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EfFective potential of a black hole in thermal equilibrium with quantum fields
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Expectation values of one-loop renormalized thermal equilibrium stress-energy tensors of free confor-
mal scalars, spin-2 fermions, and U(1) gauge fields on a Schwarzschild black hole background are used

as sources in the semiclassical Einstein equation. The back reaction and new equilibrium metric have

been found at O(A) for each spin field in previous work. In this paper, the nature of the modified black
hole spacetime is explored through calculations of the effective potential for null and timelike orbits.
Significant novel features affecting the motions of both massive and massless test particles show up at
lowest order in e=(Mpi/M) (1, where M is the black hole mass, and Mp& is the Planck mass.

Specifically, we find an increase in the black hole capture cross sections, and the existence of a region
near the black hole with a repulsive contribution, generated by the U(1) back reaction, to the gravita-

tional force. There is no such effect for other spins. Extrapolating our results suggests a tendency to-
wards the formation of stable circular orbits, but the result cannot be established in O(A): the change in

the metric becomes large and it changes its signature. We also consider the back reaction arising from

multiple fields, which ultimately should be useful for treating a black hole in equilibrium with field en-

sembles belonging to gauge theories. In certain circumstances, however, reliable results will require cal-
culations beyond 0 (A).

PACS number(s): 04.70.Dy, 04.20.Cv, 97.60.Lf

I. I%1RODUCTION

A black hole can exist in thermodynamical equilibrium
provided it is surrounded by radiation with a suitable dis-
tribution of stress energy. Appropriate heat baths are
composed of quantum fields interacting with the black
hole geometry. The gravitational efFect of the heat bath
is characterized by its gravitationally induced renormal-
ized stress-energy tensor. One can use the expectation
value of stress-energy tensors of quantum fields renormal-
ized over the classical spacetime geometry of a black hole
as the source in the semiclassical Einstein equation,

Gv g~( ~v &renormaiized ~

to calculate the change induced by the stress-energy ten-
sor on the black hole's spacetime metric. This is the
back-reaction problem associated with the spacetime
geometry of a black hole in thermal equilibrium.

In this paper we use the solutions of the back reaction
equation (1) given in [1] to investigate in detail the
modifications to the Schwarzschild geometry arising from
the interaction between the black hole and various types
of quantum fields. For source terms we take the one-loop
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quantum stress-energy tensors computed for conformal
scalars, massless spin- —,

' fermions, and U(1} gauge bosons.
The nature of the modified spacetime geometry is re-
vealed through the effective potential, which completely
characterizes the motion of test particles moving in the
modified background. We calculate the effective poten-
tial for both massless and massive test particles and
separate out the back-reaction contributions coming from
each spin type (0,—,', 1), because, as it turns out, there are
important qualitative distinctions among the various
spins. Moreover, we will ultimately want to be able to
discuss the back reactions arising from particular weight-
ed sums of the separate spin-dependent cases in order to
be able to address the problem of black holes in equilibri-
um with a thermal ensemble containing the field content
of gauge theories of particle physics.

From the properties of the renormalized stress-energy
tensors we employ and of the semiclassical Einstein equa-
tion, we have obtained in [1] accurate fractional correc-
tions to the metric in O(e), where e=trtM, MP& =R' is
the Planck mass and M is the mass of the black hole
(units are chosen such that G=c=kit=l, but RA1).
This means we will be restricted to considering the O(e)
corrections to the effective potential. The effects we
study will be at most of qualitative significance for small
(hot) black holes, such as might have existed in the early
Universe. Yet, already at this lowest order, suggestive
trends are evident in the effective potential. Indeed, as
we will see, there is a general trend (for each spin case}
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for the overall magnitude of the potential to decrease as
the strength of the back reaction is increased, that is, as
e~ I or as the number of fields increases. For the cases
we have considered, the potentials all turn over at about
@=0.5 and tend toward local minima, but then one is
leaving the domain of validity of the calculation and the
existence of local minima is not unambiguously deter-
mined. Higher-order (or nonperturbative) calculations
are required to settle this issue. For timelike geodesics,
the back reaction leads to the formation of stable circular
orbits even when the test particles have an angular
momentum less than the critical value associated with
stable orbits for the classical Schwarzschild black hole.

