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Quantization of the Bianchi type-IX model in supergravity with a cosmological constant
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Diagonal Bianchi type-IX models are studied in the quantum theory of N =1 supergravity with a
cosmological constant. It is shown, by imposing the supersymmetry and Lorentz quantum constraints,
that there are no physical quantum states in this model. The k =+1 Friedmann model in supergravity
with a cosmological constant does admit quantum states. However, the Bianchi type-IX model provides
a better guide to the behavior of a generic state, since more gravitino modes are available to be excited.
These results indicate that there may be no physical quantum states in the full theory of N =1 super-

gravity with a nonzero cosmological constant.

PACS number(s): 04.65.+e, 04.60.Ds, 98.80.Hw

I. INTRODUCTION

Recently a number of quantum cosmological models
have been studied in which the action is that of super-
gravity, with possible additional coupling to supermatter
[1—11]. It is sufficient, in finding a physical state, to solve
the Lorentz and supersymmetry constraints of the theory
[12,13]. Because of the anticommutation relations

[S„,S„.]+ -&„„, the supersymmetry constraints
S„+=O,S„.%'=0 on a physical wave function 4' imply
the Hamiltonian constraint &„~qt =0 [12,13].

In the case of the Bianchi type-I model in N=1 super-
gravity with a cosmological constant A=0 [8], only two
quantum states appear. Using the factor ordering of [8],
one state is h '~ in the bosonic sector, where h =deth;, is

the determinant of the three-metric, and the other state is
h

' in the sector filled with fermions. In the case of Bi-
anchi type IX with A=O, there are again two states, of
the form exp(+I/fi) where I is a certain Euclidean ac-
tion, one in the empty and one in the filled fermionic sec-
tor [9,14]. When the usual choice of spinors constant in

the standard basis is made for the gravitino field, the bo-
sonic state exp( I/fi) is the wo—rmhole state [9,15].
With a different choice, one obtains the Hartle-Hawking
state [14,16]. Similar states were found for Iii =1 super-
gravity in the more general minisuperspace models of
class A [10]. [Supersymmetry (as well as other considera-
tions) forbids minisuperspace models of class B.] It was
also found in the general theory of quantized N = 1 super-
gravity with A =0 that there are two bosonic states of the
form exp( I/h), where I—is the wormhole or the
Hartle-Hawking classical action [17]. (There are also
many other bosonic states. ) There are also two states of
the form exp(I /iri) in the filled sector.

It is of interest to extend these results by studying more
general locally supersymmetric actions, initially in Bian-
chi models. Possibly the simplest such generalization is
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the addition of a cosmological constant in N=1 super-
gravity [18]. It was found that in the Bianchi type-I case
there are no physical states for N=1 supergravity with a
A term [11]. The Bianchi type-IX model with a A term
and with N=1 supersymmetry in one dimension was
studied by Graham [4]. Here we treat the Bianchi type-
IX model with a A term with the full N=4 supersym-
metry in one dimension. We shall see that there are
again no physical quantum states. The calculations are
described in Sec. II. We also treat briefly in Sec. III the
spherical k =+1 Friedmann model, and find that there is
a two-parameter family of solutions of the quantum con-
straints with a A term. Nevertheless, as will be seen, the
Bianchi type-IX model provides a better guide to the gen-
eric result, since more spin- —,

' modes are available to be

excited in the Bianchi type-IX model, while the form of
the fermionic fields needed for supersymmetry in the
k =+1 Friedmann model is very restrictive [6]. Section
IV contains the Conclusion.

II. QUANTUM STATES FOR THE
BIANCHI TYPE-IX MODEL WITH A A TERM

Using two-component spinors [6,13], the action [18] is

S= d x 2~ 'dete R —3g

+ ,'e""t' (Q" „e„„+—tb"+H. c. )

,'g(dete—)—(g"„e„~"e~s "Ps,+H c )] . (2..1.)

Here the tetrad is e' or equivalently e . The gravi-
P

tino field (g „,P „) is an odd (anticommuting)
Grassmann quantity. The scalar curvature R and the co-
variant derivative D include torsion. We define ~ =8m.

