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Calculation of the 6+py photon-decay amplitude A, /2 and the E,+/M, + ratio
in single-pion electroproduction: An algebraic approach
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A nonperturbative calculation of the 5+~P+y transverse one-half helicity transition form factor
h3(q ) and the A l/2 5+Py photon-decay amplitude is made with results in good agreement with experi-
ment. The ratio of the electric quadrupole amplitude to the magnetic dipole amplitude at resonance is
calculated as a function of GM(0) and the 6+ mass. We confirm that GM(q ) decreases more rapidly
than the nucleon dipole form factor in the region where GE(q ) is known to be small. Our treatment is
completely relativistic and current conservation is guaranteed.
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production in the process 6+~P+y and the experimen-
tal fact that the EMR is small in magnitude (a few per-
cent or less) and most likely negative.

The intent of this paper is to provide nonperturbative
and completely relativistic theoretical results which shed
new light on the behavior of the EMR as a function of
GM(0} and the b, mass and to determine theoretically the
A, &z

b+Py photon decay amplitude for direct com-
parasion with the experimental data. We do not consider
configuration mixing because it is quite interesting to
study an uncomplicated scenario where the predictive
power of a fully relativistic theory, which incorporates
current conservation and whose basis is quantum chro-
modynamics, can be brought to bear on a model which
incorporates nucleon and 6 ground states only.

In general [2,3] one may write for the b, ~N+y tran-
sition amplitude the expression

(N(p, A& )
~ j&(0) ~ k(p, Ag) )

1/2

uN(p, A, )[I'„p]uPq(p', Aq) (1)
(2n. )'

where

I „p= ih3b 'y p'qp—e„(.qpy)

+h2b '[2Ep (p p)e (p p)/s —i1' p qpe~(qp1')]

+h&~ 'qp[p qq„q'p„]r—s. (2)

In Eq. (2), the electromagnetic current is denoted by j„,
y5—=i y y'y y, q —=p* —p, p* and p are the four-
mornenta of the 5 and nucleon, respectively,

':—[[(m'+m) —
q ][(m*—m) —

q ]
' is a kine-

matic factor which depends on q, m (the 6 mass), and
m (the nucleon mass); Az and A,z are the helicities of the
nucleon and 6 respectively; and the helicity form factors
h &, h 2, and h 3 include scalar, transverse —'„and transverse
—, transitions, respectively, in the rest frame of the 5 iso-
bar. Also, h &, h2, and h3 are related to the more familiarDeceased.

The ANy form factors [1—3] Gs't(q ), Gz(q ), and

G;(q ) in elementary particle physics are very important
in that they provide a basis for testing theories of
effective quark forces or production models [4].
Specifically, they are important when one considers (1}
perturbative QCD models involving gluon exchange
mechanisms, tensor interactions, or possible hybrid
baryonic states [5], (2) Skyrme models [6], (3} enhanced
quark models [7] in which the bNy transition form fac-
tors may be calculated as a function of q, (4) electropro-
duction and photoproduction processes [8], (5) symmetry
schemes such as SU(6} and U(6,6) [9], and Melosh trans-
formations [10), (6) bag model [11], (7) dispersion rela-
tions and Bethe-Salpeter approaches [12], (8) current
algebra baryon sum rules [13), and (9) nonperturbative
methods such as lattice QCD [14], QCD sum rules, and
algebraic formulations [15].

The most important "physical observables" which are
functions of the ENy transition form factors, are the
photon decay helicity amplitudes A, /2 and A3/2 the ra-
tio (&,+ /M, + ) 2

= —(Gz /GM ) &
—= electromagnetic

q =0 q =0
ratio (EMR) of the electric quadrupole amplitude E,+ to

the magnetic dipole amplitude M, +, and the scalar quad-

rupole amplitude S,+ [8]. The A&&z and A3/p ampli-

tudes (which are linear combinations of M &+ and E&+ )

can be obtained experimentally from the process
y+N~m+N and determine the radiative width
I (b, ~N+y ). The EMR, which is less model dependent
than E + or M + [16], serves as a powerful and sensitive

1 1

discriminant in filtering out viable theoretical models of
hadron spectroscopy. The reasons for this are, of course,
the theoretical fact that in the naive quark model (which
is nonrelativistic), the EMR vanishes (i.e., no D wave nu--
cleon or b, wave function components} for real photon
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form factors G~(q }, Gg(q ), and Gg(q ) by the relations

3(m *+m)
2m M E

mq,
1 = g A'

2m*m ~ &/2 3/2

where [18]

(5)

h, = 3(m *+m)
C

(3)
v'3

m

1/2
3 m* —m

2
[G~(0)—3Gg(0) ],

(6)

GM(q ), Gg(q ), and Gc(q ) induce magnetic, electric,
and Coulombic multipole transitions.

For the virtual process p ~p +y, we have, similarly,

1/2

(P(p, k)~ j„(0)~P(p*,A, *))= — u (p, A, )2~)' &pE e

X[1„]u (p*,k*},
where

I „=[1—q /4m ]

X[(i/4m )GM(q )e„(Pqy)y, +
2m

GF(q )P„],

p

and q=p* —p. GM(q ) and GE(q ) are the familiar
Sachs form factors.

The total 6+ radiative width:—I, for decay into

p +y is given by [17]

q, =magnitude of the c.m. three-momentum, and
1/2

3 (m* —m

m
[GM(0)+Gg(0)] .

