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The M1 transition among the vector (V) and pseudoscalar (P) mesons in the light and heavy flavor sec-
tors has been investigated in a potential model of independent quarks. Going beyond the static approxi-
mation, to add some momentum dependence due to the recoil effect in a more realistic calculation, we

find an improvement in the results for the radiative decay of light flavored mesons. However, our pre-
diction on the decay rates for the mesons (D* and B ) in the heavy flavor sector remains unaffected and

compares well with those of other model calculations.

PACS number(s): 13.40.Hq, 12.39.Pn

I. INTRODUCTION

Study of radiative transitions among the low-lying vec-
tor ( V) and pseudoscalar (P) mesons has been considered
as a very useful testing ground for various phenomeno-
logical quark models, which provide efFective methods of
investigation for such low-lying hadronic phenomena for
which a rigorous field-theoretic formulation with a first
principles application of QCD has not so far been possi-
ble. Therefore, to gain a clear understanding of these ra-
diative transitions there have been several attempts by
various authors starting with the pioneering work of
Gell-Mann and others [l]. As it appears from the exist-
ing literature, there is no single description of one-photon
radiative transitions among the vector and pseudoscalar
mesons that can successfully account for all the experi-
mentally observed decay widths. In a recent work [2]
based on the scalar-vector confining potential of harmon-
ic nature [3] for the independently confined quarks inside
hadrons, we have performed a static calculation of the
partial decay widths of several possible M1 transitions
such as V—+Py and P~Vy in the light flavor sector
only. In this work we have followed the traditional pic-
ture of photon emission induced by the electromagnetic
current of the confined quark and antiquark inside the
meson. The results so obtained were found to be reason-
ably satisfactory except for the decays such as
(co,p, 4)~sry. We believe that this discrepancy might be
due to our static approximation adopted in the calcula-
tion. The dichotomic nature of the pion in being a Gold-
stone boson with a quark-antiquark structure may also
have some bearing which cannot be treated in this
simplistic traditional picture. Taking advantage of this
aspect in the intriguing nature of pion, Singer and Miller
[4) have considered three diFerent dynamical mecha-
nisms such as (i) photon emission by quarks, (ii) photon
einission by the pion cloud, and (iii) transition of a vector
bag to a photon accompanied by pion emission, which
contribute either singly or in combinations. However,
following this approach the decay rates for V~m.y in the

cloudy bag model (C.B.M. ) were found to be rather
overestimated. Therefore, our purpose here is only to in-
vestigate the limitations of our static calculation, which is
based on the assumption that the momentum transfer in-
volved in the radiative transitions is low or moderate.
We have also seen that our potential model can most suit-
ably be applicable to the non-self-conjugate heavy mesons
(D,B) consisting of one heavy and the other light fiavored
quark or antiquark, where the confining interaction can
still play the dominant role so as to successfully generate
the ground-state mass spectrum in a perturbative manner
[5]. In the radiative transitions of these mesons, the
momentum transfer involved turns out to be much less
compared to those in the case of light mesons. Therefore,
a static calculation can be all the more reliable in this
non-self-conjugate heavy meson sector. With this conten-
tion in mind we would first extend our static calculation
more appropriately to the radiative transitions involving
D and 8 rnesons. Since the experimental data available in
this sector are very meager, predictions of a model, if
found reliable, can be utilized quite fruitfully. We may as
well attempt a general formulation incorporating to some
extent the recoil efFect in order to have a more realistic
calculation beyond the static approximation. Since a de-
cay process occurs physically in the definite momentum
eigenstates of the participating mesons, such a calcula-
tion of the radiative decay widths requires suitable ex-
pressions for the initial- and final-state rnesons reflecting
appropriate momentum distribution of the constituent
quark and antiquark in their corresponding spin-flavor
configuration. Such a procedure has already been tested
successfully in describing the leptonic decay of light vec-
tor mesons [6] as well as the weak leptonic decay of light
and heavy pseudoscalar mesons [5] in the same indepen-
dent quark potential xnodel. Therefore, we would like to
use this generalized approach to calculate the radiative
decay widths in the light as well as heavy flavor sector
which would take into account more efFectively some
momentum-dependent efFects due to recoil.

In Sec. II, we provide a brief account of the potential
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model adopted here with its notation and conventions
relevant for the present investigation. Since our purpose
here is not to make a parametric best fit for the results of
our investigation, we would only quote at appropriate
places the model quantities and parameters from earlier
works which are to be used subsequently in the present
investigation. Such an approach can establish the extent
of applicability of the present model to wider ranging ha-
dronic phenomena. In Sec. III, we present our results for
the radiative decay widths involving heavy flavor mesons
such as D and B, obtainable in a static calculation. These
results are compared with the predictions of several other
models. Section IV describes the momentum wave-

packet representation of the initial and final meson states
leading to a more realistic framework incorporating the
recoil effects for the calculation of radiative decay widths
in the light as well as heavy meson sector. Finally, Sec. V
embodies the results of this calculation with relevant dis-
cussion.

