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Unitarity and causality
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Spacetime must be foliable by spacelike surfaces for the quantum mechanics of matter fields to
be formulated in terms of a unitarily evolving state vector defined on spacelike surfaces. When a
spacetime possesses nonchronal regions which cannot be foliated by spacelike surfaces, as in the
case of spacetimes with closed timelike curves, a more general formulation of quantum mechanics
is required. In such generalizations the transition matrix between alternatives on two spacelike
surfaces lying in regions of spacetime where foliating families can be defined may be nonunitary
if a nonchronal region lies between them. This paper describes a sum-over-histories generalized
quantum mechanics whose probabilities consistently obey the rules of probability theory even in
the presence of such nonunitarity. The usual notion of state on a spacelike surface is lost in this
generalization. Anomalies such as nonconservation of energy or "Everett phones" that are exhibited
by some generalizations of quantum mechanics are not found in this one. However, the generalization
is acausal in the sense that the existence of nonchronal regions of spacetime in the future can
affect the probabilities of alternatives today and signaling outside the light cone is possible. The
detectability of nonunitary evolution and violations of causality in measurement situations are brie6y
considered.

PACS number(s): 04.60.Gw, 03.65.Bz, 04.62.+v, 98.80.Hw

I. INTRODUCTION

Conventional formulations of the quantum mechanics
of matter fields in a curved background spacetime re-
quire that this spacetime be foliable by a family of space-
like surfaces. A family of spacelike surfaces is needed
just to define a state of the matter fields on a space-
like surface and the progress of this state into the future
by either unitary evolution between spacelike surfaces or
by "state vector reduction" on them. However, not all
spacetimes admit a foliation by spacelike surfaces. For
example, spacetimes with closed timelike curves, such as
would be produced by the motion of wormhole mouths,
permit no foliating family of spacelike surfaces [1]. The
quantum mechanics of matter fields in spacetimes with
such nonchronal regions therefore cannot be formulated
in terms of the evolution of states on spacelike surfaces.
Rather, a more general formulation of quantum mechan-
ics is required. Generalizations based on the ideas of
quantum computation have been described by Deutsch
[2], generalizations based on the algebraic approach to
field theory have been discussed by Yurtsever [3], and yet
others may be possible [4) using Hawking's Euclidean ap-
proach to quantum field theory on curved backgrounds
[5]. Here, we pursue another class of generalizations
based on the (Lorentzian) sum-over-histories formulation
of quantum theory. Generalizations of this kind have pre-
viously been discussed by Klinkhammer and Thorne [6],
Friedman, Papastamatiou, and Simon [7], and the author
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[8]. Specifically, we explore the notions of unitarity and
causality and the connections between them in this class
of generalizations.

Feynman's suin-over-histories formulation of quantum
mechanics is a natural route to a generalized quantum
mechanics of matter fields in spacetimes with nonchronal
regions because, with it, quantum mechanics may be cast
into a fully spacetime form that does not employ a no-
tion of state that evolves through a foliating family of
spacelike surfaces [6—8]. For example, in the sum-over-
histories formulation, quantum dynamics is expressed,
not through a differential equation for such a state, but
rather by giving the amplitude for a fine-grained field
history —a four-dimensional field configuration P(z). In
Feynman's prescription this amplitude is proportional to

exp(iS[g(z)]/li),

where S is the action functional for the field. Quantum
dynamics can be defined in this way even when space-
time contains nonchronal regions. The alternatives po-
tentially assigned probabilities by quantum theory can
also be described four dimensionally as partitions, or
coarse grainings, of the fine-grained field histories into
an exhaustive set of exclusive classes. For instance, the
four-dimensional field histories could be partitioned by
the values of the field configurations P(x) on a spacelike
surface 0. The amplitudes for such alternatives define
state functionals on o in familiar quantum theories for-
mulated in terms of states on spacelike surfaces. Even
in nonchronal regions, where there are no foliating fam-
ilies of spacelike surfaces, meaningful coarse grainings of
four-dimensional field configurations may still be defined.
For example, the field histories may be partitioned by
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the value of a field averaged over a region of spacetime
deep inside a w'ormhole throat. A decoherence functional
defining the interference between such individual alterna-
tives may be defined in terms of a density matrix repre-
senting the initial condition and operators representing
the individual alternatives. From this probabilities for
decohering sets of alternatives may be calculated. In this
way the quantum theory of fields may be put into fully
four-dimensional form free from the need of a foliating
family of spacelike surfaces [8—11].

If the nonchronal regions of spacetime are bounded,
then the spacetime contains regions before and after the
nonchronal one in which familiar alternatives of the spa-
tial field configurations can be defined on spacelike sur-
faces (Fig. 1). Transition probabilities between such al-
ternatives are of interest. Transition amplitudes between
a definite spatial field configuration P'(x) on an initial
spacelike surface 0' and a configuration P"(x) on a final
surface cr" are given by a sum-over-histories expression
of the form

X, O X )CT bP exp(iS[P(z)]/hj .

(1.2)

The sum is over four-dimensional Geld configurations be-
tween cr' and o." that match the prescribed spatial config-
urations on those surfaces. By such methods, for exam-
ple, an S matrix for scattering through spacetime regions
with closed timelike curves could be defined and calcu-
lated.

When spacetime can be foliated by a family of spacelike
surfaces, Eq. (1.2) coincides with the unitary evolution
operator generated by the Hamiltonian for the family.
That is because, as Dirac [12] and Feynman [13] showed,
when two spacelike surfaces are close together, the ma-
trix elements of the operator eH'ecting unitary evolution
between them is proportional to exp(iS) where S is the
action of the classical field history interpolating between
the two. Explicitly in the case of two constant-time sur-
faces in Minkowksi space,

exp (iS [P"(x), t";P'(x), t'] /5)
oc (P"(x) ] exp [

—iH(t" —t')/5] ]P'(x)) . (1.3)

"A conclusion also reached by Deutsch [2] from the point of
view of quantum computation.

However, in the absence of a connection such as (1.3), or
even a well-defined meaning for its right-hand side, there
is no particular reason to expect a construction such as
(1.2) to yield a unitary transition matrix. i Calculations
by Klinkhammer and Thorne [6] in nonrelativistic quan-
tum mechanics first suggested that the evolution defined
by (1.2) might be nonunitary. General results of Fried-
man, Papastamatiou, and Simon [7,14] in field theory,
and explicit examples of Boulware [15] and Politzer [16],
show the following: The scattering matrix constructed
from the sum over histories (1.2) is unitary for free field

theories in spacetimes with closed timelike curves, but
not, in general for interacting theories, order by order in
perturbation theory. This paper discusses the implica-
tions of this nonunitarity.