Another important feature which shows up at O(e) is a
consequence of the gauge boson back reaction. For this
case, and this case only, we find the back reaction gen-
erates a repulsive antigraUity contribution to the net force
in the region surrounding the renormalized black hole
event horizon. This repulsive component of the effective
potential should not be confused with the ordinary repul-
sive angular-momentum-dependent barrier term which
arises in all central force problems, nor should it be con-
fused with the reversal in sign of the centripetal accelera-
tion for a circular orbit inside r=3M for an ordinary
Schwarzschild hole [2]. Indeed, the existence of this new

repulsive force is confirmed by an explicit calculation of
the acceleration of a test particle initially at rest (hence,
with zero angular momentum). In the absence of any
back reaction, the radial acceleration is proportional to
—r, where r is the outward unit radial vector. With the
back reaction, we find the O(e) correction to the ac-
celeration is proportional to +r, from roughly r =2.8M
out to r =8.6M, indicating the presence of an outwardly
directed force. This holds for a single gauge boson and
for all t. )0.

The features mentioned so far refiect the physics of the
back reaction of a single species (N= 1) of each field of a
given spin. It is also interesting to consider the effect of
the back reaction due to multiple fields (N ) 1}of a given

spin. This, in fact, is the situation one expects to en-

counter when the black hole interacts with a thermal en-
semble of fields belonging to multiplets (representations)
of specific gauge groups which arise in modern theories of
particle physics. The effective potentials for multiple
species are constructed simply by scaling the N = 1 poten-
tial correction terms with numerical coefficients which
count the number, or multiplicity, of fields of a given spin
that occur in the particular gauge group. We will work
in the lowest approximation where a11 matter and gauge
fields are free. One obvious consequence of this multiple
field back reaction is that the effects mentioned above
occur for smaller values of the perturbation parameter e
than for the %=1 cases. However, the corresponding
domain of validity of our perturbative calculations de-
creases with increasing particle multiplicity, and this
point must be accounted for carefully. Unfortunately, we
cannot fully achieve the multiplicities required in all
cases of interest without going beyond O(ttl). For the
U(1) case, the presence of the repulsive "core" and its
e8'ects become pronounced as the number of gauge bo-
sons interacting with the black hole increases.

( Tv )renormalized ( v ~analytic+
L

where the analytic piece, in the case of the conformal sca-
lar field, was first given by Page [5]. The term b,", is ob-

tained from a numerical mode sum. As this term is small
in comparison to the analytic piece, we do not include it
in the calculations in this paper. This does not affect any
of our qualitative results or methods because both pieces
separately obey the required regularity and consistency
conditions. Moreover, the analytic piece has the correct
trace anomaly in both cases. An analytic approximation
for the stress-energy tensor of a massless spin- —,

' fermion

has been computed by Brown, Ottewill, and Page [6]. As
far as we are aware, its accuracy has not been verified by
an exact numerical analysis, unlike the scalar and vector
cases.

Each of the above mentioned tensors has the asymptot-
ic form of a flat spacetime radiation stress-energy tensor
at the uncorrected Hawking temperature (TH ) at infinity

of an ordinary Schwarzschild black hole:

T"—+constXdiag( —3, 1, 1, 1}", . (3)

In what follows, it is convenient to write the radial and
lateral pressures of the U(1) radiation at infinity as (no
sum on i)

(Tt )„—: aTH=—1 4. e
(4)

48mEM

where K =3840m, a =(m. I15itl ), TH =Pi/8~M is the
Hawking temperature at infinity, and i =r, 8, or t)It. The
analytic expressions all satisfy V„TI,"=0 on the
Schwarzschild background, whose metric we denote by

gpv'
The back reaction induced by the scalar, spinor, and

vector fields is solved by calculating the fractional correc-
tions h, in the metric,

g„=g,„[5,+eh „],
in the semiclassical Einstein equation (1). We work in

linear order in e as required by V„T"„=0
V„(56"„)=0, where 56"„ is the Einstein tensor linearized
on a background satisfying 6"„=0. The corrected
geometry wi11 be taken to be static and spherically sym-
metric. Working out the equations as in the second pa-
per in [1],we find the corrected metric can be written as

ds = — 1—2m (r) [1+2'(r)]dt 2

r

2m (r)
r

' —1

dr +r dQ

II. STRESS-ENERGY TENSORS AND SOLUTION
OF THE BACK REACTION

Exact one-loop stress-energy tensors renormalized on a
Schwarzschild background have been computed for con-
formal scalar fields and for U(1) gauge bosons, respective-

ly, by Howard, Howard, and Candelas [3] and by Jensen
and Ottewill [4]. Both these results can be expressed in

the form
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where dQ is the standard metric of a normal round unit
sphere. To obtain m(r ) and p(r ) requires only simple ra-
dial integrals involving T,' and T„" T. he angular com-
ponents enter linearized Einstein equations that hold au-
tomatically by virtue of V„TI„'=0 in a static spherical
geometry.

