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WT identities of gauge theories from broken OSp(3, 1 2) symmetry in a superspace formulation
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%e show that Ward-Takahashi identities of gauge theories can be derived in a compact and elegant
form a W/F9=0 from partial OSp(3, 1~2} invariance of the action in a superspace formulation of gauge
theories.
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I. INTRODUCTION

The proof of the renormalizability of gauge theories re-
quires the use of Ward-Takahashi (WT) identities, the
derivation of which is greatly facilitated by Becchi-
Rouet-Stora (BRS} symmetry [1]. As BRS transforma-
tions contain an anticommuting parameter, this has natu-
rally led to superfield and/or superspace formulations of
gauge theories [2,3] in which the underlying BRS struc-
ture becomes evident in a simple way.

With a view to cast the WT identities of gauge theories
in a very compact and elegant form, a new superspace
formulation of gauge theories was proposed [3]. This for-
mulation uses a six-dimensional superspace and a vector
and scalar superfield (to be detailed below). All
superfields are a priori unrestricted (unlike earlier formu-
lations [2]), and the BRS transformations are effectively
generated from within. The main advantage of this for-
mulation arose from the fact that the source terms for the
composite BRS variations, so crucial to a simple formula-
tion of WT identities, were also generated from within.
Moreover, the sources for such operators and for all fields
could be accommodated in source supermultiplets (a vec-
tor and a scalar). This formulation is shown to be related
simply to the usual gauge theories [see the Eq. (24)
below]. In terms of the generating functional %of super-
space theory [see Eq. (5) below], the WT identities of
gauge theories could be cast in an extremely simple and
elegant form c)W/c)8=0 [4]. The symmetries of the re-
normalization transformations of sources for composite
operators and all fields have been shown recently to arise
from the supermultiplet structure of sources [5].

The derivation of the WT identity in Ref. [4] relied
heavily upon the relation between 8'and W, the generat-
ing functional of the usual gauge theories, and then
showed that the equation c)W/c)9=0 is implied by the
WT identities arising from the BRS invariance of the ac-
tion in O'. In a sense, the above derivation is a bit
artificial. The purpose of this paper is to derive the WT
identities for W directly from its partial OSp(3, 1~2) in-
variance (i.e., without recourse to its simplified form ob-
tained after functional integrations of auxiliary fields).

We shall briefiy present the plan of the paper. In Sec.
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II we summarize the notations and results of superspace
formulation of Ref. [3] and introduce the OSp(3, 1~2)
transformations. In Sec. III we briefiy discuss the sym-
metries of the superspace-generating functional W. In
Sec. IV we shall derive the superspace WT identities us-

ing the partial OSp invariance of W.

II. PRELIMINARY

9'=8—co, A, , 8' =8—
co2A, , 8'=(1+co3)8,

and eight supersymmetry (SUSY) transformations (last of
Ref. [2]),

x'"=x"+e"a1+5"b8, ,

~'= k+Px„b,

8'= 0—c."x„a,
where c" and 5" are four-vectors and a,b are real
infinitesimal Grassmannians. The above 17 transforma-
tions a11 leave g,"x'x~=x —2A.O invariant to first order in
infinitesimals. Equations (1) and (2) define the transfor-
mation rules for an OSp(3, 1~2) "vector" (x",A, , 8) under
infinitesimal symplectic and SUSY transformations, re-
spectively.

The superspace formulation of Ref. [3] utilizes an an-
ticommuting antighost scalar superfield P(x }, a covari-
ant vector superfield A,. (x)=(A„(x),c4(x),c&(x }),and

We shall work in a (somewhat modified) superspace
formulation of Yang-Mills theory given in Ref. [3],which
we briefly review as we progress. The formulation uses
an underlying six-dimensional superspace (x",A, , 8) with
A, , 9 as real Grassmannian variables. The superspace is
endowed with a metric g; with nonzero components

g00 g11 g22 g33 g45 g54 1

The infinitesimal orthosymplectic coordinate transforma-
tions are given by six Lorentz transformations (which
leave A, and 8 invariant), three symplectic transforma-
tions characterized by the infinitesimal parameters
N~, N2, N3,

