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QCD corrections to Higgs boson production: Nonleading terms in the heavy quark limit
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We compute analytic results for the QCD corrections to Higgs boson production via gluon fusion in

hadronic collisions in the limit in which the top quark is much heavier than the Higgs boson. The first

nonleading corrections of O(a,'Mz/m, ') are given and numerical results presented for both CERN LHC
and SSC energies. We confirm earlier numerical results showing that the dominant corrections have the
same mass dependence as the Born cross section.

PACS number(s): 13.85.Qk, 12.38.8x, 14.80.8n

I. INTRODUCTION

One of the prime motivations for the construction of
high-energy hadron colliders is to unravel the mechanism
of electroweak symmetry breaking. In the standard mod-
e1 of electroweak interactions there exists a physical sca-
lar boson, called the Higgs boson, whose interactions
generate the nonzero masses of the 8' and Z gauge bo-
sons [I]. The couplings of the Higgs boson are complete-
ly specified in the standard model; the only unknown pa-
rameter is its mass. For a given mass, therefore, it is pos-
sible to predict the properties and production mecha-
nisms of the standard model Higgs boson unambiguously.
In this paper, we discuss the two-loop QCD radiative
corrections of O(a, ) to the production of the Higgs bo-
son in hadronic interactions.

A particularly interesting mass region in which to
search for the Higgs boson is the intermediate mass re-
gion 80&M& ~150 GeV. The dominant decay mode for
the intermediate mass Higgs boson is H~bb. However,
the formidable QCD background to this decay will prob-
ably necessitate using rare decay modes such as H~yy
to search for the intermediate mass Higgs boson. Since
the number of events remaining after cuts to remove
backgrounds is small, it is vital to understand the efFects
of radiative corrections in this region in order to deter-
mine the viability of the signal.

In the intermediate mass region, the primary produc-
tion mechanism is gluon fusion through a top quark loop
as shown in Fig. 1. For a heavy top quark, m, ~150
GeV, and an intermediate mass Higgs boson it makes
sense to expand the results in powers of r =—M~ lm, . The
zeroth-order result in this expansion, i.e., the m, —~ ~
limit, is remarkably accurate, giving the amplitude in Fig.
1 to better than 10%%uo even up to r =-1. However, there is
no guarantee that the radiative corrections will have as
little dependence on r.

The leading corrections for m, ~~ have been comput-
ed previously and found to increase the cross section by
about a factor of 2. Thus, it is critical to determine the m,
dependence of the radiatively corrected cross section. In
this paper we take the natural first step: we compute the
first nonleading corrections of O(a, r) to Higgs boson

production in hadronic collisions. In such a limit, the
computation of the two-loop QCD radiative corrections
becomes greatly simplified, and it is possible to obtain an-
alytic results [2,3]. Our analytical results (for the region
over which they are valid) confirm the numerical results
of Ref. [3],valid for arbitrary Mir lm, .

If the top quark is very heavy it will show up indirectly
via its contribution to radiative corrections to various
quantities such as the 8' and Z masses. Indeed, a global
fit to existing data from electroweak processes requires
m, ~ 180 GeV for the consistency of the standard model
[4]. For the intermediate mass Higgs boson, say
M& —100 GeV, the m, &&Mz limit may be a reasonable
approximation. For a heavy Higgs boson, such as M~ —1

TeV, the m, ~ ~ limit clearly is not valid. In this case,
our results can be used to gauge the sensitivity of the
Higgs boson production rate to new physics, since any
new heavy quarks will contribute to Higgs boson produc-
tion from gluon fusion. For example, a doublet of heavy
quarks which is degenerate in mass would not contribute
to the p parameter, but would contribute to the gluon
fusion production of a Higgs boson.

The organization of the paper is as follows. In Sec. II,
we review previous results and describe how the low en-

ergy theorems are used to obtain the O(a, ) corrections to
the process gg~H in the limit in which m, -~ (x. Section
III contains a description of the calculational techniques
required to compute the two-loop integrals occurring in
the evaluation of the virtual diagrams for gluon fusion
when the nonleading terms in M&/m, are retained. In
Sec. IV we present our analytical results: partonic cross
sections for gg, qq, and qg~H +X to O(a r). Section V

contains numerical results for Higgs boson production in

pp interactions at &S = 15 TeV and &S =40 TeV. Fi-
nally, we present our conclusions in Sec. VI. The appen-
dices contain details pertaining to the evaluation of the
two-loop integrals.
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FIG. 1. Top quark loop contributing to gg ~H.
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II. PREVIOUS RESULTS