II. THE POTENTIAI. MODEL

The model adopted here pictures a meson as a color-
singlet assembly of a quark and an antiquark indepen-
dently confined by an effective flavor-independent poten-
tial taken phenomenologically in the scalar-vector-
harmonic form [3]. The quark-gluon interaction at a
short distance originating from one-gluon-exchange and
quark-pion interaction required in the nonstrange sector
to preserve chiral symmetry in such a model, are
presumed to be residual interactions compared to the
dominant confining interaction. Although these residual
interactions treated perturbatively in the model are cru-
cial in generating mass splittings [7,8], their role in the
hadronic decay processes are considered less significant.

Therefore, to a first approximation, the confining part
of the interaction taken in this model as

U(r)= —,'(1+y )(ar + Vo)

igq(r) Ir
q)(+ j( )

v'4qr (cr rfq(r)/r

o .rf (r)/r

ig—(r)/r

The two component spinors g& and y& stand for

f

0
0

l

Xf 0

respectively. The reduced radial parts in the upper and
lower component solutions corresponding to the quark
flavor q are

g, (r)=Nq(r/roq )exp( r /2roq )—,

A,
q

7 Pq ]"Oq

2 r

exp
2P'

pq

where the normalization factor N is given by

N =8iL, I[&qrro (3E'+m')] .

(5)

The quark binding energy of zeroth order in the meson
ground state is obtained from the bound-state condition
in Eq. (3) with n =1 and 1 =0.

This provides a brief outline of the potential model and
its conventions which is to be adopted in the present in-
vestigation of the radiative transitions involving light as
well as heavy mesons. This model has been very success-
fully employed to study several aspects in baryon as well
as meson sectors [3,7—9]. We would therefore use the
model parameters and other relevant model quantities
obtained in these earlier studies to realize, in a way, a
parameter-free calculation of the decay rates.

is believed to provide the zeroth-order quark dynamics
inside the hadron core through the Lagrangian density

III. RADIATIVE DECAY WIDTHS OF HEAVY MESONS
IN THE STATIC APPROXIMATION

X,(x)=g, (x) —y"8„—mq
—U(r) Qq(x) .

The ensuing Dirac equation with E ' =E —
Vp /2,

m'=m + Vo/2, A. =(E'+m'), and ro =(aA. )
' ad-

mits static solutions of positive and negative energy in
zeroth order with the independent-quark bound-state
condition

Qkq/a (E' —m')=(4n+2l —1) .

The solution of this cubic equation provides the zeroth-
order binding energies of the confined quark for the vari-
ous possible eigenmodes. The explicit form of the
confined quark orbitals in the lowest eigenmode corre-
sponding to the positive and negative energy state, which
are relevant for the present calculation, can be expressed

In this section we extend our previous calculation [2)
of the M1 transition rates to the heavy meson sector of
D ' and B* with the respective quark-flavor
configurations such as (cu, cd, cs) and (ub, db, sb, cb).
Although radiative transitions D'~Dy and B'~By
have already been observed experimentally [10,11], the
data available only in the case of D* have very large un-
certainties. Nevertheless, possible decays of this type
have the potential of revealing the static magnetic prop-
erties of c and 6-flavor quarks. The strength of these ra-
diative transitions are also required in the calculation of
the electroweak radiative decays of these heavy quarks
which provide a fruitful ground for testing various as-
pects of the standard model including the gluonic correc-
tions to electroweak processes. Therefore, it is important
to have a reliable estimate of the partial decay widths for
all possible radiative decays involving D and B mesons.

%"e have shown in our recent work on weak leptonic
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decays of pseudoscalar mesons [5] that the independent
quark model with the scalar-vector confining potential in
harmonic form of Eq. (1) can successfully generate the
ground-state hyperfine splitting of (D,D) and (8',8)
mesons by appropriately taking into account the center-
of-mass corrections followed by the one-gluon-exchange
corrections as per Ref. [7]. The ground-state mass values
obtained in this manner for (D*,D), (D,',D, ), (8',8),
and (8,',8, ) have very good agreement with available ex-
perimental data. The weak decay constants calculated in
this model for these heavy pseudo-scalar mesons are also
found to be quite consistent with those of lattice [12,13]
as well as other model [13] calculations. Therefore, we
can very well apply the same model as outlined in Sec. II
to estimate the partial decay widths 1 ( VPy ) of the ra-
diative transitions D'~Dy and B*~By.

Since the momentum transfer in these transitions
remain within an approximate range of 40—140 MeV, it
must be quite reliable to use the results of our static cal-
culation in Ref. [2] in the general form as

I ( V Py ) =~4ak [pvp(k )] (7)

where the kinematically allowed energy of the outgoing
photon is given by

k=(Mv —Mr)/2Mv . (8)

The transition magnetic moments pvp(k) for various
possible radiative transitions in these heavy meson sector
are expressed as

(i) p~i+~+(k ) =-',p, (k )
—

—,'pd(k ),
(ii) p, ,o p(k ) =—', po(k )+—', p„(k ),
(iii) p „+ +(k)=—', p, (k) —

—,'p, (k),
S S

(m„=md, m, )—:(78.75 MeV, 315.75 MeV ),
(m„mb)—:(1492.76 MeV, 4776.59 MeV) .

