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Confronting CERN LEP data, the yroton lifetime, and small neutrino masses by threshold eSects
in SO(10) with SU(2)z XU(1)z X SU(4)~ intermediate breaking
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We derive analytic formulas for mass scales and the GUT coupling constant in SO(10) with

SU(2)& XU(1)& XSU(4)& (—:G»4) intermediate breaking including two-loops and threshold effects. We
find that the mass-scale predictions are in agreement with the CERN LEP data and proton-lifetime limit

provided threshold effects due to heavy Higgs scalars are included. In one case the predicted proton life-

time is close to the experimental limit, while the v, mass is small, the v„mass is accessible to laboratory
experiments, and the v, mass is consistent with the 17 keV neutrino. In the most interesting case the

predicted proton lifetime is accessible to the Superkamiokande experiments and the v, and v„masses
have the right values needed for understanding the solar neutrino problem using the Mikheyev-

Smirnov-%'olfenstein mechanism. The v, mass is found to be consistent with the requirement for the

dark matter of the Universe.

PACS number(s): 12.10.Dm, 11.15.Ex, 12.15.Ff, 12.60.Cn

I. INTRODUCTION

Precision measurements from the CERN e+e collid-
er (LEP) have revived interest in grand unified theories
(GUT's) [1] with or without supersymmetry (SUSY). Al-
though the minimal SU(5) model has been decisively
ruled out by the available data on sin 8a, and the proton
lifetime (~ ), SUSY SU(5) and non-SUSY models with in-

termediate symmetries or additional degrees of freedom
[2—5] are quite consistent with them. The SO(10}model
has been investigated in detail before [6] and after
[4,5,7—9] the LEP measurements. The GUT contains the
left-right symmetric Pati-Salam gauge group [1] as its
subgroup and undergoes spontaneous symmetry breaking
to the standard model through various routes providing
the option of breaking left-right discrete symmetry
(—:parity) at the GUT scale or keeping it intact down to
the intermediate scale. In addition to being consistent
with the LEP data and the experimental limit on ~ the
model has the potential to explain neutrino masses over a
wide range of values through the natural seesaw mecha-
nism or induced contributions [10—12].

%hile analyzing the implications of LEP and proton
lifetime measurements, recently, Deshpande, Keith, and
Pal [9] have ruled out the chain

SO(10):SU(2)r X U(1)s X SU(4)c(—:Gq, 4 )

But threshold effects due to superheavy-Higgs-scalar
masses have been found to modify the GUT prediction
substantially in other models [5,7,8, 12,14,15]. The pur-
pose of this paper is to show that the model (1} is con-
sistent with the available data from LEP and proton-
lifetime measurements when threshold eff'ects are includ-
ed. An interesting feature of the model is that the proton
lifetime imposes a lower bound on the heavy-Higgs-
boson-mass-splitting coefficient P) 7. The masses of v,
and v„predicted by the model with such values of P are
quite consistent with those needed for understanding the
solar neutrino puzzle using the Mikheyev-Smirnov-
Wolfenstein (MSW) mechanism. The v, mass is consistent
with the requirement of the cosmological dark matter of
the Universe.

In Sec. II we derive analytic formulas for mass scales
and the GUT coupling constant including two-loop and
threshold effects. The new method of computation has
been also explained in this section. The numerical com-
putation of threshold corrections is presented in Sec. III
where the implications on the proton lifetime and neutri-
no masses are also discussed. Finally the summary and
conclusion of this work are presented in Sec. IV.

II. ANALYTIC FORMULAS FOR MASS SCALES,
GUT COUPLING, AND THRESHOLD EFFECTS

=SU(2)1 X U(1}r X SU(3)C( =G2, 3 }

=U(1}, XSU(3}c .

'Present address: Physics Department, Synod College,
Shillong-793002, India.

The Higgs representation 54 and 45 of SO(10) are used
to break SO(10)~Gz,4 in the first step. In the second

step 126 is used to break 62]4 +62/3 and generate Ma-

jorana neutrino masses by the seesaw mechanism. The
representation 10 contains the standard Higgs doublet
and is used to break the electroweak symmetry at the
final stage. The renormalization group equation (RGE)
for the gauge couplings g;(p } of the standard group 62/3
is written as
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a; '(MU)=aG' —
A, ; /12m. , i =2L, 1R,4C . (3)

The threshold effects at p, =Mc are included using the
corresponding boundary correction through the match-
ing function A, , =A, (@=Me}. Assuming only the ex-

istence of 3 light fertnion generations the A, functions are
computed using Ref. [13].