The lowest-order amplitude for gluon fusion produc-
tion of a Higgs boson arises at one loop from the triangle
diagram of Fig. 1. The amplitude is sensitive to all of the
quarks, but since the coupling of quarks to the Higgs bo-
son is proportional to their mass the contribution from
light quarks is suppressed. Assuming there are no
heavier quarks, the contribution from the top quark is
dominant over the range in MH currently allowed by ex-
periment (MH &60 GeV [5]). The contribution to the
amplitude from a single heavy quark with mass m has
been available in the literature for some time [6]:

ar csin if ~ ~ 1,

1 '9+
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4

2

if~ (1,
(2.2)

as
~&"(g"„(k,)gg(k, )~H) = — 5»(k, k,gI' k;kii —)

27TU

Xrq[1+(1 r )f (rq )] (2.1)

where v =(&26F) '=(246 GeV), r =4m 2/M—H2, and
' 1/2 2

where 6„"„is the gluon field-strength tensor and pF is the
contribution of the top quark to the QCD P function:

PF a, a,'1+
6m. m 4

(2.7)

The (1+5) term arises from a subtlety in the use of the
low-energy theorem [8]. Since the Higgs coupling to
heavy fermions is m, (1+H/v )tt, the counterterm for the
Higgs-Yukawa coupling is fixed in terms of the renor-
malization of the fermion mass and wave function. In the
modified minimal subtraction (MS) scheme, 5=2a, /qr

[8,9]. In the limit m, »MH, the effective Lagrangian. of
Eq. (2.6) can be used to obtain the gluonic radiative
corrections of O(a, ) from a one-loop calculation [2,3].
This serves as a valuable check of the complete two-loop
calculation. An effective Lagrangian approach can also
be used to obtain the O(a, ) radiative corrections to the
gluon fusion of a pseudoscalar, gg ~ A [10].

We proceed to calculate the terms of O(a, r). Unfor-
tunately, the O(r) corrections to the effective Lagrangian
are not known and to obtain them would require a two-
loop calculation. It is simpler to perform the direct cal-
culation; the necessary techniques are discussed in the
next section.

with

r)~ ——1++1—rq . (2.3) III. CALCULATIONAL TECHNIQUES

Taking the limit r =M&/m, « 1,

X(k, .k2gi" —k;k2 ) . (2.4)

Neglecting contributions from light quarks, this gives the
spin- and color-averaged cross section

MH 1 7r
2 2

era(gg ~H)~
2

JV 1+ (1+a)
1 —e 60 A;""=C(a;g" ki k~+b, kikF2'+c, kii'k2), (3.1)

The evaluation of the two-loop diagrams arising in the
virtual corrections to gg~H is an extension of the tech-
niques used in the case of H~yy [11]. The basic stra-
tegy is to expand the loop integrals in powers of the
external momenta over m, at every stage [12]. This tech-
nique has been successfully used to compute the two-loop
contribution to the p parameter from a heavy top quark
[13]. The coinplete set of two-loop diagrams is shown in
Fig. 2. Each graph gives a result of the form

X 5(s —M~ )

=OOM~5(s —MH ), (2.5)

with
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where we have computed the amplitude and cross section
in n =4—2e dimensions for later use.

When the momentum transfer to the Higgs boson is
small, or equivalently in the limit m, »M~, the cross
section to O(a, ) for gg~H can be obtained from the
effective Lagrangian [7]
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FIG. 2. Two-loop diagrams contributing to gg ~H.
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where the incoming gluons have momenta, polarization
indices and colors as in Eq. (2.1) and

(3.2)

A",
a;—

~ [k, .k~g„» —k, k~„k—,„k~»I,
C(n —2}(k, k~)

(3.4)
A",

b, =- I(n —1)k,„k~,—k, .k~g„
C(n —2)(k k )

Gauge invariance requires that

(3.3)

where the sum runs over all the diagrams. (The c; terms
do not contribute for on-shell gluons. ) In order to reduce
the number of tensor structures and deal with scalar
quantities only, we compute three contractions of each
diagram: A" g„„, A",. 'k, „kz„, and A";"k,„kz„. From
the contracted amplitudes the values of a, and b; can
easily be found:

+k, k~„] .