The mass function m ( r ) has the form

m(r)=M(1+@AD(r)+eCK '}, (7)

with

rp(r)= J ( —T,')4ni dl, '
6M 2M

(8)

Kp=Kp+k,
where k is a constant of integration, we have

(9)

Tr Tt y 2~ —14 y2
E' 2M

(10)

Denote with subscripts S, f, and V the metric func-
tions and corresponding integration constants connected
with the scalar, fermion, and vector back reactions, re-
spectively. From [1] we can transcribe the relevant re-
sults. Here we give explicitly (where w =2M/r ),

Kp =—(1—w)(w +4w +13w ' —24w —33w —9)S

and C is an integration constant which serves to renor-
malize the bare Schwarzschild mass M, as discussed in

[1]. The metric is completed by a determination of p
which, like p, can be found from an elementary integra-
tion. Defining

k= Kp(r—o) . (14)

There are finite discontinuities in the extrinsic curvature
of the world tube r =ra [1],but these, and other proper-
ties of the box wall, - are of no interest in the present
analysis, as argued in [1].

The spacetime geometry, including back reaction, is
now completely determined by a Schwarzschild metric of
mass m (ro) for r & ro, and for r & ro by

ds = — 1 — [1+2e[p(r)—p(ro)]jdt

2m (r)
r

dr +r dQ (15}

ditions should not affect our results significantly. In what
follows, we shall assume that the cavity radius ro is
sufficiently large that the stress-energy tensors we em-

ploy, which were computed for infinite space, are a good
approximation. If the radius ro were to approach the
horizon, explicit size and boundary effects would have to
be taken into account in the construction of ( T„},as
shown in [7,8].

One convenient way to fix the constant k in (9) is to im-
pose a microcanonical boundary condition [1]. We fix ro
and imagine placing there an ideal massless perfectly
reflecting wall. Outside ro, we then have an ordinary
asymptotically flat Schwarzschild spacetime of mass
m(ro). Continuity of the three-metric across the world
tube r = ro fixes the constant k, i.e., ks, kf, or k v, in P by
the relation

—41n(w),

Kp, = (1—w )(14w +56w + 182w ' —136w
24

—322w + 134)—7 ln( w ), (12)

The parameters ro and e must be chosen so that the
corrections to the background metric remain suitably
small. In other words, we must ensure that the effect of
T"„is a perturbation of the Schwarzschild geometry. This
requirement will be met by demanding that the proper
(orthonormal frame) perturbations satisfy

and
elh; I

—=a &1, (16)

Kp, „=—(1—w }(w 3+4w +13w ' —44w —83wV where the only nonzero metric perturbations are given by

—359)—8ln(w) . (13) h,"=w"(r)
1 —w

' (17)

The factor (1—w) has been exhibited in each case to
make clear the behavior of the proper (orthonormal
frame) components h, of the perturbation near the hor-
izon w= 1(r =2M), which we shall need later. The for-
mulas for ps, pf, and p r are given in suitable form in [1].

The back-reaction problem (1) has no definite solution
unless boundary conditions are specified at a certain ra-
dius ro. Moreover, (3} indicates that the stress-energy
tensors are asymptotically constant; thus the combined
system of the black hole plus equilibrium quantum fields
must be put into a finite "box" or cavity [1]. This is to in-
sure that the fractional corrections eh to the metric
remain small for suSciently large radius. Obviously, the
box is merely a device to provide reasonable boundary
conditions that mimic implantation of the hole and its
equilibrating radiation into the Universe. Under suitable
conditions, as discussed in [1],the specific boundary con-

h,'= —2[p(wii) —p(w )]—h„", (18)

with wo= 2M/ro. As r ~ra, th—e first factor on the right
of (18) vanishes and as ro becomes large, both (17) and
(18}satisfy in magnitude

lim lh„l-a. (1/6K)(r/M)r~ roq rO ~ oo
(19)

where a&= —,', af =—8, and av=1. An asymptotic radius

r„„ is then roughly defined by using (19) and enforcing
(16}:

asymp

2M Wasymp

3' 5
2(XJ

E'
(20)

