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Cross sections for threshold electron scattering from the proton have been measured in the missing
mass squared region M2 & W2 & 2 (GeV)2 and the four-momentum transfer squared region 6 & QUA & 30

(GeV/c) . Scaling of the extracted values of the structure function F,=v 8'2 is examined in the variables

x, g, and W~. The best scaling is found for the quantity Q6F2, which is found to be linearly proportional
to ( $V W h ), where 8'th =M +M

PACS number(s): 13.60.Hb, 13.60.Rj, 12.38.Qk

I. I%1RODUCTION

Inelastic electron scattering from a nucleon at large
four-momentum transfer squared Q has been successful-
ly used to study the longitudinal quark momentum distri-
butions. The deep inelastic structure functions
F2(x, g )=vW2(x, g ) and F&(x,g )=MW, (x, g ) be-
come approximately independent of Q at fixed x, in a
phenomenon known as scaling, for Q~&2 (GeV/c) and
W &4 (GeV) . The x variable is a measure of the longi-
tudinal momentum carried by the struck partons, and is
kinematically defined as x =Q /2Mv, where M is the nu-
cleon mass, v=E E' is the en—ergy transferred by an
electron of initial energy E and final energy E', and Q is
related to the electron scattering angle 8 through the re-
lation Q =4EE'sin (8/2). The mass of the final state
squared is given by W =M +2Mv —Q . Logarithmic
scaling violations are well described by perturbative QCD
(PQCD), while at low Q corrections proportional to
1/Q are needed to account for target-mass and higher
twist effects. For W &4 (GeV), various nucleon reso-
nances become important, but Bloom and Gilman [1]
found that the resonance form factors averaged over a
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finite range in x fall at approximately the same rate as the
deep inelastic structure functions. This local duality was
shown [2] to follow from PQCD, even for the nucleon
elastic peak at x =1. It was also demonstrated that the
efFect of the finite target mass can be removed by analyz-
ing the structure functions in terms of the Nachtmann
variable $=2x/[I+(1+4M x /Q )'~ ], which ap-
proaches x at high Q .

In both a simple parton picture and in a more sophisti-
cated QCD analysis [3], the structure functions F, and

F2 are expected to behave near threshold approximately
as (1—x) [or equivalently (1—g) ] when averaged over
the resonances, at sufficiently high Q . While this rela-
tion is known to be approximately valid, both the x and g
variables do not take into account the fact that the
threshold for inelastic scattering is not at 8'
=M (x =1), but actually occurs at W,h=(M+M )
=1.16 (GeV)~, or x =[1+(2MM +M )/g ] ', where
M is the pion mass. In this paper we will examine the
scaling behavior of threshold inelastic cross sections, and
propose that the most useful variable for these studies is
the missing mass W .

Most of the data come from the analysis of an experi-
ment [4,5] that was primarily designed to measure elastic
electron scattering from the proton at very high momen-
tum transfers, up to 31 (GeV/c) . The next sections give
details of the analysis of the inelastic data, while Sec. III
shows the results of the scaling studies. Conclusions are
given in Sec. IV.

II. THE EXPERIMENT

The new data for this analysis comes from SLAC ex-
periment E136 [4,5]. While the primary goal of this ex-
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periment was to measure elastic scattering, the spectrom-
eter bite of +4% was large enough to accept electrons in
the threshold inelastic region as well, with a maximum
W of 1.5 to 2 (GeV), where the maximum value in-
creased with increasing Q . A brief overview of the ex-
perimental apparatus is given below, followed by a
description of the radiative corrections used to obtain the
threshold inelastic cross sections. Additional experimen-
tal details can be found in Ref. [5].

A. Beam and target

The electron beam energy E ranged from 5 to 21.5
GeV, with typically 4X10" electrons per pulse at a re-
petition rate of 180 Hz. The energy spread was limited to
+0.2% by collimators. The beam current was measured
with an accuracy of &0.5% by a pair of independent
toroidal coils forming resonant circuits. The beam posi-
tion was monitored with a pair of thin wire arrays
upstream of the target, and the beam position was stabi-
lized with computer-controlled feedback to a set of steer-
ing magnets.

