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We consider the possible evidence of neutrino oscillations by analyzing simultaneously, in a well-

defined hierarchical three-generation scheme, all the solar and atmospheric neutrino data (except for
upward-going muons) together with the constraints imposed by accelerator and reactor neutrino experi-
ments. The analysis includes the Earth regeneration effect on solar neutrinos and the present theoretical
uncertainties on solar and atmospheric neutrino fluxes. We find solutions and combined bounds in the
parameter space of the neutrino masses and mixing angles, which are compatible with the whole set of
experimental data and with our hierarchical assumption. We also discuss possible refinements of the
analysis and the perspectives offered by the next generation of neutrino oscillation experiments.

PACS number(s): 14.60.Pq, 14.60.Lm, 96.40.Tv, 96.60.Kx

I. INTRODUCTION

Twenty years ago, neutrino physics led to the discovery
of neutral currents [1], providing the first indications in
favor of the electroweak standard model. At present,
twenty years later, the standard model being firmly estab-
lished, neutrino physics appears again as the best candi-
date to detect the first indications of new physics. There
are, in fact, at least two experimental results concerning
neutrinos that, at present, cannot be easily interpreted
without requiring some efFects of new physics, and the
next generation of neutrino experiments is likely to pro-
vide a proof of this. They are (1) the deficit in the solar
neutrino flux measured by all four existing experiments,
Homestake [2], Kamiokande [3], GALLEX [4,5] and
SAGE [6], probing a large part of the solar neutrino ener-

gy spectrum and (2) the low value of the ratio between v„
and v, produced in cosmic-ray interactions in the atmo-
sphere and revealed in underground detectors.

The first discrepancy, known as the "solar neutrino
problem, " was discovered by the pioneering experiment
of Davis [2], which is sensitive to B and Be neutrinos.
The discrepancy was largely confirmed by Kamiokande
[3], sensitive to B neutrinos. More recently, a non-
negligible neutrino deficit has been measured by GAL-
LEX at the Gran Sasso [4,5] and SAGE in Baksan [6].
They use 'Ga detectors and are sensitive, unlike earlier
experiments, to the pp neutrinos coming from the main
nuclear cycle powering the Sun. Actually, a precise
theoretical estimate of the solar neutrino fluxes requires

reliable models of the solar evolution up to its present
luminosity. The most popular of them is the so-called
standard solar model (SSM) of Bahcall and collaborators
[7], in particular in its latest versions [8,9]. The SSM flux
estimates have proven very robust against any upgrade of
the model itself, and it appears very diScult, if not im-
possible, to justify the solar neutrino deficit in terms of
the uncertainties affecting its parameters (as radiative
opacities, nuclear cross sections, heavy-element abun-
dance, etc.). It is then reasonable to interpret the solar
neutrino deficit as a signal of new dynamical andlor
kinematical properties of neutrinos. The most economi-
cal and natural solution has been proposed by %olfen-
stein [10]and Mikheyev and Smirnov [11]. Known as the
Mikheyev-Smirnov-Wolfenstein (MSW) effect, it assumes
that neutrinos have masses and mixing angles, but no
new interactions beyond the electroweak standard model.
The observed neutrino deficit is attributed to matter-
enhanced oscillations of the v, 's along their way from the
center of the Sun, where they are more copiously pro-
duced, to its surface. An extensive review of the subject
is given in [12]. When only two neutrino families are
considered, the parameter space reduces to one mixing
angle and one mass-squared difference, and the allowed
regions of each experiment can be drawn in the usual
(sin 28/cos28, b, m ) plane.

The second problem is the "atmospheric neutrino
anomaly, "which appears as a deficit in the expected ratio
of v„-to v, -induced events, observed by the two experi-
ments which use water-Cherenkov techniques,
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Kamiokande [13] and IMB [14,15]. No deficit, however,
had been observed in the past by the low-statistics experi-
ments with iron calorimeters, Frejus [16] and NUSEX
[17] (for a recent discussion of old and new data on at-
mospheric neutrinos, see Ref. [18]}.These contradictory
results may suggest large systematic errors in the two
Cherenkov experiments [19]or, alternatively, some phys-
ical interpretation other than neutrino oscillation, par-
tially supported by the uncertainties in the calculation of
the absolute neutrino flux rates (no less than 20% [18]),
which make the v„/v, deficit compatible with either a v,
excess or a v„deficit. In the former case, the proton de-

cay mode p~e+VV has been proposed to explain the
enhancement of the rate of the single electron events of
200 to 500 MeV/c in Cherenkov detectors [20]. Howev-
er, a recent experiment using an iron calorimeter
(Soudan 2, [21]}also seems to indicate an atmospheric
neutrino anomaly. If the anomaly consists of a v„deficit,
the most plausible interpretation is to suppose that p-
neutrino oscillations into other flavors take place from
the production point in the atmosphere to the under-
ground detectors, changing the relative amount of
flavor-tagged events.

From the considerations reported above, it is clear that
some of the experimental results on solar and atmospher-
ic neutrinos are still controversial and require
confirmation by more precise, dedicated and calibrated
experiments. Moreover, the present data, even if taken at
their face value, can be interpreted in different ways.
However, the most natural and economical interpretation
of both the solar neutrino problem and the atmospheric
neutrino anomaly relies on the occurrence of oscillations
between neutrinos of different flavors. In the following,
we will assume the neutrino oscillation hypothesis as a
matter of fact, taking into account the most updated ex-
perimental results concerning solar and atmospheric neu-
trinos, and verifying their compatibility with the con-
straints corning from accelerator and reactor neutrino os-
cillation experiments. This approach is seen to require
the presence of (at least) three neutrino flavors, which is,
on the other hand, in agreement with the SLAC [22] and
CERN e+e collider LEP [23] experiments. We will
work in a specific three-neutrino scenario, assuming a
priori a well-defined "mass hierarchy. " As will be seen in
the following, the analysis is able to provide severe

bounds on the masses and mixing angles, some of these
(new) bounds being strictly related to the comparison be-
tween "astrophysical" and "terrestrial" neutrinos.

