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We study the one-loop contributions of matter and radiation to the gravitational polarization
tensor at finite temperatures. Using the analytically continued imaginary-time formalism, the con-
tribution of matter is explicitly given to next-to-leading (7'?) order. We obtain an exact form for the
contribution of radiation fields, expressed in terms of generalized Riemann ( functions. A general
expression is derived for the physical polarization tensor, which is independent of the parametriza-
tion of graviton fields. We investigate the effective thermal masses associated with the normal modes

of the corresponding graviton self-energy.

PACS number(s): 11.10.Wx, 11.15.Bt

I. INTRODUCTION

Many properties of plasmas in thermal field theories
can be understood from the study of the polarization
tensor evaluated at finite temperature [1-5]. This ten-
sor, which is the two-point correlation function, describes
phenomena such as the propagation of waves and dump-
ing of fields in the plasma. In thermal quantum gravity,
the behavior of the polarization tensor is also of interest,
especially in connection with cosmological applications.
If the temperature T is well below the Planck scale, per-
turbation theory can be used to calculate the thermal
Green functions. Thus, one obtains loop diagrams in
which the internal lines represent matter and radiation
in thermal equilibrium, and the external lines represent
the gravitational fields. There has been a lot of work on
hot quantum field theory in the presence of a gravita-
tional field [6-9]. Thus far these investigations have been
mainly restricted to the study of the hard thermal loops
contributions, which are obtained in the high tempera-
ture limit.

The purpose of this work is to study the behavior of the
graviton polarization tensor at all temperatures, which
might be useful in some applications. Since these calcula-
tions are considerably more complicated than those per-
formed at high temperatures, we have restricted for defi-
niteness to work to one-loop order with thermal bosonic
fields, which may be of spin 0 or 1. The method we use is
that of Ref. [9], where the Green functions are related to a
momentum integral of the forward scattering amplitude
of thermal particles in a gravitational field. Then, the
temperature-dependent part of the graviton polarization
tensor can be written at all temperatures in the form

e () = g [ P k).
(2m)® ) 2Qexp(Q/T) -1 ’

(1.1)

Here g, = (Q,q) represents the on-shell momenta

of a thermal particle with mass m and energy Q =

|q|® + m2. F#v.eB (g, k) is the forward scattering am-
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plitude, summed over the polarizations of thermal parti-
cles, which is a covariant function of ¢ and the external
momenta k. This temperature-independent amplitude is
weighted in (1.1) by the Bose distribution factor. Be-
cause of the angular integrations, II****# is no longer a
Lorentz covariant function. It depends on the timelike
vector u#, representing the local rest frame of the plasma.
For simplicity, we work in the comoving coordinate sys-
tem where u* = §f. The above method simplifies very
much the calculations in the present case.

In Sec. II we consider the contribution of matter parti-
cles described by the scalar field ¢, coupled to a gravita-
tional field. The coupling characterized by the term £ R¢?
is included, where £ is a numerical factor and R denotes
the Ricci scalar. We verify that I1#*%8 satisfies the Ward
identity which reflects the invariance of the action under
general coordinate transformations. We obtain a general
expression for the leading (7%) and next-to-leading (T'2)
contributions to the graviton polarization tensor. The
special case when £ = —1/6 and m = 0 is of particu-
lar interest, since then the scalar action is also invariant
under conformal transformations [10]. Because of this
invariance, II#**8 satisfies in this case a Weyl identity
which is explicitly verified.

In Sec. III we discuss the coupling of radiation fields
which may be photons or gluons, to a gravitational field.
This coupling is also invariant under general coordinate
transformations as well as under conformal transforma-
tions. We remark that the thermal contributions associ-
ated with internal gauge fields represent gauge-invariant
quantities. The Ward and Weyl identities determine
uniquely the (T*) contributions, which are the same for
all thermal particles, apart from numerical factors which
count the number of degrees of freedom. Using general
properties of the forward scattering amplitude, we show
that all other contributions can be expressed in terms
of just two parameters which are not fixed by the Ward
and Weyl identities. Rather, these parameters depend
specifically on the nature of thermal particles.

In Sec. IV we obtain a closed form expression for the
contributions of thermal radiation fields to the graviton
polarization tensor. We show that these can be expressed
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(a) (b)

FIG. 1. Lowest-order matter contributions to the thermal
1PI graviton two-point function. Curly lines denote the ex-
ternal gravitational field and solid lines represent the scalar
particle.

in terms of generalized Riemann ¢ functions {(—n,t) [11]
for natural values of n, ¢t being a ratio of external mo-
menta and the temperature. In the high temperature
limit, this expression yields a series of decreasing pow-
ers in the temperature, which includes leading (T4) and
next-to-leading (Tz) contributions. Some technical as-
pects which arise in the calculations are discussed in the
Appendixes.

In Sec. V we analyze the dependence on the
parametrization of the graviton fields, of the one-particle
irreducible (1PI) contributions to the graviton polariza-
tion tensor. This behavior occurs generally because of the
nonvanishing of the thermal graviton one-point function.
We show that the physical polarization tensor, identified
with the graviton self-energy, is described by a traceless
function which includes contributions from thermal one-
point functions. A general expression for the physical
self-energy at finite temperature is derived, which is in-
dependent of the graviton parametrization.

In Sec. VI we discuss the effective graviton propa-
gator, obtained by iterative insertions in the free prop-
agator of the physical self-energy. We analyze, in the
static limit, the corresponding poles which describe three
normal modes of dynamical screening. While one of
the modes remains unshielded, a nonvanishing screening
mass m2 = 32nGp/3 appears in the spatially transverse
one, where p is the thermal energy density. The spatially
longitudinal mode is characterized by an imaginary mass
m% = —32nGp, similar to the classical Jeans mass, indi-
cating an instability of thermal quantum gravity.

]

v, a3
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FIG. 2. The forward scattering graphs corresponding to
Fig. 1. Crossed graphs with (k +» —k) are to be understood.

