slight energy
dependence previously observed in other work"
and the near absence of the quadratic term. In
Table II (b) we show the results of these fits from
which total elastic cross sections have been ob-
tained using the formula

The total elastic cross sections decrease slightly
with energy. The ratio c„/ar is 0.21 at 29.7
GeV/c. A fit to the form o„~P" yields

n =0.20~0.05,

again similar to earlier results.
As has been discussed in Refs. 2 and 3 our data

in the high-t region indicate a break in the cross
sections at -f-1.2 (GeV/c)' such that the slope in
the large-~t( region is 1.6 (GeV/c) '. Furthermore,
contrary to the behavior at small ~t~ these data
show a marked energy dependence, decreasing ap-
propriately as P;„, '. This behavior has been
studied in detail by Allaby etal. ,"and our data,
where comparable, are in excellent agreement
with theirs.
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Y. EVALUATION OF ISOBAR-PRODUCTION

CROSS SECTIONS

A. Outline of the Procedure

At each beam momentum missing-mass spectra
mere compiled for each of several small intervals

in scattering angle. A least-squares fitting tech-
nique eras used to extract the areas of the bumps
for each of these spectra using an expression
which eras the sum of resonance texms plus smooth
background.

TA'@LE II. Elastic scattering cross sections. All g values are in (QeV/c), and differential cross sections are jn mb/
(QeV/g)2. Cross sections have been renormalized to agree with total cross sections through the optical theorem as
discussed in the text and Ref. 10. The factors are 1.06, 1.14, 1.09, and 1.17 at 9.9, 15.1, 20.0, and 29,7 QeV/c, re-
spectively.

9.9 GeV/e
-t do/dt

(a) Differential elastic scattering cross sections
15.1 QeV/e 20.0 QeV/e

-t do/dt 40'/5V

29.7 GeV/e
40/dt

0
0,016
0.022
0.028
0.035
0.043
0.052
0.061
0.071
0.082
0.093

0.105
0.118
0.131
0.146
0.161
0.215
0.234
0.253
0.273
0.316
0.339

0.362
0.385
0.905
0.941
0.977
1.013
1.051
2.250
2.352
5.078

90.5
77.1+3.1
71.9+2.9
68.6 +2.7
68.8 + 2.8
65.1+ 2.6
58.7 +2.3
54.0 ~2.2
49.1+2.0
45.7 + 1.8

. 39.2 + 1.6
. 35.2+ 1.4
31.5 + 1.3
28.1+1.2
24.1+1.0
21.3 ~0.9
13.9+0.6
12.3 +0.5
10.4+ 0.5
8.1+0.3
5.3+0.2

4.60 +0.19

3.94*0.16
3.15+0.13

0.083 +0.006
0.075 +0.005
0.062 + 0.004
0.049+0,004

0.0407+0.0028
{3,55+0.32) x 10 3

(2.93+0.27) x 10-'
(0.191+0.019)x 10 '

0
0.027
0.038
0.051
0.066
0.082
0.100
0.120
0.141
0.165
0.190

0.217
0.275
0.307
0.341
0.376
0.452
0.492
0.534
0.578
0.623
0.683

0.732
0.783
0.834
0.888
2.055
2.134
2.214
2.294 '

2.376
4.708
4.914

84.2
71.4 +3.0
62.5+2.6
52.2 + 2.2
47.1+2.0
43.5+1.8
36.7+1.5
30.3+1.2
24.5 + 1.0
20.0+0.8
16.4+ 0.7
13.0+ 0.6
6.70+0.28
5.48 + 0.23
4.60 + 0.19
3,91+0.16
1.87 +0.08
1.35+0.06
0.98 +0.04
0.69+0.03

0.449+0.019
0.265 +0.013

0.177+0.010
0.121+0.007
0.086 +0.006
0.059 +0.004
(2.54+0.15)x 10 3

(2.21+0.13)x 10 3

(2.08+0.13)x 10 3

(1.75+0.11)x10 3

{1.53+0.11)x10 3

(4.35+1.03) x10 s

(2.96+0.90)x10 5

0.032
0.048
0.067
0.090
-0.115
0.144
0.176
0.211
0.249
0.290

0.334
0.381
0.433
0.486
0.542
0.601
0.664
0.732
0.800
0.871
0.945

1.022
1.102
1.203
1.287
1.375
1.464
1.557
3.580
3.847

80.7
62.6~2.5
54.1i2.2
43.4+ 1.7
34.5+1.4
27.8 +1.1
21.6 +0.9
16.5+0.7
12.2 +0.5
8.61+0.34
6.09+0.24

4.18 +0.17
2.83 +0.11
1.78 + 0.07
1.10 +0.05

0.658 +0.028
0.453+0.020
0.258+0.013
0.145 +0.006
0.085+ 0.004

0.0436+ 0.0017
0.0252+0.0010

0.0145+0.0010
(6.87+0.73)x 10 3

(6.41+0.46) x 10-3
(4.72+0.39)x10 ~

(4.07+0.33)x 10-'
(3.60+0.31)x 10 3

(3.41~0.30) x 10-3

(8.3+2.5) x 10-5
{6.3 +1.9) x 10 ~

0
0.079
0.097
0.116
0.137
0.160
0.184
0.211 .

0.238
0.268
0.299

0.333
0.367
0.382
0.458
0.541
0.630
0.726
0.834
0.943
1.060
1.181

1.32
1,45
1.59 .

1.74
1.89
2.05
2.21
2.78

37.4+1.9
30.6 + 1.6
25'.0 + 1.2
19.5+1.0
15.3+0.8
12.2+0.6
9.5+0.4
7.8+0,4
6.1+0.3
4.8 +0.3

3.44+ 0.18
2.66+0.13
2.28 +0.12
1.18 +0.06
0.57 +0.03

0.257+ 0.013
0.113+0.005

0.0401 +0.0020
0.0138+0.0014

(5.5+0.9) x10 3

(3.2+0.6) x10 3

(1.66+0.29) x 10 3

(2.23+0.33)x10 3

(1.68~0.29) xlo '
(1.14 +0.12)x 10 3

(0.84 +0,12)x 10
(0.82+0.11)x 10 3

(0.59~0.09) x 10-3
(0.36 ~ 0.16)x 10-3

+inc (QeV/~)
Q [mb/(QeV/g) ~j

5 (QeV/e) 2

e (GeV/e) 4

0 ) (mb)

9.9
90.5

8.95+0.06

10.2 +0.5

15.1
84.2

8.81+0.25
0.60 +0.33
9.7 +0.5

m =0.20+0.05

20.0
80.7

9.17 +0.11
0.74 +0.14
9.0 +0.5

29.7
71.0 '

9.34 +0.28
0.69+0.34
8.2 +0.6b

~ As discussed in Ref. 10 the renormalization constant for the 29.7-GeV/c data is intermediate between two extreme
values. Therefore the intercept at t =0 is not the optical point value, 78.3 mb/(QeV/e)2.