Even were spacetime foliable by spacelike surfaces it
would still be diKcult to reconcile nonunitary evolution
with the notion of state on a spacelike surface. The rea-
sons, stated clearly by Jacobson [19],are reviewed in Sec.
II. However, a generalized quantum mechanics neither re-
quires nor does it always permit a notion of "state on a
spacelike surface. " In Sec. III we spell out enough details
of the generalized sum-over-histories quantum mechanics
sketched above to show how it consistently incorporates
nonunitary evolution represented by the transition ma-
trix (1.2) without employing a notion of state on a space-
like surface. The price for this generalization is not only
the absence of a notion of state on a spacelike surface,
but also a violation of causality that is discussed in Sec.
IV. The existence of future nonchronal regions of space-
time will influence probabilities in the present. A theory
of the future geometry of spacetime, as well as of the ini-

tial condition of the closed system and the geometry up
to the present, is thus required for present prediction.

The theory of laboratory scattering measurements in
the presence of nonchronal regions is developed in Sec.
V and used to give a preliminary discussion of how viola-
tions of unitarity and causality might be detected. Sec-
tion VI shows that some anomalies such as nonconser-
vation of energy and communication between noninter-
fering branches that exist in some other generalizations
of quantum mechanics are absent from this one. Section
VII contains some brief conclusions.

II. NONUNITARITY AND THE QUANTUM
MECHANICS OF STATES

In its simplest interpretations, nonunitary evolution of
a quantum state defined on spacelike surfaces is either
inconsistent or, as shown by Jacobson [19], dependent
on the choice of spacelike surfaces. This section brieHy
reviews these arguments.

We consider a fixed background spacetime containing
a bounded, nonchronal region NC, as shown in Fig. 1.
Consider an initial state ]g(o')) on a spacelike surface 0'
before NC. Suppose its evolution to a spacelike surface
o" after NC is given by a nonunitary evolution operator
X.

(2.1)

We now consider the calculation of the probabilities of

Goldwirth, Perry, and Piran [17] concluded that even free
theories were nonunitary. This was corrected in [18], where
some of the results of Klinkhammer and Thorne [6] for free
theories are included.

We shall be more precise about the meanings of "before"
and "after" in Sec. III.
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FIG. l. A compact nonchronal region of spacetime NC
with spacelike surfaces cr' and cr" before and after. Alter-
native field configurations may be defined on these spacelike
surfaces, but the transition matrix between them defined by
a sum over intermediate field configurations is not necessarily
unitary if the field is interacting.

FIG. 2. A local piece of a spacelike surface R that is space-
like separated from a nonchronal region NC. R may be re-

garded either as lying on a spacelike surface 0' before NC
or as lying on a spacelike surface 0." after NC. If quantum
mechanics is to be consistently formulated in terms of states
on spacelike surfaces, then a prescription must be given for
whether to compute the probabilities of alternatives confined
to R with 0' or cr" if the evolution through NC is not unitary,
for the results are not the same.

) P =1, P Pp=b pPp. (2.2)

an exhaustive set of exclusive alternatives on this space-
like surface represented by a set of (Schrodinger-picture)
projection operators satisfying (&(~')IP-(R) l&(~'))

(&(~') l&(~') &

(2 7)

(2.1), the probabilities for the alternatives (nj evaluated
on 0' would be

What rule should be used to calculate these probabilities?
The usual prescription for the probability of the alter-

native corresponding to P on 0 is

while on cr" they would be

(g(~') ~XtP (R)X~/(~'))
(~ )Ix'xly(~ )&

(2.8)

p(~ ~) =II P-l4(~)& II' ~

If ~Q(e') &
is normalized so that

) p(n;cr') = 1,

(2.3)

(2.4)

These must be equal since the alternatives are the same.
A state on 0' that is an eigenvector of the field config-

uration P(x) with x 6 R, evolves into a state on 0" that
is also an eigenvector of 4(x), with x 6 R, having the
same eigenvalue. Thus,

then (2.1) will imply for the probabilities of the same
alternatives on the later surface X, P (R) =0. (2.9)

) p(n;0") = (g(o')~XtX~Q(0)) g 1 . (2.5)

When X is not unitary, probability is not conserved and
the prescription (2.3) for assigning probabilities is thus
inconsistent.

The generalization of (2.3),

II
P I@(&)) II'

II l@(~)) II'
(2.6)

suggests itself as a way of maintaining the requirement
that the probabilities of an exhaustive set of alternatives
sum to unity. However, Jacobson [19] showed that this
rule is not covariant with respect to the choice of space-
like surfaces. Consider a set of alternatives (P (R)j that
distinguish only properties of 6e?ds on a spacelike sur-
face that are restricted to a region R that is spacelike
separated &om a nonchronal region NC. For example, an
exhaustive set of ranges of the average of a field oyer R
defines one such set of alternatives. Since R is spacelike
to NC it may be considered either as a part of a spacelike
surface 0' that is before NC or as part of a spacelike sur-
face cr" that is after NC (Fig. 2). According to (2.6) and

Were X unitary, (2.9) would imply the equality of the
numerators in (2.7) and (2.8) and of the denominators
as well. However, when X is nonunitary the expres-
sions (2.7) and (2.8) cannot be equal for all states ~g(0')&.
Nonunitary evolution therefore implies that the probabil-
ities for the alternatives (P (R)) are difFerent on cr' and
0". Quantum mechanics defined by the rule (2.6) is not
covariant with respect to the choice of spacelike surfaces
unless the evolution is unitary. This is the essence of
3acobson's argument.

Thus a nonunitary transition matrix, say, constructed
by a sum over histories as in (1.2), cannot be used to con-
struct a quantum mechanics in which probabilities are
computed from a "state of the system on a spacelike sur-
face" using either of the prescriptions (2.1) or (2.6) if we
insist on covariance with respect to the choice of space-
like surfaces. In the next section we shall show how a
generalized quantum mechanics that avoids this problem
can be constructed incorporating such nonunitary tran-
sition matrices. Such generalizations will not, of course,
admit a notion of "state on a spacelike surface" in any of
the senses discussed in this section.
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III. GENERALIZED QUANTUM MECHANICS

In this section we will spell out more concretely some
details of a sum-over-histories generalized quantum the-
ory that consistently incorporates nonunitary evolution.
We have described the principles of generalized quantum
mechanics elsewhere [8,11] and do not review them here.
The discussion is aimed at setting a formal framework for
a generalized quantum mechanics of matter fields that
incorporates nonunitary evolution and not at issues con-
cerning the mathematical definition of the elements of
such a theory, their finiteness, regularization, etc.4