II. MATTER CONTRIBUTIONS TO THE
POLARIZATION TENSOR

We consider here thermal matter represented by scalar
particles of mass m, coupled to the gravitational field via
the Lagrangian

_% V—9(2) [¢" 0,48, — (m® +€R) ¢7]

(2.1)

L(z) =

and expand the metric tensor g,, in terms of the devia-
tion from the Minkowski metric 7,,:

Guv = Muw + KRy, (2.2)
where k = v/327G. In order to derive the one-particle
irreducible (1PI) contributions to the thermal graviton
two-point function, we consider the Feynman graphs
shown in Fig. 1. According to Eq. (1.1), these can
be expressed in terms of the forward scattering ampli-
tude of on-shell scalar particles, as indicated in Fig. 2.
The corresponding contributions to the amplitude can be
expressed in terms of a basis of 14 independents tensors
T ¥4 k), which are symmetric under the interchanges
(o ¢ v), (¢ & B) and (p,v) & (a,B). These tensors
are covariant functions of ¢ and k, being polynomials of
maximum degree 4 in the momenta. They can be ob-
tained from Table I, replacing the vectors (X Y) by the
pair (g, k). With help of the Feynman rules given in Ap-
pendlx A, it is straightforward to obtain for the forward
scattering amplitude the expression

1 1 V.o 1 1 v, v, &
—§k4+15k2k-q>T{“ ﬂ—(—k2+§k~q)T;" Y b

1 1
<i£k4+52k4 szk g+ = (k q) )Trv,aﬁ+ (Zkz'*'EkZ) Téu/,aﬂ_'_iT#u,cxﬁ

1 1 v, a v, a v, 1 v, o v, o
+<§5k2+25k‘Q)Ts“’ﬁ—fT5’B+ZT1":J 8 LeTpn e 4 T

1 1 1 v a
—(4—§k2+£2k2) TP + (Esz— Zk-q) Tt "] + (k& —k).

(2.3)

To obtain the leading (7'*) and the next-to-leading (7'?) contributions to the polarization tensor, we need to expand

the energy Q =
1 1 k2

{q|2 + m? in powers of (m?/ |q|2), as well as the Feynman denominators:

k* Kk

K2+2k-q 2k-q

@k-9F | (2k-q)

T (@29 24

The T* contributions come from terms in the forward amplitude (2.3) which are homogeneous functions of ¢ of degree
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TABLE L. A basis of 14 independent tensors T***? (X,Y).

TP (X,Y) = ™ nP* 4 nt P

T8 *P(X,Y) = X* (XP 0™ + X*nP) + X (XPy™ + X )

T4 *P(X,Y) = X* XP X+ X*¥
T P (X,Y) = 0™
TE*P(X,Y) = X* X" 0 + X XP gt

TP (X,Y) = XP (Y + Y 0™) + Y7 (XY + X* q)

4+ X (Y” nﬁu +Y"n'3") +Y*® (X" nﬁu +XH nﬁV)
TP (X, Y) =Y  X* XP X* + Y* XS XP XY +YP X* XM XY + Y™ XP X" X"
e P(X,Y) = YPY ™ + YP Y 0™ + YO Y P* 4 YO Y P

T P(X,Y)=Y*YY X* XP 4+ Y YP X+ XV

T{ (X, Y) = (YP X+ Y XP) (YY X + Y* X*)
T P(X,Y)=YPY*Y X+ Y Y*Y" XP + Y YPY " X+ + Yo YPYH X¥

T P (X,Y) =Y YPY*rY”
TE (X, Y) =Y Y 9™ + Y YP v
)

TP (X,Y) = (Y X"+ Y X)) 0™ + (YP X* + Y XP)

2. These are given by
k2
(k-q)° q

= — (n"Pq*q™ + 1"°¢"¢® + n*Pq ™ +n
k:2

(k-q)°

~T§ (g.k) -

v a, 3

k-q

Note that terms involving the parameter £ do not con-
tribute to (II). These contribute only to next-to-leading
(T?) order, which result from terms of degree zero in ¢
in the forward amplitude. In order to find these contri-
butions, we perform the |q| integration in (1.1) using the

formulas
= lal d|q] w372
= s 2.6
[ eotam=n= s 29
/oo |q|4dlq| B 7T4T4 B 7r2m2T2 N (2 7)
o Qlexp(Q/T)—1 15 1 i

The angular integrations can be done using the methods
described in [9]. The result can be expressed in terms
of the basis of 14 tensors T*"*? (u, K), obtained from
Table I, where we replace the pair (X,Y’) by (u, K). Here
u* = §f and

K“E%:(%,R)E(T,f{).

Then the 1PI contributions to the polarization tensor can
be written up to the next-to-leading order in the form

(2.8)

14
1  (k,m,€) = SIL (r, K, &) T (u, K), (2.9)

=1

where

Vv, o, 1 vV, o,
T3 (0,k) + T8 (k)

1
7*¢"¢°¢® x — (¢"q"q°k® + ¢*q" k¢ + ¢* k¥ ¢° ¢ + k*¢"¢°¢P) .

uaqvqﬁ)

(2.5)

2
I (r, K, &) = 2_0 2T (r, K) + (K[> T? n; (r, K, €)

+m?T?s; (r, K, )| +---. (2.10)

The explicit form of the dimensionless functions I;(r, K),
n;(r, K,£) and s;(r, K, {) are given in Appendix B. These
exhibit, apart from a logarithmic dependence in r, a poly-
nomial behavior in K of maximum degree 10. The coeffi-
cients I; (r, K) which contribute to the leading (T*) order
have been obtained previously [8] and are included here
for completeness.

As a consequence of the invariance of the theory un-
der general coordinate transformations, the 1PI graviton
two-point function satisfies the Ward identity

2}, I8 (k) = k# TP — k, (D27 7P + D97 pon) |
K
(2.11)

Here I'*? denotes the thermal graviton one-point func-
tion, which is given by

24
I = 771::310#z (46355 - "QB)
m?T%k

5 (2.12)

+

(nﬂﬁ—25ga€)+-~.

With the help of the expression given by Egs. (2.9) and
(2.10), the Ward identity (2.11) can be explicitly verified
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to this order. It is well known [10] that in the conformally
coupled case, when £ = —1/6 and m = 0, the action is
also invariant under conformal transformations given by

Guv (T) = Q? (z) Guvs (2.13)

¢(z) =Q7" (z) ¢ (2).

As a consequence of this invariance, the 1PI graviton two-
point function will also satisfy the Weyl identity [8,9]:

(2.14)

I (k) = —#.

p (2.15)

This identity is explicitly verified by our expression for
m# 28 (k) [Eq. (2.9)] and for T*” [Eq. (2.12)] evalu-
ated at £ = —1/6 with m = 0.