(12)

Then the model dynamics as outlined in Sec. II would
provide the ground-state confined quark energy E and
the scale factor rQq relevant for the present calculation in
the following manner:

(E„=Ed,E, )—:(471 MeV, 591 MeV),

(E„Eb)—:(1579.51 MeV, 4766.33 MeV),

(ro„=rod, ro, )=(3.208 GeV ', 2. 831 GeV '),

(13)

(14)
(ro„rob)—=(2.087 GeV ', 1.572 GeV ') .

As shown in Ref. [5], this choice of model parameters
yields the ground-state masses of the heavy mesons
(D'+, D+,D*,D,D'+, D+) and (8 + 8+,8',8,
8,',8, ) in good agreement with the experimental values.
However, since the theoretical uncertainty due to the
perturbative calculation cannot be overlooked here, we
would be prefering the experimental meson masses in the
computation of the outgoing photon energy k in Eq. (8).
But in case of (8,'+,8,+), for which experimental data
are not yet available, we would be using the model masses
as M ++=6.3078 GeV and M +=6.2642 GeV as per

Ref. [5]. Then the partial decay widths I ( V~Py ) in the
D- and B-meson sectors can be calculated to yield the re-
sults

However, we would consider two sets of quark masses
used in connection with different aspects of hadronic phe-
nomena studied earlier.

Considering first the quark masses as according to
[3,5—7,9] along with (a, Vo) given in Eq. (11), called here-
after parameter set (1), we have

(iv) p, + +(k)=—', p„(k) ~pb(k)

(v) p~, 0~0(k)= —
—,'pd(k) ,'pb(k), ——

(vi) p~, 0~0(k )= ,'p, ,(k ) ,'pb—(k—), ——
S S

(vii) p~i+~+(k ) =—', p, (k ) ,'pb(k ), ——
C C

where

po(k)=2exp( k roq/4)/(3E&+m&) .

(9)

(10)

(i) I'(D*+ D+y)=1. 15 keV,

(ii) I'(D' ~D y)=27. 94 keV,

(iii) I (D, +~D,+y)=0. 32 keV,

(iv) PB'+ 8+y) =0.67 keV,

(v) I'(8' ~8 y)=0.21 keV,

(vi) I (8,'0 B,oy ) =0.11 keV,

(vii} I (8,*+~8,+y)=0.02 keV .

(15)

The present model assumes SU(2)-flavor symmetry with
m„=mdAm„p„(k ) =pd(k)Ap, (k ). In fact, p (k =0)
is the magnetic moment of the bound quark in this model
[3].

Now to estimate the partial decay widths from Eqs.
(7)—(10), we would be using here the model parameters
(a, Vo), the quark masses (m„=md, m„m„mb ) and the
other corresponding relevant quantities such as (Eq, ro )
as obtained earlier in the application of this model to
baryon as well as meson sectors [2,3,5 —7,9]. According-
ly, we shall take the potential parameters as

(a, Vo)—:(0.017 166 GeV, —0. 1375 GeV) .

(m„=md, m, )—= (10 MeV, 240 MeV),

(E„=Ed,E, ) =(451 MeV, 546 MeV),

(ro„=rod, ro, }—= (3.352 GeV ', 2.934 GeV ') .

(16)

Then the quark masses (m„mb ) with their corresponding
model solutions (E„Eb) and (ro„rob) required to gen-
erate the ground-state mass spectrum of these heavy
mesons (D,B) equally well as in case of parameter set (1)

If, however, we choose our light flavor quark masses
differently as per Refs. [2,6] along with the same potential
parameters (a, Vo), which we call our parameter set (2),
we would have
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can be found as

(m„mt, ) =(1498.76 MeV, 4777. 59 MeV),

(E„EI,)—:(1585.09 MeV, 4767. 32 MeV),

(ro„roI, )—= (2.085 GeV ', 1.572 GeV ') .

(17)

(iv) f'(8*+ 8+y)=0.57 keV,
(v) I (8' ~B y ) =0. 18 keV,

(vi) I (8,' ~B,y)=0. 11 keV,

(vii) I (8,'+ 8,+y) =0.02 keV .

(18)

We find that the results obtained with either set of the pa-
rameters in the present model are not much different
from each other. With the experimental meson masses

determining the outgoing photon energy, the transition
moments obtained by the relativized quark model of
Godfrey and Isgur [14] would yield the decay widths for
the processes (i)—(vi) in Eq. (18) as 0.85, 22.98, 0.12, 0.50,
0.16, and 0.09 keV, respectively, which compares very
well with our results. In a bag model calculation, Hack-
man et al. [15] also find similar results with
PD'+ D+y)=1.0 keV, I'(D' D y)=27. 73 keV,
and f'(D,"+~D,+y ) =0.12 keV. Singer and Miller

[16,17] have also studied D'~Dy and 8'~By in CBM
with a very different approach incorporating additional
contributions due to pion exchange current. With the
heavy quarks having no anomalous magnetic moments
their results for the first six of the above processes would
be 1.0, 21.2, 1.2X10 keV (Ref. [16] for A, = 1) and 0.62,
0.28, 0.10 keV (Ref. [17]), respectively. We find that ex-

cept for D,*+~D,+y having very unusually small decay
width, the rest are not much different from our results. If
we consider the ratio of radiative decay widths of
(D"+~D+y ) and (D" ~D y ) as well as the same for
(8'+~8+y) and (8 ~B y} our calculation for pa-
rameter set 1 (set 2) gives

R,=I (D'+ D+y)/I (D* D y)=0.041 (0.034),
(19)

R =I'(8*+ 8+y)/1(B* 8 y)=3. 19 (3. 17) .