We are concerned most generally with the quantum
mechanics of a closed system containing both observers
and observed, both measuring apparatus and measured
subsystems. In the present investigation, the closed sys-
tem is an interacting quantum field theory in a axed
given, background spacetime geometry. To keep the no-
tation manageable we shall consider a single, scalar field
P(z). We shall assume that spacetime outside a bounded
region NC is foliable by spacelike surfaces (see Fig. 3).
Thus we can identify an initial region 2'JV(NC) outside
of NC, no point of which can be reached from any point
of NC by a timelike curve that is future pointing outside
of NC. XJV(NC) is foliable by spacelike surfaces. Sim-
ilarly we can define a final region EJV(NC) [generally

k+I

FIG. 3. A spacetime with a single nonchronal region NC.
Before NC there is an initial region that can be foliated by
spacelike surfaces some of which are illustrated. Afterwards
there is a similar Anal region. The text describes a gener-
alized quantum mechanics for computing the probabilities of
decoherent sets of histories of alternatives defined on these
surfaces even when the evolution through NC is nonunitary.

overlapping XJV(NC)] that is foliable by spacelike sur-
faces. We will loosely refer to XJV(NC) as "before" NC
and PA'(NC) as "after" NC. The initial condition of the
closed system is specified by a density matrix p defined
on a spacelike surface in ZJV(NC). Throughout we adopt
the point of view of quantum cosmology, in which there
is one fixed initial condition, most generally that for the
universe as a whole. The two fixed inputs which must
be supplied before the theory will yield predictions are
therefore the geometry of the background spacetime and
the density matrix specifying the initial condition.

The most general objective of a quantum theory for a
closed system is the prediction of the probabilities of the
individual histories in an exhaustive set of alternative,
coarse-grained histories of the system. In a sum-over-
histories formulation of quantum fields in a background
spacetime, sets of coarse-grained histories are most gen-
erally defined by partitions of the four-dimensional field
configurations (the fine-grained histories) into an exhaus-
tive set of exclusive classes. The individual classes are the
individual coarse-grained histories in the set. A famil-
iar way of partitioning the set of four-dimensional field
configurations is by the values of spatial fieM configura-
tions on one or more spacelike surfaces. In an operator
formulation of field theory such partitions correspond to
alternative values of the field operators on the spacelike
surfaces. We cannot expect to define such alternatives
inside the nonchronal regions where there are no space-
like surfaces, but we can define such alternatives both
before and after the nonchronal region NC. Transition
amplitudes between such alternatives on two spacelike
surfaces far in the past and far in the future, for instance,
specify scattering theory. Such transition amplitudes are
defined by sums over the field histories in between the
surfaces as in (1.2). When one surface is before NC and
the other after, the results of Friedman, Papastamatiou,
and Simon [14] show that this transition amplitude will

be nonunitary for interacting field theories.
In this paper we will restrict attention to histories that

are sequences of alternatives defined on spacelike surfaces
before and after the nonchronal region. This may seem
a limited class &om the point of view of a generalized
quantum mechanics which can deal with more general
spacetime alternatives that are the only ones possible
inside NC. However, we make this restriction for three
reasons. (1) Consideration of alternatives on spacelike
surfaces before and after NC is suKcient to illustrate the
issues of unitarity and causality with which we will be
concerned. (2) Alternatives on spacelike surfaces can be
represented by sets of projection operators in the usual
Hilbert space of fieM theory in a familiar way, and the
sums over histories such as (1.2) may be taken to define
the matrix elements of transition operators in this Hilbert
space, so that the resulting framework has many similari-
ties with the Hilbert space formulation of usual quantum

Such problems arise mostly from the behavior of the ele-
ments of the theory on small scales will certainly be no better
in the present framework but also possibly no worse. For dis-
cussion of the standard approaches to these issues in quantum
field theory in curved spacetinie see, e.g. , [20,21).

For discussion of these more general classes of spacetime
alternatives see, e g , [8,9,22].. .
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mechanics (but also, of course, some differences). s (3)
The resulting framework will be largely independent of
the specific mechanism of nonunitarity (1.2) and suitable
for treating histories of alternatives on spacelike surfaces
outside of NC whatever the origin of nonunitary transi-
tions across it. It is therefore potentially applicable in
a wider range of formulations than just the sum-over-
histories one when restricted in this way.

In the Schrodinger picture, an exhaustive and exclu-
sive set of alternatives defined on a spacelike surface cor-
responds to a set of projection operators (P ) satisfying
(2.2). The P, for example, might be projections onto
ranges of values a field averaged over a spatial region
8 in the surface. Specifying (generally different) sets
of alternatives (Pi ), (P2 ), . . . , (P" ) on a sequence of
nonintersecting spacelike surfaces o i, . . . , 0'„defines a set
of coarse-grained alternative histories for the system. A
particular history corresponds to a particular sequence
of alternatives aq, . . . , o.„, that we shall often abbreviate
by a single index, viz. , cr = (ai, . . . , n„). The exhaus-
tive set of histories consists of all possible sequences (n).
The histories are coarse grained because not all informa-
tion is specified that could be specified: Alternatives are
not specified at each and every time, and the alternatives
that are specified do not correspond to a complete set of
states unless all the P's are one dimensional.

A quantum theory of a closed system does not assign
probabilities to every set of coarse-grained histories of a
closed system. In the two-slit experiment, for example,
we cannot assign probabilities to the alternative histories
in which the electron went through one slit or the other

I

D(o.', n) = b p(n) . (3 1)

When spacetime is completely foliable by spacelike sur-
faces, the decoherence functional of familiar Hamiltonian
quantum mechanics is given by

and arrived at a definite point on the detecting screen. It
would be inconsistent to do so because, as a consequence
of quantum mechanical interference, these probabilities
would not correctly sum to the probability to arrive at
the designated point on the screen. The quantum me-
chanics of closed systems assigns probabilities only to
the members of sets of alternative, coarse-grained his-
tories for which there is negligible interference between
the individual histories in the set as a consequence of
the system's dynamics and boundary conditions [23—25].
Such sets of histories are said to decohere. In a general-
ized quantum theory, the interference between histories
in a set is measured by a decoherence functional incor-
porating information about the system's dynamics and
initial condition. The decoherence functional D(n, n) is
a complex function of pairs of histories satisfying certain
general conditions that we shall describe below. The set
decoheres if D(a', n) is sufficiently small for all pairs of
diferent histories in the set (n). When that is the case,
the probabilities of the individual histories p(n) are the
diagonal elements of D(n', cr). The rule both for when
probabilities may be assigned to a set of coarse-grained
histories and what these probabilities are may thus be
summarized by the fundamental formula

D(~ I ~) ~ +2' U(+ni +n i)+~~ U(+n— 1~ on —2)—' ' 'Po' U(+1~ +p)

xpU(op, oi)P, . U(o„2,o„ i)P" ' U((r„ i, o„)P" (3 2)

where p is the density matrix describing the initial condi-
tion of the system of fields on an initial spacelike surface,
op, and U(o", o') is the unitary evolution operator be-
tween spacelike surfaces u' and 0".