P
Here g is a constant, and the cosmological constant is
A ——g2

There are two possible approaches to the quantization
of this model. One possibility is to substitute the Bianchi
type-IX ansatz for the geometry e „and gravitino field

( g"„,P" „) into the action (2.1). The components
g" e " and P e " are required to be spatially con-
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+e' "eAA'i 'Djiti"k+ ,'1'a f";pA—A.', (2.2)

and the conjugate S„.Here n "" is the spinor version of
the unit future-pointing normal n " to the surface
t =const. It is a function of the e "";,defined by

n eAA; =0, n nAA. =1 .AA' AA' (2.3)

In Eq. (2.2), pA„, ' is the momentum conjugate to e
The expression 'Dj denotes the three-dimensional co-
variant derivative without torsion. Since the components
of g "k are taken to be constant in the Bianchi type-IX
basis, one can replace 'Djp"k by co "Bjtti k, where c0 "Bj
gives the torsion-free connection [13].

The corresponding quantum constraints read, with the
help of [13],

I

stant with respect to the standard triad [19]on the Bian-
chi type-IX three-sphere. One finds that, in order for the
form of the ansatz to be left invariant by one-dimensional
local supersymmetry transformations, possibly corrected
by coordinate and Lorentz transformations [6], one must
study the general nondiagonal Bianchi type-IX model
[19]. The reduced action could then be computed, lead-

ing to the Hamiltonian and supersymmetry constraints.
Finally the supersymmetry constraints could be imposed
on physical wave functions. They would be complicated
because of the number of parameters needed to describe
the off-diagonal model.

The other alternative, taken here, is to apply the super-
symmetry constraints of the general theory at a diagonal
Bianchi type-IX geometry [9]. This is valid since the su-

persymmetry constraints are of first order in bosonic
derivatives, and give expressions such as 54/5h; (x) in

terms of known quantities and %. These equations can be
evaluated at a diagonal Bianchi type-IX geometry,
parametrized by three radii A, 8, C. One multiplies (e.g.)

by 5h; (x)=Bh, /BA and integrates fd'x( ) to obtain

an equation for BV/BA in terms of known quantities.
The need to consider ofF-diagonal metrics is thereby
avoided.

The general classical supersymmetry constraints are,
with the help of [13],seen to be

SA =gh e „.'n„1/2 A i B'

S 1Ii tirtgh 1/2e A in DBB h 1/2 8%'
A' A' AB' ji

'
5e AA'

(2.4)

S LIi gh 1/2e A'in
1{/ lIi t.~ B h I /2

'P

+—.62DBA'- h'" =0j' gP 5 AA'

(2.5)

Here

DBA' 21h
—1/2eBB' e n

cA' (2.6)

and 8/BP denotes the left derivative [20]. We have
made the replacement 5+/5$ ~h' d+Iditi i. The
h '/ factor ensures that each term has the correct weight
in the equations. One can also check that this replace-
ment gives the correct supersymmetry constraints in the
k=+1 Friedmann model (without A term), where the
model was quantized using the alternative approach via a
supersymmetric ansatz [6].

In addition to the supersymmetry constraints, a physi-
cal state 1Ii must also obey the Lorentz constraints

I" 4=0 J" 4=0 (2.7)

+ g(13AnBB'+I BnAB') 2eABn B'PC (2.&)

where YABc =Y{„Bc1is totally symmetric and e„B is the
alternating spinor. The general Lorentz-invariant wave
function is a polynomial of the sixth degree in
Grassmann variables:

These imply that 4 is formed from the three-metric h,"
and from scalar invariants in the gravitino field. To
specify this, note the decomposition [11] of
0 BB=eBB 0A i A.

PABB' 2n B'Y ABC
C

0'(e"";,p";)=4'0(h))+(pAp")%2, (h~j)+(YABCY )%22(h j)
+(I AP )( YBCD Y )+41(h'j )+(3 ABC Y ) +42(h'j )+(~AI )(3 BCDr'")'~6(hj)'(2.9)

As described in [11], any other Lorentz-invariant fer-
mionic polynomials can be written in terms of these.