The paper is organized as follows. In Sec. II we
present the general framework and the simplifications as-
sumed in the parameter space in which the three neutrino
families are described. In Sec. III we report an updated
analysis of the accelerator and reactor neutrino experi-
ments, reinterpreted in a three-flavor scenario. In Sec. IV
we apply the MSW description to solar neutrinos, includ-
ing for the first time in a three-family scheme the Earth
regeneration effect and the night-day solar neutrino rate
comparison of Kamiokande [24]. In Sec. V we face the
problem of the atmospheric neutrino anomaly, and esti-
mate the v, - and v„-induced event rates for the different
experiments. To this regard, we reduce the data sample
in order to adopt a simplified vacuum-oscillation descrip-
tion for atmospheric neutrinos. In Sec. VI we compare
the information coming from the diff'erent sectors (solar,
atmospheric, accelerator, and reactor neutrinos), and find
bounds on masses and mixings angles in our three-
generation scheme. In Sec. VII, finally, we draw our con-
clusions and discuss the perspectives of the future genera-
tion of experiments.

II. GENERAL FRAMEWORK

In this section we present the general framework as-
sumed in the analysis of the different experiments, the no-
tation adopted throughout the paper, and the simplifying
assumptions that make it possible to face the problem of
the three-flavor neutrino oscillations.

Let us first introduce the three-family mixing, by as-
suming

V)

v =v =U;v;= U; v2

V3

In terms of Gell-Mann matrices A.;, the 3 X 3 unitary ma-
trix U, which relates in vacuum the flavor states v„v„,v,
to the mass eigenstates v&, v2, v3, can be expressed in the
form [25]

0 0 i 0
I Cps 7 l QA.5 ICgk2
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0

0
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c s 0
—s c 0

0 0
(2)

Describing the evolution of a generic neutrino state in
terms of the matrix elements U;, the probability of the
transition v —+v& in vacuum after a path length I, is easi-
ly derived:

2

Let us briefly recall some general properties of the mix-
ing matrix and of the transition probabilities.

(1) Without loss of generality, the angles P, g, co can be
taken to lie in the first quadrant [26].

(2) From CPT invariance it follows that
m,

P(v ~v&}= g U@*.U;exp i I. —
2E„ (3) P(v ~vp)=P(vp~v ) .
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(3} In vacuum, the CP-violating phase 5 induces a
difference between the transition probabilities of CP-
conjugate channels. With b, ; =(m; —m )L/2E„ it is
[27,28]

hP =P(v, ~v„) P—(v, +v—„)
=P(v„~v,) P(v„—~v, )

=P(v,~v, ) P(v—,~v, )

=4cp&c&s&c s sin(25)[sinb, ,z+sinb, z3+sinb, 3,],
(5)

the effects of mixings being separated from those of
masses.

In the following, however, we will neglect the effects
due to the CP-violating phase 5. This is certainly true for
solar neutrinos, where, only P(v, ~v, ) being measured,

l QA, 7the matrices e ' and I can be rotated away [25]. It is
reasonable to neglect the CP-violating effects also for ac-
celerator and reactor neutrinos, and for atmospheric neu-
trinos above the horizon, for which the vacuum expres-
sion (5) applies. In fact, in the right-hand side of Eq. (5),
the "mixing factor" is bounded by 2/3&3 =0.385,
whereas the "mass factor" is suppressed by the average
over the E, spectrum (this factor is even more suppressed
when L is also averaged, as is the case for atmospheric
neutrinos}. A further suppression effect comes from the
hierarchical assumption discussed below (m3 »m, ~),
which allows us to neglect the factor b, ,~ [27].

In conclusion, CP-violating effects are either zero or
very small, and, for our purposes, the transition probabil-
ities in vacuum can be considered invariant with respect
to particle-antiparticle exchange.

In order to further simplify the parameter space need-
ed to describe the neutrino oscillations in a three-
generation formalism, two specific assumptions are made.

(a) We assume that the three mixing angles, P, f, co,

satisfy

This is a reasonable assumption, which in general in-
volves the dominance of the diagonal terms in the mixing
matrix (2), with a rather strong correspondence between
the flavor states and the mass eigenstates. In particular,
the assumption has the practical consequence of estab-
lishing a one-to-one correspondence between s2& and sz,
for all the possible cases 8=/, g, co, when we "translate"
in the three-generation scheme the results obtained in the
standard two-family analyses (in which s~s is used).

(b) We assume a natural mass hierarchy m
&

& mz & m 3.
Taking the lowest mass m, equal to zero for the sake of

simplicity, we fix the scales of m 2 and m 3 as suggested by
the most recent two-generation analyses of solar
[29,30,31] and atmospheric [18] neutrinos. On the one
hand, the MSW approach to the solar neutrino problem
leads to m~=10 eV, assuming (v, ~v„)oscillations.
On the other hand, the atmospheric neutrino anomaly, if
interpreted in terms of (v ~v, ) oscillations, requires m 3

of the order of 10 eV or larger. Even if we expect
these mass ranges to change in a full three-generation ap-
proach, we can hopefully restrict the parameter space by
assuming

m & 10 eV, m & 10 eV (m =0)

This is a rather strong assumption, since we do not have
a priori valid arguments against different choices. How-
ever, the mass hierarchy (7) is the most natural one, and
the solutions we will find in the three-generation scheme
(through the comparison of the experimental data on so-
lar, atmospheric, accelerator, and reactor neutrinos)
agree with it. This consistency a posteriori does not ex-
clude different solutions, but guarantees that the hierar-
chy (7) is plausible and supported by the data.

The assumptions described above lead to some wel-
come simplifications in the (otherwise extremely complex)
three-family picture of neutrino oscillations.