The various two-loop diagrams have either one, two, or
three gluon propagators. Diagrams with one gluon prop-
agator (these are the ones previously calculated in Ref.
[11])can be written such that the gluon propagator con-
tains no external momenta. For those diagrams with
more than one gluon propagator, we Feynman
parametrize to combine the massless gluon propagators
(top quark propagators are left alone); the loop momenta
are then shifted to move the external Inomenta into the
top quark propagators. The gluon propagators for dia-
grams V —VIII become

V —VI:

VII:

VIII:

1 1

2 2 2 2
where q'=q —xk I

q (q —k, ) (q' )

1 1
where q'=q+xk& —(1—x)kq,

(q+k, ) (q —kz) (q' +x(1—x)M~)

1 1
where q'=q +xkl —yk&,

q (q+k, ) (q —kz } (q' +xyMH )'

(3.5)

1+ +. . .
2q kl

(q k) ) m( q m( q pent

(3.6)

where the integrals over the Feynman parameters x and y
are implicit. For diagrams V and VI all the external
momentum can be shifted into the heavy-quark propaga-
tor s. For diagrams VII and VIII products of
k& kz=MHi2 and Feynman parameters remain in the
denominators.

The denominators arising from the heavy-quark propa-
gators in Fig. 2 can be expanded in powers of the external
momentum, e.g.,

I

To obtain the terms of O(MH/m, ) each denominator
must be expanded up to terms containing two powers
each of k, and kz (in diagram VIII the denominators
must be expanded to one further power because the
momentum integrals bring in an inverse power of MH).
The Feynman integrations for diagrams V and VI can be
performed at this stage since the expansion brings the
Feynman parameters into the numerator. The Feynman
integrations for VII and VIII must be performed after the
momentum integration, but they involve only polynomi-
als and logarithms and are easily done.

After contracting the amplitudes from the graphs of
Fig. 2 as in Eq. (3.4) and expanding the denominators all
the contributions have the form

(powers of p k;, q k;)X(powers of p, q,p q)

(2m )" (2n )" [(p +q) m]~(p —m—, )"(q —m, }'
(3.7)

where m can be zero or a product of Feynman parame-
ters times MII. Using symmetry arguments the powers of
p.k; and q.k, in the numerators can be written in terms
of powers of p, q, and p.q times powers of
k, -k~ =MH /2. The integrals can then be reduced to the
symmetric form [14]

d p d q 1

(2m )" (2m )" [(p +q) —m ]~(p —m, )"(q —m, )'

(3.8)

These integrals are well known in the literature and are
discussed in Appendix A. The techniques necessary to
symmetrize the numerators are discussed in Appendix B.

IV. RESULTS

To compute the radiative corrections for the inclusive
production of the Higgs boson from gluon fusion, we
need both the real contribution from gg~gH and the
virtual corrections to gg —+H. We will also need the con-
tributions from qg ~qgH and qq ~gH.
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A. Virtual corrections to gg ~H

The results of the two-loop diagrams contributing to
gg ~H are detailed in Appendix C. The sum of the two-
loop amplitudes can be written in terms of the Born am-
plitude from Eq. (2.4} (neglecting the irrelevant imaginary
part):

a, rcr. =o' JV C — +—+

307r1—
2 1080

19r
180

5(1—z}+O(r ),

(4.7)

Re(AV )= AgM C„2~
+ 5 2m.

E 2 3

19r
180

3CF 3+ 7f
2 60m

13r
1080

+O(r ) . (4.1)

P —m,

where'

&a (p)1+ ''+
P —m,

(4.2)

The color factors for SU(3} are given by C&=3 and
CF=4/3. The term proportional to Cz contributes to
H ~yy and was computed in Refs. [11,15].

It is natural to group the mass counterterms on the fer-
mion propagator and those at the Htt vertex with the vir-
tual corrections. The inclusion of the mass counterterms
(which have no C„component) renders the contribution
proportional to C~ finite. We use the on-mass shell renor-
malization scheme in which the physical mass is defined
to be the pole in the propagator. The renormalized fer-
mion propagator is then

where z =MH/s and oo is defined in Eq. (2.5) and con-
tains the overall factor [I+7r (1+a)/60].

There are various checks we can perform on the contri-
butions to Eq. (4.1). The diagrams VII and VIII have
imaginary parts and terms proportional to lnr and ln r.
The imaginary parts can be obtained via the Cutkosky
rules and the lnr terms can be related to them since they
both arise from terms containing ln( r). The—I /e terms
coming from diagrams VI and VIII are purely infrared
and can be computed by appropriately contracting the
legs of the gggK box diagram. These various checks are
described in Appendix D.