"This error accounts for the full range of possible values as discussed in Ref. 10.
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cedure excessively complicated.
The fitting was further complicated by ignorance

of (1) the precise shape of the background, (2) the
resonance shapes, particularly in the "tail region"
well away from the central mass, and (3) the cen-
tral masses and natural widths of the resonances
(a Prior) Th. erefore, before fitting for cross
sections, the masses and widths of each resonance
were extracted from those spectra where it was
prominent and for which there were good statistics.
Differential cross sections and their t dependences,
and total production cross sections and their en-
ergy dependences were then derived from the mass
spectra. For all the fitting, the extracting of reso-
nance parameters, and the finding of differential
cross sections and the quantities derived from
them, extensive studies were made of the depen-
dence on (l) the background shape, (2) the reso-
nance shape, and (3) the resonance parameters,
in order to assign uncertainties from all possible
sources.

The quoted cross sections for the N*'s at 1236,
1410, 1500, and 1690 MeV are from the computer
fits. The cross sections for N*(2190) production
given in Ref. 2 are included for completeness.

IO

b
U 10

B. The Form Used in Least-Squares Fitting

The following functional form was fit to d'o/
d8'dQ„„ for each spectrum:

IO'- s'(w) = a(w)+Q x,z, (w; w„„r„x).

IO

—t [(GeV/c) ]

PIG. 6. Elastic p-p scattering data. Data have been
renormalized to total cross-section data through the opti-
cal theorem. (a) -t &1.2 (GeV/c)2. (b) -t & 5 (GeV/c)2.

The first term represents the smooth background,
and the second term is the sum of the resonance
terms,

The background function was

a(w) = a,(w- w )'"+Q &&(w- w,„)',
k=L

Of the peaks seen in the data only the resonance
at mass 1236 MeV is well explained. The 1410-
MeV bump is still not clearly understood, and from
phase-shift analyses there are several possible-
isobars contributing to the higher-mass peaks.
For simplicity we make the following assumptions:
There i.s one resonance with fixed width and cen-
tral mass for each bump seen, and there is no in-
terference between resonances or between a reso-
nance and the nonresonant background. Although
interference could alter the cross sections signif-
icantly, its inclusion would make the fitting pro-

where g,„=1.073 GeV is the thxeshold for the in-
elastic spectrum. '4 Thus, the background form
gives the correct two-body phase-space behavior
near threshold where the first term dominates,
but it has no further physi. cal significance. Since
these are missing-mass spectra, with several
channels contributing, it is not possible to repxe-
sent the background with a single phase-space
curve.

Each resonance was represented by a simple
Breit-signer form taken to the Xth power:

z, (w; w„, r, , x) =x[(w- w„)'+ (-.' r,')']-", (3)

where g~& is the central mass of the peak, I'& is
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FIG. 7. 88sonance curves used fox' extracting N+
cx'oss sections from the spectra. J- Jackson form,
G —Gaussian. BW~, 3%~, BW3, and 8%10 are Lorentzian
expressions raised to the first, second, third, and tenth
power as discussed in the text. All curves have been ad-
justed for the same width at half height.

its width (FWHM), N is an integer, 1'& is an ad-
]usted width parameter which gives I J = F%HM
(for N= 1, I'& = I'&), and 91 is a normalization con-
stant which gives J Jt&dW= 1. Therefore, the
differential cross section for the jth bump, der/

dQlg, q ls given directly by the fitted value gg. This
form was used so that one could vary the contribu-
tion to the area fxom the tail of the resonance sim-
ply by changing ¹ Figure 7 shows the functional
form for fixed W, and I' and for several values of
¹ Also shown axe the Gaussian and Jackson s-
wave forms, "also with the same width. Note that
these forms are quite similar to Eq. (3) with K =10
and 1, respectively, except at la.rge. values of
IW- WOI where the contribution to the area is small
ln any case.

As is appaxent there is no dependence on the
resonance decay momentum in this form to take
account of intrinsic angular momentum and two-
body phase space. Not only did this faci.litate pro-
gramming, but it was considered acceptable for.
several reasons: (1) The shape of the tail region
is uncertain and there is considerable background
in all cases. (2) The precise form of an inelastic
resonance with sevexal decay channels is even
more uncertain than for. an elastic one (only the h

I I I I I I I I I I I

l.2 I.4 l.6 I3 2.0
MISSING MASS (GeV)

FIG. 8. Fits to sample data at 15.1 GeV/e and 42
& 9 & 50 Inrad with varying x'esonance and background
shapes. In all cases the fits are acceptable so the curves
through the data are almost identical. (a) Backgx'ound
variation. Curves labeled 2, 3, and 4 ax'e the fitted
backgrounds fox background polynomials of orders 2,
3, and 4. (b) Resonance-shape variation. Background
curves are for fits with resonance-shape parameter
values N =1, 2, and 10. The horizontal bars x'epx'esent
the resolution at the %*@500)and N~(1690) peaks, com-
puted from the elastic peaks.

is elastic). (3) We still do not know for sure ex-
actly what the mass-1410-MeV peak is.

The range of masses fit to this form was typical-
ly 1110& gi& 1950 MeV. At the low end a compro-
mise was struck between staying well below the
6 peak and weQ above the threshold whexe there
were large uncertalntles connected with the sub-
traction of the elastic peak. The background at
high mass was established adequately with the cut-
off at =1950 MeV well above the 1690 MeV peak.
The inclusi. on of ~unbiased data it higher masses,
while desirable, would have limited severely the
amount of usable data.

