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We consider vortex dynamics in self-dual Chern-Simons-Higgs systems. We show that the naive
Aharonov-Bohm phase is the inverse of the statistical phase expected from the vortex spin, and that the
self-dual configurations of vortices are degenerate in energy but not in angular momentum. We also use
the path integral formalism to derive the dual formulation of Chern-Simons-Higgs systems in which vor-
tices appear as charged particles. We argue that in addition to the electromagnetic interaction, there is
an additional interaction between vortices, the so-called Magnus force, and that these forces can be put
together into a single “dual electromagnetic” interaction. This dual electromagnetic interaction leads to
the right statistical phase. We also derive and study the effective action for slowly moving vortices,
which contains terms both linear and quadratic in the vortex velocity. We show that vortices can be

bounded to each other by the Magnus force.

PACS number(s): 11.15.Kc, 11.15.Ex, 74.20.Kk

I. INTRODUCTION

Recently, several studies of self-dual Abelian Chern-
Simons-Higgs systems in 2+ 1 dimensions have appeared
[1,2]. These self-dual models have a specific sixth-order
potential which has degenerate symmetric and asym-
metric vacua. In these systems there is a Bogomol’nyi-
type bound on the energy functional, which is saturated
by configurations satisfying certain first-order equations.
These self-dual configurations consist of topologically
stable vortices in the asymmetric phase, and nontopologi-
cal solitons in the symmetric phase. These solitons carry
both electric charge and magnetic flux, resulting in non-
trivial spin, and can be regarded as anyons, or particles
with fractional spin and statistics [3].

While attention has been paid to the statistics of vor-
tices in the asymmetric phase [4,6], there are many as-
pects of vortices which still need to be understood clear-
ly. One question is about the spin-statistics theorem of
vortices. Another is related to the dynamics of slowly
moving vortices in self-dual systems. In this paper, we
study various questions related to vortices in Chern-
Simons-Higgs systems.

Let us start first with considering the angular momen-
tum of nontopological solitons and vortices. One striking
fact is that for a given charge or magnetic flux, the angu-
lar momentum of nontopological solitons without any
vorticity has the opposite sign compared with that of to-
pological vortices [2]. The spin-statistics theorem implies
that the spin of a particle is directly related to the statis-
tics of that particle. The statistics of elementary charged
particles [5] and nontopological solitons are determined
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by the Aharonov-Bohm phase due to electric charge and
magnetic flux. Since vortices could have the same charge
and magnetic flux but the opposite spin compared with
nontopological solitons, the statistics of vortices cannot
be explained by the naive Aharonov-Bohm phase. This is
the first puzzle we will consider.

A self-dual configuration of n vortices appears to be
completely specified by the vortex positions, that is, by 2n
real parameters [1,2]. As we will see, all configurations of
a given number of vortices are degenerate in energy but
not in angular momentum. For a system of two vortices,
total angular momentum decreases from four times the
vortex spin to twice the vortex spin as their separation in-
creases from zero to infinity. The influence of this change
on the motion of slowly moving vortices is the second
puzzle we shall consider.

In order to understand the statistics of vortices, we re-
formulate the original theory in a way that makes the in-
teraction between vortices manifest. This reformulation
is called the dual formulation, where the massive vector
boson in the asymmetric phase is described by the
Maxwell-Chern-Simons rather than Chern-Simons-Higgs
terms, and where vortices appear as charged particles.
The dual formulation has been derived many times in the
past using the equations of motion or a lattice model [6].
We present here a clearer derivation using the path in-
tegral formalism.

Some physical implications of the dual formulation of
various three-dimensional field theories have been studied
previously [7]. In the theory of a complex scalar field
with a global Abelian symmetry, a vortex in a uniform
charged background feels the so-called Magnus force,
which has more or less the same origin as the force re-
sponsible for the curved flight of a spinning ball. The
Magnus force on a curve ball is proportional to its speed
and is perpendicular to its direction, very much like the
Lorentz force. In the dual formulation, vortices are
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charged particles and the background charge density be-
comes a magnetic field. The Magnus force on vortices
becomes a Lorentz force. The concept of the Magnus
force is important for vortex dynamics in superfluids [8].
One can also see the Magnus force for vortices in
Maxwell Higgs theories when there is a background elec-
tric charge density screened by the Higgs field. While it
is possible to see the Magnus force in the original formu-
lation, it appears more transparently in the dual formula-
tion.