J, :A,'=A. —co,9, J2.A, '=A, +co&9, J3.A, '=(1—cos)A, ,
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a scalar supersource t (x ) and an anticommuting vector
supersource K '(x)=(K "(x),K (x),E (x)). As an il-

lustration, we consider

A„(x )= A „(x,A, , 8):—A„(x)+A,A„i+8Aq e+A8Aq ie,
which contains four ordinary Lorentz vector fields of
which A „(x) are the usual Yang-Mills fields, A „& and

A „&are anticommuting Lorentz vector fields, and A „&&
is not a dynamical field at all. As for OSp(3, 1~2) transfor-
mations, A, (x ) transformations as a covariant vector,
i.e., like a/ax'. For example, since, under SUSY,

a a a a+e a —5 b
ax~ ax» a8

(3)
a a+ ba

a8 a8
+

etc. So we have, under SUSY,

A'„(x')= A„(x)+E„acs (x) 5—„be4(x),
(4)

c'5 (x')=e 5 (x )+5&b A „(x),

W[E(X),t(x)]—:f {dA j {dgjexp(iS[A, &,K, t]), (5)

with

etc. The superspace formulation of Ref. [3] (slightly
modified as explained) constructs the generating function-
al

S= x ——'g'"g F,JFkI + x ~ E x A; x + x;A x g'+ ', &+i
90

—=fd xXO[A]+ fd xLi[A ]=So+Si (6)

and

{dB(x)j = pe(x)dS, (x)da s(x) . (8)

One of the difFerences between W of Ref. [3] and that
of Eq. (5) above is that the latter uses, in the term that
generates gauge fixing, a'A; (i=0, . . . , 5) rather than
a"A„. This modifies W somewhat, the difference being
explained later [see the paragraph above Eq. (24)].

III. SYMMETRIES

The following invariance properties of various quanti-
ties in 8' are immediately verified; viz. , the following
quantities are invariant under infinitesimal OSp(3, 1~2}
transformations: (i) d x, (ii) g'"g J'F&FP&, (iii) K' A;, (iv)
g"a, A, (x), (v) {dgj, (vi) {dA„(x)]{de4(x)]{dc',(x)j,
and of course (vii) P and t . (A subtlety involved regard-
ing the inequivalence of fd x' and fd x is clarified
later, however. )

The results for (v) and (vi) are obtained by noting that
the superdeterminants involved in the field transforma-
tions are unity to first order in the infinitesimals since (i)
anticommuting blocks of the superdeterminants are of
first order in the infinitesimals, while the diagonal ele-
ments of commuting blocks are 1 up to first order (see
Ref. [1]for superdeterminants}.

As a result of this, the functional measures and Xo are
OSp invariants. The X, is not, however, invariant under
all OSp(3, 1~2) transformations. Noting the invariants (i),
(iii), (iv), and (vii) listed above, Xi will be invariant under

{dA j
= {d A„j {dc5j {dc~j,

with a standard definition that for a superfield g(x, g, 8)
[3]

those transformations which preserve a/a8. Such trans-
formations are (i) Lorentz transformations M„„,(ii) those

generated by (J, +Jz) (viz. , }I,'=it, 8'=8 —eoA, ), and (iii)

four SUSY transformations [with b =0; see Eq. (2)] S4„.
These 11 transformations are an exact symmetry of
W[gtj (mode, to the subtlety about f dsxA Jdsx )aud'
lead to identities for W.

IV. DERIVATION OF WT IDENTITIES

In this section we shall derive the main result of this
work, viz. , the derivation of WT identities of gauge
theories in a compact form aW/a8=0 using the broken
OSp(3, 1~2) symmetry. This derivation proceeds quite like
any derivation of identities for a generating functional
from symmetry of the action. We shall perform a coordi-
nate transformation determined by the generator S4„and
find its effect on the action. We shall see that S is not
quite invariant under this transformation (principally be-
cause fd x is not, as explained at the end of Sec. III).
However, we shall, by making effective use of OSp rota-
tions on fields at x =(x,A, , 8) and X =(—x, A, , 8), show
that 8' is, however, invariant under this transformation,
leading to the identity (19) below. We shall then, using
the translational invariance of W under space transla-
tions, show that (19) leads to the WT identity a W/a8=0
in the simple form first arrived at in Ref. [4]. We shall
then proceed to show that this simple equation, indeed,
embodies the WT identities of gauge theories. This we do
by recalling the relation between S' and 8' of the usual
gauge theories [Eq. (24)] below.