It &s necessary to take roar ~p. ~e w»1 use ro r
y p

in the following, as we11 as 5=a, for illustrative purposes.
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It is also necessary to check
~ h, ~

in the region
2M&r «15M, where most of the interesting physics
occurs. The latter check is required because in most
cases the maximum value of ~h,'~ does not occur at the
asymptotic radius. Thus, the maximum value of ~h,'~ for
all three spins is about two and occurs near the horizon.
[There E~O 5.is required in order to satisfy (16).] As
r ~r„„=ra, ~h,'~ approaches one, as does ~h„"). On the
other hand, h„' is typically small near the horizon and in-

creases slowly to one at the asymptotic radius. It is,
indeed, the behavior of h," that actually determines the
asymptotic radius: h„ is independent of the integration
constant p(tUO ) that occurs in h,

' as a result of "clock cali-
bration" at r =ro. An exception to the "smallness" of h„'
near the horizon occurs when one has a large number
(not just one, as here) of U(1) fields. This point will be
discussed in Sec. V.

III. KFk I;CTIVK POTENTIAL

To explore the potential in the vicinity of the black
hole, we can, without loss of generality, consider an equa-
torial slice 8 =@ /2 of the corrected geometry (15). Then
the four-velocity of a test particle in that background is

coordinate time has no special meaning unless the metric
is asymptotically constant, we might have chosen the
timelike Killing vector to be (8/Bt ) =A(B/Bt ) for
A, =const instead of (8/Bt). This corresponds to the re-
scaling E~E=A,E. Deriving the geodesic equation with
this choice and taking A, = [1+ep(ro)] yields (25) with E
replaced by E and p replaced by p, i.e., the integration
constant p(ro) has been absorbed into the total energy.
Note, however, that for r~ 00, E does not reduce to the
special relativistic formula ( =dt /dr) for the total energy
(per unit rest mass) of a particle (as seen by a static ob-
server at asymptotically flat infinity) unless A, =l. Al-
though it is significant that results come out without
reference to a possibly nonexistent Bat distant region, the
direct comparison with the standard Schwarzschild case
may be helpful, and we shall use E, not E, in what fol-
lows. No actual physical observable depends on whether
one uses E or E.

For circular orbits, r'=0, and the total energy E of the
particle is just a function of r (velocity independent}.
Thus, the effective potential for a black hole modified by
0(A') stress-energy is

J 2

V (w)= a+ w (1—w)
4M

U&=(t, i,0,$), (21)
X [ I +e[2p(m )

—w(1 —w ) 'p( w ) ] ]
where the overdot denotes difFerentiation with respect to
either the proper time or an affine parameter, depending
on whether the test particle is massive or massless. The
square of this four-velocity is

g„,U"U'=g«t' +g„„r' +g&&P = —~, (22)

where ~=0 or 1, for the null and timelike cases, respec-
tively. Because the modified spacetime geometry (15) is
static and spherically symmetric, there exist two con-
served quantities corresponding to the two Killing vec-
tors (8/Bt)":—(1,0,0,0)" and (8/BP)"=(0,0,0, 1)' of this
geometry. As for the Schwarzschild case, these constants
of the motion are identified with the particle's total ener-

gy E and orbital angular momentum (with respect to the
center of symmetry} L:

E= —gq„— U = g„t', —a"-
(23)

L =g„„
L

U'=gyp/=r P . (24}

Combining these with (22} and using the metric com-
ponents from (15) yields a first integral of the test
particle's geodesic equation:

[1+2eP(r)]r + 1 — [1+2eP(r)]
r

L 2

X a+ =E . (25)
r 2

The dependence of (25) on the boundary constant p(ro) is
determined by the calibration of coordinate time (t ) with
ordinary uncorrected Schwarzschild time at r =ro. Since

L 2

x+ w (1—w ) [1+e[h,'(w )]] . (26)
4M

Equation (25) is a differential equation for the radial coor-
dinate. Once the radial motion is determined using this
effective potential, the time coordinate change (relevant

only if one refers to time at flat spatial infinity) and angu-
lar motion are easily found from (23) and (24). For @=0,
V reduces to the efFective potential of a classical
Schwarzschild black hole [9]. The function defined in

(26) plays the role of an effective potential, in the sense
that the condition E & V determines the classically ad-
missible range of the point particle's motion.