III. RADIATION FIELDS CONTRIBUTIONS TO
THE POLARIZATION TENSOR

In this section we analyze the contributions of spin-
one gauge fields, which may be photons or gluons. Since
for our purpose the self-interactions of the Yang-Mills
particles can be neglected, there is no loss of generality
in considering only the contribution of an Abelian field
A#-. For non-Abelian fields the contributions are the
same, up to an overall color factor. The coupling of the
gauge field A* is described by the Lagrangian

1
LA = —Z —g (.’L‘) g"”’ guﬂ (6,,Aa el BQA,,)

X (3,,Aﬁ - 3gA,,) . (3.1)

22

P o(a,K) = i

k2

4199

It is convenient for computational purposes to fix the
gauge by choosing
—g(z) (V,4*) (V. A7),

Lo = ——— (3.2)

2a
where V, is the covariant derivative. The corresponding
Faddeev-Popov Lagrangian is given by

—g () (8ux) (9.2

where x and ¥ are the ghost fields. The form of the
above interactions is such that the theory is invariant
under local coordinate transformations, as well as under
conformal transformations given by

Lpp = g" (3.3)

Ay (z) = Ay (), Guv (z) = Q2 (z) uv- (3.4)
As we have seen, these invariances ensure the 1PI gravi-
ton two-point function to satisfy the Ward and Weyl
identities given, respectively, by Egs. (2.11) and (2.15).
Here ' is obtained multiplying (2.12) by a factor 2 and
setting m = 0.

With help of the Feynman rules listed in Appendix A,
we can evaluate the 1PI graphs contributing to IT#* 8,
which are shown in Fig. 3. The diagrams contribut-
ing to the corresponding forward amplitude are repre-
sented in Fig. 4. It is important to note that the thermal
contributions from internal gauge fields represent gauge-
independent quantities. We have verified this indepen-
dence explicitly, performing all computations in the gen-
eral class of covariant gauges defined by (3.2). The de-
pendence on the gauge parameter a cancels in the final
expression of the forward scattering amplitude, which is
given by

1 v, o k- v, v
(G0 071 (0, = S0 0, 8) 4 73 P(a, )

1 vV, v, o k4 v, o
— 5k’ TE P (g, k) = L (g, k) + TTE" (0, k)

1, e 1 o L
I a) + 3T ) — ST P )) + (ko k).

At this point, it is interesting to compare (3.5) with the
amplitude corresponding to the scalar case [Eq. (2.3)],
evaluated for m = 0 and { = —1/6. We see that in
both amplitudes, the coefficients of the tensors T *?
(¢ = 2,3,7) which contribute in the high temperature
limit [cf. Eq. (2.5)] are the same, up to a factor of 2
which counts the degrees of freedom of a physical gauge
particle. On the other hand, all other coefficients seem
to be different in general.

In order to understand this behavior we consider now
the consequences of the Ward (2.11) and Weyl (2.15)
identities on the structure of the forward scattering am-
plitudes. To this end, we use the following representation
of the graviton one-point function:

K d3q 1

Qﬁz_ >4 - 0 La/ B
M=) em@m 177

(3.6)

(3.5)

r
Then, we find from Eq. (1.1) that the Ward and Weyl
identities ensure the forward scattering amplitudes to
obey, respectively, the relations

1
—k, F* %P (q,k) = k*q*¢® — k- q (¢*n*? + ¢’ n"®)
K/Z

(3.7)

1 v, v
e, (g,k) = 24", (3.8)

We will now investigate the constraints imposed by the
relations (3.7) and (3.8) on the general form of the ampli-
tudes F#*» 2B Since these are Lorentz covariant functions
of ¢ and k, they can be expressed in terms of the tensor
basis T} B (q,k) as
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(c) (d)

FIG. 3. One-loop contributions of radiation fields to the
graviton polarization tensor. Wavy lines denote the gauge
field and broken lines represent ghost particles.

14
PP (q,k) = K2 Y Fi (K%, k-q) TP (q,k), (3.9)

=1

where F; are invariant functions of k% and k - ¢q. Insert-
ing (3.9) into the Ward identity (3.7) and identifying the
coefficients of the independents tensor structures yields
ten relations among the F;. Similarly the use of the Weyl
identity (3.8) gives four more relations. However, not all
of these relations are independent, so that we can express
11 functions F; in terms of the remaining three as

3k*
F, = TF12 +k - qF14, (3.10a)
1 k* k?
o= —x— — 4 _
2 2 2% -q 11 + k-qu’ (3.10b)
k? 2k® k*
F3=— - Fip+ .
VTR g g e 1)
k4
Fy = —?Flz — (k- q)F1s, (3.10d)
k2
Fy= - .
5 (k-q)FM’ (3.10e)
kz
Fes = *2—F11 Fia, (3.10f)
1 2k* k?
Fr = .
T g T g )
k 3k?
Fyo=-"9p, - 2% F,, (3.10h)
2 4
K K kE E-k
pe >, q=roooag
(a) (b)
a~ ~q o= 7T 77T =
(c) (d)

FIG. 4. Forward scattering diagrams containing ghost par-
ticles connected with Fig. 3. Crossed diagrams (k < —k)
should be included.
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2k2 2

=——F —F .10i

Fy k-q 11+k_q 14, (3.101)

3k? .

Fyy = T Fy,, (3.10j)

k2
Fis = > Fia. (3.10k)

We see that the invariance of the theory under local co-
ordinate and conformal transformations does not fix the
functions Fy; , F}2, and Fy4. Further constraints are pro-
vided by the property of the forward scattering amplitude
of being a function with dimension of (momenta)?, which
is even under (k +— —k). Furthermore, to one-loop or-
der in perturbation theory this amplitude can have at
most one denominator involving (k2 + 2k - q). For in-
stance, these general properties require the functions F3
and F; to have the structure

(3.11)

. L, 1
3T G k2 4+2k-q k2-2k-q/’

(3.12)

o 1 1
1T \*2y2k-q K2-2k-q)’

where c3 and c7 are constants. Furthermore, it follows
that F» must be an even function of k, having the struc-
ture

1 1
F2—02k'q(k2+2k,q_k2_2k.q>

1 1
/1.2
ek (k2+2k-q+k2—2k-q)’

where c; and c,, are constants. Similar structures can be
found for all other functions appearing in Egs. (3.10).
These structures yield a set of relations which must be
satisfied identically in Eqgs. (3.10), for all values of ¢ and
k. In this way, we find that the constants c3, c3, and ¢y
are uniquely determined as

(3.13)

cp=—-, c3=1, (3.14)

1
2’ 2
Note that the functions F3 and F%, as well as the part of
F, which determine the T* contributions [cf. Eq. (2.5)]
are now uniquely fixed. This is in accordance with the
argument [9] that all hard thermal particles should con-
tribute the same, up to a weight factor. The above rela-
tions imply further the equation

k? (k- q)
2[k4«4(k~q)2].