This set of parameters, when used to calculate the partial
decay widths I ( V~I'y ), again leads us to

(i) PD*+ D+y ) =0.83 keV,

(ii) I (D" ~D y)=24. 71 keV,

(iii) f'(D,*+ D,+y ) =0. 17 keV,

This quantity does not differ from Godfrey and Isgur's
[14] prediction of R ~=0.037 and R „=3.13. A recent

calculation of R based on an effective field theory with

expansion in external momentum and heavy quark mass
predicts it to be between 0.01 and 0.056 [18]. However,
the prediction (R,=0.047, R +=2.2) obtained in a

confined Coulombic model [16,17) with effects of pion ex-
change current shows a marked departure in R

To minimize any possible uncertainty in our theoreti-
cal prediction within the limits of the model adopted, one
may need to look beyond the static approximation in
making a more realistic estimate with the inclusion of
some momentum dependence due to recoil effects. Such
a calculation is attempted in the following section.

IV. I ( A ~By )-BEYOND STATIC
APPROXIMATION

In this section we attempt a more realistic calculation
of the radiative decay widths for transitions of the type
A ~By among the vector mesons V =(p, ro, P, K'+,
K',D"+,D*,D,"+,8',8',8,',8,'+) and their cor-
responding pseudoscalar mesons P in the light as well as
heavy flavor sector. Since any such decay physically
occurs between the momentum eigenstates of the partici-
pating mesons, a more exact field-theoretic calculation
should have the initial and final mesons states represented
as appropriate momentum wave packets reflecting their
respective constituent quark-antiquark momentum distri-
bution. Although the bound quark and the antiquark in-

side the meson are in definite energy states having no
definite momenta, one can always obtain a momentum
probability amplitude by suitable momentum-space pro-
jection of the corresponding bound quark or antiquark
orbital derivable in the model as in Eq. (4). Then using a
momentum profile function constructed suitably from the
quark-antiquark momentum probability amplitude, one
can represent a meson M(q&qz) in its momentum state
(P) as a momentum wave packet. Taking such wave
packets for the initial and final meson states in the radia-
tive decay processes, one can evaluate the 5-matrix ele-
ments leading to the field-theoretic calculation of the de-

cay rates.
We represent the state of a meson M(q, q2) with an ar-

bitrary momentum P and spin projection Sv as

gq, q, (&i ~2)f dpidp28 (pi+p2 P)GM(pi p~)bq, (p»~i)b q, (p2 ~2)l0&
s

(20}

where, b (p, , A, , ) and b (p2, A2) are, respectively, the
qi 1& 1

quark and antiquark creation operators. g~ ~ (k~, &z)

stands for the appropriate SU(6)-spin-flavor coeificients
for the pseudoscalar meson M(q, q2}. N(P) represents
the overall normalization factor, which can be expressed

in an integral form as

N(P)= J dplGM(p, P —p)l' . (21)

This is obtainable from the meson-state normalization
considered here in the form as
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(M(P) ~M(P') ) =5' '(P —P') . (22) and

Finally, Giiq(p, , pz) in Eq. (20) provides the effective
momentum distribution amplitude for the quark and an-
tiquark inside the meson. In an independent particle pic-
ture of the present model, GM(p„p2) can be expressed in
terms of individual momentum distribution amplitudes

6» (p, ) and 6» (p2) of the quark qi and antiquark q2, re-

spectively. We follow here the simple ansatz as in Ref.
[5] in a straightforward extension of the idea of Margolis
and Mendel [19] to express G~(p„p2) as the geometric
mean of the individual quark and antiquark momentum
distribution amplitudes G (p, ) and 6 (pz}, so that

l q2

g U»(p, i)U (P, A)=(gf+m»),

g V (P, A, )V (P, A, }=(P—mq) .
(26)

Then Eq. (24) can be simplified to give

6 (p;A, , A, ')=6 (p)5&&

when, with a = I/2r02,

(27)

6»(p)= Q(E +m )/E (E~+E )exp( —p /4a ).
2a

GM(PI Pz) =/6», (pi)6, (P2) (23) (2g)

Ut(p, A, ')
6 (p;A, , A, ')= fdr C)'z'(r)exp( ip r—),

+2E,
(24)

where E~=+(p +m ) and U (P, A, ') is the usual free
Dirac spinor which are normalized according to the rela-
tions

U»(P, A, , )U (p, /)(,2)=2E 5& i„=V (p, k, , }V (p, i2),

U (P, A. , )U (p, i2) =2m 5& z
= V (p, i, , ) V (p, /)(2),

(25)

Here 6» (p, ) can be obtained by a suitable momentum-
q)

space projection of the bound-quark orbital 4'i„'(r} in

Eqs. (4)—(6) corresponding to the lowest eigenmode. If
6 (p; A, , A, ') is the amplitude of a bound quark in its eigen-
mode 4'z'(r) for being found in a state of definite
momentum p and spin projection A. ', then [6]

6»(p)=6;(p) . (29)

Such an ansatz for the effective momentum distribution
amplitude as in Eq. (23}has been very successfully adopt-
ed in our earlier study of leptonic decays of light neutral
vector mesons [6] and the weak leptonic decays of light
and heavy pseudoscalar mesons [5].