Fox' each spectrum and fox' each variation of the
other paxameters, fits were made with &=2,.3, 4
[see Eq. (2)]. Higher values of K gave too much
struetuxe to the background. In this way. the sensi-
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A modified least-squares fitting routine was used
to search the positions and widths of the 1410-,
1500-, and 1690-MeV peaks. The pertinent reso-
nance terms in Eq. (1) were replaced'by first-or-
der expansions about starting values for the param-
eters W„. and I'&, and the increments along with the

A& and the background were fit by iteration. By
this means F(W) was kept linear in adjustable pa-
rameters so as to keep track of all errors readily.
The relation between the width parameter used, or
found in fitting, and the natural width is taken as

I I I I

0.2 0.4 06 08
-t [(GeV/c) ]

(e)N (I400)MASS SEARCH
l460—

I I I

0.2 0.4 06 08
—t [(GeV/c) ]
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r, '= r„'+r, ',
where

rt = 5WI„.Mp
'WD)

(4)

(5)
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FIG. 9. Position and width searches for the N*'s.
, 0, 0 represent data for 9.9, 15.1, 20.0 GeV/c, re-
spectively. (a) and (b) Position and width search for the
N*(1500). (c) and (d) Position and width search for the
N*(1690). The horizontal lines represent the average
values in each case. (e) an|I (f) Position and width
search for the N*(1410). The solid lines are linear
fits to the data.

42& 81 b 50 mrad.

tivity to background shape was studied. Each fitted
parameter was then averaged over the three values,
and the average statistical error was enlarged by
half the full spread. This contribution to the error
was typically 10% and in no case more than 20%.
X' was generally good in all cases. An example of
the variation in background shape with K is given
in Fig. 8(a). The spectrum is for P;„,=15 GeV/c
and the scattering-angle range

Resonance
Mass
(MeV)

Width
(MeV)

N*(1410)

N*(1500)

1
2
3

10

1
2
3

10

1409 + 8
1413 + 8
1413 + 8
1410 + 9

1499.4 + 2.7
1500.5+2.9
1502.3+ 2.7
1504.6 + 3.2

203+30
186+24
184+21
176+ 19

146 +35
115+19
136+ 23
158 +10

I » is the intrinsic width of the resonance, r, is
the system resolution at Wc/, and 5W~„ is the ex-
perimentally observed resolution width of the elas-
tic peak. This simple relation is a good one for
the central region of a peak though the tail is ex-
aggerated somewhat. Searches were made at sev-
eral values of N, and for beam momenta of 9.9,
15.1, and 20.0 GeV/c. At all times the 6 was kept
fixed at 9,=1236 MeV and I'=125 MeV.

Not all the peaks were studied simultaneously.
First the parameters for the N*(1500) and ¹(1690)
were searched in the region 0.3& t&1.0 (G-eV/c)'
in data for which there is no evidence of the A and

¹(1410).The P;„, and t dependence of these pa-
rameters for N=2 is displayed in Figs. 9(a)-9(d).
Within the precision of the data these parameters
are constant. Therefore average values were
found for each value of ¹

The 1410-MeV peak was studied in the data with

TABLE III. Resonance masses and widths vs shape
parameter N.

The values of N [see Eq. (3)] were the same for
all resonances in each of the fits made. Figure
8(b) shows the variation in fit with N for the same
data as above. Again the quality of fit is good in
all cases.

N*(1690) 1

3
10

1690.2 +4.1
1689.5 + 2.6
1691.0 +4.4
1691.2 +4.0

~ See Sec. VB for definition of N.

149+ 12
120 + 11
123+11
129+ 10
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TABLE V. Sets of widths used in fitting. All values
are in MeV.

N ~(1500) N*(1690)

210
210
210
210
210
210
210
180
240

100
125
150
175
125
125
125
125
125

100
100
100
100

75
125
150
100
100

-f &0.1 (GeV/c)' with fixed parameters for the b,

and ¹(1690).In these data the 1410- and 1500-MeV
peaks are unresolved although by comparison with
¹(1500)data at »gher Itl the ¹(1410)domfn«es.
Therefore one resonance term was assumed in the
parameter search '8 Fig. ures 9(e) and 9(f) show the
dependence on P;„,and I; of this buinp for N= 2. The

I l l l t
N (l690)CROSS SECTION vS SHAPE

{u) WIDTH DEPENDENCE

I
l ego (MGV)

0
lOO

o l25
x l50

os

O) ++
{b)SHAPE DEPENDENCE

N

+
2

&& lO

O.OI—

l I l

0.4 0-6
—t (6eVic)

FIG. 10. Variation of differential cross sections with
(a) resonance width and (b) resonance shape. Note that
although normalization of the data changes markedly with
these parameters the changes in logarithmic slope are
slight.

distributions can be characterized by a linear de-
pendence on t and Qo I',-„,dependence. The assigned
values of the ¹(1410)parameters are the inter-
cepts of these curves at t =0, where the ¹(1500)
contamination is smallest. . Extrapolating from
later cross-section analysis we find that the
N*(1500) is &10% of the ¹(1410)at f = 0.

The masses and widths for the peaks at 1410,
1500, and 1690 MeV are listed in Table III for each
value of ¹ Note that with a large background the
error in the width is expected to be large since as
the width is varied the background can adjust to the
change. The uncertainty in the width, in turn, gives
rise to substantial errors in the cross sections al-
though, as mill be shown, not in the P,.„,and t de-
pendence.

The final average values of the parameters are
listed in Table IV along with the parameters and
the values obtained (a) in other missing-mass ex-
periments with counter techniclues, " " (b) from
some representative bubble-chamber experiments, "
and (c) from phase-shift analysis of low-energy mp

scattering. " %8 defer further discussion of these
parameters to Sec. VI, except to note here the ex-
cellent agreement among the missing-mass experi-
ments on pp, 7I p, and ep scattering I the ¹(1410)
is not observed in eP scattering].