C7 =

Fiq = 2k*Fi1 +

(3.15)

Using (3.15), we see from Egs. (3.10) that the only in-
dependent functions left over are Fy; and Fi;. From the
general properties of the forward scattering amplitude,
these functions must have the structure

(3.16)

Fi; = ! + -
1 = C11 2 +2k-q K—2k-q)’

(3.17)

Foo=c 1 1
T2 \k242k-q k2—2k-q)°
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where c¢;; and c;2 are constants which depend specifically
on the nature of the thermal particles. For instance, in
the scalar case we get

1 1

— = — .18
12’ C12 36’ (3 )

Ci1 =
whereas in the case of internal gauge fields we find that

Ci1 = Ci12 = 0. (319)
The above relations explain the features of the forward
scattering amplitudes described by Eq. (2.3) [at £ =
—1/6 and m = 0 | and by Eq. (3.5).

IV. EXACT EVALUATION OF RADIATION
FIELDS CONTRIBUTIONS

We will now evaluate all finite-temperature contribu-
tions in closed form, using the techniques described in
the first paper of Ref. [12]. To this end, we express the
1PI graviton two-point function in terms of the tensor
basis T#***? (u, K) in a way analogous to (2.9):

14
=Y I (r, K) T (u,K).

=1

T4 8 (k) (4.1)

According to the discussion of the last section [cf.
Eq. (2.10)], we can write the functions II; (r, K) as

IL (r, K) = &2 [—I—l (r, K) + [K[*T?N; (r, K) | , (4.2)

where the functions /; (r, K) are given in Appendix B.
Our task is to determine the functions N; (r, K), which
should be nonleading in the high temperature limit. For
this, it is convenient to consider first the projections

of the graviton two-point function into the tensor basis
T_#l” af,
p :

P;(r,K) = H'w’ B (k) T v, (u, K) - (4.3)

Once we find these (see next), the functions II; in (4.2)
can be determined by the relation

I (r, K) = 8(T!" *°T, uy, ap) ™
=8(Ty;) ' P; (r,K),

j (7‘, K)
(4.4)

where (Ti;)”" denotes the inverse of the matrix Tj; =
T‘“]’ T, wy,afB-

We now proceed with the evaluation of the functions
P; (r,K) in (4.3). From Table I, we see that for j =
4,5,...,14 these involve the contraction of IT** <8 (k)
with 7#¥, n°8 or with the external momenta. Using the
Ward (2.11) and Weyl (2.15) identities, the correspond-
ing functions P; (r, K) will be given by a linear combi-
nation of graviton one-point functions. These are pro-
portional to T* [cf. Eq. (2.12) with m = 0], and so
will contribute only to the functions I; (r,K) in (4.2).
The functions N; (r, K) are determined from the contri-

butions corresponding to P; (r, K) (j = 1,2,3), which are
not proportional to T%. These contributions, which we
denote by P; (j = 1,2,3) can be found from Eq. (4.3)
by using for the graviton two-point function the expres-
sion (1.1). Substituting here the expression (3.5) for the
forward scattering amplitude, we are lead to integrals of
the form

Is (k. T) " (20 /2Q exp ( /T)—1

1
(k2+2k-q+ —2k-q)’

where § = 0,2,4 and Q = |q|. In terms of = cos (6),
where 6 is the angle between k and q, we find that the
above expression becomes

(4.5)

1 k2 1 d:l:
Is (k,T) = et /_1 (ko — k| )2
QS+1 1
<[ e Q? + (2nTy)”’
(4.6)
where
V= T Wz 0

Apart from simple functions, the integration in (4.6) can
be reduced to the basic integral [11]

_ QdQ 1
1w —/0 Q? + (2nTy)? exp (Q/T) — 1

= %@[Re(y)] (lny - % - ¢(y)) +(y « —y),
(4.8)

where ¢¥(y) =

The real-time limit of the Green’s function can be ob-
tained from the analytically continued imaginary-time
formalism via the prescription [13] ko = (1+i¢) Ko, where
€ — 0% and Kj is real. With the presence of the i¢ factor
being understood, we find in (4.8) that Re(y) = ¢'Re(ko),
with ¢/ — 0%,

Many of the angular integrations in (4.6) can be easily
done in terms of elementary functions, after changing
variables from z to y. The most difficult one involves an
integrand containing v (y) multiplied by a power of y™,
for n = 0,1,2,3,4. The relevant integrals can be put in
the form

Jn = O[Re(ko)] [Jn(t(ko)) — Jn( — t(—ko))]

;ii InT (y) denotes the Euler 3 function.

+ [ko « -—ko] s (49)
where
e T\" ! [t n 1
no= (%) L w5, -vw)]
(4.10)
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The choice of C is immaterial, since any constant is
irrelevant for our purposes because it cancels out in the
expression (4.9). Here ¢ (ko) and —t(—kg) denote the
limits of the y integration corresponding, respectively, to
z=1and z = —1 in Eq. (4.7). Hence,

ko + (k|

t(k .
(ko) = 4inT

(4.11)

These integrals can be expressed in closed form in
terms of derivatives of generalized Riemann ¢ functions
¢ (—n,t) for natural values of n = 0,1,2,3,4. For in-
stance we have that

Jo (t)

I

% t [ln(y) - 51; - ¢(y)] dy

- ' | [tlnt ¢ (O,t)—t—%lnt], (4.12)
ni) = [ v |1ate) = 5~ wiw)] dy
=t¢'(0,t) — ¢'(—1,¢) + glnt« %tz. (4.13)

In the above expressions, the derivative is taken with
respect to the first argument of the generalized ¢ func-
tion. The functions J,(t) are discussed in more generality
in Appendix C [cf. Eq. (C6)]. In this way, we find that
the functions P; (j = 1,2,3) in Eq. (4.3) are related to

J, in (4.9) as

K? K¢
P1 (T,K) = —9’6 - ‘ﬁ-]o, (414)
K2 K4 K2 K2
P2 = KL(T) - 5«.]0 —r— J1 - th, (415)
1 K? K4 K2
Pi=—— +—1L —J —J
s= 576 T 1927 ") T 35670 T
2+ 3K?2
—%Jz —rdy—Js,  (4.16)
where we have defined
1
L(r):gln:fl 1 (4.17)

