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Nonstatistical multiplicity fluctuations in narrow pseudorapidity intervals have been studied in the

pionization process of m -Ag/Br and p-Ag/Br interaction data at 350 GeV/c and 400 GeV/c, respec-

tively, in terms of scaled factorial moments. An intermittent pattern of fluctuations is evident for pioni-

zation processes in both cases. An investigation of anomalous fractal dimensions suggests a cascading
mechanism for the multihadron production process. A further analysis of the data in terms of a scaling
law for a different order of the moments has been done. The results support the proposed scaling
behavior. We have also probed the emission process of the medium energy target-fragmented protons
with the same tool. Interestingly, this study reveals similar behavior.

PACS number(s): 13.85.Hd, 25.80.—e

I. INTRODUCTION

Among the various approaches proposed for studying
nonstatistical fluctuations in the rapidity (pseudorapidity}
distribution of charged secondaries, produced in high-
energy interactions, the "intermittency, " which involves
computing scaled factorial moments in the limit of small
phase-space intervals, has developed a spur of interest in
recent years. The technique was introduced by Bialas
and Peschanski in a pioneering work [1]. Intermittency
is a general mechanism which can generate strong local
fluctuations in a large uniform statistical system. The un-
derlying physical reason is the self-similarity of the sys-
tem over a range of the scales. In high-energy physics,
the power law dependence of the scaled factorial mo-
ments on the width of the phase space interval character-
izes the intermittent behavior. The most notable feature
of this technique is that the statistical noise, which al-
ways masks the dynamical fluctuations, can be eliminated
by this method. So far, this method has been experimen-
tally applied to cosmic ray events [2] and accelerator data
on hadron-hadron [3,4], hadron-nucleus [5,6] nucleus-
nucleus [5,7—11], e+ e[12—15] an-d p-p [16] interac-
tions at relativistic energies. In all of these experiments
the intermittency effect has been observed, indicating
nonstatistical fluctuations in the pionization process. The
dynamical origin of such a self-similarity property is still
ambiguous. There are only some speculative propositions
such as the formation of quark-gluon plasma (QGP) [17]
internuclear cascading or the formation of jets and mini-
jets [18] which could be the source of such nonstatistical
fluctuations. At this stage, more data on different reac-
tants, covering the full gamut of energy, are required so
that comparative studies of different aspects of such fluc-
tuations can provide insight into the underlying mecha-
nism.

Moreover, so far the bulk of the intermittency study is

based on pionization data. Should we also probe the
fragmentation process with the same tool? Only recently,
people have started investigating the intermittent pattern
of fluctuation in nuclear multifragmentation processes at
low energies [19].

In this paper we present our enhanced data set of 350
GeV/c n -Ag/Br interactions along with 400 GeV/c p-
Ag/Br data in the light of intermittent behavior. Section
II provides the experimental details. In Sec. III the self-
similarity of the pionization process has been investigated
and, for a comparative study of the characteristics of in-
termittency we have used other intermittency data from
our recent investigation. Section IV deals with a scaling
law, proposed by Seibert [30]. Section V is devoted to
the study of power law singularities of the fragmentation
process and, utilizing the facility of identification offered
by the nuclear emulsion technology, we have chosen only
the medium energy target-fragmented protons, known as
grey particles, for the analysis.

II. EXPERIMENTAL DETAIL

The data were taken from a stack of 65 emulsion
plates exposed to 350 GeV/c n. beams at CERN and
400 GeV/c proton beams at Fermilab. These data were
used in our previous analyses [20,21], although as men-
tioned earlier, in the present paper the sample size is rich-
er in statistics for both cases. The emulsion plates of
thickness 600 pm were area scanned with the help of a
semiautomatic scanning system with a Leitz Metalloplan
microscope using an objective of magnification 10X and
ocular lenses of 25 X magnification. The scanning
efficiency was greater than 90% in either case. The cri-
teria for selecting the events were made according to the
following: (i) The beam track must be at an angle less
than 3' to the mean beam direction in the pellicle; (ii} in-
teractions should not be within 20 pm from the top or
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bottom surface of the pellicle; (iii) selection of the pri-
mary interactions as made by following the incident beam
track in the backward direction. With the above selec-
tion criteria, a sample of 802 and 652 events were chosen
for m and proton-initiated interactions, respectively.
Here the nuclear emulsion served the purpose of a target
as well as a detector. All the charged secondaries of
these events were classified according to nuclear emulsion
terminology in the following way.