D. Differential Cross Sections

The fitting routine was used to obtain differen-
tial production cross sections for the 6 at 6.2,
9.9, and 15.1 GeV/c and the 1410-, 1500-, and
1690-MeV ¹'sat 9.9, 15.1, 20.0, and 29.'I GeV/C.
The central masses used are the ones given ln
Table IV. A complete set of fits mas made for each
of nine sets of assumed intrinsic widths and for
each of four values of N(l, 2, 2, 10), in order to
study the dependence of the cxoss sections on the
resonance shapes. It was not economically feasible
to vary all the widths independently of each other
so a set of central values was chosen, and then
each resonance width was varied about its central
value one at a time. The sets of widths used are
listed in Table V.

Figure 10(a) shows the differential cross sections
for ¹(1690)production at 15.1 GeV/c for I'„»='l5,
100, 125, and 150 MeV, respectively, and with the
other parameters held fixed. Figure 10(b) shows
the variation of the same data with N for Ijego 125
MeV. Several features of the fits are noteworthy:
(1) As mentioned before the absolute cross sections
depend markedly on the assumed width. (2) The
cross-section dependence on the tail contribution
is also quite significant at least between X= 1 and
N= 2. (3) Although not shown in the figure the de-
pendence of one resonance on the width of another
is, as is expected, much less strong. (4) There
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FIG. 11. Differential cross sections for N* production: (a) N*(1236), (b) N*(1410), (c) N*(1500), (d) N*(1690). The
data for the N*(1410), N*(1500), and N*(1690) are for 9.9, 15.1, 20.0, and 29.7 GeV/c; the data for the N*(1236) are
for 6.2, 9.9, 15.1 GeV/c. All data in (a)-(d) are for -t &1.0 (GeV/c)2. .(e) N*{1500)and N*(1690) for -t &5 (GeV/c)2.
(f) N*(2190) at 20.0 and 29.7 GeV/c for -t & 0.8 {Geg/c)2. The latter data are from hand fits to the mass spectra, with
assigned errors of + 50 jp to each point.

is a negligible contribution to the error from un-
certainties in the peak positions. (5) Although the
absolute level of the cross sections varies with
resonance shape, the angular distribution is rela-
tively insensitive to it. We shall see later that the
energy dependence is also.

As with elastic scattering there are contributions
to N* cross sections for double scattering in the
target, one elastic+one inelastic. In contrast to
the case for elastic scattering these are quite
small. For the b, and ¹(1410)the cross sectioris
die at -t-0.2 (GeV/c)' so the corrections are en-
tirely negligible. For the other PF's the correction
is maximal at -t - 1 (GeV/c)' where it is 6%. This
gives rise to -1% corrections to A, b, and o„~ (the
integrated values). Because of the shift in missing
mass at higher ~t~ for double scattering vs single
scattering, it is questionable how to correct for
this effect, considering the fitting procedure. Be-
cause of the latter, and since they are sufficiently
small, these corrections have not been made.

The final set of differential cross sections for

the natural widths listed in Table IV and for N = 2
is given in Table VI. This table also includes ear-
lier hand fits to the N*(2190) data at 20.0 and 29.7
GeV/c. The quoted errors include contributions
from statistics and from background shape varia-
tion only. These data are plotted in Fig. 11.

We remark at this point that (1) all the angular
distributions are consistent with a simple exponen-
tial dependence, Ae", for ~t~ &1.0 (GeV/c)', and

(2) there is no evidence of a turnover near [t~ = 0
as might occur, for example, in 6 production by
m exchange.

E. Exponential Forms and Total Cross Sections

For each N* the following analyses were per-
formed for each of the nine sets of assumed widths
and for ¹ 1, 2, 3, 10.

(1) At each energy the differential cross sections
at small ~t~ were fit to the exponential form

The t ranges for the A and N*(1410) were ~t~ &0.2
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TABLE VI. Differential cross sections for p+p p+N*. t values are in (GeV/c)2 and, except where noted, do/df
values are in mb/(GeV/c) .

6.2 GeV/c
-t do'/d t

9.9 GeV/c
-t do'/d t

15.1 GeV/e
-t der/dt

20.0 GeV/c
—t do/at

29.7 GeV/c
da/dt

1410 0.011
0.020
0.028
0.048
0.066
0.114
0.198

4.0 + 0.6
4.3 + 1.4
5.5 + 1.5
3.7 +0.37
2.9 +0.29
1.19 +0.25
0.40 +0.09

0.028 4.3 + 1.4
0.038 4.2 + 1.0
0.051 3.0 + 0.7
0.072 2.42 + 0.54
0.098 2.02 + 0.47
0.127 0.80 + 0.32
0.251 0.09k +0.058

0.040
0.077
0.126
0.172
0.223
0.303

2.33
1.26
0.53
0.20
0.18
0.07

+ O.48
+098
+ 0.18
+ 0.14
+ 0.1V

+ 0.12

0.070 3..30 +0.23
0.104 0.63 +0.14
0.146 0.20 +0.15

1500 0.018
Q.058
0.114
0.197
0.270
0.847
0.896

.2.12
4.57

1.01
0.84
0.58
0.57
0.25
0.031
0.034
1.24
0.12

+ 0.27
+0.14
+0.13
+ 0.07
~0.07
+ O.OOV

+ 0.006
+0.42 pb
+0.18 pb

0.045
0.085
0.127
0.249
0.413
0.490
0.629
0.747
2.07
4.69

0.77 +0.27
0.62 + 0.15
0.75 +0.14
0.28 +0.07
0.151+0.023
0.076 + 0.017
0.050 +0.015
0.037 + 0.009
0.72 +0.38 pb
0.021+0.028 pb

0.032
0.077
0.125
0.171
0.222
0.301
0.394
0.497
0.740
0.913
1.16
1.41
3.31
3.63

0.65
0.53
0.62
0.44
0.29
0.180
0.059
0.080
0.021
0.0118
2.5
1.8
0.11
0.03

+ 0.81
+ 0.25
+ 0.15
~ 0.07
+ 0.06
+ 0.042
+ 0.038
+ O.G20
+ 0.057
+0.0040
+1.2 pb
+0.8 pb
+ 0.07 pb
+0.03 pb