(7)

Experimentally [17], A &&z
=( —141+5)X 10 -' GeV

and A, zz=( —258+11)X10 GeV
In the naive quark model, it can be shown that the

EMR = 0, whereas in the naive Skyrme model [6], the
EMR is large and of the order of —

S%%uo. Experimentally,
[16,17], however, the EMR=( —1.07+0.37)%.

We now relate theoretically the transition form factor
h, (q ) to the isovector part of GM(q )[ —= GM(q )] by con-
sidering asymptotic level realization [19,20] of the
charge-current algebra [jp(0), A + ], A =2jIl(0). We

take as external states the ground-state baryons, i.e., the
1/2 octet and 3/2+ decuplet, represented by the ket
~B(a,s, k) & or bra & B (a, s, X)

~ ], with physical SU(3) in-
dex a, three-momentum s~ ~, and helicity A. . We define
relevant axial-vector charge matrix elements (s ~ oo un-
derstood) as

(p, ).=1/2~ A ~ n, k=1/2) =f= —(p, k—= —1/2 A, ~n, A, = —1/2),

(5 +, A, =l/2~A ~~A+, k=1/2) = —&3/2g= —(t}+ ', A. = —1/2 A p~h+ b, +,k= —1/2),

( 5 ' ', A. = 1/2
~
A,

~ p, k = 1/2 ) =&6h = + ( 6, ', k =——1/2 A
~ p, A, = —1/2 ) .

For the spin-Hip matrix elements of the isovector part of
the electromagnetic current jIl, we parametrize as follows
(suppressing the Lorentz index IM):

( 5+, s~ oo, A. = —1 /2
~ jr ~

b, , t~ ao, A, = 1/2 ) =a,
(p, s~ ~, l= —1/2 j z~p, t~ ~, k= 1/2):b, —

(p, s ~, A, = —1/2 j~~b, +,t oo, k, =1/2)—:c,
(6+,s —~ ~, A, = —1/2~ jz~p, t~ ~, k, = 1/2)—:d .

All other necessary SU(2) related spin-flip matrix ele-
ments of jP can then be obtained by considering the com-
mutator [[jIl(0},V + ], V ]=2jp(0).

We now consider the ground-state contribution to the
commutator [[jp(0), A + ], A ] =2jIl(0), by sandwich-

ing it between all possible ground-state pairs,
(B(a,s, k, = —1/2)~, ~B'(a, t, A=+1 2/).) with s, taboo.
We obtain ten equations (not all independent):

(p, p ): 2cgh + 8—bh ' —16ah' &2dfh —3dgh +— =2b,
(n, n):—3tcgh+8bh~+16ah —&2cfh 2dgh+ . . = —2—b,
(p, 6 ):2cg +8ch —2bgh —14agh+2dh &2cfg+ =2e-,

p ):9agh —&2afh+2dh +df &2dfg +2ch —&—2bfh+ ', dg —3bgh+ . =2d, —

( &,6 ):—6ag —3dgh + 3cgh +6bh —18ah + = —16a .
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t i r=r = ' then at the/ '. Note tha

After some algebra, we o
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[GM(0)=2.6, b, + =1.210 GeV/c ] and [G~(0)=3.2,
b, +=1.240 GeV/c ]. It is equally clear from Eq. (2),
however, that a much more precise measurement (or
theoretical estimate) of GM(0) and some method of deter-
mining unambiguously the appropriate 6+ mass to use
will be required before one can obtain a very reliable
value for the EMR due to its sensitivity to the b + mass
and GM(0). Note that while the EMR is a very sensitive
function of GM(0) and 6+ mass, the A»2 helicity ampli-
tude is not, thus making it a less useful tool for determin-
ing the EMR. In addition, we point out that in agree-
ment with experiment, Eq. (9) predicts a faster than di-
pole fall-off behavior for GM(q ) consistent with experi-
mental data in the region where Gg(q ) is known to be
small [24]. Unfortunately, because we have only one sum
rule result at our disposal (Eq. 8), we are not able to
separate GM(q ) from GE(q ) and thus we cannot com-
ment definitively at this time on the high q

* perturbative
QCD (PQCD) predicted behavior of E,+ versus that of

M, + [25].
We have demonstrated that the transverse 1/2 helicity

form factor h3(q ) and the A, &2 photon decay amplitude
can be calculated nonperturbatiuely and is in good agree-

ment with experiment. We have demonstrated that an
EMR value ranging from -5%%uo to +5% is obtainable de-
pending on the precise values of GM(0) and the b, + mass
that one ultimately uses in one's calculations. We have
theoretically confirmed that GM(q ) decreases faster than
the nucleon dipole form factor in the q region where the
condition ~Gg(q )~ ((GM(q ) is valid, in agreement with
available experimental data and PQCD. Our treatment
is completely relativistic. Current conservation is
guaranteed. Additionally, the correct transition operator
is used in all calculations. Our treatment is nonperturba-
tive and performed in a broken symmetry hadronic world
without the use of "mean" mass approximations since
physical masses are used at all times. Thus, Gg(q ) is not
constrained to equal zero (i.e., no D wave sta-te) as in the
naive Skyrme model and in the naive quark model; the
EMR is reexpressed as a function of G~(0) and the b,

mass and is found to be very sensitive to their values; A, &2

is computed nonperturbatively and is in good agreement
with experiment.
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