Generalizing the form of the decoherence functional
(3.2) generalizes Hamiltonian quantum mechanics. A
wide class of generalizations, called generalized quantum
theories [8,11],have decoherence functionals that (i) are
Hermitian: D(cr, n') = D*(n', a); (ii) are normalized:
Z D(a, cr') = 1; (iii) have positive diagonal elements:
D(n, n) ) 0; and, most importantly, (iv) obey the prin-

Thus the sum-over-histories formulation of quantum me-
chanics is not in some sense opposed to Hilbert space as a
mathematical notion, for sums over histories can be used to
de6ne matrix elements of operators in Hilbert space, and op-
erator methods can sometimes be used to de6ne functional
integrals. However, what does not necessarily emerge from a
sum-over-histories formulation is any notion of a Hijtbert space
of states on a family of spacelike surfaces There will . be no
such concept here for the reasons discussed in Sec. II.

I

ciple of superposition in the following sense. A coarse
graining of the set (cr) means a partition of that set into
a new set of (generally larger) exhaustive and exclusive
classes (n). A decoherence functional satisfies the prin-
ciple of superposition when

D(a', cx) = ) ) D(a', n)
a'6a' aFa

(3.3)

for all coarse grainings (nj of (n). When a set of histo-
ries decoheres, and probabilities are assigned according
to the fundamental formula (3.1), the numbers p(n) lie
between 0 and 1 and satisfy the most general form of the
probability sum rules

p(~) = ) .p(~)
a+6

(3.4)

The decoherence functional of Hamiltonian quantum me-
chanics, (3.2), is easily seen to satisfy (i)—(iii), and satis-
fies (iv) because the projections of a coarser-grained set
are sums of the projections in the fine-grained set.

Suppose we consider a spacetime and a single
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nonchronal region Nc and restrict attention to a}terna-
tives defined on spacelike surfaces either entirely in the
region XA'(NC) "before" NC or in the region PA (NC)
"after" it. Suppose the evolution between a spacelike sur-
face o before NC and a spacelike surface o+ after NC

is not described by a unitary matrix U, but by a nonuni-
tary matrix Xs. The decoherence functional (3.2) with
U replaced by Xs no longer satisfies the general require-
ments (i)—(iv). However, the following generalization
does satisfy them:

D(a', n) = N Tr P", U(o„,cr„,) . . P",+'
U(crl, +i, o+)XgU(o, o. I,)P" . . . U(o2, oi)P' U(oi, «)

xpU(oo oi)P', U(oi, o2) P"„U(ol„a )X&U(o+, crt+i)P"„+', U(o„ i, o„)P" (3.5)

where

X-'= T (X&Xt) (3.6)

P* (o, ) = U '(o, , «)P* U(&, , &o), «&, (3.7a)

P' (o, ) = U '(o;, of)P' U(g, , gy), o ) o+, (3.7b)

and

X = U (o+, o.g)XsU(o. , «), (3 8)

where oy is a final surface in the far future. Then (3.5)
is

D(~', ) =&T P." (o.) P.""(~.+i)X P" (.)

P' (o i)pP', (o i) P", (cry) Xt

x P"+', (oi+, ) P" (o„) (3 9)

The expression can be written even more compactly if we
introduce the notation

C = P"„(o. ) iP' (o., ) (3.10)

for a chain of projections on spacelike surfaces before 0.

and

Cts = Pg (o„) Pp+' (oi+i)

for a chain on spacelike surfaces after 0.+. Then

(3.11)

and o i, , o i, lie before cr in X)V(NC) while
a~+i, , o„ lie after o+ in PA/(NC).

The expression (3.5) may be simplified by introducing
a kind of Heisenberg picture with operators

iar Heisenberg picture with the only novelty being the
nonunitary evolution of the projection operators de6ning
alternatives. These operators cannot be evolved through
the nonchronal region by anything like the usual Heisen-
berg equation of motion

P (o") = MP (o')Mt, o' & a+ ( o «", (3.13)

with some nonunitary 2 (say, U = UX, in the above no-

tation). Were H nonunitary, (3.13) would be inconsistent
because it does not preserve the relations (2.2). There
are thus no Heisenberg equations of motion connecting
alternatives before the nonchronal region to alternatives
afterwards. Further, as we have discussed, alternatives
inside the nonchronal region cannot even be defined by
projection operators on foliating families of spacelike sur-
faces because no such foliating families exist and the in-
clusion of such alternatives makes the difference from the
usual Heisenberg picture even more apparent.

The decoherence functional (3.12) thus defines a quan-
tum mechanics that reduces to the usual one (3.2) when
the evolution is unitary, but generalizes it when it is not.
It consistently assigns probabilities to decoherent sets of
histories. There is no issue of the violation of a proba-
bility sum rule such as (2.5) here. All probability sum
rules (3.4) are satisfied as a consequence of decoherence,
including the elementary requirement that the probabili-
ties of an exhaustive set of alternatives sum to 1. Neither
is there hypersurface dependence of local probabilities as
with 3acobson's rule (2.6). From (3.12) it follows that
the probability of a set of alternatives P (R) that dis-
tinguish only field values on a local piece of a spacelike
surface R that is everywhere spacelike separated from the
nonchronal region NC is

p(n, o.') = N Tr XP (R)pP (R)Xt (3.14)
T c~.xc..pct x tc'

~(X,Xt) (3.12) when R is considered part of a spacelike surface o' to the
before NC, and given by

This compression of notation has emphasized the simi-
larity of the formula for the decoherence functional (3.12)
with that of usual quantum mechanics in the Heisenberg
picture. The expression (3.12) incorporates a Heisenberg
picture initial density matrix and the projection opera-
tors defining alternatives evolve according to Heisenberg
equations of motion before the nonchronal region and
also after it. However, it would be misleading to say that
the generalized quantum mechanics is simply the famil-

p(n; o") = XTr IP (R)XpXtP (R)~, (3.15)

when B is considered part of a spacelike surface after NC.
However, since P (R) and X commute [cf. Eq. (2.8)],
Eqs. (3.14) and (3.15) are equivalent. The rule (2.6)
includes or does not include the nonunitary evolution
operator X depending on which surface is chosen. By
contrast the rules (3.14) and (3.15) both include X. The
order of the X with respect to projection operator rep-
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resenting the alternative in R is diH'erent depending on
whether R is considered a part of 0' or 0", but that
order is immaterial since the operators commute. The
generalized quantum mechanics defined by the decoher-
ence functional (3.12) is thus consistent with elementary
requirements.

This generalized quantum mechanics obeys the prin-
ciple of superposition in the sense that the decoherence
functional satisfies (3.3). However, probabilities of deco-
herent sets of histories are not linear in the initial density
matrix p because of the normalizing factor in the denom-
inator of (3.12). That does not correspond to an ob-
servable nonlinearity because, as stressed above, we are
considering the quantum mechanics of a closed system,
containing both measured subsystems and measuring ap-
paratus, both human observers and what they observe.
There is only one initial condition for such a closed sys-
tem and issue of superposing several of them does not
arise. Thus it would be incorrect simply to apply the
&amework to a measured subsystem, with a p represent-
ing one of a variety of prepared states of the subsystem,
without further analysis. As should be clear from the dis-
cussion in Sec. II and will be made more explicit in the
following section, the theory does not generally permit a
notion of states on a spacelike surface much less of their
superposition. However, we shall provide such an analy-
sis and discuss measurement situations and approximate
formulas for the probabilities of their outcomes in Sec. V.
For these we shall see that there is a sense in which the
approximate quantum mechanics of subsystems is non-
linear in the initial state.