In Chern-Simons-Higgs systems, vortices carry both
magnetic flux and electric charge. Because vortices feel
the charge of other vortices, vortices also feel the Magnus
force in the absence of a background charge. In the dual
formulation both the electromagnetic and Magnus forces
are combined into a single “‘dual electromagnetic” force.
The Aharonov-Bohm phase in the dual formalism deter-
mines the statistics of vortices and yields exactly what
one expects from the given vortex spin. The key point is
that the Magnus force can lead to a nontrivial phase be-
tween vortices as the Lorentz force can lead to the
Aharonov-Bohm phase. The physical mechanism behind
the vortex statistics is now very obvious.

The total angular momentum of many overlapping vor-
tices is equal to the vortex spin times the square of the to-
tal vorticity. When vortices at rest are separated from
each other by a distance much larger than the vortex core
size, one finds that the total angular momentum is just
the sum of individual vortex spins. The physical reason
is that any gauge-invariant local field falls off exponential-
ly to its vacuum configuration as one moves away from
any vortex core. For self-dual vortex configurations
characterized by the positions of the vortices, the total
energy is just the sum of individual vortex masses but the
total angular momentum is a function of the vortex posi-
tions. We will express the total angular momentum of
vortices in self-dual models as a sum of spins and the or-
bital angular momentum in a clear way.

The behavior of the total angular momentum could be
understood as follows. Consider two noninteracting
point anyons of spin s in nonrelativistic quantum
mechanics. Two separated anyons at rest have zero clas-
sical orbital angular momentum. Quantum mechanically,
the orbital angular momentum is given by
2s +2#iXinteger, which, in turn, implies that the total
angular momentum is 4s + 27 Xinteger. Our vortices are
extended objects and can overlap each other. If we quan-
tize the self-dual configurations of two vortices, there
would be many states whose orbital angular momentum
varies from 2s to 2s +2# X integer ~0 with the same ener-
gy. The average separation of two vortices in these states
will increase as the orbital angular momentum decreases.

We are also interested in how the position dependence
of the total angular momentum affects the classical dy-
namics of slowly moving vortices in self-dual Chern-
Simons-Higgs systems. To understand the dynamics of
vortices, in general, we derive the effective Lagrangian
for slowly moving vortices. We follow Manton’s ap-
proach [9] which means for our case that for a given
number of vortices, the field configurations of slowly
moving vortices are very close to the field configurations
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of vortices at rest and the effective action for slowly mov-
ing vortices is determined by the self-dual configurations
of vortices.

We approach the problem from the Lagrangian point
of view. We imagine that the motion of slowly moving
vortices is a generalization of the nonrelativistic limit of
the Lorentz transformation. This means that the field
configurations of vortices in motion satisfy the field equa-
tions to first order in vortex velocities. We evaluate the
field-theoretic Lagrangian to get a low-energy effective
action as a functional of vortex positions and velocities.
We show that the orbital angular momentum for vortices
at rest calculated from the effective action is identical to
that calculated from the field theory.

The contents of this paper are as follows. In Sec. II,
we briefly review vortex configurations in self-dual
Chern-Simons-Higgs systems. We show that the total an-
gular momentum of vortices at rest can be expressed as a
sum of spin and orbital angular momenta. We then
present a numerical analysis for two vortices at finite sep-
aration. In Sec. III, we present the dual transformation
of Chern-Simons-Higgs theories in the path integral for-
malism. Here we include external currents and fields in
the transformation. In Sec. IV, we study various aspects
of the dual formulation. We relate the statistics of vor-
tices to the Magnus force. We also discuss the effect of
external currents and fields in the dual formulation. In
Sec. V, we derive and study the effective Lagrangian of
slowly moving vortices. We show that vortices can be
bounded to each other by the Magnus force. In Sec. VI,
we conclude with some remarks. In Appendix A, we
present the dual formulation of the theory of a complex
scalar field with a global Abelian symmetry and discuss
the Magnus force. In Appendix B, we present the dual
formulation of Maxwell-Higgs theories. In Appendix C,
we derive the effective Lagrangian for slowly moving vor-
tices of self-dual Maxwell-Higgs systems using the dual
formulation of Appendix B. This effective Lagrangian
has been studied in detail both numerically and analyti-
cally by various authors [10].