The principal target was a 65-cm-long cylinder filled
with circulating liquid hydrogen maintained at a pressure
of 2 atm and a temperature of 21 K. The circulation
speed was high enough to prevent local density changes
due to the formation of bubbles along the beam path.
The average temperature and pressure were monitored
with both platinum resistors and with vapor pressure
bulbs. The most important innovation for this experi-
ment was the use of a set of two tungsten shields placed
between the aluminum target end caps and the first mag-
net of the spectrometer. Electrons scattering from the
end caps were effectively stopped. This was especially
important at high Q, where contributions from even thin
aluminum end caps would have been substantial in the
threshold region due to the increasing effects of Fermi
smearing of the cross sections. As can be seen in Fig. 20
of Ref. [5], the spectra of counts as a function of W
show a negligible number of counts to the left of the elas-
tic peaks, after taking into account the detector resolu-
tion which gives a finite width to the peaks. The largest
background was for the spectrum at Q =31.2 (GeV/c),
where there is one count at W =0.5, compared to 32
counts in the elastic peak region [0.75 & Wz & 1.15
(GeV) ]. In all other spectra, the superelastic background
was less than 1%.

8. Spectrometer and detectors

Electrons scattered from the target were detected in
the SLAC 8 GeV/c spectrometer which was set at a cen-
tral electron scattering angle 8 of 21 for most of the data
points. Because of the maximum beam energy of 21.5
GeV, scattering angles of 25' and 33' were used for the
two highest Q points of 27 and 31 (GeV/c), respective-
ly. Averaged over the visible target length, the solid an-
gle of the spectrometer was about 0.5 msr, with a
momentum acceptance of +4% and a relative momen-
tum resolution of about 0.05%. Combined with a 8 reso-
jution of about 0.1 mr, this led to a resolution in 8' of
from 0.01 (GeV) at low Q to 0.03 (GeV) at high Q . A

detailed model of the acceptance was made using deep-
inelastic electron scattering, where the variation of cross
section with E' and 0 is well known and smooth, com-
bined with Monte Carlo simulation based on the known
optical properties of the magnets.

The detector package was designed to determine parti-
cle trajectories and to distinguish electrons from a large
Aux of pions and other backgrounds. It included a 2.8 m

long, 99% efficient gas Cerenkov counter filled with
0.4—0.6 atmospheres of nitrogen and a 98% efficient lead
glass shower counter array with a resolution of
+8.5%/v'E '. The lead glass array was segmented longi-
tudinally into a 3 r.1. preradiator and a 16.8 r.l. total ab-
sorber. These detectors together provided a pion rejec-
tion power of about 1:10000, more than adequate to
essentially eliminate all pions from the elastic spectra.
Ten planes of multiwire proportional chambers were used
to measure particle track coordinates with an efBciency
of 99.9%%uo.

C. Threshold inelastic spectra

=[3 520 09(GeV} ]Q * '"(W —W ) (2.1)

where W,~ =(M+M )2=1.16 (GeV) . This fit is shown
in Figs. 1 and 2, along with the data at each of the kine-
matic points. The fit provides a good description of the
data at all measured values of Qz and Wz (see additional
discussion in Sec. III C). The data have been converted
from experimental cross sections to values of I'2 using the
relation

Spectra at each kinematic point were obtained as a
function of Wz at fixed 8 by dividing the measured
counts by the acceptance and correcting for the cross-
section variation within the small 28 mr 58 range of the
spectrometer. The kinematics were fairly well defined for
each point, since the overall uncertainties in E, E', and e
were 0.1%, O. l%%uo, and 0.01', respectively. Small correc-
tions to the nominal beam energy were made to center
the elastic peaks at Wz=M, after accounting for the
shift in the peak position expected from radiative correc-
tions. The raw spectra are shown in Fig. 20 of Ref. [5].
The final experimental cross sections were obtained by
applying corrections for radiative processes, using the
peaking approximation formulas of Tsai [6], with im-

provements [7] to account for Ju, ~, and quark vacuuin

loops, higher-order terms in the fine-structure constant a,
and radiation from quarks. Another important improve-
ment was the inclusion of the Q dependence of the elas-
tic cross section [8]. The peaking approximation is ex-
pected to be valid at the 1-2% level in our kinematic re-
gion, so the full formulas which integrate over all emitted
photon angles were not used. The contribution from the
elastic tail was 100% exactly at threshold (by definition},
decreasing to typically 20% at W =1.5 (GeV) and 10%
at W =2 (GeV) . For the inelastic radiative corrections,
several iterations were made over the input model cross
sections until reasonable convergence was achieved. The
final model used was given by
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vo(E, E', 8) v tan (0/2)
o~ Q2 1+R