%e now proceed to solve the supersymmetry and
Lorentz constraints. The diagonal Bianchi type-IX
three-metric is given in terms of the three radii A, B,C
by

h"=A E',E' +B E,E +C E;E. , . (2.10)

where E';,E,,E; are a basis of unit left-invariant one-
forms on the three-sphere [19]. In the calculation, we
shall repeatedly need the expression, formed from the
connection:

n A eBBJ i C 8 A+ — E' E'J
4 AS CA BC

A + C 8 E2E2J
4 BC AB CA

i B A

4 CA BC
E3 E3J

{2.11)

This can be derived from the expressions for co",-, given
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in [9,13].
First consider the SA 4=0 constraint at the level g' in

powers of fermions. One obtains

+&&J.
BA' B ~ 1/2 BA in

m 2 Jm

(2.15)

16
BA' t( i+21+ AA'j ~ Bk P +0

5%'0
+A'K eBA jp, =0 .

ij

Since this holds for all P;, one can conclude

(2.12)

One then notes, as above, that by taki. ng a variation
among the Bianchi type-IX metrics, such as

ah,
5h; = 5A =2AE';E' 5 A, (2.16)

multiplying by 5~Ii0/5h; and integrating over the three-
geometry, one obtains B~p0/BA. Putting this information
together one obtains the constraint

+lriK eBA „=0.
Ij

(2.13) B+0
+16~ A+0+6~ QgBQ+21=0, (2.17)

Now multiply this equation by e BA™,giving

16 faugh
i h 1/2iii +21 AA'j Bk 0

'kp =0.
im

The second term can be simplified using [6]

(2.14)

and two others given by cyclic permutation of ABC.
Next we consider the SAiIi=0 constraint at order g'.

One uses the relations B(pAp")/Bg, = nA eBB 'p-".
out p" and rBDC in terms of e

&
and f j. Proceeding

by analogy with the previous calculation above, one again
"divides out" by g, to obtain

"BA'P0 41 tir0A ill ecB'eB P21
3

lflcoAB /l eDA e + lflcoA;h eEA eB
1/2 A'j ~ C 1/2 i B'j ~ 1/2 j DA'i ~ E 1/2 j A'i

3

+4AKe B,nc eB e„„.m
&

24K ——35;nB +—eB;n ecc2 2 C A Bj 21 2 2 j A C CA j
!Pt 3 ' 3

5% 22 =0.1 B' CA' j 1 B' CA' j
6

nC BB'
6 B'i CB AA 5A.im

(2.18)

One replaces the free spinor indices AB by the spatial index n on multiplying by n D e ", giving

gg 1/2hjny + lirig 1/2(hij n A &BB'n Ii inco n A eBB j+hjnN 7l
A EBB'i)iIi

0 ABi B' ABi B' ABi B' 21

lirih 1/2(2)iijCO ll
A eBB'n+hi

CO nn A eBBj h jnCO n A e B ')iIi
3 ABi B' ABi B' ABi B' 22

+ A' K2(5, /5 " 5, "5 '+h, h"—') ——lri K (25 5 "+5,"5 '—h, h'") =0. (2.19)

Multiplying by different choices 5h; =(Bh; /BA )5A, etc. , and integrating over the manifold, one finds the constraints

1 . . . B'P21 B'P21 B+21

16
Ax A ' A +B +C

aA aB
3

22
A 1 A

22 +B 22 +C
22N' Be W

3 aA aA aB ac

—16m. gBCqi0 mABC +—. + 4„+—(16ir )ABCBC CA AB
C

AB 422 =0, (2.20)

and two more equations given by cyclic permutation of ABC.
Now consider the SA,4=0 constraint at order p . It will turn out that we need go no further than this. The con-

straint can be written as

2
~g A'j C BB' pC(rDEFr )q 41+ AA' ~ Bjf k [(pCp )+21+(YCDE Y )+22]

2 2 A C 21 ,DE——«0; (pcp ) „A +(rcDEr
2 AA' 5e AA' (2.21)