Now assuming that A —+By transitions are predom-
inantly single vertex processes governed mainly by the
photon emission from independently confined quark or
antiquark inside the meson [Figs. 1(a} and 1(b}], the S-
matrix element in the configuration space can be written
as

Thus 6 (p) essentially provides the momentum probabil-
ity amplitude for a quark q in its eigenmode 4'z'(r) to
have a definite momentum p inside the meson. In a simi-
lar manner one can obtain the momentum probability
amplitude G (p) for an antiquark in its eigenmode

4»& '(r) to realize that, for like fiavors,

Szz= By —ie d xT e xy& x g„~
q

Using the quark and photon field expansions as

P (x)=g [b (P, A)U (P, A)exp( ipx)+b (P—, A)V (P,A)exp(ipx)],
1

, (2~)'" 2E,

A„(x)=g f [a(k, 5)exp( ikx)+a—(k, 5)exp(ikx)]e„(k, 5)
(2n ) 2ko

Eq. (30) can be reduced to

B3„=()/'a/ko(B X I k' '(p'+k —p)A(p'k', pk, , kk) B),eq dp dp

»i).g e +4Ep Ep

where we have set

C(p'A, ', pk, ,k5) = U(p'A, '}y e(k5) U(PA, ),
C(pk, , p'A, ', k5) = V(PA, )y.e(k5) V(p'}(,')

in order to write

A(p'A, ', pk, , k5)=[C(p'A, ', pk, , k5)b (p'A. ')b (PA, ) —C(pk, ,p'A, ', k5)b (p'A, ')b (p/)i. )] .

(30)

(31)

(32)

(33)

(34)
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Now incorporating the initial and final meson states as per Eq. (20) the S-matrix element in the rest frame of the decay-
ing meson 3 can be expressed as

Ss„=i+a/ko5' '(P+k O—Mq )[Q(P,k) —Q(P, k)],
where, P—= (Ez, P), O=(1,0,0, 0) and

e G~(p —p)G~(P+p —p)C(p'~l p~i k5)
Q(P, k)=g gq q

(A, ,A2)g (A.IA2) f dP
+4E,E,pN „(0)N~ (P )

Q(P k)= 0q q (~i44q q (~i~z) "p
eq, G„(p, —p)G&(P+p, —p)C( —pk2, P —pkz, k5)

+4E2E22, N q (0)Ns ( P )
2

(36)

Here E;=Q(p +m ) and E+=Q(P+p) +m, i =1,2. We must mention that in extracting the correct 5 func-
l

tion relating to the energy conservation at the photon-hadron vertex, we have used the usual approximation [5,6] in set-
ting (E, +E2)=M„and (E&k+E2)=(E2k+E, )=E~. Now making use of the explicit form of the Dirac spinors
U(p, A, ) and V(p, A, ), Eq. (36) can be further simplified as

eq

Q(P k) g gq q (k,A2)gq q (A)A2)yk (o' K)yk Jq (P k)
(37}

e
Q(P k) g (q q (A, A2)gq q (X,A2)f k (o K)fk Jq (P k)

where, K=kXe(k, 5) and

E)+I
J (P, k)=[N„(0)N~ (P)] ' f dp G„(p, —p)G+(p —k, —p)

q&

E2+I
J (P,k)=(Nq(0)N~ (P)] ' f dp G„(—p, p)G~( —p, p —k)

2 2k 2k™
1/2 (38)

In view of the four-5 function appearing in Eq. (35) the
recoil momentum P of the product meson B is obviously
implied to be —k, which has been incorporated in Eq.
(38). Therefore, E,kin the above expr. essions for i =1,2
stands for Q(p —k) +mq . Considering the fact that

2

all possible directions of quark and photon momenta are
ultimately included in the calculation, it would be a good
approximation to take (p —k) =(p +k ) in the in-
tegrands of the expressions in Eq. (38). The same approx-
imation also becomes useful in evaluating the meson-state
normalization factors using Eq. (21). Then the integrals
J (P, k) and J (P,k) in Eq. (38) can be effectively ex-

pI essed as

J, (k}=[N,(0}N, (P))-'"

X f dpp X;(p,k)exp( —Pp ),
0

where P= —,'(1/a +1/aq ) and

N„(0)=f dp p R „(p)exp( —Pp ),
N~ (P) = f dp p Rz (p, k)exp( —

Pp ),
when

2 727
q

R„(p)=P (E, +E ) 1+
J

(39)

(40)

i q,.

E,k+E E;(E,k+m )

E;k(E, +m )

1/2

(41)

(b)

FKJ. 1. Lowest-order graphs contributing to mesonic Ml
transitions.