(2.2)

where the Mott cross section is given by 0 M= [2aE' cos(8/2)/Q ], and for R =o I /o T we used the
relation R=0.32(GeV/c) /Q . This parametrization,
which is essentially zero for most of our high Q data, is
in reasonable agreement with the limited data available
near x =1 [9]. The use of a constant value R=0. 18,
which was used in previous experiments [10],is now con-
sidered unreasonable, because it does not go to zero at
high Q, but if we were to make this assumption, the
effect would be largest at the highest Q, reducing the
values of viz by 10%. In aB cases the effect is much
smaller than the statistical errors.
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FIG. 2. Same as Fig. 1 except for the spectra taken at (E,8)
values of (18.36 GeV, 21'), (20.79 GeV, 21'), (21.18 GeV, 25'),
and {21.19 GeV, 33'), from bottom to top.
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FIG. 1. Values of the structure function F2(W, Q ) for
threshold inelastic scattering from the proton from this experi-
ment. Each spectrum is plotted as a function of missing mass

squared O' . In each case, the threshold occurs at 8'
=(M+M )2=1.16 (GeV)2. The errors are statistical only, but
systematic errors are negligible in comparison. The Q values
for each spectrum are at $V = 1.5 (GeV), and vary slightly with
W (+1% typically). From bottom to top, the spectra corre-
spond to (E,8) values of (9.61 GeV, 21 ), {11.45 GeV, 21'),
(13.21 GeV, 21'), and (15.84 GeV, 21 ), respectively. The solid
curves are from the simple model used for the radiative correc-
tions [see Eq. (2.1)].

III. SCALING AND THE ELASTIC-INELASTIC
CONNECTION

There are several ways to look for patterns in the mea-
sured structure functions. In the simple parton model
picture, the structure functions should depend on only
x =Q /2Mv, which, in this picture, is the fractional lon-
gitudinal momentum of the struck parton. PQCD can
then be used to describe the logarithmic evolution with

Q . Related scaling variables, such as x' and g, have
been used in the past to effectively account for correc-
tions such as finite target mass effects, dynamic higher
twist, and the coherent resonances. %e will consider the
x, g, and W variables in the following sections.

A. x scaling

In the parton model [3], it is expected that F~ should
behave as (1—x) at high x, since there are two spectator
quarks. This model is closely related to the form factor
scaling model, which successfully predicts [4] that G~
should fall as (1/Q ), again under the assumption that
the principal interaction takes place with a single high x
valence quark, with two hard gluon exchanges taking
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place to keep the nucleon bound. In light-cone QCD per-
turbation theory [11,12], there are several corrections to
the simple (1—x) form. The first is a factor of a, (k„),
where ~k„~ =O(M /(1 —x)}. Including the wave func-
tion anomalous dimension introduces a logarithmic
dependence on k„, and including gluon radiation intro-
duces a Q evolution function P(x, Q ) For x near 1,
P (x, Q ) is expected [11]to have a form (1—x) &, where
b,g depends on ln[ln(Q )], and varies from about 0.6 to
0.8 for Q from 6 to 30 (GeV/c) . Thus the leading-twist
prediction from perturbative QCD would be an x depen-
dence of approximately (1—x) ' in our Q region, with
an overall magnitude that changes only as ln(Q ). How-
ever, since at x near 1 we are in a coherent region where
the quarks are forced to be nearly colinear, higher twist
contributions are likely to be as large at fixed W as lead-
ing twist contributions. According to [11], the higher
twist contributions should have about the same Q~ evolu-
tion as the leading twist (LT} contribution, and should
give corrections of the form

8 a '(k }F(gT) 1+ A P + P s x

Q (1—x) Q (1—x)2

(3.1)

where p, =0(M ) is set by the wave function scale, and
A and B are dimensionless parameters. These higher-
twist terms could then cause a substantial fallofF of F2
with increasing Q at fixed x.