We now turn to the important issue of causality in the
generalized quantum mechanics just constructed.

IV. CAUSALITY

The past influences the future but the future does not
influence the past; that is the essence of causality. A
fixed spacetime geometry whose causal structure defines
"future" and "past" as needed just to ask whether or not
a theory is consistent with causality. A fixed background
spacetime has been assumed for the field theories that
are the concern of this paper, but the future and past
cannot be unambiguously distinguished for points inside
nonchronal regions connected by closed timelike curves.
However, we can ask whether the probabilities of a set of
alternatives defined entirely outside such regions are in-
dependent of the geometry of spacetime to their future.
It is straightforward to see that the generalized quantum
mechanics of matter fields described in the previous sec-
tion is not causal in this sense if the evolution through
nonchronal regions is not unitary.

Suppose that spacetime contains a single nonchronal
region that is to our future and we are concerned with
the probabilities of a chain of alternatives C all occur-
ring before the nonchronal region. If these alternatives
decohere, then their probabilities p(a) are given, accord-
ing to (3.1) and (3.12), by

region and N = Tr(XpXt). Were X unitary, the
cyclic property of the trace could then be used to show

p(a) = Tr(C pct) . (4 2)

Equation (4.2) could then be written out in the
Schrodinger picture using (3.5). Since only U(o', o'o) for
values of u less than the last o„occur in the chain C,
there is no dependence on the geometry of spacetime to
the future of the surface u„, whether or not it contains
nonchronal regions. In this sense, unitary evolution leads
to causality.

If X is not unitary, then the probabilities defined
by (4.1) depend on the future geometry of spacetime.
Experiments could, in principle, detect the existence
of nonchronal regions in our future by testing whether
present data is better fit by (4.2) or (4.1) with the appro-
priate X. We shall return to some simple considerations
of such experiments in Sec. V.

Another way of seeing that information about the fu-

ture is required to calculate present probabilities is to
write py ——XtX and use the cyclic property of the trace
to reorganize (4.1) as

p(a) = N Tr (py C pCt ), (4.3)

p(Pla) = p(P, a)lp(a) . (4.4)

If the joint probabilities on the right-hand side of (4.4)
are given by (4.2), then p(Pla) can be written in terms
of an effective density matrix p 8 defined on o. as

where

p(&la) = T [Clap.~(~)C~]] (4.5)

where now N ~ = Tr(pyp). Equation (4.3) is the formula
for the probabilities of a generalized quantum mechanics
with both an initial condition p and a final condition py.
Such generalizations were discussed in [23] and [26] for
the quantum mechanics of closed systems. Information
about both the future and the past is required to make
predictions in the present. In the example under discus-
sion, that information concerns the failure of unitarity in
the future arising &om nonchronal regions of spacetime.

The notion of state of the system on a spacelike surface
provides the most familiar expression of causality in usual
quantum mechanics. From a knowledge of the state in
the present, all future probabilities may be predicted.
Thus the present determines the future. We next show
that the acausal generalized quantum mechanics under
discussion does not contain such a notion of state.

When the probability formula is the usual (4.2), it is
straightforward to reformulate it in terms of states on
spacelike surfaces. I et u denote the spacelike surface
defining the present; let C denote a history of alterna-
tives that have already happened and Cp a history of fu-
ture alternatives whose probabilities we wish to predict.
The conditional probability for the future alternatives
given the past ones is

p(a) = NTr(XC pCt (4.1)

where X describes the evolution through the nonchronal

C pC~
p.a(~) =

T (C.pc.')
(4.6)



6550 JAMES B. HARTLE 49

The density matrix p, s(cr) is the usual notion of state
on a spacelike surface. As o advances, p,g(cr) is constant
in time in this Heisenberg picture until the time of a new
alternative is reached at which point it is "reduced" by
the addition of a new projection to the chain C . The
conditional probabilities of future decoherent alternatives
continue to be given by (4.5) with the new p, ir(cr).

If the probability formula is (4.1) or (4.3), then it is
not possible to construct a p,g on a spacelike surface
from which alone future probabilities can be predicted.
Additional information about the existence of future
nonchronal regions summarized by pf in (4.2) is required.
There is thus no notion of the state of the system on a
spacelike surface in this generalized quantum mechanics.

The existence of nonunitary evolution in the future not
only acausally affects the probabilities of present alterna-
tives, it also affects their decoherence. Consider, for ex-
ample, a set of histories defined by alternatives (P (cr))
a single spacelike surface that is before any nonchronal
region. The decoherence functional according to (3.14)
is

D(ct', ct) = N Tr XP (0)pP (a)Xt (4.7)

This is evident from the formulas (4.1) and (4.3) and has
been widely discussed in quantum mechanics in various con-
texts. See [2?,28,25] for recent examples.

See, for example, the discussion in [25] and the references
therein.

Were X unitary, any set of alternatives automaticat/y de-
coheres because of the cyclic property of the trace. If
X is nonunitary, then only certain sets of P will de-
cohere. Decoherence is therefore acausally affected by
the spacetime geometry of the future. However, typical
mechanisms of decoherence that involve the rapid disper-
sal of phase information among ignored variables that in-
teract with those of interest operate essentially locally in
time. Such mechanisms may be essentially unaffected
by nonunitary evolution in the future. We may, for ex-
ample, continue to expect the decoherence of alternatives
that define the present quasiclassical domain of familiar
experience even in the presence of a modest number of
future nonchronal regions.

As we have seen, generalized quantum mechanics with
nonunitary evolution violates causality because informa-
tion about the future is required to calculate the proba-
bilities in the present. However, it is important to stress
that it is only information about the future geometry of
spacetime, which enters as a fixed input in this quantum
field theory in curved spacetime, that is required to cal-
culate the probabilities of present alternatives. We do
not need to know which of any set of future alternatives
actually occurs to calculate present probabilities. That
is guaranteed because (1) we are dealing with a quantum
mechanics of a closed system and (2) because of the con-
sistency of the probability sum rules which follow from
decoherence. To illustrate, let (cxj denote a set of alter-
natives accessible to us and (P) another set in the future
such that (o., P) decoheres. One can find the conditional

probability p(n[P) of present events given a future alter-
native P. We could use those to calculate the proba-
bilities of present events, but, since which of the future
alternatives occurs is unknown, we should first multiply
p(nlrb)

by the probabilities p(P) of the future alternatives
and sum over the possibilities P. These probabilities are
themselves predicted by the theory because the system
is closed. Because the alternatives (o, Pj decohere, this
sum gives the same answer as a calculation of the prob-
abilities p(n) of the present alternatives using (4.1) di-

rectly without consideration of any future alternatives
[cf. (3.4)]:

(4.8)

For example, suppose a nonchronal region of space-
time exists in the future but is contained inside an im-

penetrable box with a door. Observers in the future may
open the door to let fields propagate into this region or
leave it closed and prevent fields from interacting with it.
In the absence of information about which they choose,
present probabilities are affected by the existence of such
a region, whether the door is opened or not, provided the
probability for the observers to open the box is nonzero.
Since the future observers are themselves described by
quantum fields in this closed system, it is in principle pos-
sible to predict the probabilities of whether the observers
will open the box or leave it shut from the prescribed
initial condition. One would expect the influence of fu-

ture nonchronal regions on present observations to difFer

between an initial condition in which the probability of
opening the box is high and one where that probability is
low. However, we do not need to know the specific deci-
sion the future observers take in order to predict present
probabilities.