Using the combination of a '(Mz) ——,'a2 '(Mz) and

a '(Mz ) ——', a3 '(Mz ) two simultaneous equations in-

volving ln(MU/Mz ) and ln(Mc /Mz ) are derived. These
are solved to obtain the analytic formulas

ln = 16—13 —3 sin 8@
MU 4rI a
Mz 245a as

(6P ia 9P4c+3P—21. +10Pr+3P21.

—13P3c)+b,U, (4)

3' a~(p)+ gbja;(p, )a~(p),
2m 8~2,

i,j = Y,2L, 3C, (2)

where a, =g; /4m. and a; (b; ) are one- (two-) loop
coefficients [6]. For the evolution of the gauge couplings
of the G2,~ group the same form of Eq. (2} is used with

a,.—+a and b,j~b~ where ij =2L,1R,4C [9]. Threshold
effects at p=MU are taken into account through the
matching functions A, ,

"=A, , (p =M U ) which modify the
conventional GUT boundary conditions [13]:

where Eq. (6) has been obtained using (4) and (5}
in the evolution equation for a '(Mz)=5/3ar'(Mz)
+a2Li(Mz) [15]. In (4)—(6),

P,U=gB, ',X,..", P,c=+B,,X, ,
J

XJ. =in[a (MU)/aj(Mc)],

XJ =ln[aj(Mc)/aj(Mz)], BJ=b J/aj', B,j =b~/ai .

In the minimal SU(5} the solutions to the RGE's predict
sin 8~ and MU in terms of a„a, and two-loop conribu-
tions and the corresponding analytic expressions have
been obtained earlier [16]. In the single-intermediate-
scale models, the mass scales are predicted in terms of
sin28s, , a, a„and two-loop terms. Derived here for the
first time in model (1} the analytic formulas (4}-(6}pro-
vide MU, Mc and a& up to two-loop order in terms of a,
a„and sin28a, . With future improvement on precision
measurements, these formulas can be used to make accu-
rate predictions on the model. In addition, they contain
analytic expressions for the threshold effects. Further-
more, the experimental uncertainties on MU, Mc, aG'
are now readily evaluated from the most dominant one-
loop terms in each case. We use the input parameters at
the Z mass, sin 8~=0.2333+0.0008, a, =0.120+0.007,
a '=127.9+0.2, and the limit on the proton lifetime for
the p~e+m mode [9]:

as
c 3 ' 39 + 19

a
M 245 2

—71sin 8a (r },„,~ 3 X 10 yr .

9 U 64 U 103 U 65 c
196p 1R 3 4C 3 2L 3 Y

1

147Pa
1

2940m
228+247

as

103 pc + 38 pc
2L 3 3c c &

—1356sin 8~

(5)

O.I5—
Mc

X(114P,~ —171P~~+792PtL +190Pr+792PtL
—247P3c)+b, G .

where the threshold contributions are
MU

b, ln —=AU= (6Aiz 9A4c
Mz 735

+ 3A,tL + 10K&+3Ati —
, 13K,3c, }

Mc 3 U 64&U 103 &U51n
M

=~c
1960

3~1R+
3 4c 3 2L

z

O.I4—

O.I5
V)

O.I2

O. I I

ha —1—
G G

65 ~c 103 ~c 38 ~c
Y 3 2L 3 3c

(114k,,„—171Kq~+ 792k 2L8820m
+ 190k,r +792k,2L

—247K,3c),
(7)
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FIG. 1. Variation of mass scales (dot-dashed lines) and

threshold eFects (solid lines) as a fnnctioin of a, for P= 10 with

extremized 5 ln(MU/Mz ).
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Mc 10"+— GeV, aG =44.32+0.35, (9)

where the uncertainties have been computed from those
of sin 0~, a„and a at Mz using the dominant one-loop

We adopt an improved procedure for computation
where analytic formulas (4)—(6} are combined with the
iterative convergence procedure for solutions to RGE's.
In the first step the inputs MU, Mc, and a& are estimated
up to one loop through (4)—(6) to know the ranges of in-
tegration and the unknown coupling needed for the solu-
tions to the RGE's. The values of the coupling constants
are obtained for every p by integrating (2) and its other
form for Mc —MU when the solutions converge. These
couplings are used to estimate the two-loop terms in
(4)—(6) to obtain improved values of MU, Mc, and aG in
the second step. The steps are repeated until the values of
MU, Mc, and aG obtained in two sucessive steps are iden-
tical. In fact after five steps the solutions converge with

M' = 10'4'+" GeVU

contributions. The dot-dashed line in Fig. 1 expresses the
variation of MU and Mc with a, . It is clear that al-

though the model is consistent with the LEP data, MU is
lower than the value necessary for the experimental limit
of proton lifetime as noted in [9]. From Fig. 1 we also
note an anticorrelation between MU and Mc showing in-

crease (decrease) of MU (Mc ) with a, .

