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Calculation of the A" py photon-decay amplitude 4, ,, and the E,+/M . ratio
in single-pion electroproduction: An algebraic approach

Milton D. Slaughter
Department of Physics, University of New Orleans, New Orleans, Louisiana 70148

S. Oneda*
Center for Theoretical Physics, University of Maryland, College Park, Maryland 20742
(Received 27 April 1993)

A nonperturbative calculation of the AT — P +y transverse one-half helicity transition form factor
h3(g?) and the 4,,, A* Py photon-decay amplitude is made with results in good agreement with experi-
ment. The ratio of the electric quadrupole amplitude to the magnetic dipole amplitude at resonance is
calculated as a function of G;{(0) and the A" mass. We confirm that Gj;(g?) decreases more rapidly
than the nucleon dipole form factor in the region where G (g?) is known to be small. Our treatment is
completely relativistic and current conservation is guaranteed.

PACS number(s): 13.40.Hq, 13.60.Rj, 14.20.Gk

The ANy form factors [1-3] G(g?), GA(g?), and
G*(g? in elementary particle physics are very important
in that they provide a basis for testing theories of
effective quark forces or production models [4].
Specifically, they are important when one considers (1)
perturbative QCD models involving gluon exchange
mechanisms, tensor interactions, or possible hybrid
baryonic states [S], (2) Skyrme models [6], (3) enhanced
quark models [7] in which the ANy transition form fac-
tors may be calculated as a function of g2, (4) electropro-
duction and photoproduction processes [8], (5) symmetry
schemes such as SU(6) and U(6,6) [9], and Melosh trans-
formations [10], (6) bag model [11], (7) dispersion rela-
tions and Bethe-Salpeter approaches [12], (8) current
algebra baryon sum rules [13], and (9) nonperturbative
methods such as lattice QCD [14], QCD sum rules, and
algebraic formulations [15].

The most important “physical observables” which are
functions of the ANy transition form factors, are the
photon decay helicity amplitudes 4,,, and 43 ,,, the ra-
tio (E + /M +) 2 = —(GEg /Gy )g2—o= electromagnetic
ratio (EMR) of the electric quadrupole amplitude E  + to
the magnetic dipole amplitude M+, and the scalar quad-
rupole amplitude S . [8]. The 4,, and A4;,, ampli-
tudes (which are linear combinations of M, and E )

can be obtained experimentally from the process
Yy+N—>7+N and determine the radiative width
I'(A—N+y). The EMR, which is less model dependent
than E . or M . [16], serves as a powerful and sensitive
discriminant in filtering out viable theoretical models of
hadron spectroscopy. The reasons for this are, of course,
the theoretical fact that in the naive quark model (which
is nonrelativistic), the EMR vanishes (i.e., no D-wave nu-
cleon or A wave function components) for real photon
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production in the process A* — P+ and the experimen-
tal fact that the EMR is small in magnitude (a few per-
cent or less) and most likely negative.

The intent of this paper is to provide nonperturbative
and completely relativistic theoretical results which shed
new light on the behavior of the EMR as a function of
G;(0) and the A mass and to determine theoretically the
A, ATPy photon decay amplitude for direct com-
parasion with the experimental data. We do not consider
configuration mixing because it is quite interesting to
study an uncomplicated scenario where the predictive
power of a fully relativistic theory, which incorporates
current conservation and whose basis is quantum chro-
modynamics, can be brought to bear on a model which
incorporates nucleon and A ground states only.

In general [2,3] one may write for the A— N +y tran-
sition amplitude the expression

(N(p,A,)j,(0)|A(p*,14))
172
Zy(p, A, [T upluf(p*,hy) (1)
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where

T.s=—ih3A7'y-p*qpe,lapy)
+hy A7 [ 2e5,(p*p)eg(p*p )y s—iv-p*ape,lapy)]
+h A q4lp 99, — 4%, 175 - ®)

In Eq. (2), the electromagnetic current is denoted by Ju
ys=iv’y'y%y3, q=p*—p, p* and p are the four-
momenta of the A and nucleon, respectively,
AT'={[(m*+m)P?—q2][(m*—m)*—q?]"! is a kine-
matic factor which depends on g2, m* (the A mass), and
m (the nucleon mass); A, and A, are the helicities of the
nucleon and A respectively; and the helicity form factors
hy, hy, and h; include scalar, transverse 2, and transverse
1 transitions, respectively, in the rest frame of the A iso-
bar. Also, h,, h,, and h; are related to the more familiar
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form factors G;(g?), G#(q?), and G£(g? by the relations

(3]

3(m*+m)
h3:*———2m—(G;}—3Gz—‘) ,

I(m*+m), .,
hzz—T(GM+3GE), (3)
hlz——j)(m +m)GC* .