In a quantum mechanics based on the decoherence of
coarse-grained sets of alternative histories, probability
sum rules such as (4.8) hold in much wider circumstances
than those described above. For example, the probabil-
ities of alternatives (n} in the present are independent
of specific unknown alternatives (P) whether these are
in the future, past, or spacelike separated from (ct) pro-
vided the joint set of alternatives decoheres. Even in a
quantum theory of gravity where spacetime geometry is

a dynamical variable, and we could envision observers in

the future deciding whether to create nonchronal regions
or not, similar results would be expected to hold.

V. TESTING NONUNITARY EVOLUTION AND
CAUSALITY VIOLATION

How might the nonunitary evolution and causality vi-

olation of the present generalized quantum mechanics of
nonchronal spacetimes be tested in the laboratory? This
section offers a preliminary discussion.

Suggested to the author by J. Friedman.
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We begin with a simple model quantum cosmology
which describes the scattering through a nonchronal re-
gion of spacetime. More speci6cally, we imagine that a
small nonchronal region of spacetime has been located
and that we direct particle beams so as to interact in
that region, measuring their asymptotic states by appa-
ratus that does not itself interact with the nonchronal
region to a good approximation. The incoming parti-
cles are specified by a pure initial state and final pure
states are detected by the apparatus. This is certainly
not the most general measurement situation that can be
envisioned but gives a simple illustration of the effects of
nonunitarity.

We suppose the Hilbert space of the closed system fac-
tors into a tensor product 'R,s 'R„of a Hilbert space 'R,
describing the scattering particles and a Hilbert space 'R„
describing the rest, including the apparatus for prepara-
tion and detection. We consider an initial state of this
model universe p at time ti corresponding to the prepa-
ration of the experiment as described above. We consider
the alternatives for the scattering particles in which they
are prepared and detected as members of complete sets of
states (in, t)) in '8, at various times (e.g. , wave packets
with approximately definite momentum). These alterna-
tives are represented as a set of projection operators

S (t) = in, t)(~, tisI„ (5.1)

in the Heisenberg-like picture represented in Sec. III.
The histories describing the scattering process are rep-

resented by the chains Sp(t2)S (ti) where ti and t2
are the initial and Anal times of the scattering process.
The decoherence functional for these histories is then
[cf. (3.9)]

D(P', n';Pa) = NTr Sz (t,)XS (t, )pS (t,)X'Sz(t,),
(5 2)

where N is given by (3.6).
The de6ning assumption of the model is that, with an

initial p appropriate to the experimental setup described
above, the nonunitary evolution operator X effectively
acts only on 'R, . Noting that the decoherence of the
alternatives P at time t2 is automatic because of the cyclic
property of the trace, we may then write

D(g, ~';P, ~) = ~~ pN (P, &2IXI~', &i)

x (a', tiiSp(p) let, t, ) (cr, tiiXt IP, t2),
(5.3)

10A more general measurement theory may be exhibited
along the lines described in Ref. [8j, Sec. 11.10. It is subject
to limitations of the character described in Ref. [9j regarding
the in8uence of the measuring apparatus on the probabilities
of the measured alternatives.

where Sp(p) is the operator on 'R, that is the trace of
p over 'R„and X is the restriction of the nonunitary
evolution to 'R, .

(n', tiiSp(p)in, ti) oc 8 (5.4)

The joint probabilities for this now decoherent set of his-
tories are

p(P, ~) = Nl(&, t2lxl~, ti) I'(~, tilSp(~)l~, ti) . (55)

In scattering experiments it is not so much the joint
probability p(P, cr) of both initial and final states that is
of interest, but rather the conditional probability p(Pia)
of a final state P, given an initial one n. This is con-
structed in the standard way [cf. (4.4)] with the result

I(P t Ixl~ t ) I (5.6)

All reference to the external apparatus has canceled from
this effective expression for conditional probabilities. Ex-
cept for the normalizing denominator, (5.6) is the usual
expression the probability of a scattering process. In-
deed, were X unitary, the denominator would be unity.
The net effect of the nonunitarity of X has simply been
to normalize the usual quantity i(Pt2]Xinti)i so that
the probability sum rule Zpp(Piro') = 1 is satisfied. This
normalizing factor means that the probabilities for the
outcomes of the measurements of a anal state are not
linearly related to the density matrix In, ti)(a, til that
describes the initial state. Experiments which test this
nonlinearity would be interesting to investigate.

Were small size nonchronal regions widespread in
spacetime, the difference between the probabilities pre-
dicted by (5.6) and a standard formula for the same scat-
tering in flat spacetime would be both a means of detect-
ing such nonchronal regions and verifying the nonunitar-
ity of evolution through them. In the absence of esti-
mates of the sizes and density of nonchronal regions and
of the X's which describe the evolution through them,
we cannot provide estimates of the effect of nonunitary
evolution here. It is through (5.6), however, that such
efFects would be calculated [29].

In a similar way, we could estimate the acausal effects
of future nonchronal regions on present experiments. We
would compare standard flat space formulas for probabil-
ities with those computed from formulas such as (3.14)
with a nonunitary X describing the effect of nonchronal
regions in the future on present measurement situations.
We would then be led to formulas such as (5.3) or (5.6)
for the probabilities of the measured subsystem but with
the nonunitary X to the future of the projections de-
scribing the measurement. The measurement situation
would have a chance of detecting a departure from strict
causality only if there were a significant probability that
the subsystem under study interacted with a nonchronal

The decoherence of the measured alternatives o. at the
initial time t,q is not automatic. However, in this model
of a measurement we assume that the interaction of the
particles with the apparatus effects the decoherence of
the alternative initial states of the particles, say, by cor-
relation with an independent, persistent record of their
initial state (as in Ref. [8], Sec. II.10). EfFectively we

assume
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region subsequent to the time of the experiment. If
nonchronal regions are sparse in the future history of
spacetime, then we might expect this probability to be
very, very small and the resulting violation of causal-
ity negligible. If, however, there were a roiling sea of
nonchronal regions near a generic final singularity, then
the probabilities for causality violation might be more
interesting. The present generalized quantum mechanics
provides a way of estimating them.