For solar neutrinos the ratios mz/2m and Asz&/2m 3

become small (here, as usual, A =2 26+N, E, is the
squared mass induced by v interactions with background
electrons of density N, }. At zeroth order in these two ra-
tios, the 3v problem decouples into a 2V1V description,
and only the first two generations experience the MSW
effect [25] (see also Sec. IV).

For accelerator and reactor neutrinos, only the leading
oscillation in vacuum (i.e., the fastest one, governed by
high values of m3) becomes relevant —an approximation
known as the "one mass scale dominance" [32].

For atmospheric neutrinos, we will cut the data sample
at 20' below the horizon (so reducing the maximum path
length to L =4400 km), and adopt the vacuum oscillation
approach. Once again, with typical detected neutrino en-
ergies in the range 0.2—2 GeV, and under the assumption
(7), the one dominant mass scale approximation can be
applied [33,34,35]. The excluded data sample might re-
quire a much more elaborate analysis (see also Sec. V).

We will find that, in the region of the parameter space
allowed by present data, the neglected terms amount to a
few percent at most.

In vacuum, under the one dominant mass scale approx-
imation, the different transition probabilities of Eq. (3)
can be written in the form of a symmetric matrix (valid
for accelerator, reactor, and atmospheric neutrinos):

P
Ve Vq Ve ~v Vq V~

V ~V V ~V~

1 —4s&cP 4s&cpP
1 —4c~s~(1 —cp~)S

1 —4c ~c ~(1—c ~c ~ )S

(8)
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where

S=sin (m3L/4E„} (9)

depends only on the dominant squared mass m 3. It is important to observe that all these vacuum transition probabili-
ties are independent of the angle m.

III. ACCELERATOR AND REACTOR NEUTRINOS

Accelerator and reactor neutrino beams provide two complementary tools for detecting neutrino oscillations. The
former are mostly p flavored, suited to study the channels P(v„~v„)[but in one experiment, E531 at Fermilab, the
small v, mixture is used to study P(v, ~v,)]. The latter are e flavored, with values of E„too low to study oscillations
other than' P(v, ~v, ).

Up to now, both accelerator and reactor neutrino oscillation searches have given negative results (for a review see, for
example [36]}.The most constraining experiments on the various transition probabilities can be presented as follows:

P
V~ ~Ve Ve ~Vp Ve ~V~

VV~VV VI ~V
V~~ V~

Gosgen[37], IRP[38] E776[39] E531[40]
CDHSW[41] E531[40]

none

(10)

P3 (V ~Vp) 5 p 4U 3Up3(5 p U 3U )p3

Xsin (m3L/4E„), (12)

which can be put into a one-to-one correspondence with

with diagonal and off-diagonal elements corresponding to
the so-called "disappearance" and "appearance" experi-
ments, respectively.

Usually, the experimental results are analyzed in terms
of two-family mixing, and give constraints in the plane
(sin 28, hm ). In particular, the following expressions are
customary for the transition probabilities:

P2„(v~v )=1—sin 28sin (hm L/4E„),
P2, (v ~vp)=sin 28sin (hm L/4E„), aAP

to be integrated over the energy spectrum and the detec-
tion cross section, in order to obtain the expected rates in
the presence of oscillations. Of course, hm and 8 have a
different meaning for each experiment, and should be la-
beled by the subscripts ap (appearance of the flavor p
starting from the flavor a) or ax (disappearance of the
flavor a into a diff'erent, unknown, flavor x). Figure 1

collects the 90%%uo C.L. limits provided by the various ex-
periments (partially smoothed is the limit from Gosgen).

There are a few (old) analyses of accelerator and reac-
tor experiments in a three-generation framework. One is
Ref. [42], in which the raw data were refitted. In other
papers [32,43], the one mass scale dominance was used.
In this same approximation, we propose here a simple but
direct reanalysis of the accelerator and reactor data. We
observe that the probabilities in (8) can be generally writ-
ten as

the first of Eqs. (11}through the substitutions

sin 28 ~ 4U(y3Up3(5(gp U(g3Up3),

hm ~m3 .
(13)

In particular, assuming s&,s&,s ~
—,
' as discussed in Sec.

II, we can easily work out a unique solution to the "mix-
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FIG. 1. Limits at the 90% C.L. on hm and spaz, coming
from accelerator and reactor experiments in the usual two-
family approach. It is important to note that the limits involve
two different neutrino families in each experiment, according to
the following correspondence: solid line ~ v„v dashed line~ v„v„,dot-dashed line ~ v„v„dottedline +-+ v,v„.

Since a real mixing matrix is used (see Sec. II), no distinction is made between vacuum oscillations of neutrinos and antineutrinos,
simply referred to as neutrinos in this section.
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A ~ Ac
&

(i.e., N, ~N, c&).

Let us now describe the evolution of solar neutrinos.
The starting neutrino state in the Sun is

Eq. (16) (semianalytically in the Sun and numerically in
the Earth} in terms of the 2v transition amplitudes. We
have

lv&0= Iv, & =sqlv3&+c&lv', & .

The evolution of lv3) is trivial,

(17} lv,
' )~T2„(v,'~v,') lv', ) +T2„(v,'~v&)lv„'&,

leading to the final neutrino state at the time t:

(19)

m
l v3 ) ~exp i — t

l v3 ) (18)

Nl

lv), =exp i — t s&lv3)+Tz„(ve~v,')c&lv,')2E„
+T2„(v',~v„'}ct,lv„') . (20)

but the evolution of lv,
' ) can be obtained only by solving In conclusion, the detection amplitude of l v, ) in lv), is

3m
T3 (v, ~v, )( v, lv), =s&exp i — t ( v, lv3) +c&T3„(v,' ~v', )(v, lv', ) +c&T2„(v',~v&)( v, lv&)2E„

3m
=s&exp —

& t +c&T2„(v',~v', } .2E„

Taking the squared modulus, and then averaging out the
interference term:

P3„(v,~v, ) =s&+c+2„(v',~v,'), (22)

where we remark that P2, is calculated as in the two-
family case, provided that N, ~N, c& (see also the first of
Refs. [47]).