III. HIGGS-SCALAR CONTRIBUTION
TO THRESHOLD EFFECTS, PROTON STABILITY,

AND NEUTRINO MASSES

Using extended survival hypothesis [17] the com-
ponents of the Higgs representations present near Mc
and MU can be specified. To compute the matching func-
tions we identify the Gz, 4 content near MU and the 'GQI3

content near Mc corresponding to the relevant SO(10)
representations.

p =MU.

10DMH (2, —1/2, 1)+MH (1,0,6),

126DMH (1,0,6)+MH (3,0, 10)+MH (1,0, 10)+MH (1,—1, 10)+MH (2, 1/2, 15)+MH (2, —1/2, 15),

45DMs (3,0, 1)+Ms (1,0, 15),

54DMs' (3, 1, 1)+Ms' (3,0, 1)+Ms' (3, —1, 1)+Ms' (1,0,20)N+Ms' (2, 1/2, 6)+Ms' (2, —1/2, 6),

126DMc (1,4/3, 6)+Mc (1,4/3, 3) .

Including these Higgs-scalar contributions gives [14]

(10)

b, U= (21+9qH —18riH —18riH 42riH —54—riH +66riH 9qH 9gH +—6ris—

36ris, +48ns, +12ris, +48ris, 117ris, +18'—is, +18ris, —33nc, +3ric, )

b,c= (14/3 64riH +128gH—+128riH —2968riH +64qH +64m]H —206ris
1960 2 1 2 5 6 1

+256ns, 178ns, 412m—s, 178m—s, +832m—s, 128ns, —128m—s, +398nc, + 142nc, ) (12)

(4809+906.qH 342riH —342'—iII +28602qH —1026qH + 1254riH
8820 1 2 1 2 3 4

+ 10854gH + 10854gH + 1584gs —684gs +3852gs +3168gs +3852qs

—2223gs' +4752ris +4752ris +361gc +57qc ) (13)

where gc. lnMc. /Mc i = 1,2 and g~ =lief) /MU,
l l

j = all other indices, and g, independent terms are due to
degenerate superheavy gauge bosons at MU or Mc.

It is easy to check that parity restoration for p & MU in
the presence of SO(10) implies gH (0, i =2, 3,4 and

q~ (0, gs &0. Also gH ~0, qs (0, i =5,6 or else

)0, gs =ps &0. Although these constraints
5 6 5 6

do not give the actual values of the masses, they are
found to be responsible for reducing threshold uncertain-
ties in the mass scales.
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Out of different possibilities investigated we Snd that
MU is consistent with (r~ ),„,if Higgs scalars are nonde-

generate and Mc(M~) has the lowest (highest) extremal
value as a function of the Higgs-boson-mass-splitting fac-
tor p defined below and the corrections are of the form

b, U= [21+C~1np],
735

b, c= [14/3+ C, lnP],
1

CLx
CO

x
C3

E

IO

10

10
IO l5 20 25 30 35 40

[4809+CG lnp] .1
(14)

9H1 9H2 QS1 9S1 QS2 QS3

The extremal decrease in b, ln(Mc/Mz ) is obtained with
FIG. 2. Variation of the ratio of Rp (~p) /(+p) pt

function of P for fixed a, =0.12 with extremized (a)
ln{Mc/Mz) (b) 5 ln(Mv/Mz)

/H2 9H1 /H3 4 5 6 2 QS4 9$5 S6

=t)c, =rjc, = lnP—

leading to

increase in 6 ln(MU/Mz ) obtained with

9H1 9S1 QH4

CU=261, C, = —3816, CG= —9259 (15)
IH2 IH1 IH2 9H3 9H5 IH

and corresponds to an increase in the unification mass
MU as shown in Table I. Keeping a, =0.12 we have
plotted the ratio R =(r ),„/(r~ ),„,against P as shown

by curve (a) in Fig. 2 where the dashed line represents the
experimental limit. Throughout this paper we have used
the formula

=n's, =n's, =wc, = ln13—

(16)

'Qs, =Vs, ='Vs, ='Qs, ='Vs, ='gc, =lnP

leading to

CU= —147, C, =882, C&= —4793

TABLE I. Threshold corrections on mass scales and the
GUT coupling constant as a function of heavy-Higgs-boson
mass-splitting factor p in the case of extremized b In(Mc/Mz)
or 5 ln(Mv/Mz ) for nondegenerate case.