Gi(g%, GE(g?), and G&(g?) induce magnetic, electric,
and Coulombic multipole transitions.
For the virtual process p —p +y, we have, similarly,

1/2
- . % k€ | mm* 7 (5.
(PP, A1), (0)P(P*,A%)) EymE E,E. Z,(p,A)
X [T, Ju,(p*,2%), 4)
where
r,=[1—g*/4m?]""
X[(i /4m )Gy (@, PayIvst |5 |Ge@P,],
P=p+p*,

and §=p*—p. Gu(g?) and G.(g?) are the familiar
Sachs form factors.

The total A" radiative width EF{,, for decay into
p+7v is given by [17]

(p.r=1/2|4_.InA=172)=f=—(p,A=—1/2[A_
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m
ry= qf A3 5 (5)
2m Ty ={3n
where [18]
~ 1/2
V3|3 m*—m?
Ay =—e n 2 o [GH(0)—3G(0)],
(6)
q. =magnitude of the c.m. three-momentum, and
13 m=2=m2 |
Asp=—ely 2 [GE(0)+GE(0)] .
(7)
Experimentally [17], 4,,=(—141+5)X10"* GeV "

and A;,=(—258+11)X 107 % GeV "2,

In the naive quark model, it can be shown that the
EMR = 0, whereas in the naive Skyrme model [6], the
EMR is large and of the order of —5%. Experimentally,
[16,17], however, the EMR =~(—1.07%0.37)%.

We now relate theoretically the transition form factor
h3(g?) to the isovector part of G, (g*)[ =G (g?)] by con-
sidering asymptotic level realization [19,20] of the
charge-current algebra [j{(0), 4 _.], 4__=2j}(0). We
take as external states the ground-state baryons, i.e., the
1/27% octet and 3/2" decuplet, represented by the ket
|B(a,s,A)> or bra <B(a,s,A)|], with physical SU(3) in-
dex a, three-momentum s— oo, and helicity A. We define
relevant axial-vector charge matrix elements (s — o un-
derstood) as

JnA=—1/2) ,

(A" A=172[4_. |A",A=1/2)=—V3/2g=—(A" " A=—1/2[4_. |A"|A" A=~1/2) ,

(A", A=1/2[4 _, p,A=1/2)=V6h=+(A" LA=—172[A4_p,A=—1/2) .

For the spin-flip matrix elements of the isovector part of
the electromagnetic current jf;, we parametrize as follows
(suppressing the Lorentz index pu):

(MY s— o, A=—1/2]jylA" t—>w,A=1/2)=a,
(ps— o, A=—172|jylp,t—>w,A=1/2)=b ,
(p,s—>oo,}»:—I/ZijV|A+,tﬂw,K:1/2>5C ,

(A", s—> o0, A=—1/2|j,lp,t—>o0,A=1/2)=d .
J

I

All other necessary SU(2) related spin-flip matrix ele-
ments of j{; can then be obtained by considering the com-
mutator [[j{(0),V _+ ],V __]1=2j}(0).

We now consider the ground-state contribution to the
commutator [[j{(0),4_+],4_-]=2j{(0), by sandwich-
ing it between all possible ground-state pairs,
(B(a,s,A=—1/2)|, |B'(a,t,A=+1/2)> with s,t— .
We obtain ten equations (not all independent):

(p,p):—2cgh+8bh>—16ah>—V2dfh—3dgh+ -+ =2b ,
(n,n):—3cgh+8bh*+16ah>—V2cfh—2dgh+ -~ =—2b ,

(p,A" ):2cg?+8ch?—2bgh — 14agh +2dh>—V2cfg+ -+ =2c ,
(A*p)9agh—V2afh+2dh>+df>—V2dfg +2ch>—V2bfh+3dg>—3bgh+ --- =2d ,
(A7,A" ):—6ag>—3dgh +3cgh +6bh>—18ah’>+ - - - = —16a .
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These ten equations can be solved and yield
the physical solution a:b:c:d=1:—2:5V2/4:—5V'2/4,
g=—(vV2/5)f,and h=1f.

We thus obtain the important relation

(p,s,h=—1]jtn(0)[ATt,A=1)

=e(p,s,A=—1|jp(0)p,t,A=1) , (8

J

where [s|,|t| > «, and e=5V2/8 [21].

From Egs. (1), (4), and (8), we can now extract
hi(g>)=—{2m /[3(m +m*)]}h;(g*) as a function of
the isovector part of GM(q by consndermg matrix ele-
ments (transverse 1/2) of (j; —ij, )/V'2 (corresponding to
a helicity +1 photon moving in the +z direction) and
Lorentz transformations (“Z boosts”) [22] G and G such
that

G G * 2 %22
P =(p*"0,0,0)—p** =(m*,0,0,0) , ph(p®0,0,rt)—ph= [T g o LM
2rm* 2rm*
and
G G 2 2,2
5% =(5",0,0,)p**=(m,0,0,0),54=(5°,0,0,rt)—p* = |~ ;”m,o,o,— u ;r)m ]
—
where t=12,t— . We ﬁnd that From Egq. (10), we can now calculate the EMR as a

@=(1—rm*r—m?/r, g'=—01-r? m?/r, and
o<r<m/m* Note that if r=r ro= 2/m , then at the
photon point, ¢?>=0 and g’=—[(m m?)/m*12.
After some algebra, we obtain
hy(g*)=Gp(g*)—3GE(g?)
m5\/§\/—q2

3(m*+m){(m*—m)*—q*}'"?