(i} Black tracks are produced by the particles having a
range less than 3 mm and an ionization greater than 6IO
where Io is the minimum ionization. The value of
minimum ionization (Io) is about 14—15 grains per 100
pm.

(ii) Grey tracks are produced by particles having
ranges greater than 3 mm and ionization values in be-
tween 1.41IO and 6IO.

(iii) Relativistic particles with an ionization less than
1.4IO formed the shower tracks which were not generally
confined to the emulsion pellicle.

The sum of the number of black tracks (nb ) and grey
tracks (n ) are defined as heavy tracks (N„),
NI, =nb+ ns. To ensure the target as Ag/Br, events hav-
ing 1V& &S were not included. To measure the emission
angles of the particles we took readings of the space coor-
dinates (x,y, z) of the production point, a point on the in-
cident beam and a point on each of the tracks, using an
oil immersion objective of magnification 100X and occu-
lar lenses of 25 X magnification. The uncertainty in the
angular measurement has been estimated to be 0.1 mrad.
Such high spatial resolution makes the emulsion a suit-
able detector for this kind of fluctuation study in finer
phase-space intervals. It should be mentioned here that
protons, in the energy range 30—400 MeV, constitute
more than 90% of the grey prongs. Moreover, as a
confirmatory test, we have followed all the tracks up to
their end point, but none of them showed any sign of de-
cay or interaction.

III. SCALED FACTORIAL MOMENT ANALYSIS

A. The methodology

The normalized average inclusive scaled factorial mo-
ment (F; ) of order i is defined for a data sample as [2]

M

(F, )=(M' ' z n (n —() (n —i+()/(n)'
m=1

(3.1)

where M is the number of 5g bins into which the total
available g length hg has been divided. n is the number
of charged secondaries falling within the mth bin (m run-
ning from 1 to M} and (n ) is the average multiplicity of
the charged secondaries for a specific reaction within the
considered phase-space region. Here angular brackets
denote averaging over the total number of events N in a
data sample. The factorial moments satisfy the normali-
zation property

(F, )=l for all M .

This is the so-called horizontal averaging, where one cal-
culates the moments for each event and then averages
over all the events. Fialkowski et al. [22] showed that
horizontal averaging should be followed by a correction
for the nonuniformity of the single particle distribution
over the considered range of the phase-space variable.
The correction factor is given by

(3.2)

Now the corrected or reduced scaled factorial moments
can be obtained by dividing the scaled factorial moments
by the factor R;:

(F )corr (F ) /g (3.3)

Obviously R; reduces to unity for a flat distribution.
If only statistical fluctuations are present in the pseu-

dorapidity distribution, there is no dependence of
(F, ) "on 5g so long as 5' remains small compared to
the accessible pseudorapidity length over which the
semi-inclusive g distribution changes slowly but
significantly. If instead, there is any variation in the
values of (F; )""with 5', it has been speculated that
there should be some physical origin of the fluctuations.
The results, already available from difl'erent high-energy
interactions, show a power law increase in the size of the
fluctuations with decreasing 5g:

(F; )"'"=[b,ri/5'] '

or a linear relation such as

ln(F, )""=a;(—1n5ri)+P; .

(3.4)

(3.5)

Any par ametrization for such a relation between
ln(F; )" and —ln5ri in terms of a, and P, is valid until
the choice of 5' does not exceed the lower limit of accu-
racy in the measurement of 8. It is worthwhile to men-
tion at this stage that not only ri or the rapidity can be
used as a basic variable to locate the position of a charged
secondary within phase space, but any variable for which
the distribution follows a slow and regular change can be
used for this purpose.