Let, for a field (or a source), A (x, A, , 8)
—:A( —x, A, , 8}—= A (x ). Let f be a functional of the
fields (and having no explicit x dependence} [6]. Let
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((f» —,+((f»—

We define

Also, setting f=1, in Eqs. (9) and (10), one has

W[K, t ]=W[K,t] . (12)

((f»z, =—f [dA ] [dg]f exp(iS[A, (,K, t]) .

((f»g, =f jdA j [dgjf exp(iS[A, (,E, t]) . (10)

In particular, for a function with the property f= f, —
one has

Then by changing sources (K, t ) ~(K,t„) everywhere
and the change of integration variables A ~A, g~g
on the right-hand side of Eq. (9), one finds, using the in-

variance of S and of the measure under such an opera-
tion,

Now we go back to W of Eq. (5) which contains S. S has
in it Id x, which implies integrating over x, keeping A,

and 0 fixed. Even when we perform an OSp transforrna-
tion, this interpretation of I1 x cannot be changed, and

so to obtain the consequence of broken OSp invariance,
we proceed as follows:

S[ A, (,K, t ]= —,
' I1 x [X~[A (x ) ]+X~[A (x ) ] J +S, .

(13)

We now perform an infinitesimal SUSY transforrna-
tion S~: x'=Ax. Then, using A(x)=A 'A'(X')
=A 'A'(Ax ), etc. , and the invariance of Xo and source
terms under S4„,we obtain

S[A,(,K, t]=—,
' Jd x Lo[A'(Ax)]+So[A'(Ax )] + Jd x E"(Ax)A (Ax)+ (14)

Now, noting that Ax =(x +ca A, , A., 8—c xa ) and Ax =( —x+ca A, , A, , 8+c xa ), we obtain

—,
' fd x [Xo[ A '(x +ca A, , A, , 8—c.xa ) ]+ Xo[ A '( —x +ca A, , A, , 8+c xa ) ] I

aXo —, Wo —,=
—,
' Jd x[Xo[A'(x+caA, , A, , 8)]+do[A'( —»+cd, , A, , 8)]] +,' Jd x—[A']— [A' ] 'c xa

= —,
' f1 x So[A'(x)]+So[A'(x )] + f d xc xaf(A], (15)

where translational invariance has been used in the first
term and A'~ A in the second term as it is of O(c) al-

ready. We also have f [ A ]= f[ A ]. Also, the s—ource
term in (14) is

Jd x K"(Ax)A (Ax)+ae'

= f d'x K"(x)A (x)+ . (16)ae'

on account of translational invariance first in 0 and then
in x. Using Eqs. (13)—(16) in (5) and using the invariance
of the measure, one obtains, to the first order in c,,

W[E(x ), t(x ) ]= W[E'(x ), t '(x ) ]

+ dxcxQ + gf

Now, repeating the procedure with K and t as sources,
we obtain a very similar relation,

= W[A 'K'(Ax), t'(Ax)] . (19)

Equation (19) embodies the result of the S~„"invariance"
of S. We next proceed to show that Eq. (19) contains the
WT identities of gauge theory by using the invariance of
W under x„ translations. In Eq. (19) above, we substitute

K'(x )—:AK(A 'x )

=K(x )
—

c"an't)„E(x

)+c xaK g(x )

+(A —1)K(x)+O(c )

and a similar relation for t'. We then compare both sides
of Eq. (19), to obtain

5E'(») ' 5t(x)

Adding Eqs. (17) and (18) and noting Eqs. (11) and (12),
we obtain

W[K(x ), t (x ) ]= W[E'(x ), t'(x ) ]

W[K„(x),t (x)]=W[K' (x), t' (x)]

+f d x c xa((f[A]»-, . (18)
=5,W[K(x ), t(x )]+O(c ) . (21)