0.070
0.104
0.145
0.193
0.262
0.375
0.489
0.663
0.766

0.45 + 0.17
0.37 +0.10
0.44 +G.15
0.18 +0.08
0.14 +0.06
0.048 +0.040
0.053 +0.014
0.020 +0.009
0.001 + 0.010

1690 0.018
0.030
0.063
0.117
0.197
0.268
0926
0.874
2.06
4.40

1.63
1.19
1.53
0.88
0.79
0.45
0.051
0.049
3.3
0.16

+ 0.20
+0.41
+ 0.14
+0.11
+0.08
+0.07
+ 0.008
+0.006
+0.6 pb
+0.23 pb

0.036
0.062
0.098
0.127
0.246
0.407
0.482
0.618
0.734
2.03
4.60

1.68 +0.37
1.25 + 0.20
1.23 + 0.22
0.99 + 0.15
0.58 + 0.06
0.275 + 0.030
0.180+0.016
0.095 + 0.019
0.061 + 0.007
0.95 + 0.37 pb
0.051+ 0.038 pb

0.040
0.077
0.125
0.169
0.220
0.298
0.389
0.490
0.730
0.900
1.14
1.39
3.26
3.57

0.82 + 0.44
0.91 + 0.26
0.82 + 0.17
0.71 + 0.08
0.60 + 0.08
0.35 + 0.06
0.222 + 0.048
0.167 a 0.026
0.035 +0.006
0.020 9+0.0048
3.3 +1.4 pb
2.2 +1.1 pb
0.14 + 0.1G pb
0.09 +0.05 pb

0.070
0.104
0.144
0.192
0.260
0.372
0.484
0.656
0.759
1.'03

1.60
1.98

0.91
0.87
0.60
0.48
0.34
O.IV
0.110
0.046
0.017
4 4
0.9
0.31

+0.17
+0.12
+0.16
+0.09
+0.09
+0.04
+ 0.015
+0.009
+0.011
+3.5 pb
+0.6 pb
+0.45 pb

1236 0.008 3.8 + 1.2
0.050 1.9 +0.4
0.106 0.95 + 0.35

2190

0.012 1.59
0.026 1.6
0.047 1.35
0.065 1.06
0.114 0.52
0.200 0.30

+ 0.30
k 1.1
+0.35
+ 0.17
+ 0.15
+ 0.06

0.032 0.93 + 0.54
0.062 0.14 + 0.37
0.098 0.58 + 0.32
0.128 0.28 + 0.19

0.072
0.103
0.154
0.184
0,217
0.271
0.353
0.400
0.448
0.660
0.788

0 31 +50%
0.25
0.18
0.13
0.12
0.080
0.073
0.048
0.029
0.016
0.0066

0.087
0.189
0.300
0.554
0.597

0.20 + 50%
0.143
0.084
0.020
0.017
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FIG. 12. Logarithmic slopes for Pp elastic scattering
and N~ production. Note that the slopes for N*g.410) are
plotted with the scale factor x2.

FIG. 18. Total cross sections for pp elastic scattering
and N* production. ~ —0,~ and 0~~, 0 —0'=0~*/Oc~.
(7' is plotted with a scale factor of x10.

(GeV/c)', and for the ¹'sat 1500 and 1690 MeV,
ltl &0.9 (Gev/c);.

(2) Total cross sections were evaluated using the
relation

i~.0'~=2 Ae 'dt=2 —e '~~, (6)
~min

where the factor 2 comes from the identity of the
initial-state protons and the sensitivity of the ap-
paratus to forward recoil yrotons only.

(3) The total production cross sections, o„~,
and the ratios o' =o'„s/v„were fit to the phenome-
nological form

o",
&

is the total elastic cross section at the same
II„-

The final. values of the quantities A. , b, o„+, 0',
n, and I' are those for the fits with %= 2 and with
the resonance parameters of Table IV. They are
given in Table VG. In addition to statistical errors,
aIso mcIuded are separate entries for contributions
to the errors from width and shape uncertainties.
The errors due to I are computed from the errors
in the widths in Tabl.e IV. The errors due to reso-
nance shape are taken as & the spread introduced
by N variation. Since the N and I' contributions are
correlated. this overestimates their contributions

somewhat. Inasmuch as these data have been re-
normaXized by comparison of the elastic data to
existing totaI cross sections, as noted in Sec. IV,
we quote a remaining systematic uncertainty in
normalization of +10%.. This has not been included
in Table VG.

The final values of b and of o and cr' are plotted
vs P,. in Figs. 12 and 13, respectively, along with
the corresponding quantities for the elastic scatter-
ing data.

For all reactions except 6 production the b pa-
rameter is nearly constant with I';„,. However,
while the elastic slope is =9 (GeV/c) ', the
¹(1410)slope is =15 (GeV/c) ' and the slopes for¹'sat 1500., 1690, and 3190 MeV are =5(GeV/c) '.
[The value of -4.0 (GeV/c) ' for the )V~(1500) and
¹(1690)at 9.9 GeV may be due to including points
at -f= 0.9 (GeV/c)', where for this low momentum
the plot may have ceased to be linear. ] Although
the 6 slope decreases appreciably from 6.2 to 9.9
GeV/c the quality of these data is such that one
cannot consider this to be significant.

Except for the 6 production the plots of 0 and a',
Fig. 13, show these quantities to be nearly, if not
entirely, independent of P,.„, for each reaction. The
6 data are sufficiently crud. e that although cross
sections decrease with P,-„,quantitative estimates
of the rate of decrease have large uncertainties.
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TpgLE ~. ~tercepts, slopes, total cross sections and energy dependence for isobar production. Fits are to gg/gt
~Ac ', o~*=2A/b; o' =o~e/v, ~,

. v~~~P "; v'~I' " . Unfta are mb/(GeV/c) for A, (GeV/c) for 5, and mb for o„~.