This lower "effective density" and the factor c& tend to
reduce the MS% effects in P3 . As a consequence, the
iso-SNU (solar neutrino unit) lines in the mass-mixing
plane turn out to be more spaced, and the regions allowed
by each single experimental result enlarged (see Sec. VI).
Notice also that, for any fixed p, the probability P3„de-
pends only on m2 and ~.

As was said before, Eq. (16}can be solved semianalyti-
cally inside the Sun. We take from Refs. [8,9] the eight
relevant neutrino fluxes, the spatial distribution of the
neutrino sources and the electron density profile in the
Sun. Moreover, from the same works we adopt the single
components of the estimated astrophysical errors, and
the matrix of logarithmic derivatives linking them to the
flux errors. For each value of P, m 2, and co, we propagate
these uncertainties to the final SNU predicted for each
experiment. The final theoretical errors affecting the
different experiments are then correlated, and are added
to the uncorrelated statistical and systematic errors (see
also [31]).

Along their way toward the detectors, neutrinos are
eventually affected by the Earth's matter. The Earth re-
generation effect bends the iso-SNU curves at large an-
gles, and induces an asymmetry between the averaged
night (N) and day (D) expected rates. Quantitative esti-
mates require a reliable model of the Earth's radial densi-
ty [48], and have been carried out, for two families of
neutrinos, by several authors [49—52]. Recent applica-
tions are contained in [53,54].

=0.08+0.11(stat)+0.03(syst) .N+D (23)

Concerning this measurement, we do not use the further
information given by the data binning in the zenith angle.
The results of our solar neutrino analysis are discussed in
Sec. VI.

V. ATMOSPHERIC NEUTRINOS

Neutrinos produced in the atmosphere by cosmic pri-
mary collisions (and subsequent decays) can trigger two

In this paper we incorporate, for the first time,
the Earth regeneration effect on the iso-SNU curves
and on the night-day fiux asymmetry [defined as
(N D) j(N+D)—] in a three-generation scenario. In or-
der to reduce the computational effort, we assume a con-
stant density in each of the five shells identified in [48]
along the Earth's radius (inner core, outer core, lower
mantle, transition zone, upper mantle}. Along a single
neutrino trajectory, the resulting transition probability
can be appreciably diferent with respect to a full Earth-
density-profile treatment, but when sums over trajectories
are performed to obtain yearly averages, the differences
turn out to be very small. A similar approach has been
adopted in Ref. [54].

The data on the solar neutrino fluxes we use in the
analysis are the most recent average rates measured by
the four existing experiments Homestake [2],
Kamiokande [3], GALLEX [4,5], and SAGE [6], and are
summarized in Table I, normalized to the corresponding
SSM expected rates [9]. In particular, the preliminary
data of Kamiokande III and GALLEX II [5] are also in-
cluded. The solar neutrino data are completed with the
measurement of the N Dasymmetry (—whose value is
compatible with zero}, performed by Kamiokande [24]:
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TABLE I. Data of the four solar neutrino experiments. The comparison with the standard solar
model (SSM) makes use of the last version of the Bahcall SSM [9]. The third error in the column
(Data/SSM) refers to the total theoretical uncertainty affecting the SSM, as discussed in [8] and [9].

Experiment

Homestake ( Cl)
Kamiokande (water)'
GALLEX I+ II( 'Ga)
SAGE ( 'Ga)

Ref.

[2]
[3]

[4,5]
[6]

Relative flux (data/SSM)

0.27+0.04(expt)+0. 03(theor)
0.50+0.05(stat)+0. 06(syst)+0. 07( theor)
0.66+0.11(stat)+0. 05( syst )+0.03( theor)
0.44+o &8 (stat)+0. 11(syst)+0.02(theor)

'Kamiokande data are a combination of the final result of Kamiokande II (1040 days) with the mea-
surement of Kamiokande III (220 days, preliminary).

kinds of events in underground detectors: (i} events with
the primary vertex inside the fiducial volume ("con-
tained" events); (ii} events with the primary vertex in the
rock below the detector ("upward-going muon" events}.

In both cases the measured rates must be compared
with a detailed Monte Carlo simulation or with semi-
analytical predictions of the atmospheric neutrino fluxes.

In the energy range of interest for case (i), E„=O.1 —2
GeV, several calculations of the different e-like, p-like,
neutrino, and antineutrino fluxes are available [55—57],
all including the )M-polarization effect [58]. However, the
difFerent absolute estimates may disagree as much as
30%, and this uncertainty could even be underestimated
[59]. Conversely, the expected ratio R /, of (v +v„)-to
(v, +V, }-induced events seems to be more stable. Thus, it
is useful to express the data as a double ratio R„/,/R „/,
of experimental-to-theoretical p-like to e-like events. A
maximum theoretical 5% uncertainty is generally quoted
in this case.

In case (ii), of course, one cannot take advantage of the
error cancellation in the tu/e ratio, because only )M-like

events can be detected. The measured muon rates in
Baksan [60], Kamiokande [61],and IMB [62] seem to be
in conflict with an oscillatory scenario (at least in a
simplified two-family approach [18]). However, this in-

terpretation is heavily dependent on the adopted neutrino
flux estimates and on the assumed uncertainties [59,63].

The analysis of three-flavor oscillations in the lower
hemisphere (respect to the detector) requires the in-
clusion of the MSW effects in the Earth. This would be a
minor complication, should matter effects preserve the
"one dominant mass scale" approximation. Conversely,
if the subleading oscillation were enhanced in a non-
negligible way, a fully general 3v formalism and a much
more refined analysis would be needed. The study of this
topic is beyond the scope of this paper and deserves a
separate work. Actually, the analysis in Ref. [64] (per-
formed in two flavors only) show that values of km in
the range from 10 to 10 eV are required to get
MSW effects larger than 10/o, at least for contained
events. A naive generalization to our hierarchical
scenario (7) could therefore suggest mild changes with
respect to an empty Earth" approach, as used in Refs.
[33—35]. In absence of a full check of this hint, it is safer
to study only neutrino oscillations in vacuum, where the
subleading oscillation contributes negligibly.