A. Null orbits

Setting x=0 and substituting the appropriate functions

p and p from the solutions in [1] of the back-reaction
equation into (26} yields the effective potential for null

geodesics arising from scalar, fermion, or gauge boson
back reactions. For simplicity and purposes of illustra-
tion, we set S=e in (20) and find the asymptotic radii to
be rasymp 376M, 283M, and 265M for spin 0, —,', and 1.
Since the shape of V is independent of the angular
momentum L, we plot in Fig. 1 the functions
(4M /L ) V, using the appropriate functional forms for
p(w) and p(w }, to indicate the nature of the back reac-
tion for the different spin cases and for various choices of
e. The @=0 (i.e., no back reaction) case is displayed for
reference. The efFective potentials corresponding to the
single-particle back reactions are qualitatively indistin-
guishable among the scalar, spinor, or vector cases, and
Fig. 1 shows (4M /L )V for the conformal scalar. We
note for e 0.5, the efFective potential is qualitatively
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10 2M

FIG. 1. Effective potential for null orbits: conformal scalar
field back reaction. a=0, 0.'i5, 0.3, 0.45.

similar to the ordinary Schwarzschild case in that they
exhibit maxima corresponding to a single unstable circu-
lar photon orbit, and no local minima. The location of
this maximum follows from solving the equation
8V2/Bw =0 or

w (2—3w )+e 2w (2—3w )Pj.

—3w p — (T„") =0, .z 32@M
em

(27)

b, , :— L,

E(r)
Thus, the photon capture cross section for the equilibri-
um black hole is

2 ~ 20 CgPtIIge &6grIt 27%3f

and is larger than the Schwarzschild value of 27m M [10].

(29)

for j=+, f, or V. The position of the unstable circular
orbit is relatively independent of variations in e, and we
find r =3.0M solves (27) for all spin cases to a very good
approximation. What does depend strongly on e is the
overall magnitude of the potential. This tends to de-
crease as e increases. Eventually, as perturbation theory
becomes unreliable (for e & 0.5), V becomes negative and

has a local minimum. This would indicate a stable circu-
lar photon orbit, but such a result cannot be established
in 0(R) for, from the form of V (w) given in (26), it is
clear that (I+alt,'} has become negative, the metric sig-

nature has changed (g«&0), and V has become imagi-

nary. Calculations of higher order in A' will be required
to examine this issue further.

The lowering of the potential barrier profoundly afFects

the ability of the black hole to capture photons (and neu-

trinos, gravitons, or any massless quanta). The minimum

energy E required to surmount the top of the potential
barrier is given by E(r)= V(r). The solutions of this
equation represent the (classical} turning points of the
effective potential. The apparent impact parameter of a
light ray, i.e., the distance of closest approach to the
black hole is b=L jE, and the black hole will capture
any light ray sent towards it whose impact parameter is
less than the critical value:

8. Timehke orbits

When «.= 1 the shape of the efFective potential depends
on the test particle's angular momentum in an important
way. Recall, for the case of the Schwarzschild black
hole, V will have no extrema if L (L«, =2~3M, and a
particle heading towards the center of attraction wi11 fa11

into the singularity no matter how far away it is initially.

By contrast, when L &L,,„., the effective potential has a
maximum and a local minimum, associated with unstable
and stable circular massive orbits. Furthermore, when
L &4M, the potential will have massive bound orbits [9].
As we will see, new features show up caused by the back
reaction.

Calculations of V are summarized graphically in Figs.
2 and 3, where we have plotted the effective potential for
various values of L and e for the case of the spin- —,

' back
reaction. (The other cases are qualitatively similar in
every respect, and we do not include them here. } The
no-back-reaction curve is included for reference. When
L & L,„.„V has no local extrema, as shown in Fig. 2, but
the magnitude of V decreases for increasing e, just as for
the null-orbit examples discussed above. The potential
changes sign around a=0.S. In Fig. 3 the effect of higher
angular momentum is displayed, by taking
L =2~10M & L,„,. These curves have a local maximum
(unstable circular orbit) and a local minimum (stable cir-
cular orbit). The role of these two critical points would
interchange as e crosses 0.5, as one goes beyond the limits
of this perturbative calculation.

Unlike the null case, the impact parameter for massive
particles depends on the particle's angular momentum L.
The capture cross section is o~~,„„=nb2„„where the
critical impact parameter is

I.,„,
[E (r ) rn ]'— (30)

6 = .3

45

FIG. 2. Effective potential, timelike orbits for I.=0; fermion
back reaction.

and rn denotes the test particle rest mass (in units where
c= 1). The energy E in (30) is the amount required to
just overcome the potential barrier; i.e.,
E(rm,„)= V(rm, „), where rm, „ locates the maximum
value of the efFective potential. The value of the critical
angular momentum, defined to be that value of L below
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2 —g„=(1—w ) [1+e[2p(w ) —w(1 —w } 'p(w)]] . (36}

1.25

After some algebra, using (8) and (10) to calculate Bp/Bw
and Bp/Bw, we arrive at the compact expression

0.75

0.25

e =.15

2

a =(1—w) 'i [1+eh ],
4M

for the radial acceleration of a particle at rest, where

b, =(1—w) 1 ——p(w)+ T,",N 32@M
2 EM

(37)

(38)

FIG. 3. Effective potential, timelike orbits for L =2&10M:
fermion back reaction.

which there are no bound orbits, descends very weakly on

e, so that one may take L„;,=2&3M in (30). With the

exception of the gauge boson case, the capture cross sec-
tion for massive test particles tends to increase with the
strength of the back reaction. This is caused by the
lowering of the potential barrier at r =r,„.