S. Results and discussions

Scaled factorial moments of orders 2, 3, and 4 have
been calculated for hri=4 using Eq. (3.1) for m -Ag/Br
interactions at 350 GeV/c along with proton-Ag/Br in-
teractions at 400 GeV/c. Moments have been corrected
for the curvature in the single particle distribution with
the help of Eqs. (3.2) and (3.3). Figures 1 and 2 represent
the variation in the value of ln(F~)" with —ln5ri for
m and proton interactions, respectively. The error bars
shown in the figures are nothing but the standard statisti-
cal errors. The figures clearly suggest intermittent
behavior of particle production in n. -Ag/Br as well as in

p -Ag/Br interactions. To ensure that the observed
behavior is not a manifestation of mere statistics alone,
we have distributed gn particles of each event random-

ly throughout the considered g interval and then factorial



49 MULTIHADRON PRODUCTION IN HIGH-ENERGY. . . 3115

4.00—

3-00—

2-00—

1 00—

0 00-0 25

(Ijl~ I = 4
C"Ili g(l

Jk iL
lk

~c

g)o gl&iULLJL
Ij

as ac~
v fv

I i « i I i « i I i « i 1 «» I s

025 075 1 ~ 25 1.75 2 25

-I.n hq

o

2 00

1 50—

1.00—
k

0-50—

000
-0.25

a 1=4
~ 1=3
~ I= 2

~ ~

k k
4

k k
k

~ ~ ~ ~ ~ + ~
~ ~ ~ ~ g ~

~ ~ ~ ~ ~ ~ ~
~ ~

~ ~ ~

~ ~ '+ 0 ~ k ~
I i i i ) I i i i i I k ) i i'll s

0 25 0 75 1.25 1.75 2 25

-tn

FIG. 1. Plot of ln(F; )""vs = —In5q for n -Ag/Br interac-
tion at 350 GeV/c.

FIG. 3. Plot showing ln(F;)'"' vs —In5g for Monte Carlo
simulated events (pions) for m. -Ag/Br interactions.
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FIG. 2. Plot of In(F~ )'"' vs —In5g for p-Ag/Br interaction
at 400 GeV/c.

moments are calculated following the usual procedure.
Figure 3 depicts the calculated moments as a function of
bin width for 350 GeV/c data. Nonintermittent behavior
is very much evident which confirms that the experimen-
tal data analysis reveals the true dynamical signal. The
400 GeV/c proton-Ag/Br data also show similar
behavior. The intermittency parameters a; are obtained
by performing best fits according to Eq. (3.5). The fitted
values are presented in Table I. For comparative
knowledge about the characteristics of the intermittency
exponents, we have extracted the values of a; for Mg-
Ag/Br interactions at 4.5A GeV/c and 'sO-Ag/Br in-
teractions at 2.1A GeV from our recent investigation [7]
on A-A interactions. These parameter values are also
shown in Table I. It is observed that the slope parameter
a; increases with the order of moment for any type of in-
teraction and both for hadron-nucleus and nucleus-
nucleus interaction a; decreases as the projectile energy
is increased for any order of moment. This is consistent
with earlier observations [5,9].

The intermittency exponents a; determined from the
experiments are related to the anomalous fractal dimen-
sions d; of the distribution [23] by the relation [24,25]

d, =a;/(i —1) . (3.6)

Recently Bialas and Hwa [26) pointed out that the study
of the dependence of d; on i can reveal interesting results.
It was suggested by several authors [27] that there are
two natural scenarios which can explain the intermittent
behavior in the particle production process.

2. Self similar cascade I1,18J

In this case anomalous fractal dimensions are sensitive
to the detail of the vertex describing the cascade and
there is no reason to expect d; to be independent of i in
general [1]. Thus the measurements of the i dependence
of d; can give an indication which one of the two
scenarios is at work.

In Fig. 4 the anomalous fractal dimensions (d;) are
plotted against the order i for each type of interaction.
One sees that for any order the value of d; is different for
different classes of interaction, but for all the eases d,. in-
creases with the increase of i, disfavoring the origin of
any exotic phenomenon. So the behavior of the anoma-
lous fractal dimension suggests, as far as our data are
concerned, a cascading mechanism for pionization.

IV. SCALING OF SCALED FACTORIAL MOMENTS

A theory-independent method for the separation of
higher-order effects from two-particle correlations was
proposed by Seibert [30] which relates all moments of a
distribution to second order (in the small fluctuation liin-
it) with a scaling law indicating that the difFerent mo-
ments are not independent. The scaling law is indepen-

1. Second order p-hase transition I17,28,29J

At the critical point the correlation length diverges
and the system becomes scale invariant. If there is no
long-range correlation we then expect that all anomalous
fractal dimensions are equal to each other; i.e., the system
is a simple fractal as demonstrated explicitly for the Ising
model [28] and for Feynmann-Wilson fluid [29]. The
value of d; can be related to a critical exponent for the
phase transition.
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TABLE I. Values of intermittency exponent a; for n. -Ag/Br, p-Ag/Br, ' 0-Ag/Br, and Mg-
Ag/Br interaction data.