With the help of these relations, the functions N; (r, K)
can be explicitly determined from Egs. (4.2) and (4.4).
After a straightforward calculation we obtain

Ni(r,K) =P, + K*P, + K*P3, (4.18a)
Ny(r,K) = K?P, + 2K*P, + 5K®P;, (4.18b)
N3(r.K) = K*P, + 5K°P, + 35K %P, (4.18c)
Ny(r,K) = —P; — K*P, + K*Ps, (4.18d)
Ns(r,K) = —K?P, — K*P, + 5K°Ps, (4.18e)
Ne(r,K) = —r (P1 + 2K?P, + 5K*P3) , (4.18f)
Nz(r,K) = —r (K?P, + 5K*P, + 35K®P;),  (4.18g)
Ng(r,K) = Py + (14 2K?) P, + (4K” + 5K*) Ps,
(4.18h)
No(r,K) = (2+ K?) P, + (6K* + 5K*) P,
+ (30K* + 35K°) Ps, (4.18i)

N10(7‘, K) = K2P1 + (3K2 + 5K4) P,

+ (30K* + 35K°) Ps, (4.18j)
N]l(T,K) = -T P1 + (2 +5K2) Pz

+ (20K? + 35K*) P3|, (4.18k)
le(’l',K) = P1 + (4 + 5K2) Pz

+ (8 + 40K? + 35K*) P, (4.181)
Nus(r,K) = —P, — K*P, + (A4K? + 5K*) P;,  (4.18m)
Nu(r,K)=r (P + K*P, + 5K*P3) . (4.18n)

At high temperatures, the Riemann ¢ functions can be
expanded in a power series in t, as shown in Eq. (C10).
Then, in the high temperature domain, we can express
the functions P; (j = 1,2,3) as a series of powers of
(1/T). The dominant terms in these series are given by

KZ
Pi=-%r,
96
K2
Pz = L( )
1 —3K2L(r)
576 ’

Although the above contributions are gauge invariant,
they do not directly describe the physical properties of
the plasma at finite temperatures in a gravitational field.
This problem is related to the fact that the thermal gravi-
ton two-point function depends on the choice of the basic
graviton fields.

(4.19)
(4.20)

Psy=— (4.21)

V. THE GRAVITON SELF-ENERGY AT FINITE
TEMPERATURE

In thermal quantum field theory the 1PI contributions
to the graviton two-point function are in general depen-
dent on the parametrization of the graviton fields. How-
ever, as shown in the second work of Ref. [12], the trace-
less quantity

_ 1
[Jrv.eB (k) = [[#veb (k) _ Z (n#anpp’Vﬂ + n“ﬁpr,""

0“0, 4 + n””ﬂ”p,“"> (5.1)

represents at high temperatures a quantity which does
not depend on the choice of basic graviton fields. In this
domain, the masses can be effectively neglected so the
theory is invariant under conformal transformations. The
representation independence of II then follows in conse-
quence of the Ward and Weyl identities. As we have
seen, the contributions from internal massless particles
are invariant under local coordinate and conformal trans-
formations. Consequently, the physical amplitude given
by (5.1) can be identified in this case with the graviton
self-energy even at finite temperature.

However, for contributions from thermal matter, which
are characterized by the presence of massive particles,
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I1# 8 is no longer independent of the graviton field
parametrization at finite temperatures. Our task is to
generalize (5.1) in such a way that the corresponding
quantity should represent a physical graviton self-energy
at all temperatures. To achieve this we consider the ef-
fective action which generates the one-particle irreducible
thermal Green functions. In the representation (2.2) for
the h fields, we have that

1 VvV, Q
et = TPhap (0) + 5 [ AT () by (1)

xhop (—k) + (5.2)

Starting from these fields, the most general re-
parametrization of the graviton fields can be written as

B = ah* + bR\ " + ch?\ R* + dR*N RY,

te (B2)* 7 + Fhagh® ™+, (53)

where a, b, ¢, d, e, and f denote arbitrary constants. For
example, a basic graviton field often used in the litera-
ture, which is defined by [9]

“g@)g" = 1M + ki, (5.4)

T4 = a4 + by TS, ,,

o2 (k) = T2 (k) + ab (T2 5 0 + T2 5

corresponds to a special case of (5.3), with

1 1 1
=1 b:— = —— d:l = = ——,
a , 2’ c 2’ 7e ’f 4

(5.5)

1
8

In what follows we shall assume, without loss of gener-
ality that > = 1. This can always be achieved by a
further rescaling of the h, fields in (5.3) (see Ref. [12]).
Furthermore, we shall consider for simplicity the class of
parametrizations characterized by the conditions
ab—ac+2bd=0,

b+2f=0, (5.6)

which are explicitly verified by all the graviton represen-
tations discussed in the literature [6-9].

Since the effective action is invariant under a general
reparametrization of the graviton fields, it can be written
in terms of h, as

o] 1 Vv, o
ot = T5Phig (0)+ 3 [ I (1) i (1)
x e (—k) + -+ (5.7)

Identifying with the help of (5.3), the corresponding
terms in (5.2) and (5.7), we obtain the relations

(5.8)

l‘v) + b2 Z,c;ppn#u naﬂ +e (F‘,::Inaﬂ + I“;:Iﬂ.q#u)

d v
+ 5 (Thom® + T32n + Tyen® + TP + 26T, 0™ + fTF, , (00" +0°0"?) . (5.9)

When the theory is invariant under conformal transformations, the following Weyl identity holds [12]:

me # —

_Ka+4c+2d
hio a(a+ 4b)

oL = -T9, (5.10)

where f‘,:l" is a traceless function. In general, this is no longer true in the presence of thermal matter at finite
temperature. In order to take this fact into account, we generalize (5.1) by considering the traceless quantity

I 2P (k) = I (k) + %Af\ (nen”® + n#on¥) — (A% + 7P AR)

+ (nnaAVﬁ + n“ﬂA""‘ + n""‘A"ﬁ + n"ﬂA““) ,

where the tensor A*¥ is given by

v 1 v v 1 N4 T v
AI" — Z (HPpyl‘ +I‘l‘ ) — ﬁ (pr - +I‘Pp) nl" .

(5.12)

We remark that when the Weyl identity (5.10) is appli-
cable, A*¥ vanishes so that Eq. (5.11) reduces to (5.1)
as expected. For this reason, only the contributions from
thermal matter will appear in Eq. (5.12).