IU. REPULSIVE GRAVITY

U"=,0,0,0
d7.

where ~ is the proper time, and its acceleration is

aP, +I P UaUP
P (32)

Additional physical insight into the consequences of
the back reaction is provided by a study of the accelera-
tion of a test particle in the modi6ed spacetime geometry
(15). The acceleration gives a direct probe of the force
acting on the particle.

Here, we consider a massive test particle initially at
rest; this is equivalent to setting L =0 in the timelike
(z= 1) efective potential (26). The four-velocity of a par-
ticle at rest is

is the correction caused by the back reaction. 6 is in-

dependent of e: indeed, the "e pole" in the second term
is exactly canceled by the coefficient (4) which multiplies
all the expressions for the stress-energy tensors.

It is a straightforward exercise to compute b for the
scalar, spin- —,', and vector boson back reactions by substi-

tuting the corresponding p and (T„") into (38) for j=S,
f, and V. We find that both

s)0 and ~I)0, Vr «2M

but

v&0

for 2.8M ~r 58.6M. In other words, while the confor-
mal scalar and massless spinor back reactions appear to
make the "dressed" black hole more attractive (we have
seen this e6'ect from the effective potential point of view,
in the lowering of the magnitude of the efFective potential
for timelike orbits; see Figs. 2 and 3), the gauge boson
back reaction tends to weaken the attractive force of the
black hole by generating a localizing spherical region or
"shell" containing a repulsive component of the net
force. Since we have set I.=0 from the outset, this can-
not be an artifact of the particle s orbital motion (it is sta-
tionary), but must be ascribed to a genuine repulsive
gravitational force, or antigravity, completely quantum
mechanical in origin and induced by the U(1) back reac-
tion.

From (22) and (31), with 1~= 1 we have

(dt/dr) =( —g«) ', so the radial component of the ac-
celeration is

(33)

Transforming to the particle's proper rest frame (local
orthonormal frame) gives

a =—(g"")' ln{ —g«),
2 Br

(34)

and

g""={1—w)[l —e{1—w) 'wp(w)], (35)

where the caret refers to components with respect to this
frame; i.e., g»=diag( —1, 1, 1, 1)».

Evaluation of a requires knowledge of the metric com-
ponents g"' and g„ to O(e). These can be read off' from

(15), and when written in terms of w are

V. MULTIPLE FIELD BACK REACTION

Thus far we have investigated the separate back reac-
tions due to single species, either a conformal scalar, a
massless spinor, or a U(1) gauge field. While this has re-
vealed novel important features of the back-reaction
problem, a more realistic setting should take into account
black holes in thermal equilibrium with a heat bath
comprising multiple species of quantum fields. We know
from elementary particle physics that the replication or
multiplicity of scalars, fermions, and gauge fields rejects
the variety of quantum numbers needed to distinguish
physical attributes (fiavor, color, mass, etc.} observed
directly or inferred from observation. Particle replication
is also the starting point for constructing unified models
of the fundamental interactions based on large (i.e., rank
4 or greater) gauge groups [11].

Apart from the details of their speci6c phenomenolo-
gies, what primarily distinguishes say, the standard mod-
el (SM) from one or more of the grand unified theories (in
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which the SM must be embedded) is the particle content
and group-theoretic assignment of each model. This is
determined once the choice of gauge group is made and
the scalars (Higgs bosons) and fermions (quarks and lep-
tons} have been assigned to various multiplets or repre-
sentations of the group. These group theory assignments
can be characterized with a set of integers. The number
1V~ of gauge bosons belonging to a given gauge group is
given by the number of group generators. (See the last
reference in [1] and also [2].} Typically, the number of
fermions (Nf) is the dimension of the representation
times the number of families, and the number of scalars
(Nv ) is determined by the pattern of symmetry breaking
to smaller groups one wishes to explore. We shall give ex-
amples of the N below for the standard model as well as
for some generic extensions of this model.

