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The question of the phenomenological description of the broad scalar resonances compatible
with chiral symmetry and unitarity is discussed within the framework of the linear 0 model. It
is pointed out that a naive inclusion of the large decay widths in the scalar meson propagators is

not an adequate approximation for physical amplitudes. It is shown that the simplest unitarization
scheme for the real mx ~ xx Born amplitude with l = I = 0 leads to a broad resonance arising with
a mass m„, = 420 MeV and a width I'„,(m„,) —740 MeV at the bare rr meson mass m 1 GeV.
The resonance parameters are largely controlled by the nonresonant background amplitude. Some
applications to other reactions are also discussed.

PACS number(s): 13.75.Lb, 11.30.Rd, 13.20.Eb, 13.25.Es

I. INTRODUCTION

During more than the past 25 years the various mod-
ifications of the classical a. model [1] have been applied
to the description of the data. Both before and today
the linear SU(2) xSU(2) and U(3)xU(3) u models are
rather popular (see, for example, Refs. [2—11]). The at-
tractiveness of the linear models is caused by two cir-
cumstances: (i) scalar resonances are really observed and
there is a great temptation to realize the o model with
these states; (ii) the linear o model is renormalized to al-

low the approximations to be routinely made which keep
many (perhaps all) properties built into the theory such
as chiral symmetry, unitarity, and so on.

The theoretical discussions of the ways and means of
chiral symmetry realization are also developing [12—14].

The behavior of the amplitudes in a rather wide energy
region and also near the resonances cannot be discussed
without taking unitarity into consideration [we shall con-
sider the 7rm invariant mass (~s) region from 2m to 1
GeV]. There are a lot of works in which the unitarized
chiral amplitudes are constructed [4,7,10,15—23] (as to
the reactions x~ ~ xx, Kvr —+ Km, 7rx -+ KK, see, for
example, Refs. [4,7,10,15,16,18—20]). Today the theoret-
ical applications of such amplitudes lie in the range from
7rx scattering and K ~ 7rvrtv decays to 1b' -+ J/1b7rx
decays and further to WI, Wg scattering at TeV energies
(recent surveys of this subject are contained in Refs. [20—
23]). There is an interesting physical question about
the adequate determination of resonance parameters in
the presence of a large background [24] [for example, it
is important in connection with an examination of the
SU(3) or U(3) xU(3) relations for masses and coupling
constants].

In the present work we show that the simplest (obvi-
ous) unitarization scheme for the t = I = 0 arm ~ mm

tree chiral amplitude leads to a broad resonance arising
with the m„, —420 MeV and the I'„,(m„,) 740 MeV,
if the bare cr meson mass m 1 GeV. The large back-
ground amplitude plays the crucial role in its formation.
From the beginning we point out that a naive inclusion of

the large decay widths in the scalar meson propagators is
not an adequate approximation for physical amplitudes.
Then we construct a unitarized amplitude, which incor-
porates the above resonance, and discuss its properties.
Some applications to other xx production processes are
shortly discussed at the end.

II. CONSIDERATION OF THE SCALAR MESON
WIDTH IN THE CHIRAL MODEL

Let us treat the reaction m+m -+ x vr . In the classi-
cal linear o model [1] the tree amplitude [4]

T(7r+vr m n 7r ):A(s, t,u)—
1—I 2 ( m2 —s

m„—m m —82 2 2

I'2 m2 —8

automatically satisfies the Adler condition [1,25]

A(m, m, m ) = 0, (2)

1
D (s)

1
m2 —s —

iver sl' (s)
'

where I' (s) is the energy-dependent width of the o ~
'7lK decay:

which guaranties in the 0. model the current-algebra pre-
diction for the ver scattering length. Simple phenomeno-
logical applications of the effective Lagrangians of the
linear SU(2)xSU(2) and U(3) xU(3) o models are often
reduced (i) to using the tree approximation for the es-
timates of the scalar meson masses and widths, and (ii)
to the representation of the scalar meson propagators in
a simplest Breit-Wigner form, i.e., for example, the o
meson propagator is
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( )
3g + — p~~
2 16~ +a
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9o.~+~- = F p = gl —4m2/a .