It is now straightforward to verify, with the help of the
relations (5.6), (5.8), and (5.9) that

" (k) = 2 (k). (5.13)

(5.11)

[

This equation shows that the graviton self-energy given
by the relations (5.11) and (5.12) is invariant under re-
parametrizations of graviton fields at all temperatures.
In order to understand the mechanism which enforces
the above property, using the relations (5.1), (5.11), and
(5.12), we write the expression for the graviton self-
energy in the form

f[l‘u, af (k) = [I*» aff (k) + Huu, aff (k) ,

tad (514)
af

where I}, °7 is given by
Hft,t:éaﬂ(k) = i(np.af\uﬁ + T[“'Bfua + nuafxuﬂ + nuﬁf\ua)

—PY AP — peB AR, (5.15)
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FIG. 5. Lowest-order contributions of graviton one-point
functions to Il;aq. The black dot represents terms propor-
tional to 7.

As mentioned before, A vanishes in the case when the
thermal fields can be considered as being effectively mass-
less. The contributions associated with the graviton one-
point function in (5.15) can be represented diagrammat-
ically as shown in Fig. 5. Both II and I" depend individ-
ually on the choice of basic graviton fields in a way that
ensures II to be independent of these parametrizations.
Hence, in order to obtain a physical self-energy, one must
consider in addition to 1PI graviton two-point function,
also the corresponding “tadpole” contributions. Since
the graviton self-energy (5.11) is parametrization inde-
pendent, it may be conveniently evaluated in the repre-
sentation (2.2) of the gravitational fields, from the con-
tributions of thermal matter and radiation fields given,
respectively, by Egs. (2.9) and (4.1).

VI. THE EFFECTIVE GRAVITON
PROPAGATOR

In order to investigate the thermal mass of gravitons,
we will study the properties of the poles in the effective
graviton propagator. This is obtained by iterative inser-
tions of the physical self-energy in the classical graviton
propagator k™ 2P:ﬁ, where

v 0805 40508 — " nap _ 1 _ M Tap (6.1)
af 9 = 4ap —2 .
which is insensitive to changes of parametrizations [6,12].
As we have seen, because of the inclusion of graviton
one-point functions, the graviton self-energy (5.14) is also
independent of the parametrizations of graviton fields.
These properties ensure that physical quantities such as
masses are independent of the choice of basic graviton
fields. Using the fact that the physical self-energy is
traceless, P behaves effectively like the identity when act-
ing on II. Hence, the effective graviton propagator can
be written in the form:

D (k) =

g P+ 0

+<%)2H‘“’(k)ﬂ ® 4. (62

The right-hand side of this equation sums up to a geo-
metric series, giving the relation

(kng; - ngg) Drg = 1. (6.3)

The effective propagator satisfies certain fundamental
constrains. In view of the traceless property of II, Eq.
(6.2) requires that

Dy v = =T, (6.4)
Furthermore, the Ward identity (2.11) expressing gauge
invariance requires a longitudinal contribution in 1 con-
nected with the background energy-momentum tensor
[cf. Eq. (2.16) in the second paper of Ref. [12]]. Con-
sidering for definiteness the high-temperature limit, it is
then straightforward to verify that Eq. (6.2) implies

kuk, 1
af _ _ a5 sB
kakpDgl = =57 — S +=£ T ( 49595)

X (k21 =105 s (6.5)
where the energy density p is given by

wm?T*
= . 6.6
P= "3 (6.6)

Here w denotes the total number of degrees of freedom
of the thermal particles.

In what follows we shall be interested only in deter-
mining the effective dynamical masses in the static case
ko = 0, which are relevant in the process of dynami-
cal screening. To this end, we project the corresponding
contributions of II into the traceless normal modes

Il

T“V op

1 1
ET4(“) + gTS(U)

py, o3
] (6.7)

{_f;.n(u) -

pv, a3
Th P = [—%Tz(u) + 2T3(u)} , (6.8)

where the tensors T*"*?(u) (i = 1,...,5) are obtained
from the corresponding ones in Table I by replacing X
with u® = §¢. The normal modes Ty and T's are idempo-
tent (up to a minus sign) and orthogonal to each other.
While the mode T is three-dimensionally longitudinal,
the mode Ts is spatially transverse in the sense that
kik;TE* =0 (i,5 =1,2,3). (6.9)

In terms of these tensors, we can decompose the self-
energy as

- 1
e aﬂ(ko — 0) — "sz (T‘I;V, a3 _ ng“” aﬁ) . (610)

It is then easy to invert Eq. (6.3), yielding for the effec-
tive graviton propagator the result

s 1 3
D# B (kg = 0) = T“"’ of 4 ——, T5""
2
k k2 52
b L quves (6.11)
k2 —k2p 7 '

where the normal mode Ty given by
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v a 1 1 2
5" = |=5Ta(w) + 5Ta(w) — 3Ts(w)

7 1 pv, af
+ () - $Ta(w) (6.12)
is orthogonal to the modes Ty and 7.

We see that in the normal mode Ty, the gravitational
plasma is unscreened. This is somewhat similar to the
spatially transverse mode in the QCD plasma. On the
other hand, a nonvanishing screening mass appears in the
mode Ts:

k¥p  32nGp
3 3

m% = (6.13)
analogously to the behavior shown by the spatially lon-
gitudinal mode in the QCD plasma.

The mode T is characterized by an imaginary mass:

m% = —-32rGp (6.14)
which is similar to the classical Jeans mass. This anti-
screening mode indicates a gravitational instability for
density fluctuations with wavelength larger than |m |2,
owing to the attractive nature of gravity. One may gen-
eralize this calculation by including internal gravitons
in thermal equilibrium at high temperatures [9]. Their
contributions will not affect the above conclusion, since
these change only the weight factor w appearing in p [cf.
Eq. (6.6)] which counts the total number of degrees of
freedom.