On the basis of the previous considerations, we decide

to exclude muon data from this analysis, and focus our
attention only on "contained" events induced by
downward-going neutrinos. More precisely, we cut the
data sample at 20' below the horizon, where MSW effects
in the Earth start being non-negligible [64], and use the
vacuum transition probabilities of Eq. (8). The resulting
loss in statistics does not increase dramatically the total
experimental error, since the systematic errors are left
unchanged. An unavoidable loss of sensitivity to low
values of m 3 is induced by the reduction of the average
path length with respect to a full solid angle integration.
Concerning the experimental data set, we are forced to
abandon the (very low statistics} NUSEX data [17], for
which no up and/or down distinction is possible. The
preliminary Soudan 2 results [21] are not included either,
because a detailed publication of the data and of their
treatment is still lacking.

We adopt, in the following, the spectra in the zenith
angle and in the neutrino and antineutrino energy as cal-
culated by Gaisser and collaborators [55] for each detec-
tor site. A graphical representation of a typical atmos-
pheric neutrino and antineutrino sky is shown in Fig. 2,
together with the angular cuts we use.

Atmospheric neutrinos undergo charged-current (CC)
or neutral-current (NC} interactions in the detectors.
However, the data samples we select contain mainly, or
only, CC events. In the energy range E„=0.1-2 GeV,
the dominant CC process is the quasielastic (QE) scatter-
ing of neutrinos off free or bound nucleons [65]. In the
latter case, the cross section must be weighted by a final-

state Pauli-blocking correction [65,66]. The subdominant
process is the one-pion (1m.) production [67] at the
5(1234) resonance. In Cherenkov detectors, le process-
es can produce a second photon ring, in addition to that
produced by the final-state lepton, and this happens
about half of the times. Since only single-ring (SR) events
are selected in the Kamiokande and IMB analyses, the lm.

cross section must be weighted by a factor of about —,
' (see

also [68]). The weight is 1 for the Frejus experiment,
whose detector is an iron calorimeter. We neglect the
small contributions due to multipion production and NC
contamination, and fold the total cross section (QE+1~}
with the published eSciencies, within the experimenta1
cuts [14,16,69].

Finally, we integrate over the neutrino and antineutri-
no spectra, taking into account the total exposure of the
detectors (usually expressed in ktonyr). In the Frejus
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Cuts in
zenith
angle

Cuts in p-like
events
(GeV)

Cuts in e-like
events
(GeV)

Exposure
(kton yr) R„/,/R „/,Experiment

0.2+p„+1.50
0.3 ~p„+1.50
E„+0.2

0.1~p, ~1.33
0.1~p, &1.50
E, ~0.2

None
None
None

0.60+0.07(stat) +0.05(syst)
0.55+0.05(stat) +0.10(syst)
1.06+0.18(stat) +0.15(syst)

Kamiokande
IMB

Frejus

4.92
7.70
1.56

spectra, the neutrino energy has been identified with the
published "visible energy" of the v-induced event [16].
As a result, we are able to reproduce accurately, and
without any normalization, the Monte Carlo estimated
rates of Kamiokande, IMB, and Frejus, as shown in Fig.
3. In the same figure, the "bump" in the Frejus curves is
due to the onset of the lm. production. The "bump" is ab-
sent from the IMB and Kamiokande curves, since the
lepton momentum spectra of QE and 1m. processes are

similar.
Confident in our treatment of the v interactions in the

detectors, we now discuss the starting data sample. In
Table II we summarize the p/e ratios measured by
Kamiokande, IMB, and Frejus, normalized to the expect-
ed p/e ratio according to the Gaisser fluxes [55].

A few remarks are in order to explain the small
di8'erences that can be found in Table II with respect to
the published values.

80 I I I I I I I I I

j
I I I I I I I I I 80 I I I I I I I I I
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tion of the atmospheric neutrino events and
the Monte Carlo estimate for v„-induced and
v, -induced single ring (SR) events in
Kamiokande and IMB, and charged-current
(CC) events in Frejus, for given exposures of
the detectors. Histograms: Monte Carlo esti-
mates, as reported in [70,16], using the fluxes
of Gaisser and collaborators [55]. Solid lines:
our calculations, using the same fluxes and the
published detector efficiencies. For
Kamiokande and IMB the efficiencies can be
safely considered constant with energy, within
the kinematical cuts. For Frejus this approxi-
mation would give the wrong result, indicated
by the dashed line. Notice that the compar-
ison is absolute, i.e., no normalization of the
curves has been introduced.
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p - neutrino energy (GeV)
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TABLE II. Experimental values of the double ratio R„~,/R„~„usingthe Iluxes of Refs. [55], and

their theoretical errors.
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(1) The statistical error of the Kamiokande result [13]
has been symmetrized. (2) The IMB collaboration uses
by default the fluxes of Ref. [57]. Thus, the double ratio
of Table II for IMB has been obtained by dividing the
p/e ratio taken from the most recent IMB data [15] by
the corresponding Monte Carlo ratio using the Gaisser
fluxes, as given in [14]. For the total systematic error of
IMB, we adopt the 18% estimate given in [70], obtained
by adding the single systematic errors in quadrature. (3)
For the Frejus experiment we use the so-called "all CC
events" sample given in Ref. [16], adding a total sys-
tematic error of 14%, as estimated in [18]. (4) In all three
experiments, the systematic errors include a 5% com-
ponent due to the neutrino flux uncertainties in the
Monte Carlo p/e ratio.