6.2 GeV/c 9.9 GeV/c

A
6A&
6A;~
b

AT
6b~

(& „)
(6ggg)g
g I

6g 1.
6g~

4.1 + 0.9

0.51 +0.05

0.046+ 0.006

2.0 + 0.4
+0.09
+0.20

10.2 + 1.3
+0.44
+ 0.65

0.40 +0.05
+0.01
+0.04

0.038 +0.005
+0.001
+0.004

(a) N*(1230)

1.7 + 1.5
+0.2
+ 0.6

13 + 12
. +0.8

+ 1.2
0.27 + 0.25

+ 0.02
+0.07

0.028+ 0.026
+0.02
+ 0.07

n =0.63+0.32

A
6AI.
6A~
b
6br
6bg

gag
(Aging) ~
(6g.gg) g
gl
6g"p

egg

6.1 +0.5
+1.9
+ 1.9

13.9 +1.7
+ 0.4
+0.4

0.87 +0.09
+0.21
+0.29

0.084+ 0.009
+0.020
+0.028

I = 0.50 +0.30
+0.05

At g = +0.05

7.5 +1.4
+ 1.5
k 3.1

16.1 + 2.8
+ 0.4
~0.5

0,93 +0.16
+ 0.18
+ 0,35

0,095+0.016
+0.019
+ 0.036

4.0 + 1.1
+ 0.9
k 1.7

15.0 +3.1
+ 0.06
+ 0.6

0.53 +0.13
+ 0.11
+ 0.21

0.059+0.015
+ 0.012
+ 0.023

= 0.28 +0.29
~0.04
+0.08

5.7 +2.7
+1.2
6 1.8

21.0 + 7.2
+0.3
y04

0.54 +0.24
+0.13
+0.16

0.066+0.029
+0.015
+0.020

A
6A&
5A~
b

AT
5b~
g'~g

«&~+)r
gg~g)g
g I

60'I

1.03 +0.09
+0.09
+0.35

3.93 +0.20
+ 0.14
+0.08

0.53 +0.05
+0.10
+0.18

0.051+0.006
+0.010
+0.017

I =0.56 +0.06
esp — gQ 04
~~yr = +0.09

1.02 +0.15
+ 0.21
+ 0.28

4,72 + 0.32
+ 0.08
+ 0.21

0.43 + 0.06
+ 0.10
+0.12

0.044 ~ 0.006
+ Q.Q10
+0.012

n '=0.38

DENT=

6n@ =

0.94 +0.14
+ 0,17
+0.31

4.99 +0.35
+ 0.08
+ 0.11

0.39 +0.05
+ 0.06
+0.11

0.043+ 0.006
+ 0.007
+0.012

+0.09
+Q.Q4

+0.08

0.65 +0.15
+0.10
+0.18

5,44 +0.68
+0.12
+0.08

0.24 +0.05
+0.04
+0.06

0.029 +0.006
+0.005
+0.007
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TABLE Vii (Continued)

6.2 GeV/c 9.9 GeV/c 15.1 GeV/c 20.0 GeV/c 29.7 GeV/c

A
6A, ~
5A~
b
6bp
Db~

0'p g

{«~*)T
{~age)g
0 I

6cF T.

N

{d) %*{1690)
1.81 +0.15

+0.22
+ 0.61

4.70 + 0.20
+0.04
+ 0.02

0.77 +0.05
+0.09
+0.26

0.078+ 0.006
+ 0.009
+ 0.027

1.73 + 0.11
+0.22
+ 0.63

4.21 + 0.14
+ 0.05
+ 0,02

0.83 + 0.05
+0.10
+0.28

0.081 + 0.006
+ 0.01Q
+ 0.027

n =0.34 +0.06
6n~ = +0.03
f5n p = +0.04

1.60 + 0.17
+ 0.21
~ 0.52

4.95 +0.25
+0.03
+0.04

0.65 + 0.06
+ 0.07
+0.20

0.072 + 0.007
+ 0.008
+ 0.022

n~= 0.18 +0.03
5n'T = +0.03
Qn~g —— + 0.04

1.35 +0.16
+0.14
+ 0.43

5.25 +0.32
+ 0.06
+ 0.07

0.52 +0.06
+ 0.04
+0.16

0.063+0.007
+ 0.006
+ 0.020

{e) x+{2190)

n =0.17~0.84

0.39 + 0.08
5.1 + 0.6
0.15 +0.03
0.017+0.003

n' =0 0+0 74

0.35 + 0.12
5.1 +0.9
0.14 +0.04
0.017+0.006

VI. DISCUSSION
A. Identification of the Observed N@'s

We have deferred until now discussion of what
precisely constitute the so-called N*'s observed
in this experiment. Only the 6 resonance is unique-
ly defined in phase-shift analyses. The N*(1410) is
most usually identified as either the P»(14'IO) v-p
resonance, a kinematic effect in the spix'it of Drell
and Hiida, "or as a combination of the two. Among
the mell-established resonances in phase-shift
analyses (see Table IV) there are two possible
candidates for the N*(1500), five for the ¹(1690),
and one for the N*(2190). Although much work has
been done on this problem using both counter and
bubble-chamber techniques lt hRs still not been
clearly resolved.

The N*'s at 1500, 2690, and 2190 MeV

We shall exclude the 6 fx'om further discussion
here and speak first about the N*'s at 1500, 1690,
and 2190 MeV. These ¹'sall have integrated
cross sections which are nearly independent of
I',-„, . They Rll have candidates from phase-shift
analyses with I= & and also with spin and parity,
8 = l+-', and P=(-1)', consistent with production by
natural spin-parity exchange. These are factors
which are consistent with production through dif-
fraction dissociation, 26 ox' in other words through
Pomeranehuk-trajectory exchange. Thus it is sug-
gested that dominantly their identification is as

follows: N*(1500) -=D»(1520), N*(1690)=E»(1688),
and N*(2190) =- G»(2190).

Although the following argument i.s speculative
there is additional evidence which supports the
identification as unique states rather than as com-
posite bumps: (1) In this experiment, for a wide

range of values of s and t the positions and widths
of these bumps are constant. Purthermore, from
Table IV there is excellent agreement with the re-
sults of other missing-mass experiments on P-P,
w -P, and e-P scattering. %'hile the errors on the
widths in these experiments are fairly large the
positions have been determined in most cases to
a few MeV. (2) As is seen particularly well for
the ¹(1690),in this experiment the production
cross sections for each N* follow a simple expo-
nential dependence on t at each P;„, [-t& 1 (GeV/c)'],
and are essentially independent of P,.„,. Conversely,
states which cannot be produced through Pomeran-
chuk exchange would be expected to have cross
sections which decrease rapidly with energy. These
features suggest the dominance in production of a
unique state rather than the competition of two or
more, and furthermore that the identification above
is probably correct.