(4)

(5) [4]

(7) near threshold is not canceled by anything and turns
out as large as (m /F )(3m p /32vrF ), see Eq. (10).

Let us consider now the urer scattering partial ampli-
tude with t = I = 0, Tp. In the tree approximation

In so doing, the energy region in question is of 1 GeV
order. Let us also note that the module of the coupling
constant g + — is, as a rule, very large. For example,
g + — = —10 5 GeV and I' (a = m2) —3 2 GeV at
m = 1 GeV (F = 93.1 MeV, m = m 0 135 MeV).

In essence, taking into account the width in the prop-
agator of a scalar particle [see Eq. (3)] implies summing
of the infinite chain of the bubble diagrams with the real
vr mesons in the intermediate states:

(6)

[where 1/D (a) = 1/(m —a)].
There arise two questions. (1) Do we sum up well only

this chain of the diagrams? (2) Is the Adler condition
satis6ed in this approximation?

Substituting the propagator (3) instead of 1/(m —a)
in the second term in the parentheses in Eq. (1) we obtain

m2 —m2 m2 —m2

F2 ( m2 —a —ideal' (a) )
'

The amplitudes (1) and (7) coincide at the vnr threshold.
However, if the m is sufficiently large (m 1 GeV)
then the approximation (7) is surprisingly bad at the
very threshold. The amplitude does not have a smooth
behavior; the Adler condition (2) is destroyed. Indeed,
it follows from Eq. (7) at m = 1 GeV that at the
threshold,

m2 —m2 3m2

p(tree)
0

2 2 m2 — 2m —m m —m
5 —3F2 m2 —S

a —4m2 4
m2 )

The first, second, and third terms in Eq. (11) correspond
to the pointlike diagram, the contribution of the inter-
mediate e meson in the s channel, and the 0 exchanges
in the t and u channels, respectively. If the propagator
1/(m —a) in Eq. (11) is replaced by the expression (3)
then there arises the ImTO for s & 4m . However, it is
obvious that the amplitude Tp constructed in this way
does not satisfy the unitarity condition

ImToo = p ~Te~ /32vr .

For example, the left-hand side of Eq. (12) = 101, 165,
111, and the right-hand side of Eq. (12) = 9, 372, 1025,
respectively, at +s = 2m + 1 MeV, 300 MeV, 500 MeV.
It is clear that the naive account of the o. meson width
destroys completely good predictions of the o model at
low energies. Therefore, if we want to describe the data
with the help of the a model in a suKciently wide energy
region (for example, from +s = 2m to 1 GeV in the vrvr

channel), we must try in some definite way to take into
account all orders of strong interactions. The improved
amplitude must (in particular) satisfy the unitarity con-
dition.

The simplest example for the amplitude containing
the most important features of low-energy sr~ dynam-
ics, namely, chiral symmetry and unitarity, can be con-
structed as follows (see, for example, Refs. [4,7,10,16]):

at the Adler point (taking into account analytical con-
tinuation) instead of Eq. (2),

Tp(tree)
TO 0

A(m', m, m ) (m2 —a) A(a) + 3g2 ~

(m2 —a) [1 —ib.A(a)] —i36g2 +
(13)

mm m2 2
7r

= —96.7,

m m2 2

m2 —m2 + 3+3g + /32m)

(9)

where To is given by Eq. (11), A = p /32m, and
therefore

at 1 MeV above the threshold,
m2 -m2

A(a = (2m + 1 MeV), t, u) = 33.9e' (10) (14)

Owing to the chiral symmetry, for s near the vr7r threshold
there are cancellations between terms of order m2/Fg in
the real parts of the amplitudes (1) and (7) up to the
m2/F2 level. But the imaginary part of the amplitude

Graphically the amplitude (13) corresponds to the infi-
nite chain of the diagrams in Fig. 1(a) with the real 7r

mesons in the intermediate states. As seen from Fig. 2

this amplitude gives a reasonable description of the data
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FIG 1. .(a) The graphical representation of the amplitude
(13). The vertical dashed lines show that the s mesons in the
loops are on mass shell. The circles correspond to the tree
ms amplitude with I = I = 0; see Eq. (11). (b) The graphical
representation of Eq. (19) for the ReII„,(s) [see (14) and (21)].