(p) (E;+m )(E,k+E )

X, (p, k}=
(E;„+mq )(E;+E ) E;Ek

Now following the mixing angle conventions as de-
tailed in our earlier work [2] and specifying the appropri-
ate spin-fiavor coefficients g (A, &A,2) for the pseudosca-

lar meson states and vector-meson states of different spin
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(42)

where KB for S~=(+1,0) stands for the following com-
v

binations expressed separately for V~Py and P~Vy
type transitions:

KB (V~Py)=[%(K, +iK2)/v 2,K3],

KB (P~ Vy) =[+(K)WiK2)/v'2, K3] .
(43}

Nevertheless, the summation over the photon polariza-
tion index 5 and the meson spin S~ yields a general rela-
tion

»sv
(44)

Finally, pB„(k) in Eq. (42) is related to the transition
magnetic moment which can be expressed appropriately
in terms of J (lt) and J (k). Now summing over the

q&

photon polarization index 5 and the final meson spin ap-
propriately while averaging over initial meson spin when
necessary, the partial decay widths for the transition
A ~By can be obtained as

I ( A ~By ) = g I1k dP
I SB„I /[ VT/(2n)] . .

SSv
(45)

Then for V~Py and P~Vy processes, we can realize
the partial decay widths in the standard form in terms of
the outgoing photon energy k =(M„—MB )/2M„:

Projections Sp =(+1,0), Eq. (37) can be further simPlified
so as to reduce Eq. (35) to a form

SB„=+a/k05' '(P+k)5(EB+ko —M~ )pBg(&)KB

phase space in Eq. (45). This is therefore a pathological
problem common to all such models attempting to ex-
plain hadronic level decay in terms of its constituent level
dynamics considered in zeroth order. Hence it requires
appropriate corrective measures for eliminating this
spurious phase-space factor QEB/M„at the mesonic
level. For the transitions involving photon energy much
less compared to the decaying meson mass, this factor is

EB(k)/Mq =1—k/Mq —-1 .

Hence setting [EB(k)/M„]=1 and interpreting pB„(k)
as the corresponding transition moment as has been done
by many authors [14] in the past may be justified only for
static calculations. But such a prescription is not, in gen-
eral, correct when one wants to look beyond the static
calculation. However, there is a clear possibility of expli-
cit cancellation of this phase-space factor taken appropri-
ately along with the contribution of the quark spinors.
This has been shown explicitly in the works of Altomari
[22] and also has been discussed in a recent work by
O'Donnell and Tung [23] within the scope of their model
based on the description of the meson states in the loose
binding approximation in terms of relative momentum
wave function of the constituent quarks in the nonrela-
tivistic Gaussian forms. In view of this observation, we
prefer here to push back this phase-space factor from the
mesonic level to the quark level integrals J~ (Ir) describ-

ing pB„(k ) under the same approximation with which it
was extracted out through the energy argument of the 5
function. Hence

E;k+EQE, (k)/M„=
1 2

I (V~Py)= T4ak [QEp(k)/MyPpv(k)]

I'(P~Vy)=4ak [QEy(k)/MpPvp(k)]
(46)

when i' =1,2 taken inside the quark level integrals
J (k) in Eq. (39) effectively modifies it to I (k) in the

l

form

p O'" d„A (x)d V (x)P(x), (47)

where A „(x), V (x), and P(x) are, respectively, the fields
of photon, vector meson, and pseudoscalar meson, one
can arrive at an expression for I ( V~Py } in terms of the
transition moment @zan without the mesonic level phase-
space factor (Ep/M„) as found in Eq. (46). One can also
do the same thing by considering the covariant expansion

&P(P'}IJ",
I
V(P)) =i pic" ~ (P+P )g(P P ) (48)

in Eq. (30) together with the appropriate relativistic

One must note that the phase-space factor V EB(k )/Mq
in Eq. (46) is arising here out of the argument factoriza-
tion of the energy 5 function which was extracted from a
constituent level integration in Eq. (32) under certain ap-
proximations required to realize the correct photon ener-

gy at the mesonic level. Therefore, before taking this fac-
tor so seriously, one must compare the expression (46)
with the ones obtainable from a formal relativistic calcu-
lation at the mesonic level.

In fact, starting with a relativistic e8'ective interaction
of the form

Iq (k) = [NA(0)NB (P)]

Eik +Ej
X J dpp X,(p, k)exp( —Pp ) .

0 1 2

(49)

I ( V~Py }=~4ak [ppy(k }]

I (P~ Vy ) =4ak [iJ yp(k ) ]
(50)

where the transition moments pB„(k) for various pro-
cesses can now find separate explicit expressions in terms
ofI (k } and I (k) in the following manner.

q&

For transitions involving mesons in ordinary light
fiavor sector, we can have

Since we have considered flavor SU(2) symmetry with
m„=mdAm„ the integral expression in Eq. (49) corre-
sponding to any particular transition can provide
Id(k)=I„(k). Then
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( i } p ~( k ) =—,
' I„(k ),

(ii) p„(k ) =cos5,I„(k),
(ili) p~y(k ) =Sli15UI„(k ),
(iv) p (k ) =sin5 I„(k),
(v) p~ (k)= —,'[cos5, sin5 I„(k)

+2sin5„cos5 I,(k)],
(vi) p,„&(k ) =—,

' [sin5, sin5 I„(k )

—2cos5, cos5 I,(k)],
(vii) p„&(k ) = —,

' [sin5„cos5~I„(k )

+2cos5„sin5 I,(k)],
(viii) p „(k)=cos5 I„(k),
(ix) p „,(k)= ,'[co—s5 cos5, I„(k)

—2sin5 sin5„I, (k)],
(x) p + g~(k)= —,'[2I„(k) I,(k)],—

(xi) p, „(k)=—,'[I„(k)+I,(k)] .