In the limit of free field theories on a background
spacetime, the back reaction due to a collection of fields
is easy to treat. This follows because the stress-energy
tensors in this limit only depend quadratically on the
fields and are "Savor diagonal. "To make this point clear,
we note the stress-energy tensor for a set of Ns real mass-
less conformally coupled scalars is

Ns
cpu y ( Z p )k

k=1

where (no sum on k )

(T„) Y@,p@,v 6gpvg 4,e@,p 34 4,pv

2gPv@

(41)

(42)

is the tensor for a single scalar. Then, upon renormaliza-
tion,

(43)

p(r) ~N p(r), and p(r) ~N p(r). .(44)

for j=S,f, V. To get a feeling for the values of the

where the last equality follows from the fact that the re-
normalization procedure is independent of the species la-
bel k. Similar considerations hold for the renormaliza-
tion of the spin- —,

' and gauge boson tensors in the multiple
particle case [12].

The upshot of this is that we should obtain a good ap-
proximation to the multiple field (and multiple spin) back
reaction in the limit of small gauge, Yukawa, and scalar
self-couplings by simply replacing the source term in (1)
by an appropriate weighted combination (with weights
Nv, Nf, and Ni, ) of the single-species stress-energy ten-
sors. From (1), (8), and (10), this entails the rescaling

"weights" one can expect, we give a brief listing of the
numbers of gauge fields, spinors, and real scalars con-
tained in typical gauge theories in Table I. The standard
model of elementary particles contains a total of 12 gauge
bosons (8 gluons, the W+, W, Z, and the photon), re-
quires at least one complex scalar doublet (4 real scalars)
for spontaneous symmetry breaking, and has three fami-
lies of 15 quarks and leptons (45 spinors) [13]. The Bose-
Fermi symmetry of supersymmetry doubles the particle
spectrum of the nonsupersymmetric models. For the
minimal supersymmetric standard model (MSSM), there
are the 12 gauge bosons, the spin- —,

' sector is augmented
over that of the SM by the addition of 12 gauginos (fer-
mionic partners of the gauge bosons) and from the fer-
mionic partners of the two complex scalar doublets (8
real scalars) needed to break the gauge symmetry and
provide fermion masses in this model [11]. This yields a
total Nf =65. The 45 original fermions of the SM have
45 spin-0 partners which add to the two complex dou-
blets to give a total Nz =53. The smallest simple group
containing the SM is SU(5). This has 24 gauge fields, 45
quarks and leptons (3 families of 15), and scalars in the
adjoint 24, and a fundamental 5 complex representation,
or 34 real scalars in total [11]. Finally, Table I includes
an E6 model which contains 78 gauge particles, three
families of 27 fermions, and an adjoint 78 (real) and two
27's of (complex) scalars.

An important consequence of the multiple-field back
reaction is that the permissible asymptotic radius is
smaller, for a given e) 0, than for the N= 1 cases. This
can be appreciated immediately by inspection of (17) and
(18), which show that the metric perturbations grow in
direct proportion to the N This gro. wth shrinks the
asymptotic radius according to

r asymp 3E 5
(45)

2M 2a N e

Nevertheless, because E is such a large constant, we can
still find perturbatively valid solutions of (1) involving
large numbers of conformal scalar and fermion fields.
The case of gauge bosons is more interesting. Here we
find, unlike the other spins, a basic limitation on Nr aris-
ing from the magnitude of h, at the horizon. This is in-

dependent of the choice of asymptotic radius. We find

(h„")r ~ „2M= —0.0252, (46)

which implies that Nre(38 is required. With 5=e, an
examination of h,' shows that we can choose, for example,

sy p 27M. In Fig. 4, we plot the null potential for
%&=84 and @=0,0.15, and 0.45. It appears that there is
a tendency towards the formation of a stable circular or-

Model

TABLE I. Particle multiplicities of various gauge theories.

Gauge group

Standard model (SM)
Minimal SUSY SM
Minimal SU(5)
Three family E6

SU(3) SU(2) U(1)
SU(3)g SU(2){8)U(1)
SU(5)
E6

12
12
24
78

45
65
45
81

4
53
34

186
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FIG. 4. Effective potential, null orbits: gauge field back reac-
tion with %&=84. @=0,0.15, 0.30, and 0.45.

FIG. 6. Effective potential, timelike orbits for I.=0: gauge
field back reaction with Xz =300.

bit with V & 0, but we cannot establish this unambigu-
ously.