8. Real diagrams for gg ~gH

IA(gg ~ga) I'= 80'OCg Q,

+O(r ) .

s +t +u +MH
stu

rM„'

10

(4.8)

The matrix element squared for the process gg~gH
can be found from the diagrams of Fig. 3 [16]. The re-
sult, with the appropriate spin and color sums and aver-
ages, is

and

Xa (p) =X(p) —5m, —Z2(P —m, )

5m, a,
=JVCF +1

m, F~ 4e

(4.3)

(4.4)

To make clear the structure of this result we write it in
terms of the r =0 result from Ref. [2]:

IA(r =0}l'— ~ocgr, rM~z+O(r')
Oo 2 8

Ot(r =0)

The sum of the mass counterterms is (4.9)

a,

a, r ' 5 2~Re(A )= A~ C — +—+
2~ 2 3

19r
180

3CF 307r1—
2 1080

L

Our result for the virtual amplitude plus mass counter-
terms, is then (r =MH /m, )

We see that the bulk of the terms, and all those which
yield infinities, have the same structure as the r =0 result
and are scaled by the m, dependence of the Born cross
section. Clearly, the soft and collinear singularities will
factor as they must. The form of the extra O(r) term in
Eq. (4.9) is determined by Bose symmetry: MH is the
only term symmetric in s, t, and u with the proper dimen-
sion. No terms which grow with s and would spoil the
expansion are allowed.

Integrating over the phase space of the final state
gluon, we find the contribution to the cross section:

+O(r ) (4.6)

which gives the contribution to the spin- and color-
averaged cross section:

The various factors of Z& on the fermion propagators and at
the Htt vertex and the factors of Z& at the gtt vertices combine
to give the charge renormalization counterterm given in Sec.
IV C.

FIG. 3. Real diagrams contributing to gg~gH and to
qq ~gH.
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Cqa,
o peg] o'o JVr
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1 [+~p ln( 1 z)
3 ~ ff 1 —z

[1+(1—z} +z ]

11
(1 )3

rz(1 —z) +O( z)
6 20

(4.10)

where o,h=45Zgop5(1 —z) . (4.15)

P (z)=2
1 —z . +

1 —z+ +z(1 —z)
z

(4. 1 1) There is also a counterterm due to the wave function
renormalization on the external gluon legs:

The plus distribution functions are de6ned

f (x) f (x) f(1)—
(1—x)+ 1 —x

o „,=45Z„,cr p5(1 —z)

where, in the MS scheme,

(4.16)

C. Counterterms for gg ~HX
5Z„q= —JV'

7T 12''
(4.17)

In addition to the mass counterterms included in the
virtual diagrams, there are also counterterms due to the
gluon wave function and charge renormalization.

For the charge renormalization, we use a modification
of the MS scheme in which the top quark decouples as its
mass goes to infinity [17]. In this scheme, the renormal-
ized coupling is related to the bare coupling by

a,
zPgg(z)o o

ATE
(4.18)

where P g is the Altarelli-Parisi splitting function:

Finally, there is the Altarelli-Parisi subtraction [18]
which factors out the soft singularity and gives a contri-
bution

aR a0, 1S S

a, b0
JV + JV

6m@
P (z)=C„Psg(z)+2mbo5(1 —z) . (4.19)

=(1+25Z )a,

where b p is the QCD P function:

(4.13) The final result, the physical cross section for gg ~HX
at next-to-leading order in a„ is then the sum

1b0=
4m

11cq
ff (4.14)

o tot(gg ~HX) crp+ 0' ft+crre ]+cr h+ 0' f+ O'Ap

(4.20)

The charge renormalization then gives a contribution to
the cross section:

where crp=op~ —p (with a, evaluated at IM). It is con-
venient to write our result as

a, (p) MH 34r 3r
o (gg~HX)=o '5(1 —z)+ h (z)+h(z) lntot 0 135

+ 5(1—z) — z(1 —z) +O(r') .
p 20

(4.21)

The functions h (z) and h(z) are the same as those of Ref.
2 0

D. qq~gH

h (z) =5(1—z) H+ 11
2

11
(1—z)

2

The process qq ~gH proceeds by the diagram of Fig.
3(c). The resulting spin- and color-averaged cross section
is easily found:

+2C„[l+(1—z) +z )
1 —z

as (1—z) r
o (qq ~gH) = I —,r

m~v2 486 z
(4.23)

C„zPsg (z) lnz, —

h (z) CA zP (z)

(4.22) The integral I, which arises from the triangle diagram of
Fig. 1 with one of the gluon legs taken off-shell, has been
computed by Bergstrom and Hulth [19]:

It is clear that the dominant contributions to the result
are just a rescaling of the r =0 result by the ubiquitous
factor 1+7r /60. Note the cancellation of the
in(m, jMH } terms.