(51)

(iv) p +,+(k)= —,'[2I„(k)—I&(k)],

(v) p 0,0(k)= —,'[I„(k)+Ib(k)],

(52)

(vi) p, „(k)=—,'[I,(k)+Ib(k)],
S S

(vii) p +,+(k)= —,'[2I, (k) Ib(k)] . —
C C

V. RESULTS AND DISCUSSION

In this section we would use the formalism in the pre-
vious section to evaluate the partial decay widths of
several energetically possible M1 transitions among the
vector and pseudoscalar mesons in the heavy as well as
light flavor sector. The input parameters of the model
would be the same in two sets as described in Sec. III. In
our static calculation of the radiative decay widths of
light mesons [2] we have used the parameter set 2 only,
whereas for heavy mesons both the sets have been con-
sidered in Sec. III. The mixing angle parameters for
(co, p) and (il, g') mixing are also taken in the same
manner as in Ref. [2] in accordance with the quadratic
mass formula so as to have (5„5 )=( —3.7,45'). Then

In the above expressions 5, and 5 are the mixing angle
deviations from the ideal mixing such that
5M = (arcsin 1 /&3 —

OM }. Similarly for the transitions in-
volving the heavy mesons (D,B), we find appropriate ex-
pressions as

(i) p + „+(k)=—,'[2I, (k) I„(k)],—

(ii) p o go(k)= i [I (k)+I„(k)],
(iii) p + +(k ) =—,

' [2I,(k ) —I, (k )],
S S

the present calculation would demonstrate the extent to
which our previous results of the static calculation can
get modified after incorporating some momentum depen-
dent effects.

First of all we calculate the transition moments pii„(k )

for various processes provided through Eqs. (51) and (52}.
The integral expressions I (k) and I (k) for each of

these processes required for the above calculation are ob-
tained from Eqs. (40), (41}, and (49) through numerical
evaluation by Gaussian quadrature technique. The out-
going photon energy k used for each individual process is
computed from the kinematic expression in Eq. (8) using
the respective experimental meson masses. The results of
our calculation for the transition moments expressed in
nuclear magneton units are presented in Table I in com-
parison with the corresponding experimental quantities.
Godfrey and Isgur [14] in their relativized quark model
with the mock-meson approach have also estimated these
transition moments. They have considered an effective
exponent for the fraction (m jE;) in their expression for

l

I~(k) so as to fit p (k) with the experimental data.
I

Table I provides a detailed comparative account of their
estimation with the present ones.

For a more direct comparison with the available exper-
imental data, we finally calculate the partial decay widths
from Eq. (50). Table II embodies these results along with
our earlier predictions based on the simple static calcula-
tion. %e observe that in going beyond the static approxi-
mation to include the momentum dependence due to
recoil effect, the results in the heavy flavor sector stand
almost unaffected, justifying our earlier contention in Sec.
III. On the other hand, in the light meson sector, the
change appears to be very encouraging almost in all
cases. Considering for example the V~~y transitions,
we find that the present predictions are significantly im-

proved in comparison with static results to be in good
agreeinent with experiment. Godfrey and Isgur [14), us-

ing p —+m.y as the input to fit the adjustable parameter in
their model, find the decay widths for other processes in-

volving pion in the final state to be somewhat underes-
timated. It may be worthwhile to mention here the work
of Ge6'en and Wilson [1] where they find a very good fit

for most of the radiative decay processes in the light
meson sector by allowing arbitrary effective quark mo-
ments. But these effective quark moments failed to de-
scribe the observed hyperon moments. In the CBM [4]
treatment of V~~y, as processes involving the emission
of the elementary pion in combination with V~ y transi-
tions, the decay rates are found to be rather overestimat-
ed. In that sense the present model, based on the conven-
tional picture of photon emission with appropriate recoil
effects taken into consideration in a purely relativistic
calculation, serves as an adequate description for radia-
tive decays like V~my in the light meson sector. The
only discrepancy to be noticed here is that the partial de-

cay width I (p ~m y), being equal to I'(p+ —+m+y) as a
consequence of isospin invariance, comes out to be much
less compared to its experimental value 121+31 keV.
This may imply some significant isospin mixing between

p (770) and co (783) due to the accidental near degenera-
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TABLE I. Transition moment pz&(k) in the M1 transitions in units of pN in comparison with the
results of the calculation [14]and the experiment [10].