Extremization of hc
t

Extremization of hv

P agm

«r proton-lifetime calculations where m =proton mass.
It is clear that we need p & 30 in order to be consistent
with the LEP data and the experimental limit on {r ),„,
if a, =0.12. In Fig. 3 we have presented the variation of
R~ as a function of a, for two values p= 10 and p= 30. If
a, is allowed to be 0.13, the value of P=10 is sufficient to
be consistent with (r ),„,but P= 30 yields a proton life-
time nearly 6 times larger than the lower limit.

The other possibility under this category which gives
the most interesting solution in the model is the maximal

in (14). The increased (decreased) values of MU (Mc) are

shown by the positive (negative) exponents of
MU/MUo (Mc/M ) in Table I in the last three columns

for values P= 10-100. As a function of a, and fixed

value of P=10 the allowed solutions including threshold

efects are shown by the solid lines to the right- (left-)

hand sides of the dot-dashed curves representing

MU (Mc) in Fig. 1. Analogous solutions for P=30 are

cL I0

io'

x
IO'

Mc
c'

v 10 IO-'"
10

—1.35

1O 1O-'"
30 10
5O 1O-'"
1OO 1O-'"

Mv

1p+0.17

100.25

1p+0.36

10+0.52

1p+0.60

10+0.71

haG '

0.38
0.53

0.77
1.13
1.30
1.53

Mv

Mv

1p+0.33

10+0.46

1p+0.66

10+0.97

10+1
10+1.31

Mc
Mc'

1p
—0.07

10
—'0.09

10
—0. 14

1p
—0.20

1p
—0.23

10
—0.27

haG '

1.06
1.47

2.11
3.13
3.58
4.23

IO

.IO .I2 .I5

FICx. 3. Variation of R~ as a function of a, for P= 10 and
P= 30 with extremized b, In(Mc /Mz ).
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FIG. 7. Same as Fig. 6 but for extremized 6 ln(MU/Mz ).

in MU leading to (16) we obtain, for P= 10,

m„=10 -10 eV, m„=10 -5X10 eV
e IJ

(18)

conistent with the values needed to solve the solar neutri-
no puzzle by MSW mechanism. The r-neutrino mass for
P= 10 turns out to be

m„=10-60 eV . (19)

While the lower limit of (19) is consistent with the cosmo-
logical dark matter of the Universe, the upper limit is
consistent with the cosmological bound. With a, =0.12
the values of m „and m „are plotted against P as shown

IJ "r
in Fig. 7. Interestingly the neutrino masses are not found
to be sensitive to the parameter P. This is a reflection of
the fact expressed in Table I where

Mc
0

=10 007-10 0.2asP=V10 30
Mco

IV. CONCLUSION AND DISCUSSION

In conclusion we have demonstrated that the SO(10)
model with single G2,4 intermediate symmetry is not
ruled out by the present LEP data and the experimental
lower limit on the proton lifetime. In one type of solu-
tion obtained by extremizing the threshold effect on the
intermediate scale, the nondegenerate heavy-Higgs-scalar
masses have to differ by a factor corresponding to P) 30
from MU or Mc to guarantee r~ ) (~ ),„~,. While the pre-
dicted value of the v, mass is small (m, =10 eV), the

e

v„mass (m„=3—5 eV) could be accessible to measure-

ments by laboratory experiments. The v, mass
(m„=5-30 keV) obtained in the model is consistent

with the 17 keV neutrino. Since the cosmological bound
on the sum of neutrino masses (gm„(60—100 eV) is
violated, a Majoron-like mechanism by the introduction
of an additional global symmetry [19]is required to make
v, unstable for this class of solutions. Since the predicted

vz is close to (rz),„z, for P=30, this class of solutions is
likely to be ruled out by any reasonable improvement on
the experimental limit on ~z for the p —+e+m mode un-

less a, &0.12. In the most interesting class of solutions
obtained, even if the nondegenerate heavy-Higgs-scalar
components are about 7 times heavier or lighter than the
unification or the intermediate scale, all the available data
can be easily accommodated by the model. The predicted
values of proton lifetime saturate the Superkamiokande
limit even if the heavy masses differ from the relevant
scales by a factor corresonding to P=40 while the neutri-
no masses remain small and consistent with the values
needed for the solar neutrino puzzle and the cosmological
dark matter of the Universe. In this case the cosmologi-
cal bound on the neutrino masses is always satisfied.
Taking the heavy-Higgs-boson mass-splitting coefficient
P=10-20 it is necessary to improve the available experi-
mental limit on ~~ by a factor of at least 5-15 in order to
verify or rule out this model.
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