Data

p
16~

'Mg

Energy/
momentum

350 GeV/c
400 GeV/c
2.1 GeV/N

4.5 GeV/c N

1 =2

0.16+0.02
0.10+0.01
0.09+0.01
0.048%0.007

Intermittency exponent a;
l —3

0.49+0.06
0.29+0.05
0.37+0.04
0.14+0.02

i=4
0.89+0.12
0.47+0.07
0.83+0.09
0.38+0.05

or

(FIncl 1)y (t 1)—(Fincl 1)y2

(4.1)

Thus the entire functional form of the ith-order inclusive
scaled factorial moments F"" is determined by the
second-order moment F'2"".

The inclusive scaled factorial moments can be ex-
pressed as the product of multiplicity and scaled factorial
moments, giving

Fincl(5 g )
(N(N —1)(N —'+1)) F(5 b )i l~ 1

( )i i 9~

where N is the number of particles in a rapidity window
of width hg. In terms of the scaled multiplicity moments
and scaled factorial moments, the above equation can be
written in the form [30]

dent of the source of correlation and was derived for the
inclusive scaled factorial moments and the scaled multi-
plicity moments. The higher-order moments relate to the
second order by the relation,

~ / ~

Fincl 1+ l (i 1) (Fincl

lnF;/i (i —1)=lnF2/2 . (4.3)

moments C can be expanded in powers of (C2 —1) by
considering the deviation from the mean multiplicity as
an expansion parameter, the lowest-order truncation of
which gives the scaling law of the form (4.1), when fluc-
tuations are small. On the other hand, the scaled factori-
al moments F, obey the same scaling law which was de-
rived by calculating the scaled factorial moments from an
independent-cluster model assuming boost invariance of
the cluster rapidity distribution [31]. This scaling law is
model independent and holds for all values of 5' and hei.
Combining these two scaling laws along with expression
(4.2), it has been inferred that the same scaling law also
holds for the inclusive scaled factorial moments in the
small fluctuation limit.

This scaling law for inclusive scaled factorial moments
is the lowest-order truncation of the expansion in powers
of (F2 —1) which was developed by Carruthers and Sar-
cevic [32]. From now on we will write F, to indicate in-

clusive scaled factorial moments as in Sec. III. Instead of
expanding (F; —1) as a function of (Fz —1), lnF; can also
be expanded as a function of lnFz, giving (taking up to
the first-order approximation) the scaling law for lnF; as

F,'""(5',b,ri)= C, —' '
C, , +O((N) ')

XF;(5',b7)), (4.2)

This scaling law is obeyed by almost any valid correla-
tion function in the small fluctuation limit, as the deriva-
tion of the law rests only on the fact that the correlation
function can be expanded in a power series about the

where C; = (N') l( N ) ' is scaled multiplicity moment.
It was shown in Ref. [30] that the scaled multiplicity
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mean value of some quantity.
So far this scaling law has been verified by the data of

n pand -k-p collisions at 250 GeV [31]and 0-emulsion in-
teractions at 200 GeV/N [30]. Here we check the validi-
ty of the scaling law with our hadron-nucleus data of
n Ag/Br interactions at 350 GeV/c and p-Ag/Br in-
teractions at 400 GeV/c for the inclusive scaled factorial
moments (corrected). For this purpose we have calculat-
ed the values of 2 in(F, )""/i(i —1) using the values of
ln(F, )""obtained in Sec. III. Figures 5 and 6 show the
plot of 21n(F, )""/i(i —1) against —1n5q (i =2, 3, and
4) for m. and proton data, respectively. The figures
speak in favor of the scaling law. Though our data, with
the others, show the scaling behavior, it is too early yet to
conclude the universality of the scaling law. However,
this scaling law of Seibert is interesting and needs further
verification using different projectiles of various energies.