In conclusion, we point out the limitations of the
present approach. We have been concerned with grav-
itational perturbations around a Minkowski space-time,
at temperatures well below the Planck scale. This is
justified in the regime R <« k% <« T?, where the cur-
vature (R) corrections are negligible compared with the
thermal contributions. However, at momenta of the or-
der of the Jeans mass (6.14), which is of the same order
of magnitude as R, the curvature effects are relevant to
the calculation of the (anti) screening masses. Therefore,
J

2 1
;V#V alar(kl;pl’pz) = PiuPav + PivPop — P1P2Muv — m? Nuv +2& (kx#kw - k% 77;"/)

and the scalar-scalar-graviton-graviton interaction vertex

16

V2 scalar

4205

a proper study of the gravitational instability requires
taking into account the effects of the curved space-time
induced by the thermal energy-momentum tensor [6,7].
Furthermore, in the regime of extremely high tempera-
tures the curvature effects become important throughout,
so that the concept of an effective graviton propagator
may no longer be of direct physical relevance.
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APPENDIX A

In this appendix we present the Feynman rules for the
couplings and propagators involving scalar, gauge, and
graviton fields. These rules can be obtained from the re-
spective Lagrangians given in Eq. (2.1) and Egs. (3.1),
(3.2), and (3.3). In a perturbative calculation we first
have to expand all the metric-dependent quantities up to
some given order in the graviton field h. These expan-
sions and the subsequent reading of the momentum space
Feynman rules is a straightforward procedure (but a very
tedious task for humans) which was accomplished using
an algebraic computer algorithm written in MATHEMAT-
ICA. Here we will only present the results for the vertices
involving up to two gravitons, which are relevant for the
calculation of the graviton polarization tensor. We will
also restrict only to the Abelian couplings of the gauge
fields [cf. Eq. (3.1)].

In all the expressions which follows we will always de-
note the graviton momenta and indices by [k1, (u, V)]
and [k2, a, 8]. The momenta of scalars and ghosts are
denoted by p; and p;. The gluon momenta and indices
are denoted by [p1, p] and [p2, o]. Using this notation,
we obtain from the Lagrangian (2.1) the scalar-scalar-
graviton interaction vertex

E uv, a8 (k17k2;p1,p2) = _8p1v P28 Map + 2p; - p2 Nap NBv + 4p1apzﬁ Nuv — P1 * P2 MaB NMuv

where in the expression above one has to perform a sym-
metrization over the graviton indices and permutation of
the scalar particles.

(A1)
+m2 (2 Nap My — Nap nlw) +£ (4 kuu k1V Nap + 4 klu kzu NapB — 4 klﬁ k1u Nap
-6k, k,. Nap — 4k,p kiunow + 2k gk,ynow — 4k, ok, e — 2k a kyy NBu
+2ky - k2 Naw MBu — 4k10 kl# NBv — Skll‘ kzﬂ Ny + 2 kxa kz# Mgy + 8kf Nap MBv
+4ky - k2 Nap N8y + 8ka kg My + 4k gk,a Mpy — 4kf NaB Muv — 2 k1 - k2Map Tluu), (A2)
[
2_1
;V“Eh“t(kﬁ P1,P2) = —Pyv Pap — PypPav + P1* P2 M,
(A3)

From the ghost Lagrangian we obtain the ghost-ghost-
graviton interaction vertex

and the ghost-ghost-graviton-graviton interaction vertex
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‘/2 ghost

8
; nv, a8 (k13k2; plap2) = —4D,uPwNap + 8p,8P,v yrem

_Zpl * P2 Nau MBv

+P1 * P2 g Muv- (A4)
Expression (A4) has to be symmetrized over the graviton
indices. Notice that, as can be easily seen from Egs. (2.1)
and (3.3), the interaction vertices of ghosts or scalars
with the graviton field, differ only by a minus sign when

& =m = 0. The corresponding propagators are given by
J
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1
= for the ghost,
D(k) =4 ¥ (A5)
R for the scalar.

From Egs. (3.1) and (3.2) we can obtain the gauge
fields Feynman rules in the general covariant gauge char-
acterized by the gauge-fixing parameter . In this class
of gauges the gauge field propagator is given by
kyky

k2
The interaction vertices will also depend on the parame-
ter a. The gauge-gauge-graviton coupling is

Dy (k) = 1z s = (1= ) (A6)

4 1 gauge
;Vuu;p,a (k1;P1,P2) = —Pyo PapMuv + Pio Pov Mup + Prv Pap Muo + Pro PapMvp + PrpPap Mve — 2P1 P2 Mup Mo

1
_2p1up;u Npo + P1 * P2 Mpw NMpo + E(_2p1pp10 Nuv — P1pPro NMuv — 2P1upza Mup

+4p1vp1p77ua +2p1pp2u nua)v (A7)
and the gauge-gauge-graviton-graviton vertex is
16 _ 2
Fvﬂf‘a:gfpya(kl, kz;Pl,Pz) = 2p1cr Dap Nap MBrv — 4p10 Pov NMap MBp — 4p,, Pyp Nap MBo + 4]71;; Pav NMap B
—Pi0P2pNap Muv + 2P10 D28 Nap Muv + 2P1H Pap Nao Muv + 2P0 Psa MBp NMuv
+2p1cx DPopMBo Muv — 4p1 - p2 Nap MBo Muv — 4p1a DPov NMBo Mup — 4P10P2ﬁ Nap Mvp
—4D,8P2pNao Mvp + 8P1 - P2 Nap MBo Mvp — 4 P18 P2p Nap Mve + 4 P10 Pap Mup v
+8p1u D28 Nap Moo — 2p; - p2 Naw NBv NMpe — 4p1a D28 Muv Moo + P1 * P2 NaB NMuv Npo
1
+&‘(16 k. P1pMao Mg — 8 kla PipNap By — 2P1pPro Map Mgy + 2 k1p kza NapB Muv
+4k,0 Py pTap v + PrpPao Map Muv — 8 K10 Pig Nap v = 4 P18 Pao Nap Nuv
—4k,pk,p Moo Muy — 8K, 3P, p Moo Muy — 4P1p Pap Nao Muv — 4 K10 Kyo Tap Mup
+8P1B Pyo Nav Mup + 8 klu sz Nao Mup + Spu/ P28 Nao Mup — 8 kuf Pip NaB Muo
+8k,8P:p Mav Nuo + 8Py p P2 Now Mo + 16 k10 P, g Nap Mo + 8K, a Py p 18y Muo)- (A8)
[
Similarly as in the scalar vertices, one has to symmetrize 1. — 1 K? _ 5K 4 5KSL
the gauge field vertices over the graviton indices and in- 27 73" 192 24 8 ’
clude the permutations of the gluons. In all interaction _95K% 5K6L 25K8L
vertices there is momentum conservation, with all mo- n2 = 192 + 32 + 64 (B2)
menta inwards. 5 5K2 15K*‘L
From the expressions above we can perform the explicit $2=¢~ ¢ + BT
computation of the scattering amplitudes shown in the
Figs. 2 and 4. This was done using these Feynman rules ) . 6 8
as an input to an algebraic computer program. 13 = —K + TK® 3K + 35K L
3 12 24 8 7
APPENDIX B -5K% 175K® 25K®L 175K'°L
. ng = —_ + + ) (B3)
In this appendix we present the leading and next-to- 32 192 16 64
leading structure functions for the matter contribution to _ 5K 2 25 K* 4 75 K6 L
the polarization tensor. The leading structure functions 53 = 8 16 16 '
presented here are the same for all thermal particles. The
explicit result for the functions l;(r, K), n;(r,K), and —K? K%L
si(r, K) appearing in Eq. (2.10) is ly= % T '
1 K? K°L -5K? 5K* B5K?¢ 5K'L 5K°L
Li=c—-o-+ : ng= ~ - + +
6 24 8 32 192 8 16 64
—-5K* 5K?¢ 5KSL 5K*¢L
= - B1 —_— B4
"7 T2 6 ' 6 B1) T3 (B4)
5 5 Kz L s 5 K2 L
8§81 = —— . — .
) 16 ' 4 16
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_K? 5K*' S5K°L