Physical process
A~By

k
(MeV)

Present calculation
Set 1 Set 2

Calculation
[14]

Experiment
[10]

p ~77
p' ~'y
N ~7Ty

r
p ny

ny
rir
n'r
py

'g ~coy
E*+—+K+y
E Ey

B*+—+B+y
B*~By
B,* ~B,y

370.75
372.35
379.33
500.77
189.18
199.34
362.71
59.80

170.63
159.67
309.14
309.85
135.78
137.91
136.57
45.80
45.80
46.80
43.45

0.70
0.70
2.08
0.12

1.76(2.06)
0.50(0.61)
0.82(0.66)
0.85(1.01)
1.79(1.41)
0.64(0.52)

0.84
1.28
0.37
1.94
0.17
1.50
0.85
0.62
0.32

0.70
0.70
2.07
0.12

1.80(2.10)
0.51(0.62)
0.87(0.72)
0.96(1.14)
1.83(1.45)
0.66(0.55)

0.79
1.35
0.39
1.98
0.23
1.59
0.89
0.68
0.32

0.69

2.07
0.06
1.53
0.50
0.71
0.66
1.85
0.63
0.91
1.20
0.35
1.78
0.13
1.37
0.78
0.55

0.695+0.223
0.921+0.466
2.18+0.576
0.129+0.043
1.82+0.953
0.427+0.281
0.656+0. 161

& 1.764
1.203+0.454
0.422+0. 185
0.782+0.247
1.193+0.349

& 5.91
& 12.152
& 25.56

I'(p m. y)=I (p n. y)(cos81+3sin81cos5„)
'2

sine,
I'(~ ~~ y)=I (coo~soy) cosei—

3 cos5„

Then

1,„~,(p ~m y)=(121+31)keV

(53)

cy in their mass. Consideration of such a mixing with a
mixing angle 81 can lead to the modified expressions [20]

would imply a mixing angle OI —-6.4'. But, on the other
hand, I'(ro~iry) gets suppressed further from its calcu-
lated value of 651 to 596 keV which is to some extent
below the experimental data. But, nevertheless, this re-
sult is rather closer to the experiment as compared to one
obtained in our static calculation.

The decay widths of V—+gy and V—+g'y type transi-
tions obtained here on the basis of the mixing angle sanc-
tioned by the quadratic mass formula are quite satisfacto-
ry except for p —+fly and ri'~Vy transitons. If, on the

TABLE II. Partial decay widths I'( A ~Br ) in comparison with the results of the static [2] and the
CBM calculation [4,16,17] together with the experiment [10]with 5„=—3.7' and 5 =45'(56').

Physical process
A ~By

Present result (keV)
Set 1 Set 2

Static result [2]
(keV)

CBM result

[4,16,17] (keV)
Expt. [10]

(keV)

+ +y

p ~7Ty
co~ 7Ty

P~a.r
p ny
co~YJy

nr
71'r

py
~y

E + E+y

68.84
69.53

651
5.10

57.78(79.43)
5.51(8.13)

89.62(58.07)
0.42(0.60)

131.65(82.33)
13.64(9.27)

57.07
135.39

0.95
27.18
0.20
0.59
0.19
0.11
0.02

68.34
69.00

645
4.94

60.34(82.94)
5.70(8.36)

99.87(69.12)
0.54(0.77)

138.40(86.55)
14.82(10.13)

51.13
149.80

1.08
28.41
0.38
0.67
0.21
0.13
0.02

45.80
45.40

419
2.20

46.90(64.50)
4.90(7.20)
62(40.20)

0.40(0.60)
110.20(68.90)

12.10(8.20)
48.30

107.10
1.15

27.94
0.32
0.67
0.21
0.11
0.02

124
124

1180
4.70

23
2.30

43
0.29

53
6

47
98

1.00
21.20

1.2X 10
0.62
0.28
0.10

68+7
121+31
717+50

5.81+0.65
62+17
4+1.73

56.74+3.43
& 1.84

59.67+8.30
6+1.16

50+5
117+10

& 198
& 945

& 4500
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other hand, we take 5z =56' instead of 45', which finds

support from the reported value of 0 = —l7. 6 +3.6 ob-

tained from I,„~,(rl ~2y ) =0.56+0. 16 keV [21],the mar-

gin of discrepancy is considerably reduced. But such a
value of 0& obtained from the analysis of the two y decay
of ri based on SU(3) flavor symmetry, may not be strictly
applicable in the present context where the strange quark
is taken to have a mass different from those of the up and
down quarks. Nevertheless, this value of 5 =56' is close
to the mixing angle sanctioned by the linear mass formula
and it does not change other predictions beyond the ex-

perimental limits. Since our purpose here is not so much
to obtain a detailed fit to the experimental data, but to
demonstrate the wider applicability of our model with the
relevant parameters taken from its earlier applications,
we rest content in showing only the variation in our mod-

el predictions here within an acceptable range of values
for 5~. Results for 5 =56' are provided within

parenthesis in Table II to give an idea about the range of
variation in our results for 5 taken between 45' and 56'.

Finally, we notice that the decay widths for K*~Ky
transitions are in good agreement with the experimental
values proving the adequacy of the simple traditional pic-
ture of the photon emission induced by the quark elec-
tromagnetic current.

On the whole, the momentum dependent effect incor-
porated through the present formalism, is found to be
quite adequate and relevant for the real dynamical in-
volved in the process. Thus we find that within the work-
ing approximation adopted here, the present model pro-
vides a more realistic calculational framework to describe
the mesonic M1 transitions based on the conventional
picture of photon emission.
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