(4.24)

If we expand the result in powers of 1/m, as we did
for gluon-gluon scattering, we find a result which grows

I(a, b)=3 dx
o o 1 —ax (1—x y) bxy——
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11s +7MH2

60m,
(4.25)

Since we intend to integrate over parton energies much
larger than m, we must use the exact result of Eq. (4.23)
in order to have sensible high-energy behavior.

with s (as compared to the gg~gH case which did not
have any such terms):

E. qg —+qH

The matrix-element squared for the subprocess
qg~gH can be obtained by crossing from qq ~gH. The
spin- and color-averaged cross section can then be found
by integrating over the n-dimensional phase space. Fac-
toring the soft singularity, we find the physical cross sec-
tion 8':

a, (p, } 1 s 1 Op
d(qg ~gH) = o ozP (z) —ln +—+ln(1 —z) + (1—z)(3z —7)

2 p' 2 3

+ 2
~

&d ~I(r, r)~ —~I(o, r)~ [1+ 2(1 )2]CTp ~
—p N

1 co
(4.26)

where w= —s (1—z)(1—co)/m, , and

P = [1+(1—z) ] .4
3z

(4.27)

As was the case for the qq process, the expansion of this
expression in inverse powers of m, leads to terms which
grow with s. Instead, we integrate Eq. (4.26) numerically
and give our results in the next section.

V. NUMERICAL RESULTS

In this section we present numerical results for Higgs
production in pp collisions at the CERN Large Hadron
Collider (LHC} (v S =15 TeV) and the Superconducting
Super Collider (SSC}(~S =40 TeV). We use parton dis-
tribution functions from Morfin and Tung [20]: the
next-to-leading order set S1 translated into the MS
prescription and the lowest-order set extracted from the
same data. Unless otherwise stated we will always use the
renormalization scale p =MB.

Figures 4 and 5 contain the radiatively corrected cross
sections for Higgs boson production at the LHC and SSC
respectively for m, equals 150 GeV and 200 GeV. Al-
though these figures include the contribution from gg, qg,
qg, and qq initial states the result is completely dominated
by the gg initial state. To gauge the effect of the radiative
corrections we also plot two versions of the Born result:
the first is a consistent leading-order result, using a„par-
ton distributions, and the hard cross section all at leading
order, the second is a hybrid result using a, and parton
distributions at next-to-leading order (NLO) convoluted
with the hard cross section at Born level. Both versions
are equally correct as they differ at higher order. We see
from Figs. 4 and 5 that the consistent leading-order result
is almost 50% larger than the hybrid result. Comparing
the NLO result with the two leading-order results we see
that it is about a factor of 1.5 larger than the consistent
leading-order resu1t and about a factor of 2 larger than
the hybrid result. The comparison to the hybrid result
implies that the O(a, ) contribution is over half of the full
NLO result.

To emphasize the significance of the radiative correc-
tions we have plotted the ratio of the radiatively correct-

10

50
I

100

MH (GeV)

1

150

FIG. 4. Lowest-order (dotted and dashed) and radiatively
corrected (solid) cross section for pp ~HX at the LHC,
&S =15 TeV. The curves labeled LO PDF and NLO PDF use
the lowest-order and next-to-leading-order parton distribution
functions of Morfin and Tung, respectively.

I

ed cross section to the two different Born results in Fig.
6(a). This ratio is often called the E factor. Our results
are in complete agreement with Ref. [3],where the K fac-
tor is defined using the consistent leading-order result, as
in the dotted curve in Fig. 6(a). From this figure we see
that using a next-to-leading order u, and next-to-leading
order parton distributions does not give an improved ap-
proximation to the full NLO result, but rather it is better
to do a consistent leading-order calculation. Figure 6(b)
shows the ratio of the qg cross sections to the hybrid
Born result. The qq contribution is everywhere negligible.

Numerically, the major contribution to the NLO cross
section can be obtained by taking the result of the low-

energy theorem [the O(a, ) result with r =0] and scaling
by the factor (1 +7r /60) To emp. hasize this we plot in
Fig. 7 the ratio of the O(a, r) result to the O(a, ) result
with r =0 for each subprocess. (These curves all have the
two-loop a, and the nonleading parton distribution func-
tions. ) We see that for the gluon fusion result, the answer
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20

1.0
[I

E

0.0

50
I

100
M„(GeV)

t

150
—1.0

0.0 0.2 0.6

FIG. 5. Lowest-order {dotted and dashed) and radiatively
corrected {solid) cross section for pp ~HX at the SSC, &S =40
TeV.

FIG. 7. Ratio of the O{a,'r) radiatively corrected cross sec-
tions to the 0(a,') results with r =0 [labeled o(m, ~ ~ )] for
each subprocess.