[26—30) on the I = I = 0 en' phase shift bo for +a & 0.9
GeV at m 1 GeV.

Let us note that for +a & 0.4 GeV our curves do
not describe the data worse than the well known curves
from the works of Rosselet et al. [27] and Gasser [27],
which correspond to the I = I = 0 z'm scattering length
a&~ ——0 28+0 05 and 0 20+0 01 respectively. At the same
time our formulas (13) and (ll) give ao ——7(m /F ) x
(1+29m„/7m )/32m' = 0.16 at m 1 GeV that is close
to the current algebra result (0.146). In fact, only future

420

experiments, for example, at DA4NE, will allow one to
choose one of many interpolations of the data. At present
the empirical scattering length, measuring the slope of hoo

at threshold, lies in the interval &om 0.17 to 0.3; see, for
example, Ref. [30]. The theoretical problems with ao
and interpolation of the data are extensively discussed in
Refs. [18,19,21,22,27,30].

Our fit in the wide energy region (2m & V a & 0.9
GeV, see Fig. 2) is not worse than the fits in other uni-
tarization schemes as, for example, the Pade method, to
say the least; see Refs. [4,7,18,19,21,22,30]. This suggests
that the main features of the above amplitude do not de-
pend on the unitarization schemes.

We emphasize that we do not suggest a new method of
the unitarization (a new prescription). We use the field
theory which, certainly, is unitary. We show that in the
a model, in general, all orders of strong interaction are
essential. But presently it is not realistic to take into
account all them. That is why we regard only the special
type of diagrams satisfying the unitarity. Of course, such
a strategy is possible only in a renormalized theory and
has no sense, in our opinion, in the nonlinear realization
of chiral symmetry.

Of course, we do not pretend on the description of the
region +s ) 0.9 GeV. As is known there is a narrow
structure in hoo around 1 GeV caused by the puzzling
fo(975)/S' resonance [31]. We do not take into account
the fo(975)/S' phenomenon, but our amplitude (13) can
be considered as a smooth elastic background for it [31].

In order to understand better the matter of the formula

(13) (for example, the specific resonant features and so
on), let us rewrite it in the form which is often used for
the treatment of the experimental data:

0 ~

60

Q
TQ

32~ ~2ibo —1

2i

32m e"b~ —1 + e Tres
)

(i5)

3P
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FIG. 2. The mw phase shift bo calculated according to
Eqs. (13) and (15). The down (up) line corresponds to m = 1
(0.862) GeV. The data: x [26], o [27], + [28], ~ [29], Z [30].

Similar calculating gives also the arm amplitude T& with
l = 0 aud I = 2. The phase difference h = ho —ho at ~s =
ma (which determines the phase of the direct CP violation
parameter e' in K -+ xn decays) is 45' and 49' for m = 1
GeV and 0.862 GeV, respectively, as in Fig. 2. This result
agrees with the experiments, according to which b = 47 6 6';
see Ref. [30].

It is domain of validity for the Rosselet and Gasser curves
[27].

Var...(a)
M2„—a + ReII„,(M2„) —II„,(a)

(i7)

Our approach has some reserve to 6t the data. This is con-
nected with virtual intermediate states, which contributions
can be investigated in addition when the more precise data
on the arm phase shift bo will be obtained.