Gy(@* .

9)

In Eq. (9), one may use the excellent approx1mat10n that
G (g*)=~2.350[1—g*/0.71]72, so that h5(0) and there-
fore A, ,,, are functions of the A™ mass and Gy(0).

If one uses, for example, the less model-dependent [23]
pole mass value m*=1.211 GeV/c?, then one calculates
numerically that

h3(0)=[Gy(0)—3G£(0)]=2.972 . (10)

This then implies that (see Fig. 1 for m*=1.211 GeV/c?)

Ay,(m*=1.211 GeV/c?)~—0.143 GeV~!/2 (11
-0.13
-0.1325
_.=:\ -0.135 —
% -0.1375 — /
g -0.14 /
- ' -0.1425
-0.145
-0.1475
-0.15

1.215 1.22 1.225 1.23 1.235 1.24

A* Mass (GeV/c?)

FIG. 1. The photon decay amplitude A4,,, in units of
GeV ™" vsthe A" mass m*.

function of G;(0) and 45(0), and we find that

1 h3(0)
EMR=—— |1— :
3 G (0)
EMR z—i — 2972 (12)
m*=1.211 GeV 3 G (0)

If for example, one takes the canonical value G3;(0)=3.0
and m*=1.211 GeV/c, one obtains EMR = —0.3% (see
Fig. 2 for other possibilities). Equation (12) reexpresses
the EMR as a function of G;(0) and the quantity 435(0)
(=2.972 for m*~1.211 (GeV/c?), the value of which is
determined by Egs. (9) and (10) (see Fig. 1 for other possi-
bilities), based on an input value of the mass of the A™.
Thus, the EMR is reexpressed as a function of the pa-
rameters G1;(0) and the A* mass—as opposed to the pa-
rameters G;;(0) and G£(0) and is given in Fig. 2. Note,
however, as indicated in Figs. 1 and 2, that it is abun-
dantly clear that current experimental data suffice only to
fix the EMR in the range *5% corresponding to

g 0.02 AP X —
1] G = \
o —rt
’ Gy (0)=3) —

-0.06

L

1.215 1.22 1.225 1.23 1.235 1.24

A* Mass (GeV/c?)

FIG.2. The E . /M . ratio at q’=

m*.

0 (EMR) vs the A' mass
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[G(0)=2.6, AT"=~1.210 GeV/c?] and [Gz(0)=3.2,
AT =1.240 GeV/c?). It is equally clear from Eq. (2),
however, that a much more precise measurement (or
theoretical estimate) of Gy;(0) and some method of deter-
mining unambiguously the appropriate A™ mass to use
will be required before one can obtain a very reliable
value for the EMR due to its sensitivity to the A1 mass
and Gj;(0). Note that while the EMR is a very sensitive
function of G3;(0) and A™ mass, the 4, ,, helicity ampli-
tude is not, thus making it a less useful tool for determin-
ing the EMR. In addition, we point out that in agree-
ment with experiment, Eq. (9) predicts a faster than di-
pole fall-off behavior for Gg;(g? consistent with experi-
mental data in the region where G2(g?) is known to be
small [24]. Unfortunately, because we have only one sum
rule result at our disposal (Eq. 8), we are not able to
separate Gy(g% from G2(g? and thus we cannot com-
ment definitively at this time on the high ¢* perturbative
QCD (PQCD) predicted behavior of E ; versus that of

M, . [25].

We have demonstrated that the transverse 1/2 helicity
form factor k(g% and the 4,,, photon decay amplitude
can be calculated nonperturbatively and is in good agree-

ment with experiment. We have demonstrated that an
EMR value ranging from -5% to +5% is obtainable de-
pending on the precise values of Gj;(0) and the A" mass
that one ultimately uses in one’s calculations. We have
theoretically confirmed that Gy (q?) decreases faster than
the nucleon dipole form factor in the g* region where the
condition |G#(g?)| <<Gj(g? is valid, in agreement with
available experimental data and PQCD. Our treatment
is completely relativisticc  Current conservation is
guaranteed. Additionally, the correct transition operator
is used in all calculations. Our treatment is nonperturba-
tive and performed in a broken symmetry hadronic world
without the use of ‘“mean” mass approximations since
physical masses are used at all times. Thus, G*(g?) is not
constrained to equal zero (i.e., no D-wave state) as in the
naive Skyrme model and in the naive quark model; the
EMR is reexpressed as a function of G(0) and the A™
mass and is found to be very sensitive to their values; 4, ,
is computed nonperturbatively and is in good agreement
with experiment.
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