3.0

2.0

m, = 200 GeV

&Tpy/oo{s 1-1oop, LO PDF's)
o'gpss'/oo{as 2-loop, NLO PDF's).

eV

is well approximated by the m, ~ ~ results of Refs. [2]
and [3]. Furthermore, the deviation from the m, ~ ac re-

sult is approximated to better than 1% accuracy by the
m, dependence of the lowest-order cross section. For the

qq and qg subprocesses, the m, ~ ~ limit is a poor ap-
proximation over almost the entire kinematic region.
This is clearly due to the terms which grow like s/m, as
discussed in Sec. IV D.

10 l

50

0.06

100

I/
V

15 TeV

M„(GeV}

I

150 200

1.2—

0.8—

0.6

uS =40TeV
~LO

NLO

M„= 50 GeV I

m, = 200 GeV

M„= 100 GeV-

0.04

0.02

C)

0.00

—0.02—

,
= 200 GeV

-.7

——uS =40TeV
PS = (5 TeV

0.6—

]I 10

0.8

NL

L» .O

NLO

m, = 200 GeV .

M„= 200 GeV-

m, = 200 GeV

—0.04

—0.06
50

mt = 150 GeV

100

M„(GeV}
150 200

1.0

0.6 )"

NLO

LO

M„= 500 GeV-

m, = 500 GeV

FIG. 6. {a) Ratio of the radiatively corrected cross section
[Eq. (4.21)] to the Born cross section of Eq. (2.5) at the LHC,
&S =15 TeV and the SSC, &S =40 TeV, with I,=200 GeV.
(b) Ratio of the qg and qg cross sections to the Born cross sec-
tion {with NLO PDF's and two-loop a, ) of Eq. {2.5) at the LHC,
&S = 15 TeV and the SSC, &S =40 TeV, with m, =200 GeV.

2.0
p/M„

3.() 4.0

FIG. 8. Lowest order with LO PDF*s and one-loop o,, and
radiatively corrected cross section as a function of p for
MH =50, 100, 200, and 500 GeV at the SSC, &S =40 TeV.
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Figure 8 shows the dependence of the consistent
leading-order result and the next-to-leading-order result
on the renormalization/factorization scale p for a range
of Higgs boson masses. We see that, contrary to naive ex-
pectations, the radiative corrections do not generally
reduce the dependence of the cross section on p. One can
only expect the next-to-leading-order result to have less p
dependence if the radiative corrections are small. Since
the radiative corrections are about 100% and, being
higher order in a„are more scale dependent, the depen-
dence on p of the NLO result is more severe than the
leading-order result.

VI. CONCLUSIONS

We have computed the 0(a, r ) contributions to

pp ~gH. They are dominated by the gluon fusion contri-
bution and typically increase the lowest-order cross sec-
tion by a factor of between 1.5 and 2. The lowest-order
cross section is sensitive to whether the one-loop or two-

loop a, is used and which distribution functions are used.
The dominant numerical corrections to the gluon

fusion contribution can be found from the rn, ~ oo 0(a, )

results of Refs. [2,3] by rescaling the cross section by the
factor (1+7r/60). The smallness of the 0(a, r) terms
demonstrates the validity of the m, ~00 limit for the
gluon fusion subprocess. Indeed, Ref. 3 found that the
m, ~ ~ results were good to within 15% even for
M&&m, .

The determination of the transverse momentum distri-
bution of the Higgs boson requires summing the
1n(MH/pr ) terms which are important at low PT [21].
The 0(a, r) terms which we have calculated can be used

to extend this summation beyond the leading order.
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APPENDIX A: SYMMETRIZATIONS

The numerators of the integrals are of the form

(p k, )J(p k, )k(q k, ) (q k&)'

X(powers of p, q, and p.q)

where p and q are the loop momenta. Hence all the
numerators can be written as contractions of external
momenta with products of up to six-loop momenta.
Since the denominators contain no external momenta,
structures such as

p ppp
must be symmetric in all their indices. Therefore, we
make the substitution

p"p'p p ~CATV~" (p )

where

yj P =go gp +gag +go g P

and

1C~=
n(n+2)

where n =4—2e is the number of dimensions.
Similar arguments can be made for more complicated

combinations. The remaining permutations of four-loop
momenta are

p"p p'q C~~4' p p q

p"p "q~q ~Cz, [(n+2)[p~q~ —(p q)']g~"g~

+ [n (p.q)' p'q'] V~&""—},
For products of six-loop momenta we define

f/ Pvp+f 7 = Pvgp+A' +gPP+vt +gP+P vs'
6 g 4

+g pP y vpay +g py y vpaP

The symmetrizations of six-loop momenta are

p"p "p p p p ~C3V6" (p )

p"ppppq C V" (p )p'q

p"p'p'p q q~ ~ p'[(n+4)[p'q' (p q)']g ~—V"" +[n(p q)' p'q']V"'—"~}
C~.[(n+4)[p q p.q (p q)'](g'V4"'—+g"V44" +g"V.""~)

+[( +2)(p.q)' 3p q'p q]V~6"~ ~—r } .