In our approach, however, we cannot use the results
reported in Table II as they stand. As explained before,
in order to safely use the vacuum oscillation treatment
for the atmospheric neutrinos, we cut the neutrino direc-
tion at 20' below the horizon or, equivalently, we take
cosO, ~ —0.35, 0, being the zenith angle„

For each experiment, the published angular distribu-
tion of the recorded events is given in five bins, equally
dividing the interval —1 ~ cos8, ~ + 1 (care must be tak-
en here since the IMB collaboration uses the opposite
sign convention and assumes cos8, =+1 for neutrinos
coming froin below). Our cut can be implemented assign-
ing weight zero to the bin ( —1.0, —0.6), weight —', to the
bin ( —0.6,—0.2), and weight 1 to the other three bins.

%e also include a cut for the neutrino energy in the
treatment of the Frejus data: E, ~ 2 GeV. In fact, above
this energy the multipion production and the deep inelas-
tic scattering of neutrinos, which we have neglected, give
an increasingly important contribution to the total cross
section. With this cut, 19 CC p-like events and 16 CC e-
like events are lost in the data sample, and 20 and 21
events in the corresponding Monte Carlo histograms (see
[16]}.Since the Frejus data sample is in agreement with
the Monte Carlo expectations, we assume, in the absence
of any other information, that the angular distribution of
these lost events follows the theoretical one, as predicted
by [55] for E„&2 GeV at Frejus.

Finally, ~ extract the 5% flux error out of the total
systematic error for each experiment, because our unified
treatment of the neutrino fluxes allows us to include it at
the end as a common systematic error of the three experi-
ments. This treatment of the theoretical flux errors is a
very peculiar feature of our analysis of the atmospheric
neutrinos, and is likely to become even more important in
the future. In fact, not only the statistical errors but also

the experimental systematic errors are expected to be re-
duced in the IMB and Kamiokande experiments. When
all the above cuts are applied, Table II takes the form re-
ported in Table III.

Table III represents our experimental input for the
three-flavor oscillation analysis. More precisely, for each
experiment the experimental double ratio reported in
Table III must be compared with the theoretical one, es-
timated in the presence of vacuum oscillations. In the
one dominant mass scale approximation, the oscillatory
behavior is governed by three parameters: m &, P, and P
[see Eq. (8)]. We choose to fix P, and study the theoreti-
cal values of the double ratio R„&,/R„&, in the plane

2 2
(s2&, m 3).

In order to obtain the theoretical value of R„&„the
transition probabilities [multiplied by the interaction
difFerential cross section, the detector efFiciencies, and the
atmospheric (anti)neutrino energy and angular spectra]
must be integrated over the three variables represented
by the final lepton energy, the initial neutrino energy, and
the zenith angle (within the given cuts). A similar ap-
proach is followed, for instance, in Refs. [33—35]. We
have checked, as in [33], that a further integration over
the height distribution of the neutrinos produced in the
atmosphere would produce negligible changes in our re-
sults. Therefore, we fix the production layer at a conven-
tional 15 km height.

Through the approach described above, we derive the
iso-double-ratio curves in the plane (sz&, m3), which we
will discuss thoroughly in Sec. VI. %'e anticipate here
only one feature, to justify our choice of showing these
curves for m3 as low as 10 eV [that is, below the limit
assumed in (7)]. For such low values of the third neutri-
no mass, the theoretical double ratio R &, /R„&, differs
from unity by at most a few percent. This means that for
a mass I &10 eV an oscillatory term of the type
S=sin (m L/4E, } produces (averaged in the triple in-

tegral) a very small variation of R„&,with respect to the
no-oscillation result R „&,. Thus, if I 2 and m 3 satisfy the
assumption (7), the subdominant oscillation (driven by
m i} is safely negligible in vacuum with respect to the
dominant one (driven by m 3). Moreover, we will find in

the next section that the solar and atmospheric neutrino
data constrain the two masses well within the limits
adopted in (7). We can conclude that (i) the "one mass
scale dominance" is indeed a consistent description for
the atmospheric neutrinos, and (ii) the high scale of m3
ensures that at the lowest order the decoupling
3v~2vg 1v applies for solar neutrinos.

TABLE III. Experimental values of the double ratio R„/,/R„/„with the introduction of the cuts

discussed in the text and using the Gaisser fluxes [55],without their theoretical errors.

Exposure
Experiment (kton yr)

0R„/,/R„/,

Cuts in e-like Cuts in p-like
events events

(in GeV) (in Oev)
Cuts in
cos8„

Kamiokande
IMB
Frejus

4.92
7.70
1.56

0.59+0.09(stat) +0.035(syst)
0.51+0.06(stat) +0.095(syst)
1.14+0.22(stat) +0.150(syst)

0.1 ~p, ~ 1.33
0.1&p, &1.50
E„~2;E,~0.2

0.2~p„~1.5

E„~2;E„+0.2

~ —0.35
& —0.35
~ —0.35
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VI. BOUNDS ON MASSES AND MIXINGS

In Sec. II we have set to zero both m, and 5. It follows
that the variables describing the global parameter space
reduce to (rnid, m3, m, g, g). As explained in the previous
sections, solar neutrino oscillations are described in the
subspace (mz, co, P), while atmospheric, reactor, and ac-
celerator neutrino oscillations in the subspace (m 3, Iti, p).
We choose to fix P at three representative values, s~& =0,
0.1, 0.25, in order to decouple these two subspaces to the
familiar planes (s z~ /c2s& 2) (s 2$, m 3).

The two planes are scanned by an 80 X 80 and a 40 X40
grid of points, respectively. The two squared masses are
made to range 1 order of magnitude outside the limits as-
sumed in (7), in order to appreciate the validity of our as-
sumptions. At each grid point, a y analysis is performed
on the solar and atmospheric neutrino data, with and
without the inclusion of the theoretical uncertainties re-

lated to the standard solar model and the atmospheric
neutrino flux estimates. We remark that the inclusion of
these theoretical errors generates off-diagonal terms in
the total covariance matrix, and that for the first time
they are treated in the proper way in the analysis of at-
mospheric neutrinos-i. e., as common systematics.