As can be seen from the data plotted in Fig. 3, there
does seem to be fairly good scaling in x, with a tendency
for F2 to decrease with increasing Q at fixed x, as ex-
pected from higher-twist and Q evolution effects. In ad-
dition to the data from the present experiment, we have
included three high-statistics spectra from a previous
SLAC experiment [13]at mean Q2 values of 5.9, 7.9, and
9.8 (GeV/c) . Note that an error was recently discovered
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FIG. 3. Values of the structure function F2(x, Q') as a func-
tion of the Bjorken scaling variable x. The data of this experi-
ment are at average Q~ values of 7.0( X ), 9.3( X ), 11.6(Q ), 15.4
(0), 19.1 (D), 22.9 (CI), 26.6 ( o },and 30.7 ( o ) (GeV/c)2. The
data of [13]are at average Q values of 5.9 (f), 7.9 (~},and 9.8
(~) (GeV/c)2. The solid curve is given by F2(x, Q2) =5(1—x)'.
The dashed curve was calculated using a quark distribution
function from [16],while the dotted curve is from [17].

in the sign of the corrections to the beam energies in
Table I of Ref. [13]. After subtracting 6 MeV to obtain
the average energy at the center of the target, the correct-
ed energies are 9.766, 12.601, 1S.742, 18.506, and 20.991
GeV for the spectra at nominal Q values of 2.5, 4, 6, 8,
and 10 (GeV/c), respectively. While the corrected ener-
gies are only a few tenths of a percent difFerent from the
old ones, the eFect close to threshold is quite significant
due to the resulting shift in the 8' scale, or equivalently
in the x scale.

The solid line in Fig. 3 is a simple fit given by
F2(x, Q }=5.0(1—x), which has the expected spectator
power law behavior. The largest deviations from this fit
comes from the lowest Q spectrum [solid diamonds,
Q =5.9 (GeV/c) ]. The deviation near x =0.9 is from
the 6(1232) resonance. As has been well documented
[14], mainly based on the data of [13],the b, (1234) reso-
nance form factor is unusual in that it falls faster with Q
(going as Q ) than the elastic channel or the prominent
resonances at higher W (which fall as Q ). Since the b,
has virtually disappeared into the background for Q =8
(GeV/c) and above, and there are no other prominent
resonances below W =2 (GeV), it is not too surprising
that the remaining spectra in Fig. 3 show a smooth
behavior with x.

Another obvious deviation from the scaling at low Q
is caused by the threshold effect. Since the threshold goes
as

+72 ~2
xt), = 1+

Q2

0.28
2 (3.2)

and since by definition F2=0 above x,z, scaling must
break down in this kinematic region. This is most ap-
parent in the Q =5.9 (GeV/c) spectrum. Interestingly,
at higher Q, this threshold efFect is small enough to not
be observable within the rather large statistics of our
data. One way to get around the threshold problem is to
plot the data as a function of x,z —x. However, when we
did this, we found much worse scaling than from simply
plotting the data versus x (a factor a 5 spread in the data
instead of a factor of 2}.

As suggested in a recent paper [15], it is of interest to
compare the magnitude of data to some of the commonly
used parametrizations. In the quark-parton model, F2 is
related to the quark distribution functions by F2
=(x/9)[4u„(x)+d, (x)], where u„(x) and d„(x) are the
up- and down-quark valence distributions, respectively,
and we have neglected sea quark distributions since we
are onIy interested in the region near x = l. Also, the ra-
tio d„(x)/u„(x) is known to be small [10] at high x, and
considering the factor of 4 multiplying u„(x) (due to the
quark charge squared}, to a good approximation
Fz =x—', u„(x). One commonly used parametrization [16]
is given by u„(x)=0.73x o i (1—x }s 7(1+11.86x). This is
shown as the dashed curve in Fig. 3, and although it has
about the correct shape, it lies about a factor of 5 below
the data. Another recent fit [17] has u„(x )
=2.40x (1—x' ) ', and as can be seen from the dot-
ted curve, lies about a factor of 2 below the data, al-
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though again with about the right x dependence. Since
these fits are essentially extrapolations of lower x data
(since the only available data for x &0.85 is in the reso-
nance region, and hence was not included in the fits), it is
not surprising that the magnitude of these fits is in
disagreement with the data. The observation that the
data lies above these extrapolations could be another in-
dication of the importance of higher twist contributions
at high x. This is in agreement with empirical fits to
deep-inelastic data [18], where twist-four contributions
have been parametrized in terms of a multiplicative
correction term [1+C(x)/Q ]. The values for C(x) are
found to be small for x &0.4, but grow rapidly at higher
x, reaching values greater than unity for x & 0.7.