VI. CONSERVATION OF ENERGY, THE
ABSENCE OF EVERETT PHONES, AND

SIGNALING FASTER THAN LIGHT

moving in it, even classically. Where there are compact
nonchronal regions of spacetime, the geometry will cer-
tainly be time dependent. However, we can still ana-
lyze the question of energy conservation in those regions
where spacetime is locally time independent. Specifically,
consider a region of spacetime that is foliable by space-
like surfaces labeled by a coordinate t such that 0/Bt is

a Killing vector which asymptotically corresponds to a
time translation in some Lorentz frame. We can then
define the energy-momentum four-vector of the matter
fields on a spacelike surface of constant t as

(6.1)

Generalized quantum mechanics is a modest general-
ization of familiar quantum theory that retains the prin-
ciple of the linear superposition of amplitudes in the form
(3.3). Generalized quantum theories, such as the one un-
der discussion, may have a notion of a Heisenberg-like
state that specifies the initial and final conditions, but
will not always permit a notion of an evolving state on a
spacelike surface. Various other generalizations of quan-
tum mechanics have been proposed that retain the notion
of a state on a spacelike surface but abandon or modify
the principle of superposition in some way. Recent ex-
amples, are the work of Banks, Peskin, and Susskind [30]
and Srednicki [31] in which pure density matrices evolve
into mixed ones, and Weinberg's nonlinear quantum me-
chanics [32]. The generalization of Banks, Peskin, and
Susskind suffers from energy nonconservation while that
of Weinberg can permit communication between alterna-
tive branches of the universe in situations that have been
called the "Everett phone" by Polchinski [33].

The above generalizations of quantum mechanics are
nonlinear because they incorporate a nonlinear law of
evolution for states on a spacelike surface. The general-
ized quantum mechanics for nonchronal spacetimes under
discussion in this paper cannot be characterized as lin-
ear or nonlinear in this way because it does not generally
permit a notion of state on a spacelike surface much less
a discussion of the law for its evolution. This general-
ization might be said to be linear in the sense that it
respects the linear principle of superposition in the sense
of (3.3). However, it might also be said to be nonlin-
ear because, as a consequence of the normalization fac-
tor (3.6), probabilities are not quadratically related to a
pure state vector describing the initial condition as they
would be in usual quantum mechanics. For this reason it
is prudent to examine the present generalized quantum
mechanics for energy nonconservation, Everett phones,
and signaling faster than light. In this section we shall
show that decoherence prohibits energy nonconservation
and Everett phones. Our arguments apply to all gener-
alized quantum theories although we shall describe them
here for the particular case of the generalized quantum
mechanics of fields in nonchronal spacetimes. We also
describe how signaling faster than light is possible.

where T is the stress energy of the matter fields and dZ~

is an element of the surface of constant t. In particularP—:H is the total energy of the matter fields and the
corresponding quantum mechanical operator is the gen-
erator of translations in t. The total energy is conserved
between surfaces of constant t because 8/Bt is a Killing
vector, which means that the operator H is independent
of time.

Whether energy is conserved quantum mechanically is

a question of the probabilities for the correlation of the
values of H on two different surfaces of constant t. A

specific example of the calculation of such probabilities
will illustrate all the features of the general case. Con-
sider a single nonchronal region as discussed in Sec. III,
and suppose that before the nonchronal region there is

a region of spacetime with a time-translation symmetry
in the sense discussed above. Let (P+(t)) denote a set
of projections onto an exhaustive set of ranges (6 }of
the total energy in matter fields, H, in the Heisenberg-
like picture specified by (3.7). Since H is independent of
t before the nonchronal region, the projections (P (t))
are also.

Now consider a set of histories which contain the pro-
jections (P (t)) at two different times ti and t2 in the

region of time-translation symmetry. The chain of pro-
jections before 0 [cf. (3.10)] would have the form

C. = C: P.",(t,)C.',P.",(~,)C:, (6.2)

where C,C, and C' are themselves chains of projec-
tions. Suppose the set of alternative histories defined by
C before o and Cp after cr+ decoheres. The joint prob-
abilities for the individual histories may be calculated
from (3.1) and (3.12). Conservation of energy would

mean

p (P, n, n2, ns, n„n ) oc 8, , (6.3)

for any choice of the other alternatives a, ab, o. , and
P. Equation (6.3) is not a consequence of any operator
identity since C in (6.2) need not commute with H
However, it is a consequence of decoherence. Decoher-

A. Energy conservation

When spacetime geometry is time dependent we do not
expect conservation of the total energy of matter fields

The argument appears to be part of the lore of consistent
histories. The author learned it from R.W. GrifBths. For a
more detailed discussion including a consideration of approx-
imate decoherence see [341.
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p(n2, ni) = ) p (P& n~& n2& nb& nl& n~) . (6.4)

ence guarantees the consistency of probability sum rules.
Thus, in particular,

Pt(t )I(t )Pt(t ) I(ts)Pf(t2)PL(ti)

Pg(ts)I(t2)Pt(ti), I(ts)PI(t2)Pg(ti) )

{6.6)

P&&c i~b i+a

However, the history which consists just of alternative
values of the energy at time tq and t2 is represented by
the chain

PH(t, )P.",(t, ) ~ b.. . . (6.5)

This chain vanishes unless nq ——n2 because the projec-
tions onto the values of a conserved quantity are indepen-
dent of time and projections for different alternatives are
orthogonal. Thus, p(n2, ni) oc b~, , Since the right-
hand side of (6.4) is a sum of positive numbers, (6.3)
follows also.

Obvious extensions of this argument show that, in gen-
eral, decoherence guarantees the conservation of energy
in regimes of spacetime that possess a time-translation
symmetry in the sense described above.

B. Everett phones

In his analysis of Weinberg's nonlinear quantum me-
chanics, Polchinski [33] has given an example of a kind of
"communication" between different branches of the wave
function that he dubbed the "Everett phone. " Specifi-
cally, he considers sets of histories of a spin-2 ion in a
Stern-Gerlach apparatus and a "macroscopic observer. "
At time tq, the z component of the spin is determined
by the splitting of the Stern-Gerlach beams. At time t2,
if the spin was up, no action is taken by the observer.
If the spin was down, it is either left alone or Hipped
with some probability. At time t3, if the spin was up
at time tq, the z component of the spin is again deter-
mined. In Weinberg's nonlinear quantum mechanics, the
probability of the measurement of the spin at time ts, in
the branch where the spin was up at time tq, depends on
whether the observer did or did not flip the spin in the
alternative branch where the spin was down at time tq
and the measurement at t3 does not occur. That is the
"Everett phone. " In the language of the quantum me-
chanics of closed systems this is simply an inconsistent
set of histories.