In spite of the limitations imposed by the perturbative
constraints, it is tempting to try to discover what might
emerge in a full-fledged (i.e., numerical or nonperturba-
tive) calculation. To this end, we consider the examples
displayed in Figs. 5 and 6 where we have set the gauge
boson multiplicity N&=300 (r~r =15M). We point
out that, for example, the string-inspired unification
group E8 E8 contains 496 gauge bosons, so a multiplicity
on the order of 300 is not unrealistic. Here, as the back
reaction is increased, the barrier peak associated with the
null potential (Fig. 5) increases while the rest of the po-
tential flattens out. This phenomena shows up only for
the gauge field case, and is due to the amplification of the
repulsive region which, as we have noted, exists only for
this case. Note the no-back-reaction curve (e=O) has the
lowest barrier of the set of potential curves. Similar
amplification might take place for the timehke effective
potentia1, as indicated in Fig. 6. Again, for illustrative
purposes only, we take N„=300, the same range of e as
before, but with I.=0. Without the back reaction, the
test particle would be doomed to be captured by the
black hole, as is well known. However, in the present
case, this extrapolation to very large gauge boson multi-
plicities may prevent the test particle from being cap-
tured, even for vanishing impact parameter.

0.25

FIG. 5. EfFective potential, nu11 orbits: gauge field back reac-
tions with n& =300.

VI. DISCUSSION

The lowest order solutions of the back-reaction prob-
lem solved in this paper contain rather striking features
that are revealed through calculations of the black hole
effective potential. %'e have found the back reaction
tends to diminish the overall magnitude of the potentials
corresponding to null and timelike orbits. This lowering
of the effective potential is correlated with an associated
increase in the black hole capture cross sections for those
instances when the potential exhibits a barrier peak.
This, in turn, can be expected to affect the black hole life-
time which results from the competition between particle
capture and evaporation if the hole is formed in thermal
equilibrium and subsequently goes out of equilibrium
with the surrounding particle heat bath [10j. For "ex-
treme" values of the perturbation parameter (e&0.5) the
potentials turn over completely, become negative near
the renormalized event horizon, and exhibit minima cor-
responding to bound orbits. Although an e approaching
such values is surely pushing the limits of perturbation
theory, perhaps beyond the bounds of even qualitative re-
liability, nevertheless, one may interpret these results as
indicating possible qualitative trends which should be in-
vestigated in more nearly complete treatments.

The shapes and magnitudes of the effective potentials
are similar for the single-species back reactions from the
spin-O, -—,', and -1 fields, but the U(1) case merits special
attention. The gauge boson back reaction generates a
repulsive force in the neighborhood of the event horizon,
which is revealed by calculating the radial acceleration of
a massive test particle placed initially at rest outside the
black hole. The component of the net force due to the
back reaction points away from the origin, unlike the sca-
lar and fermion cases, where it points inward. The ap-
pearance of such Casimir-type forces, which are
quantum-mechanical in origin, should be expected on
general grounds. Indeed, as emphasized in [14], a mean-
ingful definition of the physical vacuum energy must take
into account the fact that quantum fields always exist in
the presence of external constraints, i.e., either in interac-
tion with matter or other externa1 fields or boundaries.
For the cases at hand, the renormalization of the stress-
energy tensors employed here must take into account
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that the quantum fields (the scalar, spinor, and gauge bo-
son) interact with the classical background Schwarzschild
spacetime. This external "constraint" affects the zero-
point modes of the quantum fields which in turn affects
the zero-point energies.

The treatment of multiple-species back reaction is use-
ful for problems involving black holes in thermal equilib-
rium with heat baths made up from fields belonging to
representations of gauge theories. Again, the gauge-
boson example is particularly noteworthy since an in-
crease in the number of gauge fields can substantially am-
plify the repulsive gravitational Casimir force. Since all
spins discussed in this paper come into play for the back
reaction due to a gauge theory with matter, it may prove
worthwhile to study the cosmology of models that lead to
a net increase or decrease in the capture cross section
[10].

Provided the semiclassical back-reaction program leads
qualitatively in the right direction (that is, towards a
correct quantum gravity}, one should include the spin-2

graviton contribution to the renormalized one-loop
effective stress-energy tensor. The effects of linear gravi-
tons should contribute a term to the stress-energy tensor
of the same order as those coming from ordinary matter
and radiation fields.

Finally, not all scalars will be conformally coupled to
the curvature nor will they necessarily be massless. For
example, the Higgs scalars could couple with any
strength to the curvature. Partial results from a calcula-
tion of the renormalized stress-energy tensor of a scalar
with arbitrary coupling and mass has recently been pub-
lished and could serve as a starting point for a more gen-
eral investigation of the scalar field back reaction [15].
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