According to Eq. (13), ho
——arctan(p To /32m ),

and so ho passes through 90' at V a = m [see Eq. (11)].
The term in the parentheses in Eq. (15) corresponds to
the sum of the all diagrams in Fig. 1(a) without poles
[positive degrees of I/(mz —a)]; i.e., it is the background
amplitude

32vr e2'ab —1 A(a)

p 2i 1 —ib, A(a)

The sum of the rest diagrams in Fig. 1(a) gives the term
e ' bsT„„ in Eq. (15), i.e., the resonance contribution
modi6ed by the background. The additional background
phase in &ont of the T„,is a consequence of the unitarity.
hoo = hbs + h„„where h„, is the phase of the amplitude
T, „see Eq. (15):
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Here

3 g,'.,(s)ImII„,(s) = y sI'„,(s) = — "' p~~,
2 16m

(18)

ReII„,(s) = —3A(s)6 g„,(s) .

M„, = m —ReII„,(M„,), (20)

(21)

see Eqs. (17)—(19). As we take into account only the 7r

mesons on mass shell in all intermediate states in Fig. 1,
then there are not any divergences, and all renormal-
izations connected with the background interaction are
finite. We determine the resonance mass square M2„
as the value of 8 at which the real part of the inverse
0. propagator modified by the background contributions
vanishes; see Eqs. (11), (13), (15), and (17)—(19).

Equations (20) and (21) show that if there is a large

I

Equation (19) is shown graphically in Fig. 1(b). The non-
resonant (background) vr7r interaction modifies the tree
parameters of the o meson, its mass m, and its cou-
pling constant g + — [see Eq. (5)], as follows:

background then the characteristics of a resonance in the
msgr scattering (its mass and width) can bear a rather
remote relation to the initial tree parameters m and

g + —. For example, at m = 1 Gev, M„, = 417
MeV and I'„,(M„,) 738 MeV. The latter explains a
smooth behavior of the phase shift bo, which does not
have any sharp changes typical for the narrow resonance
either near m or near M„„where b„, —90; see Fig. 2.
At the same time the rather large width4 I'„,(s) is about
an order of magnitude smaller than I' (s). For exam-
ple, from Eq. (4) at i/s = M„, —417 MeV, the width
I' (M2„) = 6.1 GeV.

As seen from Eqs. (17)—(19), the representation of the
amplitude (13) in the form Too = Ti,s + e2's'sT„, /6 [see
Eqs. (14)—(17)] provides a correct structure of the reso-
nance term: the imaginary part of the polarization op-
erator II„,(s) [see Eqs. (17), (18)] is positively defined
and is given by the modulus square of the vertex func-
tion g„,(s)e' "s, which is determined by one-particle ir-

reducible diagrams. Note that the imaginary part of the
denominator of the whole amplitude Too [see Eq. (13)]
cannot be represented (and interpreted) in this way.

Let us also adduce several equivalent expressions for
the matrix element (sr+a ~o (0)]0) describing the propa-
gation and decay of o. Like the amplitude To [see Eq.
(13) and Fig. 1(a)], we obtain

(~+~-[~(0)[0) = "
m2 s 1 To(tree)/32

go~+n-
(m2 —s) [1 —ib, A(s)] —i3bg2 +

gres (s)e

M,'„—s + Re [II...(M,'.,) —II...(s)] —ill'. ..(s)
9~~+~- gg,0 coe 0 cosoo
m —s

It is intriguing that the nonresonant backgrounds in
the S-wave 0& 02 interactions are large both in the theo-
retical o' models and in the available experiments. Al-

though the phase shift ho keeps a memory about the
tree m2 value [in our simplest model, boo(m2) = 90'],
neither the amplitude Too (13) nor the matrix element
(vr+7r ]0(0)]0) (22) can be presented (or approximated)
by a simple Breit-Wigner formula of the type (3), as is
done in Refs. [8,9]; see Eqs. (13)—(22). Therefore the
evaluations of the scalar meson widths through the tree
coupling constants [see Eqs. (4) and (5)] and their direct
comparisons with the eR'ective widths of the observable
resonance structures seem to be little (if at all) justified
without taking into account the large background contri-
butions.