The terms it/ k and g",. in the last two lines can be rewritten in terms of p„and rFGH, using Eq. (2.8). Then one can set
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separately to zero the coefficient of P (ynz~y ), the symmetrized coefficient of yiiz~ (PCP ), and the symmetrized

coefficient of y+GH (ycazy ). These three equations give

3 8 4
A' 41 A A'i Bj C' k 22 B' ifgg$1/2+C g pjke ~A pgB eCC' gg ~ ~2+ A eCB' 0

e
(2.22)

2e""e»;ei"»n ~e kql» fee'—n ~e; „, +(BCD~CDB)+(BCD~DBC)=0,BA' (2.23)

and Eq. (2.23}with %i, replaced by %i&. Contracting Eq. (2.22) with nc" and integrating over the three-surface gives

3 8%' Bql Bv

4
—(16m )AgABC%'4, +—(16m. )(A'+8 +C )4'ii+ —kc A +8 +C =0.

41

Contracting Eq. (2.23) with e " 'ncc eD ", multiplying by 5h&„=(Bhl„/BA )5A and integrating gives

(2.24)

3%a' —Ra A ' A +8 +C,ae„, , aq„ae„w„ —16m. BC + —2 %21=0,
C B A

CA BC
(2.25)

and two more equations given by permuting ABC cycli-
cally. The equation (2.25) also holds with %z, replaced by

There is a duality between wave functions
%(e"";,t"i;t) and wave functions t(e"",, f";), given

by a fermionic Fourier transform [13]. The Sz and S„
operators interchange roles under this transformation,
and the roles of %'0 and %'6, 4'2, and 0'42, and %'22 and 0'41
are interchanged. We shall proceed by showing that Viz,
%i„and %0 must vanish for gAO (or AAO), and hence by
the duality the entire wave function must be zero.

Consider first the equation (2.25} and its permutations
for %'ii and %2&. One can check that these are equivalent
to

8mVii=6(ABC)exp — (A +8 +C ) . (2.31)

Substituting Eqs. (2.30) and (2.31) into Eq. (2.20}, one
obtains

16ir~g+0= —2ir iri( ABC) '( A +Bi+C )(exp)F

o3+ i' K (exp)F'
16

+—(16ir )A'(ABC) '(2A —8 —C )(exp)G
3

(2.32)

and cyclically, where

(2.26) 8m'
exp=exp — (A +8 +C )

RK
(2.33)

and cyclic permutations. One can then integrate Eq.
(2.26) along a characteristic AB =const, C =const, using
the parametric description A =w, e', 8=wie ', to ob-
tain %»=0. (2.34)

Now %0 should be invariant under permutations of
A, B,C. Hence G =0, i.e.,

The general solution of

A'a B —C =16ir (C —8 }4

is similarly

%2, =hi(BC, A)exp — (8 +C )
fuc2

Vz, =h, (AB,C)exp — (A +8 )
8ir'

(2.27)

(2.28)

(2.29)

The equation (2.32} and its cyclic permutations, with
%&2=0, must be solved consistently with Eq. (2.17) and
its cyclic permutations. Eliminating %0, one finds

34K „ fiK A +8 +C
16(16m. g ) 8g

AK 1 F+ fiK A +8 +C F=O (235)
4g 8 C 8g (ABC)

and cyclic permutations. Since F=F( ABC) is invariant
under permutations, the (BC) iF term and its permuta-
tions imply F=O. Thus

Equations (2.27) and (2.29} are only consistent if %i, has
the form %»=0. (2.36)

Vi, =F(ABC)exp — 2(A +8 +C ) . (2.30)
8ir

Similarly

Hence, using Eq. (2.32),

%,=0.
Then we can argue using the duality mentioned earlier,
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to conclude that

(2.37)

A, =O and 3. There are two independent solutions, of the
form

Hence there are no physical quantum states obeying the
constraint equations in the diagonal Bianchi type-IX
model. This result will be discussed further in the Con-
clusion.