V. INTERMITTENCY STUDY OF
TARGET-FRAGMENTED MEDIUM ENERGY PROTONS

So far we have been discussing the intermittent
behavior and its characteristics in the context of the pion-

FIG. 8. Plot of ln(F; )""vs —ln5cos8 for medium energy
protons emitted in p -Ag/Br interactions at 400 GeV/c.

ization process. In this section attention will be focused
on the target-fragmented medium energy protons. These
protons are strongly correlated with the produced parti-
cles [33] and so far as the time scale of emission is con-
cerned, they are as prompt as the produced particles [34].
So it would not be unjustified to think that, being target
fragments, they are also carriers of pionization informa-
tion and thus their study acquires an extra importance.

The usual variable pseudorapidity is not appropriate
for studying these medium energy protons due to heavier
mass and lesser energy, and so like the other workers, we
have used cos8 (8 is the emission angle) as the basic vari-
able.

To measure the dynamical fluctuation associated with
the emission of the protons in m. -Ag/Br and p-Ag/Br in-
teractions at 350 GeV/c and 400 GeV/c, respectively,
scaled factorial moments up to fourth order have been
evaluated for M =2 to 20. Here the full phase-space in-
terval (cos8 from —1 to +1) has been considered as the
investigation zone. The nonuniformity of the distribution
of the variable used is taken care of by introducing the
correction factor. The bin size 5cos8 dependence of the
average corrected moments (F, )""is depicted in Figs. 7
and 8 for m and proton-induced interactions, respective-
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TABLE II. Intermittency exponent a; for p -Ag/Br interac-
tion at 350 GeV/c and p-Ag/Br interaction at 400 GeV/c.

0-30 ~ 7r- Ag/Br
~ p- A9/Br

Data
Momentum

(GeV/c)

350
400

0.15+0.01
0.06+0.01

a;
l =3

0.45+0.05 0.72+0. 10
0.16+0.02 0.26+0.04

0-20-

ly. In both cases the linear growth of the factorial mo-
ments with decreasing bin size (in logarithmic scale) man-
ifests intermittent-type fluctuations and hence proves the
self-similarity of the dynamical process leading to the
emission of the protons. Here also the observed effects
are subjected to statistical bias verification by the method
described in Sec. III which guarantees the dynamical ori-
gin of the observed fluctuation pattern. The result of the
test for m. data is shown in Fig. 9. Intermittency ex-
ponents a; are presented in Table II. The intermittency
exponents increase with the order of moment for either of
the interactions and for any order of moment the ex-
ponent value is higher for the lower-energy interaction.
Both these features of the intermittency exponents are
similar to what is observed for the pionization process.
More interestingly, for the m data both processes have
almost equal (within errors) intermittency exponents for
any order, though the case is not so for the proton data.
We have also investigated the anomalous fractal dimen-
sion as a function of order of moment so that it can be
used for comparison in future analyses of medium energy
proton data. Figure 10 represents the variation of d; with
i for m. -Ag/Br and p-Ag jBr interactions. It is seen that
both for pion and proton interactions the d,. value is
difFerent for difFerent orders of the moments. An increase
in the value of d; with i is observed, though the rate of
growth falls as we go to higher orders.

Thus this analysis indicates self-similar proton emis-
sion in hadron-nucleus interactions for the first time and
prompts one to consider seriously the emission process of
the medium energy protons. Though it is difficult to ex-
plain the observed self-similarity of proton emission
within the framework of the existing models, it may hint
at an intranuclear cascading-type phenomenon. In this
connection we may mention that the medium energy pro-
ton multiplicities are observed [35] to obey the negative
binomial (NB) distribution, which is given by

0 ip-

0 PP I I I f I l I l l
f

I l I I I I I I I/ I I I I I II I I f I I I I I I 1 1 l

1 2 3 4 5

FIG. 10. Variation of anomalous fractal dimension, d;, with

order, i, for the emission process of the target-fragmented pro-
tons.

k(k+1) (k+n —1) if "k"
n! (n+k)"+"

The free parameters n and k are related to the average
multiplicity (n ) and the dispersion D of n by the rela-
tions

(n ) =n and D =n+n Ik .

The success of the NB distribution in describing the mul-

tiplicity distributions can be explained in terms of either
the partial stimulated emission of bosons or the cascading
nature of the process [36]. Since the first cause is not ap-
plicable for the protons, the observed validity of the NB
distribution in this case seems to support the notion of a
cascading-type phenomenon for the emission of the medi-
um energy protons. However, further data analysis is of
course needed to conclude anything unambiguously.
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