lmftran = pawl fgzs~/32~ (23)

Equation (23) is not satisfied by the tree amplitude

ft(, "„' . At the same time, if, as it has been done
above, we "dress" the initial tree amplitude by the strong
on-shell mvr Gnal-state interaction, the modified ampli-
tude turns out consistent with the unitarity. For ex-
ample, the o meson contribution to the form factor fi

with the I = 0 S-wave 7t.x pair production, for exam-

ple, K w vrxev, K, m vr7r, pp m vrx, tt' w J/$7r7r, . . . .

Let us denote the corresponding transition amplitudes as

ft, „In the ela. stic region of the vrx channel, they must
satisfy to the unitarity condition

III. K+ —+ m+m e+v, K, —+ mm DECAYS AND
UNITARIT Y

There are simple applications to the weak, electro-
magnetic, and Okubo-Zweig-Iizuka violating processes

Strictly speakirtg the width I'„,(s) de6ned by Eq. (18) is

an unrenorxnalized one. In the present ease the renormaliza-
tion constant of the o wave function is finite and, at the above
M, , value, it is not far from one. So, the renormalized width
I',"," (s) = I'„,(s)/[1 + ReII,'„(M...)] = 0.8I', ,(s).
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for K+ ~ or+sr ev decay [ft, (K+ ~ 7r+z e+v)
v7„(1+ps)e(fq(p ++p —)„+ )] is given by Eq. (22):

fg ——+2(z.+z. ]cr(0)]0) = ~2g + e*so cos ho/(mz —s)
[32]. In so doing, condition (23) for fq is automatically
satisfied. Choosing the o mass [or more exactly, the
masses of the o and 0' mesons in the U(3) xU(3) model

[8,9]], as done in Ref. [9], one can obtain the satisfactory
description of the K+ ~ x+m e+v decay.

Let us also consider the DI = I/2 K, ~ z+vr decay.
The tree diagrams with the 0', e+, and K poles [it means
the U(3) x U(3) linear o model together with the prescrip-
tion of the correspondence between the quark and meson
field operators] give some enhancement of the AI = 1/2
transition [9,11]:

f ~,',", ~(K, ~ ~++ ) = C,.( —1) . (24)
1

C~, is a known normalization constant [9,11,36]. If R =
I"Ic/F = 1.22 [34], then, according to mass formulas

[8,9,11], m 862 MeV and the factor in the braces in
Eq. (24) is equal to 0.786 that is very close to the original
estimate [36]. The unitarized amplitude

Note that the theoretical value for the K+ -+ x+x e+v
decay rate obtained within the framework of current-algebra
and PCAC (partial conservation of axial vector current) [33] is

approximately half as much as the experimental one [9,34,35].

f„~„(Ksw z.+z ) = f(,"„')(K,w x+z )

xcoshe(mls)e' o( «) . (25)

It follows from Eqs. (11), (13), and (15) at m = 862
MeV that boo(m2~) = 38.5' (see Fig. 2), and cos bo (m~) =
0.783. So, the estimate of the decay rate turns out ap-
proximately 1.6 as smaller as compared with the tree
case and it i.s necessary to 6nd additional resources in
the model [8,9,11] to obtain the empirical value.

IV. CONCLUSION

Using a simplest model, we would mainly like to stress
the important role of the background contributions and
unitarity efFects in considering the chiral amplitudes in
the wide energy region from the z z threshold up to ~s
1 GeV.

We showed that a naive regard for the decay widths in
the scalar meson propagators is not an adequate approx-
imation for the physical amplitudes.

Of course, we would also like to hope that the main
features of the above unitarized chiral z m amplitude con-
taining a low-lying scalar resonance should persist if, for
example, two resonances in two coupled channels [7—9]
and the real parts of the loop diagrams are accounted
for.
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