As explained in Sec. III, we do not analyze the raw
data of the accelerator and reactor neutrino oscillation
experiments, but simply map the 90% C.L. published
bounds on the plane (sz&, m3) for each given I)). When
comparing in the same plane atmospheric with accelera-
tor and reactor limits, one should be aware that the for-
mat of the latter is not y -like.

In the following, we discuss in detail the results of this
comprehensive analysis, in the three cases corresponding
to the selected values of P. Since there is considerable de-
bate about the estimate of both the theoretical and the
experimental errors, we present the final results at four
different, from 10. to 40, confidence levels.

10

10

-3
10

:."..li
g4)

10

10 10

-6
g 10

10

10

-7
10

10
10 10 10 10

sin (2m)/cos(2m)

10 10 10

sin (2m)/cos(2m)

10

10

10

10

CV C4
10

10

10
10 10 10 10 1

sin (2m)/cos(2m)

I I I I 1 Ill)

10

-3
I:~.x..j:I'.:.++I:S~'.~.P.:'. tg ... ::+&4:.":.g4:Stk&$:.';:;:;4:;";.W4;%~'jS"g,9:.:S:4+lSI

1

10

10

@p A~ps 'ht

10
+4++er.":4g

:::::Kam N-D asym. :.'...';;::;:":&a!"&:::..'j', .+,::-:-:"'"&':;,":;.::-i'::::""::::.-':-'.:::::

10 "'::I::N:II:::I::I:teak:INN::s-.SalAsk":I s:::khk4 ~%a::l:r.a:4:"K"'.4:W4:slsN

10 10 10 10 1 10

sin (2m)/cos(2m)
-3

FIG. 4. MS%' solutions to the solar neutri-
no problem for s& =0. The grey areas, allowed
at the 20 level, refer to each experiment sepa-
rately in the upper four sub6gures, and to their
combination in the lower two (ALL). See the
text for details.

4 -4
10

10

6 4
10

I

-7
10

I

- ALL (expt)
10 I I I IIIIII I I I I»IIl I I »I«Il I I I II«Il

10 10 10 10 1

sin (2m)/cos(2m)

I I I I I«I

10

10

—610

10

10
10

'~

4 ~

t ~
'
~

10 10 10

sin (2m)/cos(2m)

ALL (expt+ theo)
I I II»«l I «»«II «II»«l

10



3636 G. L. FOGLI, E. LISI, AND D. MONTANINO

A. sin2$=0

For P =0, the solar and atmospheric neutrino problems
are completely decoupled. The probability P3 (v ~v )

for solar neutrinos in Eq. (22) reduces to the usual two-
family expression P2„for (v,~v„)oscillations, and the
matrix probability of Eq (8. ) reduces to the 2 X 2 (v„~v,)
submatrix. In this case, therefore, we can refer directly
to the standard two-family analyzes.

In Fig. 4 we show the MS& solutions to the solar neu-
trino problem in the plane (sz /c2, m2). The first four
subfigures, 'Ga, Cl, Kam, and Kam N —D asym, cor-
respond to GALLEX+SAGE, Homestake, the average
Kamiokande rate, and the Kamiokande (N D/N—+D)
asymmetry, respectively. Solid lines represent, as usual,
iso-SNU or isorate curves. The grey areas are allowed at
the 20 level by the experimental data, including theoreti-
cal uncertainties (which cancel out in the ratio
N D/N+—D). The iso-SNU curves are bent by the
Earth regeneration effect at large angles and intermediate

mass values. However, that zone is mostly excluded by
the N —D/N+D measurement, largely compatible with
zero. The data are combined in the last two subfigures
(ALL), taking into account experimental (expt) and total
(expt+theo) errors. In ALL, the solid lines represent
iso-standard-deviation contours, for o = 1,2, 3,4 (i.e.,

Ay =1,4, 9, 16). At 2cr, a "small-angle" and a "large-
angle" solution can be clearly distinguished. For the
small-angle solution, we find y =0.70 (0.69) without
(with) the inclusion of the theoretical errors. For the, dis-
favoured, large-angle solution, it is g =3.9 (3.6). It can
be noticed that the minimum g values are not appreci-
ably affected by the inclusion of the theoretical errors,
but the contours of the allowed regions are. At 3a, a
third solution appears at large angles and low mz. It
would merge into the previous large-angle solution if
Earth's effects were excluded.

In Fig. 5, drawn in the plane (sz&, m &), we show the
vacuum oscillation solutions to the atmospheric neutrino
deficit and their compatibility with accelerator and reac-
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pansion" of the triangle-shaped solutions for the gallium,
chlorine, and Kamiokande experiments, as a result of the
efFective weakening of the MSW efFect (see Sec. IV). For
the same reason, the N —D asymmetry data exclude a
(slightly) smaller region. When the data are combined to-
gether, the small-angle and the large-angle solutions are
both enlarged at the 3o and 4o. levels. However, at the
2o level the large-angle solution appears only when

theoretical uncertainties are included. Compared with
the /=0 case, higher values of m 2 are now allowed. The

value at the absolute minimum, located within the
small-angle solution, is 1.48 (1.32) without (with} the in-
clusion of theoretical uncertainties. For the large-angle
solution, we find y =5.7 (5.2).

In Fig. 7, theoretical values of the double ratio

R„z,/R „z,greater than one are allowed for atmospheric
neutrinos, because the atmospheric v, 's can now oscillate
into other flavors, thus increasing R„&,. The region al-

lowed by the atmospheric neutrino data (whose best-fit
point is represented by the small circle) is then pushed to-
wards higher values of P. Moreover, for accelerator and
reactor neutrinos all the experimental bounds can be
mapped into the plane (sz&, m 3) (except for IRP, which
puts no limits at sin /=0. 1~sin 2/=0. 36). Remark-
ably, the Gosgen experiment, which measures P(v, ~v, },
gives rise to the dominant bound independently of the an-
gle P, as explained in Sec. III, and excludes a large part of
the previous region. Only a small zone survives, around
m3 =10 eV at large sin 2g. The y value at the
minimum, for the atmospheric neutrino data only, is 4.53
(4.45) without (with) the inclusion of the theoretical er-
rors. Thus, the minimum solar+atmospheric y is 6.01
(5.77},slightly higher than in the /=0 case.