b=~ T8
—5K* 25K®% 5K% B5K°®L
32 192 8 8
+25K8L+15K6§L

64 g8
35:—5K2+15K4L_

16 16 '

L —_1+5K2 5K*L .
6~ \12 7 24 8 ’

(25K4 5K4L 25K6L)
Ne — - T,

nys =

(B5)

192 32 64 (B6)

( 5 15 K2L)
S = _— = T,
16 16
1 7K? 35K* 35K®L
(5 T2 T T s )T’
(5K4 + 175 K% 25K®L 175K®L
3 192 16 64
-5  25K? T5K*L\
(~8_ ST ) "

7

I

nry

) r, (B7)

[V

I

S7

1 B5K? K2?L 5K°*L
2" T2 T
—-5K2 25K%* 5¢
8 102 16
5K2L 15K*L
Tt T3

5 5L 15K*L
TR 16

lg =

ng =

25K¢ L
64

Sg =

(BS)

19=1_2K2_35K4 15K*L 35K°L
6 3 24 4 8 ’
—-15K* 175K® 5K2%*¢ 15K*4L
16 192 8 16
+125K6L 4 175K%L  15K*¢L

32 64 8 ’

Mg =

(B9)

39=_§_25K2+15K2L+75K4L'
8 16 4 16 "’

11021_21(2_35K4+15K4L+35K6L
6 3 24 4 8§ ’

-5K2 15K* 175K®

32 16 192

45K*L 125KSL 175K8L

+ 32 + 32 + 64

Mo =

(B10)

5 25K® 15K2L  T5K*‘L
"8 16 T 1 16 '
Iy = (1+ 35K 5K?L _ 35K“L)r

4 24 ’

S10

2 8

o _ (65K® 175K* 5¢ S5K?L _25K*L
1=\ o6 192 8 8 8
175 K8 L 15K%¢L
~—— ez T 3 )r, (B11)

4207
e 25 15L T75K:L -
= \16 8 16 ’
13 35K?2 . 35K4L
he=-5 -5 +L+5K L+ ——,
__3_115K2_175K4+g 15K2L
M2 = "o 9 192 4 8
TSKYL 175K8L 5¢6L 15K2¢L
Y6 T e T2 T a » (B12)
s 25 +15L+75K2L.
127716 8Kz ' 4 16
. __i_5K2+K2L+5K4L
B™ 7127 24 2 g
_ —25K* 25K* 5K?¢ S5K°L 15K‘L
™13 = 9 192 8 16 16
25KSL 5K2¢L 15K%¢L
+—it 3 R (B13)
. __i+5_L_ 15K2L
B= 716" 8 16
-1 5K? 5K*L
he=\pg+55 -5 )"
_ 5K2+25K4 5K?¢ S5K'L 25K°L
T4 =\ T3 192 8 8 64
4
8
- 5 _15K?L)
47 \16 16 :

The dimensionless quantity L is a function of r given by

r nr+1
2 r—-1

1. (B15)

APPENDIX C

Here we calculate the integrals

Tult) = (|1k|T—)_ / Cayy” [ln(y) - 55— ¥)| (©)

in terms of the generalized { function, defined as

— 1
((z,y) = . C2
C0=3 (C2)
To this end we express the ¥ function as
. 1
#(w) = lim [ 2 - ca+ e (c3)
and use the formula
t 1
[ awtz) = ;e -z, (c)

that can be easily verified from Eq. (C2), and can be
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generalized to

e & (- T(1-2)
/dyy C(z,y)—; n! T(1+2-2z)

xt"((z — 1 —1,¢),

(C5)
|

tn+1
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which is Eq. (C4) integrated by parts n times.

Substituting Eq. (C3) in Eq. (C1) and using Eq. (C5)
we can verify, using the properties of ¢ function, that the
divergent term as ¢ — 0 cancels out, as expected. For
n # 0 the remaining terms give

Ta(t) = (i—”%y—l {::11 Int—

"L (1)
+Z]+

=1

where B, are the Bernoulli polynomials [11]. For n = 0,
Jo(t) is given by Eq. (4.12).

Now we discuss the behavior of the generalized ¢ func-
tion for asymptotic values of the parameter t(ko) =
ikj‘—:,_,l.ﬁ, which correspond to high temperature expan-
sion. To this end, we start from the representation [11]

1 1 ®© grle—tz
C(Z,t) = t_z + F(Z) /0‘ e _ 1 dil! (C7)

Expanding (C7) in power series of ¢, making use of
the integral representation of Riemann’s ( function and

Euler’s v function we find
J

l=n+2

(n+1)2_2 ?-:

O

i%) "I Byt )}

k=1

(’;) [{’(l —n)=¢l-n) ¥ ﬂ # — tIn(z) —
=0 k=n—I1+1

+ 3 (cpyrripRiizn = 1! “”" “ D).

- J(])c’(—j,t)

(Cs)

f

(C8)

1 °°r(z+l) )
((z t'+z T(z ¢(z +1).

Taking the derivative of (C8) with respect to z we ob-
tain in terms of the ¢ function ¥(z) that

¢ty =3 GETEA e+ i w1+
=0 ’
+(¢'(z + l)} — t*In(z). (C9)

We are actually interested in the values of ('(z,t) for
z = —n where n is a natural number. After a straight-
forward calculation we obtain

+1 "1
()
k=1

(C10)

With help of this formula we can compute the functions J, in Eq. (C6) and express P, from Egs. (4.14), (4.15),
and (4.16) as a series of decreasing powers of T'. Then, it is straightforward to arrive at Egs. (4.19), (4.20), and (4.21).
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