It has been a,rgued by Morrison" that in fact the
Nv and Nvv decays of the N*(1690) peak at signif-
ic81ltly dlffex'ent masses particularly in w-p and
K-p scattering, and there is some suggestion in
bubble-chamber data that their widths are also
different. He assigns the positions 1690 Rnd 1730



MeV to the Nm and ¹wsystems, respectively, and
proceeds to suggest that the two systems are pro-
duced by different mechanisms. %e observe, how-
ever, from Table IV, that there is amide xange of
possible positions for the Nun system, and there-
fore, no such separation is required by the data.
In any case small differences in position are pos-
sible for different decay channels of the same
resonance. " It should be kept in mind that the
bubble-chamber spectra are typically given inte-
grated over t, whereas the counter spectra are
at discreet f, values. In the present experiment for
example the resonance parameters for the N*(1690)
were determined for -t &0.2 (GeV/c)'. lf this sug-
gestion of two contributing processes should be con-
firmed, the possibility remains that one of them is
significant for f&0-.2 (GeV/c)' only.

2. The N*(1410)

There remains the question of the N*(1410), first
observed in a missing-mass experiment by Belle-
tini eta/. 2O As mentioned above, it is possible to
associate this N* with the P»(1470). Although the
resonance is broad, the distinction between 1411
and 1470 MeV makes this assignment somewhat
questionable. Also, decay angular distribution
studies in production experiments" do not clearly
confirm the assignment J = &. Aa can be seen from
Table IV most bubble-chamber results find the
position to be significantly higher than 1411. How-
ever, again typically, these spectra are integrated
over all t. In this case there will be a significant
shift in the signal toward higher mass due to the
inclusion of the N*(1500) signal. Again, the pos-
sibility exists that the peak positions of the ¹ and
Nmm signals are significantly diffex'ent. " It should
be kept in mind that our detailed studies ax'e for
P;„, ~ 9.9 GeV/c and that data at lower momenta
may lead to significantly different conclusions.

The ¹(1410)is seen primarily in production ex-
periments with b.Q= 0 and in P, P, v, and K beams. 2'

There is also some evidence" for charge-exchange
production of the ¹'.However, it is striking that
there is no significant N*(1410) signal in e-P scat-
tering"" despite the prominence in these data of
other I=

& ¹'s.It is appax'ent that this enhance-
ment is uniquely different from the nucleon and
others of its excited states.

One possible solution to this question resides in
the quark model of the baryons, "wherein the
P»(1470) is taken to be due to the radial excitation
of one of the quarks in the nucleon, while the other
I= 2 ¹'sare due to orbital excitation. Thus it may
be that Coulomb excitation of this state may be in-
hibited vis-a-vis hadron or Pomeranchuk exchange.

There have also been numerous calculations of
the Drell-Hiida-type mechanism, with or without

final-state interactions, typified more recently by
the work of Berger." In a "semi-quantitative"
fashion these calculations are able to repxoduce
this enhancement, and although it may not give a
complete description of the production process
this mechanism must play an important role. Thus
the possibility exists that the enhancement called
the N*(1410) is not a proper particle but rather a
"kinematical" effect, or dominantly so.

B. s and t Dependence of N* Production

6 P~oducfion

Both single and double b, production in nucleon-
nucleon collisions appear to be dominated by m ex-
change. Fits of integrated cross sections to P
give the n values 2.2+0.16 for pp-nn. "(see Ref.
34), 2.0+0.3 for PP-Ph' (see Ref. 21), and 2.5
+0.3 for a combination of PP- 6"6, pn- 4"6,
and PP- b,"Z (see Ref. 35), all in good agree-
ment with the expected value of 2 for n exchange.
The value n=0.63 +0.32 for the present data most
probably reflects the considerable difficulty of ex-
tracting this small cross section fx om a large and
rapidly varying total signal. The cross sections
at 6.2 and 9.9 GeV/c are in fact in good agreement
and the t slopes in reasonable agreement with those
of other experiments. "" The recent measure=
ment" of pp- pb. ' at 6 GeV/c yields the t slope
9.1+ 1.2 (GeV/c) ' in reasonable agreement with
the values quoted above. Compaxing with the extra-
polated cross section for this reaction at 9.9
GeV/c, we find

where the error is statistical only. Considering
the additional uncertainty in normalization of +35%
for each reaction because of the fitting procedure

. this ratio is in fair agreement with the value 1.0
expected for pure m exchange.

lt has been shown assuming duality that the
imaginary part of the 6 production amplitudes must
vanish. " This has led to the suggestion" that these
reactions must be dominated by m exchange which
is expected to give rise to dominantly real ampli-
tudes. The result of our comparison does not dis-
agree with this hypothesis although the errors do
not allow for a stringent test.

2. N,*» Pxoducti on

As has been discussed above, an important ob-
jective of the extensive computer studies of the
resonance cross sections was to demonstrate that
the t slopes and energy-dependence parameters,
b and n, are well determined in this experiment,
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i.e., that they are relatively insensitive to a broad
range of resonance and background shapes. This
is mell borne out by the data shown in Table VII.
In all cases the uncertainties in b and n due to
width and shape uncertainties are comparable to
or smaller than the "statistical errors" (the latter
include contributions from background variation as
discussed in Sec. V). On the other hand, the cor-
responding uncertainties in absolute normalization
are typically +35%:

From 15.1 to 29.7 GeV/c and for -f &0.9 (GeV/c)'
the t slopes for the 1P"s at 1500, 1690, and 2190
MeV are all =5 (GeV/c) '. At 9.9 GeV/c the slopes
for the N~(1500) and N*(1690) are -4 (GeV/c) ',
however, fitting to the smaller t range, -t&0.3
(GeV/c)', we find slopes of 4.2 +0.5 and 4.5+0.3
(GeV/c) '. The slopes for the N*(1500) and
N*(1690) are consistent with the results of Blair
etal."at lower momenta, and considering the
normalization uncertainties the cross sections are
also.