These histories of the closed system spin and observer
are represented by a sequence of three branch-dependent
sets of projections at the times t~, t2, and t3. They are
branch dependent because, whether the alternatives (flip,
no Hip} or the trivial unit projection are used at time t2
depends on the specific alternatives (up, down) at time
tq. Similarly the sets of projections used at t3 depend
on the specific alternatives at time ti Let (Pt(t), Pg(.t)}
be the projections representing whether the spin is up
or down at time t Let (Pt(t2)., (P&(t2)} represent the
alternatives that the spin was Hipped or not Hipped. The
four histories in the set described by Polchinski would be
represented by the chains

where trivial unit projections have been included for clar-
ity and vanishing chains have been omitted.

Branch dependence is not an obstacle to defining the
decoherence of a set of histories [24,25,35]. If the above
set decohered in the presence of a nonchronal region to
the future of the experiment, the probabilities of the in-

dividual histories would be given by

p(n) = NTr (XC pCtXt), (6.7)

where C, o. = 1, 2, 3, 4, is one of the four chains in
(6.6). The probabilities of histories in which the spin
is up or down at t3 are independent of whether the spin
was Hipped or not Hipped at t2 simply because the cor-
responding chains contain neither the projection Py nor

Py.
The above is a specific example of a general situation.

Consider a decoherent set of branch-dependent histories

(n}. Partition this set of histories into the class consist-
ing of a single history n and the class ~o. consisting of all
other histories. That partition is a coarse graining of the
set (n} and so is also decoherent. In the coarser-grained
set, the probability of n remains p(n). The probability
of ~A is

(6.S)

Thus both p(n) and p(~n) are manifestly independent of
alternatives in the other branches. There are no "Everett
phones" in generalized quantum mechanics. Decoherence
guarantees the independence of individual branches.

C. Signaling faster than light

In a theory which permits signals to travel backward in
time along closed timelike curves, it is perhaps not sur-

prising that it is possible to signal outside the light cone.
What is less evident is that in the present generalized
quantum mechanics this can be done utilizing observers
who are outside the nonchronal region as the following
example of Friedman and Papastamatiou [36] shows.

Consider the model described in Sec. IV in which a
nonchronal region NC is contained in a box that is in-
penetrable to quantum fields before time t = 0 in some
Lorentz kame. A t = 0 the box may either open to al-
low fields to interact with NC or, alternatively, remain
closed so that fields never interact with NC. To make
this more concrete consider an idealized case in which a
single, two-valued degree of freedom, separate from the
field degrees of freedom, controls whether the box is open
or shut. Then the operators p and X would have the
form diag(p ~,» p,~„t) and X = diag(X ~, , I) in the
two-dimensional (open, shut) space where p ~ „,X ~ „,
etc. , are operators acting on the Hilbert space of spatial
Geld configurations. Next, consider a set of decohering
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alternatives {nf describable in terms of fields restricted
to a spacetime region R that is spacelike separated from
the volume of the box at t = 0. In the histories in which
the box opens, the joint probabilities for the alternatives
are

p(~, open) = % tr(X p,„P p,p,„P Xt,„), (6.9a)

while in the histories in which the box remains shut the
joint probabilities are

p(n, shut) = W tr(P~p, h„tP~),

where tr denotes a trace in the Hilbert space of the field
degrees of freedom and N is the usual normalizing fac-
tor. Evidently these probabilities will be different even
if p ~,„(xp,h„t. One expects that an observer in B who
considers many identical measurement situations local-
ized in R could use the frequencies of measured outcomes
to determine these probabilities to be one or the other of
the possibilities (6.9), and thereby determine whether the
box is open or shut. Therefore, by extension, it seems
that an observer who could open or shut such a box could
signal to one at a spacelike separation.

VII. CONCLUSION

This could be stated more precisely using the operator
corresponding to the frequency of occurrences of an outcome
in an ensemble as in [37].

The familiar quantum mechanics of a state vector that
evolves unitarily through a foliating family of space-
like surfaces depends centrally on the existence of a
fixed background spacetime geometry with a well-defined
causal structure that allows the surfaces on which the
state must be defined. When spacetime geometry is not
fixed, as in quantum gravity, or when it is fixed but not
foliable by spacelike surfaces, some modification of famil-
iar quantum theory seems inevitable. Generalized quan-
tum theory provides a broad framework for constructing
extensions of familiar quantum theory that can apply
when spacetime is not fixed [11] or when it is fixed but
not foliable by spacelike surfaces. Such theories are un-
likely to permit a notion of a unitarily evolving state on a
spacelike surface or possess familiar notions of causality.

In this paper we have discussed a particular general-
ized quantum mechanics for matter fields in background
spacetimes with nonchronal regions. There may well be
others. In this one, the geometry is fixed and given for
all time. The matter fields do not modify it. Alterna-
tives are defined four dimensionally as partitions of space-
time field configurations a notion general enough to de-

scribe alternatives in the nonchronal regions which are
not foliable by spacelike surfaces. Transition amplitudes
between alternatives on spacelike surfaces outside the
nonchronal regions are defined by sums of exp[i(action)]
over intermediate field configurations. The nonunitarity
of such transition amplitudes can be incorporated into
generalized quantum theory through an appropriately de-
fined notion of decoherence. All probability sum rules are
satisfied for decoherent alternatives because decoherence
implies them.

This generalized quantum theory of fields in spacetimes
with nonchronal regions does not display a number of
familiar features of quantum theory in flat background
spacetime. Most importantly the theory cannot be re-
formulated in terms of states on spacelike surfaces. That
is not surprising since the spacetime itself does not pos-
sess a foliating family of spacelike surfaces. lost with
this notion of state is the familiar idea of causality in the
sense that the entire four-dimensional spacetime geome-

try, past, present, and future, must be known to establish
the decoherence and predict the probabilities of alterna-
tives in the present. Whether the predictions of quantum
mechanics are consistent with a notion of causality is, of
course, an empirical question that is accessible to exper-
imental test. This generalized quantum mechanics per-
mits definite predictions of the magnitude of any causal-
ity violation once the the initial condition is given and
the background spacetime geometry is specified. Viola-
tions of causality may not be so very large if the number
and volume of nonchronal regions in our future is small.

Fundamentally spacetime geometry is not fixed but
variable quantum mechanically. Quantum fiuctuations
in spacetime geometry are central to a discussion of
nonchronal regions because it is only through the in-

tervention of quantum gravity that spacetimes with
nonchronal regions could ever evolve [38,39]. The present
generalized quantum mechanics of matter fields in a fixed
background spacetime is thus only a model or an approx-
imation to a more general quantum mechanics including
the gravitational field. It serves to illustrate, however,
how much of the structure of familiar quantum mechanics
is tied to assumptions concerning the character of space-
time geometry and what departures from this structure
we may expect in a generalized quantum mechanics of
geometry as well as matter fields.
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