Here 6, W is the change in W on account of the change
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K'&x . +t &x x=0.5W
5K'(x } 5t(x )

(22)

Noting that the dependence of W on 8 is through its

(A —1)K in K and in (21) we have dropped a piece pro-
portional to s"aA, on account of invariance of W under

x„ translations. Now the functional derivatives of 5, W,

which involves functional derivatives of W, have the
property of translational invariance in space-time coordi-
nates. The left-hand side of (21), however, involves an ex-
plicit reference to x„. It is easy to show that (say, by tak-

ing an arbitrary functional derivative) the only way the
left-hand side of (21) can lead to translationally invariant
Green's functions is to have the integral of the square
bracket in (21) be zero (this can happen when, say, it is a
total derivative in x„),i.e.,

dependence on K and t only [3], this leads to

W[K(x ), t(x }]=0 . (23)

This equation, obtained by using the broken OSp(3, 1
~

2)
invariance of W, will now be briefly shown to contain the
WT identities of gauge theories along the lines of Ref. [4].
While this has already been shown in Ref. [4], certain
steps are reproduced because of the difFerence between W
of Eq. (5) and that of Ref. [3] and also for completeness.
The gauge-fixing term in S, of Eq. (6) contains

g'JB;A (x), as opposed to g""B„A„=BA as in Ref. [4],
and this is a full OSp invariant. A straightforward evalu-

ation along the lines of Ref. [3] shows that (i) W is

modified, but that (ii) it contains all information on ordi-

nary gauge theories and (iii) this is still correctly given by
the slightly modified relation, with c 5 && set to zero,

4 +4~ W+ t =W+ ~~x '+ 5~x t ~x '+ ~x 'g (24)

where Pa= ria/(1 —
r10) and W is the standard gauge theory generating functional [1]with sources for BRS variations of

A, c,c introduced, viz. ,

and

W[J' &,P,P, a &,I,t,P0]= JDA Dc Dc exp(iX) (25)

g=S [A]+ d x — [8 A +t ) 8"c D ~c—t+~ I'D tct 'g 1 f t—rc—ter+ J ~A +pc +c p0 (26)

Integrating Eq. (23) over K' (x ) and E' s(x ) and noting that 8/88 commutes with these operations, we obtain

W[E ~ e(x),E s(x }, t (sx), K—'"(x), E (x),t'(x)]=0, (27)

i.e.,

0=E: 5W+E- 'W+t- 'W
' 5K~I' ' 5K~~ ' 5t' (28)

Using the definition of W of Eq. (25), this reduces to

0= DA Dc Dc exp iX EC " „~c~+K ——'g ~ c~e —
0 A+t t (29)

This is precisely the statement of invariance of W un-

der BRS transformations:

5A „=D„~c~5A, 5c = ,'g f ~rc~cr5A, ——

5c = —pa[8. A +t ]5A .
(30)

Thus the BRS invariance and/or gauge invariance of
gauge theories which leads to WT identities, all summa-
rized in a single equation BS'/88=0, has been shown to
arise from partial OSp invariance, a coordinate invari-
ance in superspace.

We finally comment on the commutation relation that
has bearing upon the derivation. Writing

P„=id&, S&„=i[old„x„ad/d8], one—easily sees that
[P&,S4„]=g„,a d/d8=ig&, oP&, P&=i 3/d8 being the
generator of 8 translations. 8'has invariance under P„
and a peculiar "invariance" under S4, [modulo the
subtlety associated with x x' . Combin-

A, , 8 g', 8'
ing these two, we have been' able to show P&8'=0. One
could calculate BS'/88 directly and evaluate it using the
equations of motion of auxiliary fields, but this turns out
to be a very cumbersome way of proving Eq. (23}.

V. CONCLUSIONS

In conclusion, we have replaced the BRS invariance of
gauge theories by a true coordinate invariance in six-
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dimensional superspace. As a result, the complicated
WT identities found a simple expression in this formula-
tion. More importantly, one would expect that the solu-
tion of WT identities, especially for the insertion of a

gauge-invariant operator [7], could be enormously
simplified in this approach where a field transformation
invariance is replaced by a very simple coordinate rota-
tion invariance. We hope to communicate this elsewhere.
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