2x

1++I+4M x /Q
(3.3)

instead of x because it is expected to approximately ac-
count for target mass efFects, and seems to give better
scaling than x in the resonance region. However, plot-
ting Fz(x, Q ) as a function of g results in very poor scal-

ing when only data close to threshold is considered, be-
cause the kinematic threshold shift is a much bigger
efFect than if x is used. As shown in Fig. 4, approximate
scaling can be restored if the data is instead plotted as a
function of (g—g,„), where g is obtained by using
x =1 in Eq. (3.3}. Scaling in the threshold region
(g—g,„)& —0.05 is almost as good as was obtained us-

ing x as the scaling variable, but a larger spread is seen at
lower g. It is hard to know what conclusion to draw
from this. Assuming that it is indeed valid to replace g
with (g—g' ) as a scaling variable, it could be that the
somewhat worse scaling compared to using x is simply
better evidence of coherence and higher twist effects,
which would explain the clear trend of the data to de-
crease with increasing Q at fixed (g—g,„).

B. f scaling

It has been common to use the Nachtmann [19] vari-
able

C. Scaling of Q6F, versus W'

The easiest and most appealing way to avoid the prob-
lem of the threshold for inelastic scattering changing
with Q is to use the variable W rather than x or g. In
this variable, the threshold is always fixed at
W,z=(M+M ) =1.16 (GeV/c), and the position of
the various resonances is also held fixed. As illustrated in
Fig. 5, we have found that multiplying the extracted
values of Fz(x, Q ) by Q produces remarkably good scal-
ing. Except for the lowest Q spectrum (Q =5.9, solid
diamonds), which is a little bit low above 8' =1.6
(GeV), all the data are consistent with a simple linear fit
of the form given in Eq. (2.1). The y~ for the fit to the
data of this experiment only [Q & 6.5 (GeV/c) ] is 110
for 154 degrees of freedom, and the power of Q is quite
well determined at —5.98+0.11. Nearby integer values
of the power of Q are strongly excluded (using Q in
the fit gives a y of 197, and using Q in the fit gives a
y~ of 188}.

A more quantitative examination of the Q dependence
is illustrated in Fig. 6, where we have plotted the integral
of Q Fz from threshold to three maximum values of W
as a function of Q . The integrals have significantly
smaller errors than the individual data points, making it
easier to see the Q dependence. Two additional low Q
spectra from [13] have been included. For all three
ranges of W, the integrals increase with Q at first, then
become constant above Q =6 (GeV/c}, indicating good
W scaling for Q F2. The dashed lines indicate the in-
tegrated values of the simple fit shown in Eq. (2.1). We
also examined the resonance region data shown in Ref.
[10], which goes up to Q =21 (GeV/c) . Within the
much larger errors of this data set, the integrated results
are consistent with those shown in Fig. 6.

While this Q Fz scaling must begin to break down at
W &4 (GeV), since Fz becomes more-or-less indepen-
dent of Q2 in the deep-inelastic region, the question
remains as to why it seems to work so well near thresh-
old. One way to examine this is the connection with the
expected power law dependence in (1—x) discussed
above in Sec. IIIA. If we take just a leading twist
(1—x) behavior and rewrite
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FIG. 4. Values of F2(x, Q2) as a function of g—g, where g
is the Nachtmann scaling variable, and for each Q~, g is the
value of f at x = 1. Data are as in Fig. 3.
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P.e— ~ ~

elastic scattering to a continuous series of final states of
mass squared W . At forward angles and large Q, the
elastic scattering cross section is essentially given by

a,i=cr~ G~~(g ),2

E (3.6)
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while integrated over a small finite region in W, the
threshold inelastic cross section is given by