The various coemcients are

1 1 1
C~~ = C3= C

n (n —1)(n +2) '
n (n +2)(n +4) '

n (n —1)(n +2)(n +4)

APPENDIX B: INTKGRALS

In this appendix we present the results necessary to obtain the two-loop integrals used in this paper. We use dimen-
sional regularization with n =4—2e. The integrals form two basic classes: the first where all denominators are massive
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(arising from diagrams VII and VIII) and the second where there are massless denominators (arising «om diagrams
I—VI).

The first class of integrals has the general form

8 „I
———2(4m. )

d p d q 1

(2~)" (2m )" [(p +q) —m ]'(p M—)"(q M—)'
(81)

We will need B ki with j =1,2, 3 and j +k +I & 10. Using integration by parts on the B&k&leads to the recursion rela-

tion [22,12]

B 1
1&J' + 1&l

2 a~2j
n —1 —2j —m

2 B]J(+ 2B)) I ]
— qB

Bm
''

Bm
'' Bm

(82)

The B,k, and B,k, can be obtained from the B,kI by differentiation:

=I a
Bj+&, k, l - 2 Bj,k, l

J Bm

Hence we need only calculate 8», . This integral has been given in a power series in b —=m /M in Ref. [12]. However,

we need to carry the expansion in b further than in this reference. We find

8», =M + —(6+3b 2b ln—b) b2+ ——+ + lnb+b ln b
b+2 1 b b-' b

3 30 210

+14+b 1+sb+ 31
b + 389

b
9 450 44100

For most of the diagrams any infinities come from the
loop momentum integrals, and so there is no need to keep
terms which vanish as n ~4 in the integrals. The excep-
tion is diagram VIII, which has infrared divergences aris-

ing in the Feynman integrals. These divergences come
from terms of O(1/m ) arising in the 83 z integrals.
Thus, the terms of O(1/m ) in the 83 I, need to be calcu-
lated to O(e ). Rather than rederive the entire series of
integrals keeping terms to O(e ) we notice that the
O(1/m ) terms come from a particular part of the in-

tegral in Eq. (Bl), that in which p = —q. Therefore,
changing variables to p ~p —

q and dropping p except in
the denominator m we find

i

where we have kept only the terms of O(1/m ). Eq. (84)
can also be verified by brute force calculation.

The integrals which contain massless denominators are
B kl with one of the masses taken to zero

Bjkl Bjk!~m =0 (85)

We will need the result for j =1,2. For the case of the

B& k one may simply take the limit m ~0 in the expres-
sions for B, .

k since the limit is well defined. However,
the Bzkt have infrared divergences and cannot be derived
directly from the B2kI. Instead, using integration by
parts we derive another recursion relation:

83t ~
~ 2(4W) f4 d p 1

(2n. )" (p —m )'

B2qI =82 I, +, (,+(n 2k —3)B, q+—, (

—2(k + 1)M 8, I, ~2 I . (86)

d "q 1

)n (
2 M2)k+ 1

(84)

Since B2ko=0, the B2ki depend only on the B,kI and the
rest of the integrals follow. Alternatively, one may use
the explicit formula of Ref. 23:

1)j+k+
jkl

2 4 j „ I I (k +1 +j n)1 (k +j—n/2)l (l +j —n/2)I (n/2 j)— —
I (k +l +2j n)I (k)1 (l)1 (n/2)— (87)

We have checked that the two approaches give identical results.