Fog the N*(1690) we have used the above slope
for 9.9 GeV/c and the slopes for the higher mo-
menta from Table VII to evaluate the slope of the
effective Regge trajectory at t=0. We find

Qy89O (0):0 38 + 0 17

Since the slopes are insensitive to resonance-
shape variation this value is considered to be re-
liable. A similar behavior is seen for the N*(1500)
but with larger errors. We note that mhile this
"shrinkage" is reasonably compatible mith the very
small shrinkage seen in the slopes for our elastic
scattering data, it is also in good agreement with
the value a, '=0.47 + 0.09 obtained at Serpukhov"
from elastic scattering in the range 0.008 & -t &0.12
(GeV/c)'. If these cross sections are dominated by
Pomeranchuk exchange, these data tend to support
a trajectory with a nonzero slope.

As was first demonstrated in Ref. 2 the N*(1500)
and N*(1690) cross sections vary more slowly with
t for -t &1 (GeV/c)2. Although the discontinuities
in the t dependence are not as pronounced as for
elastic scattering, qualitatively the behavior is
quite similar both in t and P,„,dependence. Roughly
speaking both types of reactions show t slopes con-
sistent with -1.6 (GeV/c) ' and decrease rapidly
with -P;„.. (The elastic cross sections decrease
in this region like P;„, ', however, the N cross
sections are too crudely measured to assign a re-
liable P;„,dependence. ) This behavior has been
studied in detail more recently by Allaby etaI. ,

"
who reach similar conclusions, and, where com-
parable, our results are in good agreement. A
similar behavior was also observed by Anken-
brandt, et al."at lower momenta.

Several authors4' have suggested that this struc-

ture in the t dependence at high ~t~ can be explained
by multiple hadron-hadron scattering, which gives
rise to ever decreasing slopes as ~t~ increases.
While they are able to give qualitative description
of the data, no quantitative fit has so far been made.
Also the similarity in behavior between the elastic
scattering and the isobar-production data is con-
sistent with a statistical type of model" for two-
body scattering at high ~t~ wherein the behavior of
the cross sections is similar regardless of the
final state.

The f slopes for the N"(1410) show no clear evi-
dence of energy dependence though they are also
compatible with the shrinkage found for the
N*(1690). They average to =15 (GeV/c) ' for all
the data from 9.9 to 29.7 GeV/c.

The essential lack of energy dependence of the
N, &, production cross sections is most striking.
For every case, it appears that there is a small
residual energy dependence beyond the amount
n=0.20+0.05 seen for elastic scattering. For ex-
ample, for the N*(1690) n' = 0.18+ 0.03 using the
full fit to the 9.9-GeV/c data and n' = 0.06+ 0.04
using the restricted fit to these data discussed
above. These values are considerably smaller
than those found for any other two-body processes
for which there is necessarily internal-quantum-
number exchange. The near constancy of these
cross sections is generally attributed to the dif-
fraction-dissociation process. " We point out that
this approach need not regenerate ¹'swith con-
stant cross sections if the constituent diffractive
processes are energy-dependent. Homever, inas-
much as the p-p total cross sections are nearly
constant in this energy range the diffraction scat-
tering is also. This being the case N* regenera-
tion is expected to hold up with energy.

There has been no definitive explanation of the
f slopes of -15 and -5 (GeV/c) ' found in the N,*„
data. Several authors" ' have suggested varia-
tions on the hadron-hadron multiple-scattering
mechanism to explain this effect. Thus N~(1410)
production derives from single scattering and
N~(1690) production from double scattering.

3. Factoxization in X,*» Production

In addition to p-p scattering, N* production has
been observed in e-p scattering'~" and, in the se-
quel to the present experiment, in m -p, K -p, and
P-P scattering. ""Since the N*(1690) data are the
most reliably determined we shall discuss only
these and the elastic scattering in connection with
factorization. It is instructive to look first at the
t distributions for the individual processes, since
it is apparent from these that N* production and
separately elastic scattering are somewhat parti-
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cle-dependent. P-P and P-P N* production and elas-
tic scattering data are reasonably well fit by sim-
ple exponentials in f for -t&0.6 (GeV/c)', whereas
the distributions for m -p and K -P scattering show
definite curvature in the small-~t[ region. Thus
these processes are only approximately particle-
independent at these energies and one should there-
fore expect only approximate factorization to hold,

References 17 and 29 give plots of (do„i/dt)/
(do,&/dt) vs f for N*(1690) produced in P-P, w -p,
K -P, P-P, and e-P scattering. These show that
for the hadron scattering there is excellent agree-
ment with factorization in the region -t& 0.3
(GeV/c)', and that the electron data while they show

a similar behavior lie a factor of 2 higher. The
errors inherent in the fitting procedure can easily
account for the differences in normalization in the
hadron scattering. However, the differences be-
tween electron and hadron scattering are probably
too large to be accounted for by this means alone.
All in all this evidence for factorization in hadron-
hadron scattering is important additional corrobora-
tion of the dominance of Pomeranchuk trajectory
exchange in these processes.

On this basis one is now led to predictions for
double N*„, production. One expects that

2/~D=+S &&e»

where vD, 2@~, and o',
&

are the cross sections for
pp +~]~N~ ]~, pp pN~ (~. , and' pp pp, re spectlve-
ly. Using the data of Table VII, we predict

v~= 0.06 mb at 29.7 GeV/c.

All combinations of double N,*/2 production and all
decay modes are included in this prediction. So
far attempts to observe these processes4' have

given no clear evidence of them, however the sen-
sitivity has been insufficient for this cross-section
level.

C. On the Nonresonant Background
in the Mass Spectra

We have not attempted to discuss the background
in the missing-mass spectra, as the data have al-

ready been published, ' and no new work has been
done for this paper. However, we note that re-
cently there has been a great deal of interest in
inclusive processes stimulated in part by the fun-
damental work of Mueller. ~ In particular, the
present data have recently" been used by Edel-
stein, Rittenberg, and Rubinstein to study the va-
lidity of duality in the triple-Regge limit. They
find that the data are consistent with the background
being dual to the Pomeranchuk trajectory as postu-
lated by Harari" and Freund, "and through its t
dependence, are able to study its production mech-
anism as well. Thus, at small t, while the N*'s
are produced by Pomeranchuk exchange the back-
ground production is dominated by normal trajec-
tory exchange. The latter accounts for the de-
creasing with energy of the background already
discussed. More work of a quantitative nature
must be done, but it is to be hoped that an impor-
tant dividend of this approach will be a better un-
derstanding of how to fit missing-mass spectra.
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