Finally, we note again that assumption (7) is satisfied at
almost the 3o. level by the final solutions reported in Figs.
6 and 7.
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C. sin2$=0. 25

The trend emerging in the comparison of the previous
two cases is enhanced for such a large mixing
(sin /=0. 25~sin 2/=0. 75) between the first and the
third generations.

In Fig. 8 the broadening and shifting of the allowed re-
gions are evident. At the 3Ir level (or more) the small-

angle and the large-angle solutions merge into a single
one, spanning a large part of the plane. The y values for
the small- and large-angle solutions are 3.30 and 6.8
(3.18, 6.5) without (with) the inclusion of the theoretical
uncertainties.

In Fig. 9 the most striking result is that the IRP bound
is probed, which exactly excludes the zone allowed at the
20. level by the combined atmospheric neutrino data.
This scenario is thus highly disfavored. Considering only
the atmospheric neutrino data, the y at the minimum is
4.95 (4.94} without (with} the inclusion of the theoretical
flux uncertainties. This translates into a minimum

solar+atmospheric y =8.25 (8.12}, about three units
higher than for /=0. This corroborates the statement
that the scenario with sin /=0. 25 is disfavored.

Our assumption (7} is here satisfied at the 2Ir level, and
for a large part of the 3'-allowed region. For larger
values of sin II}, the IRP bound would be (slightly)
stronger and the total y higher. Thus, the value 0.25 can
be considered (at least) a 2Ir upper bound on sin p.

VII. CONCLUSIONS AND PROSPECTS

Assuming neutrino oscillations as the most natural
available solution to both the "solar neutrino problem"
and the "atmospheric neutrino anomaly, " we have
presented a comprehensive analysis of the solar and at-
mospheric neutrino data (except for upward-going
muons} in a three-generation scheme, including the limits
induced by the reactor and accelerator experiments.

In order to simplify the hard problem of a three-
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generation description, a natural mass hierarchy has been
assumed, consistently derived by considering the present
limits of solar and atmospheric neutrino experiments.
Within this hierarchical scheme, we have "translated, "
for the first time, the present experimental information
coming from solar, atmospheric, reactor, and accelerator
neutrinos into a set of combined limits on the five
relevant parameters mz, m3, co, g, g. In particular, we
were able to constrain m 2 and ~ in well-defined regions.
%'e have also set lower bounds on f, an upper bound on
P, and both a lower and an upper bound on m 3. The final
allowed mass ranges have been shown to lie well within
the limits preliminarly assumed, so ensuring the self-
consistency of our hierarchical scenario.

In the analysis of the solar neutrino data, the Earth re-
generation effect and the inclusion of the theoretical er-
rors have proven to be crucial, in particular in the deter-
mination of the large-angle solution. In the analysis of
the atmospheric neutrino data, we have considered the

three most important experiments, Kamiokande, IMB,
and Frejus, and have consistently included the atmos-
pheric neutrino fluxes, treating their uncertainties as a
common systematic error affecting the three experiments.
We consider such a treatment of the atmospheric Aux er-
rors as a noteworthy point of our approach: even
though, at present, these uncertainties cannot be con-
sidered as crucial, we expect the point to become more
and more relevant with the improvement of the experi-
mental precision. %e plan to treat in a future paper
matter effects on atmospheric neutrinos traversing the
Earth, since they might require the inclusion of the sub-
leading oscillation, here neglected.

As far as the mixing angles are concerned, the naive
expectation (or theoretical prejudice) P (g(co, can only
be satisfied by choosing the (disfavored) large-angle solu-
tion for co. It is worth noting, however, that the popular
seesaw mechanism I'72], which naturally predicts
m

&
& m 2 & m 3, does not necessarily force the neutrino
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mixing angles to be small and hierarchical as in the quark
sector [73], [74].

The combined limits that we have obtained, although
already impressive, will certainly be improved in the near
future. On-going solar and atmospheric neutrino experi-
ments are expected to reduce not only the statistical but
also the systematic errors. This would allow us to refine
the present analysis both for atmospheric neutrinos (in-

cluding the whole set of contained events and possibly
also the upward-going muons) and for accelerator and
reactor neutrinos (analyzing the raw experimental data).
However, it is likely that only the next generation of neu-
trino oscillation experiments (a recent presentation is
given in Ref. [75]) will have a definite word on the mass
and mixing scenario analyzed in this paper, and will elim-
inate the ambiguities that now allow different interpreta-
tions of the data.

In particular, future solar neutrino experiments are ex-
pected to select, at a very high confidence level, one of
two solutions in the plane (s2 /c2„,mz). New atmos-
pheric data will help in constraining m 3 from below, nar-

rowing the allowed range of sz&. Future reactor neutrino
experiments could not only improve the combined
bounds on sz& and m 3 but, together with the atmospheric
neutrino results, strengthen the absolute upper bound on
(I), as we have shown. For very low values of P, accelera-
tor experiments in the channels (v„~v„)and (v„~v,)
will extend the explored region in the plane (sz&, m3).
The channel (v„~v, ), and possibly (v, ~v,), will be com-
plementary probes for relatively high values of P.

Any unmistakable evidence for neutrino oscillations in
one of these experimental sectors is constrained to have
effects on the others, and only a comprehensive analysis
in the parameter space (mz, m 3,c0, $,$), such as the one
presented in this paper, is able to point out all the con-
nections existing among the different pieces of data.
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