APPENDIX C: VIRTUAL DIAGRAMS FOR gg ~H

The results of the various diagrams can be separated into two-gauge invariant sets: contributions proportional to the

group factors Cz and Cz. The CF terms are proportional to the diagrams for H~yy computed in Ref. [11]. We

present them here for completeness, written in the form of Eq. (3.1):

CX

A", "=—JY
'

(a,g""k, k2+b, k",k~~) .
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In this appendix we present only the real part of each amplitude. Only diagrams VII and VIII have imaginary parts:
these are given in Appendix D. Our results for the diagrams contributing to H ~yy are

16 45
135 2 1 37——+—+

18
177 r 277 12821
e 14 e 30

CF

16 45
123 r 223 2924
e 7 2e 15

Qn=

&n=

CF 1

16 45

1

16 45

270

114

2 1 1

18

388 r 71 + 566
3 7 E' 5

872 r 17 6719
3 7 6 60

(C1)

32 3
36 + 4dr + 34 1151r
r e 9 2700

&nI=
2CF Ca 1

32 3

4d, 2 109r
9 1350

QIV =

&IV=

1 36
16 3 r

16 3

16d, 226 6287r
9 2700

16d„ 194 361r+

where

120
„=1+

The remaining, purely non-Abelian, diagrams are

(C2)

12
1 9 + 15 3 85 + r 29 2497
r 4e 8 e 72 180 e 48

12
3 10+
e 9 180

29 + 6181
e 120

aVI

bVI=

C

12

12

1 9 15 113 + r 1 517
r 2e 4 36 8 e 2700

59 r 1 197
18 8 e 1350

(C3)

&vn =
12

9 3 ll 1 43r——+ +—13+ lnr-
r e 2 3 60

164 73r
9 120

bvn=
12

T

1 r 191+ lnr—
3 15 18

r
30

&vnI = C~ 1 135 1 7 +
12 6 r e 6

12r '
+8m~ d„— 13+ r

lnr —30 + 257 r 92 239
20 3e 18

Ca 1
vnI

12r ' ~ d
23r

1
30

30
125 r 23 547
6 15 e 12

We also include in our definition of the virtual diagrams the mass counterterms:
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7 r 7r
120 e 36

(C4)

Multiplying by the appropriate number of each type of diagram, we find our result:

a„,=4a$+2aii+4ayi$+2ayy+4ay+2ayi+ayii+zayiiy+a

r + 2'
A 1+ ( I+a) +—+-

120 6 2160
61r

2 270

= —b tot

Combining with the Born amplitude of Eq. (2.4), this give
the result of Eq. (4.4) to O(r ) No.te that there are only
two topologically distinct diagrams of type VI, whereas
there are four of type V; this is because reversing the
quark line in diagram VI is equivalent to exchanging the
two virtual gluons. The terms of O(l/r) vanish in the
sum, as required by gauge invariance.

APPENDIX D: CHECKS ON VIRTUAL DIAGRAMS

l

where I CD(q, k, +kz —q) is the triangle diagram of Fig. 1

with both gluons evaluated off shell.
The coeScients of the logarithms can be obtained by

using the Cutkosky cutting rules to find the imaginary
parts of the amplitudes, which amounts to replacing the
massless gluon propagators by 2+—i5(q ) and

2ni—5((q —
k&

—kz) ) and adding an overall factor of
1/2. The ggH three-point function is then given by

There are several checks which can be performed on
the diagrams shown in Fig. 2, VII and VIII. Both the
coelcients of the logarithms and the 1/e terms can be
simply obtained. We begin by noting that these diagrams
can be written in terms of the triangle diagram of Fig. 1

with both gluons off-shell. Then, for example, diagram
VII can be written as

+VII 4~+sf ACEfttnE(2gpvgao gpegva gpNva )

5(q f )5(q2)1 cD(q t, q2)

a 1 7r
5cD JV —1+

2mU 3 120

r A. a
360 q2q1

M~
g

cT A,

q cTq A,

(D2)

X iI cD(q, k&+kz —q)oX

(2tr)" q (k, +kz —q)
(D 1)

Substituting Eq. (D2) into Eq. (Dl) and evaluating the
d "q integral explicitly, we find

a,2
Im(AP„) = 5„ttJV

MH

60 3 1 2 15
Pv 13+ " + kvkI (D3)

The imaginary part of the box diagram, Fig. 2, VIII can be found in an identical manner:

a
Im(AQ„) = 5„ttJV

16mu
M2 gpv 2 13——lnr—

6
r 7 1 7+ ——lnr

60 e 60 2

4 1 r+k, kI2 ——+2 lnr ——+
3 30

7 7 23——+—lnr—
6 2 3

(D4)

The logarithms are then obtained by noting that they always enter as ln( —r) = itr+lnr.
In order to extract the 1/e singularities in diagram VII, we note that they arise from the region where q =0 and

hence may be obtained by setting q~ =0 in the numerator of Eq. (D 1). In this region I is easily evaluated analytically.
The remaining momentum integral over q is straightforwardly performed, and the correct 1/e terms obtained. The
singularities from diagram VIII can be found in an identical manner.
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