O,„=a W(W, Q ).E' 5W
(3.7)

Comparing these equations, there is a clear correspon-
dence between 8'2 and G~p so that at fixed W the ratio
W~/G~ should be a constant. Since to a very good ap-
proximation GM& is proportional to Q, and since at
small values of W and large values of Q, the quantity v
can be approximated by v= Q /2M, we have

0.10

0.05 - ~

()
me mme mmmel mmgymm ammg)

()~ ~4 ()

I I I I I I

0 5 iP i6 80 85 $0
q' [(«V/e)'1

FIG. 6. The integrated values of Q6Fz(x, Q~) from threshold
[W,„=1.16 (GeV) ] to the maximum values indicated in each of
the three panels, as a function of Q~. The open circles are from
this experiment, while the solid circ1es are from Ref. [13]. The
dashed lines are from integrating the simple fit to the data [see
Eq. (2.1)].

3
W —M

(1—x) =x (3.4)

the observed Q behavior can readily be understood.
However, the predicted ( W —M ) dependence has the
problem of predicting a nonzero cross section below
threshold, and even above threshold does not provide as
good a quantitative description as the linear dependence
on W —W,h evident in the data shown in Fig. 5. A
linear dependence on W —W,h could be thought of as a
minimal description of increasing available phase space
with increasing 8' . It is interesting to note that the in-
clusion of higher twist contributions as in Eq. (3.1)
preserves the prediction of Q behavior. For example,
cansidering the term proportional to B, we would have

W' —M'
F2=FL ' — -x (3 5)

g4(1 )2 g4 g6

which now gives a linear dependence on W, while still
preserving the Q dependence. If M could be replaced
by W,h in Eq. (3.5), this higher twist term could give a
very good representation of the data.

Another way to understand the Q dependence of E2
at fixed W is in terms of an elastic-inelastic connection
based on correspondence arguments [20]. In this picture,
which is closely related to duality arguments, threshold
inelastic scattering can be thought of as a series of nearly

(W2 Q2)/G2 (g2)~g6E (WZ g2)

Thus the observed Q independence of Q Ez( W, Q ) at
fixed W can be explained in terms of the expected scal-
ing of W2/G~~ from the correspondence argument.

IV. SUMMARY

We have analyzed data for threshold inelastic scatter-
ing from the proton, providing a significant increase in
the statistical precision available at very high Q . Scaling
of E2 in the variables x and g was examined and found to
work only at the factor of 2 level. Much better scaling
behavior was found using W as the scaling variable, and
Q F2(W, Q ) as the scaling quantity. The data for
Q )6 (GeV/c) are remarkably well described by a sim-
ple fit of the form Q Fz(W, Q )=3.5(W2 —W2h). The

Q behavior at fixed W can be explained both in terms
of correspondence arguments for the elastic-inelastic con-
nection, and in terms of leading and higher twist contri-
butions in PQCD. The observed simple linear depen-
dence on ( W —W,h ) is not readily predicted from
current theories, but may indicate the importance of
some fundamental feature of threshold inelastic scatter-
ing that more detailed theoretical studies could help to
define.

The 5(1236) resonance has essentially disappeared in
the region studied [1.16 & W & 2 (GeV)2] The non-
resonant background is following the Q dependence ex-
pected from QCD ( W =Fz/v ~ Q ), which to some ex-
tent must mean that this region can be thought of as a
series of closely spaced resonances, each falling with the
same Q dependence of both the elastic form factors and
those of the principal higher mass resonances, such as the
S»(1511). The challenge now is to understand this
behavior in terms of more detailed models of nucleon.
Specifically, it would be very nice to have a perturbative
QCD prediction for the x and Q dependence of Fz that
takes into account the finite threshold at W =(M
+M ) . It would be even nicer to see predictions of the
absolute magnitude of Fz in the threshold region. Com-
parisons of such calculations with the present data may
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eventually help to shed light of the detailed valence struc-
ture of the proton.
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