This shows that the Chem-Simons semiclassical wave
function of Sano and Shiraishi [21] for N= 1 supergravity
with a A term can only be an approximate, and not an ex-
act state in the Bianchi type-IX model. If it were exact,
then one could make a Fourier transformation from the
Ashtekar variables used in [21] to the variables A, B,C
used here, to find a nontrivial solution.

III. THE k = + 1 FRIEDMANN MODEL
WITH A A TERM

The k =+1 Friedmann model without a A term has
been discussed in [2,6]. There are two linearly indepen-
dent physical quantum states. One is bosonic and corre-
sponds to the wormhole state [15];the other is at quadra-
tic order in fermions and corresponds to the Hartle-
Hawking state [16]. In the Friedmann model with a A

term, the coupling between the different fermionic levels
"mixes up" this pattern [4].

In the Friedmann model, the wave function has the
form [6]

%'p=ap+a2A +a4A + (3.5)

I=+ (1—2g A ) (3.6)

for 2g A & 1. The minus sign in I corresponds to taking
the action of the classical Riemannian solution filling in
smoothly inside the three-sphere, namely, a portion of the
four-sphere S of constant positive curvature. This gives
the Hartle-Hawking state [16]. For A )(1/2g ), the
Riemannian solution joins onto the Lorentzian solution
[22]

m. (2g A —1)4- cos A (3.7}

which describes de Sitter space-time.

IV. CONCLUSION

'pa=A (b0+biA +b A + )

convergent for all A. They obey complicated recurrence
relations, where (e.g.) a6 is related to a4, ai, and a0.

One can look for asymptotic solutions of the type
40- (B0+fiB, +iri B + ) exp( I/—fi), and finds

%=% (A )+(P P )4' (A ) . (3.1}

'IIp
+48m'A% p+18~'Ag A '%,=0 (3.2)

and

d%, —48~'mA +,—256~'g A '+,=O . (3.3)

These give second-order equations: for example,

~ +0 ~'Po 48m (48) ir
A —2 + A- A

dA A'~4

9X512m g
g2 4

(3.4)

This has a regular singular point at A =0, with indices

As part of the ansatz of [6], one requires p", =e"",1( „
and g", =e"";gz', this is in order that the form of the
one-dimensional ansatz should be preserved under one-
dimensional local supersymmetry, suitably modified by
local coordinate and Lorentz transformations. Thus the
gravitino field is truncated to spin —,'. Note that
pA —3 ~ AA'y

One then proceeds as in Sec. II to derive the conse-
quences of the S„4=0 and S„4=0constrints at level

P', by writing down the general expression for a con-
straint and then evaluating it at a Friedmann geometry.
Note that it is not equivalent to set A =8=C in Eqs.
(2.17) and (2.20); the coefficients in the constraint equa-
tions are different. One then obtains

We have seen here that there are no physical quantum
states for N = 1 supergravity with a A term, in the diago-
nal Bianchi type-IX model. The same result was found
for nondiagonal Bianchi type-I models in [11]. The phys-
ical states found in Sec. III for the 1=+1 Friedmann
model, where the degrees of freedom carried by the gravi-
tino field are p„, disappear when the further fermionic
degrees of freedom yzzc of the Bianchi type-IX model
are included.

One could also study this from the point of view of per-
turbation theory about the k =+1 Friedmann model. As
well as the usual gravitational harmonics [23], gravitino
harmonics can be used [24]. For example, the Bianchi
type-IX model with radii A, B,C close together describes
a particular type of "gravitational wave" distortion of the
Friedmann model; similarly for the y zoic of the Bianchi
type-IX model, which describes a particular "gravitino
wave" distortion. Quite generally, in perturbation theory
[23,25] one expects to find a wave function which is a
product of the background wave function 4( A } times an
infinite product of wave functions g„(perturbations)
where n labels the harmonics. And one further expects
that the perturbation wave function corresponding to the
Bianchi type-IX modes must be zero, by a perturbative
version of the argument of Sec. II. (It will be interesting
to investigate this. ) Hence the complete perturbative
wave function should be zero; theo physical states would
be forbidden for a generic model of the gravitational and
gravitino fields with a A term. This suggests that the full
theory of %=1 supergravity with a nonzero A term
should have no physical states.
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