II. MODEL

We consider the theory of a complex scalar field
¢=fe'®/V2 interacting with a gauge field A, whose
kinetic term is the Chern-Simons term. The Lagrangian
for the theory is given by

L= 4,0,4,+ 1@,/ P+1fX8,0+ 4, =U(f).
@1

Gauss’s law constraint obtained from the variation of 4,
is

kF,+f26+ 4,)=0, 2.2)
where a dot denotes the time derivative. Gauss’s law im-
plies that the total magnetic flux W= [ d*rF,, and the to-
tal electric charge Q = fdzrf2(0+ A,) are related by

KkV=—Q . (2.3)
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Here we concentrate on the self-dual model where the po-
tential is chosen to be

U(f)=—1 f2fr—p2 | (2.4)
8k

For this self-dual model we use Eq. (2.2) to express the
energy functional as [1]

1.
E=[d% Ef2+%[aif3Fe,~jf(aj6+Aj)]2
: 2
2|4 2_ 2
+1f°|(6+ Ao)ia;(f v*) ]imPQ ,
(2.5)
where m, =p? /2« is the mass of charged particles in the

symmetric phase. As the integral in Eq. (2.5) is positive,
there is a bound on the energy functional:

E>m,Ql . (2.6)

This bound is saturated by the configurations satisfying

|

f=o,
0.f Fe;f(3;6+4;)=0, 2.7)
. 1
4+ (F2_p2)=
0+ gt (f?—vh)=0,

and Gauss’s law (2.2). In the remainder of this section,
we will consider only the positively charged
configurations.

If there are vortices of unit vorticity at points
q,,a =1, ...,n, the phase variable can be chosen to be

n
0=3 Arg(r—q,), (2.8)
a=1
which satisfies €;;0,0,0=27 3,8(r—q,). Equation (2.7)
implies that the total magnetic flux is given by ¥=—27n
for this configuration. Equations (2.2), (2.7), and (2.8) im-
ply that the f field satisfies

Bnfi— L fAf2—p)=4r T 8r—q,). @9
K a

Assuming that vortices are not overlapping, we can ana-
lyze the behavior of the f field near q,. In the complex
coordinate of positions, Eq. (2.9) implies

Infs =In|z —q,|*+c+b,(z —q,)+b,(z —q,)*+bs(z —q, ) +by(z —q,)*+bF(z*—q*)

2
+b3 (2 =gl HbY (=gl iz —g i — T

where real c[q,] and complex b;[q,] are defined with
respect to q, and functions of the positions of other vor-
tices.

As the system is invariant under spatial rotation, in ad-
dition to the magnetic flux and the energy there is the an-
gular momentum which characterizes a given
configuration. The angular momentum functional
J= [d*x €;r'T% s given by

J=— [de;r'[fa,f+fH0+ 4,)0;0+ 4))]

=— [dPre;r'[fo,f —kF,(3,6+ 4,)] (2.11)
with Gauss’s law (2.2).

As studied in detail in Refs. [1,2], there are vortices in
the asymmetric phase and nontopological solitons in the
symmetric  phase. The rotationally symmetric
configurations of these solitons of a given vorticity n are
described by the ansatz, f(r),0=n¢, and
A;=€;r/la(r)—n]/r’. In the symmetric phase where
f(0)=0, the solution becomes a nontopological soliton
with vorticity n. In this case it is shown in Ref. [2] that
a(o)=—a, where a>n +2. In the asymmetric phase
where f( o0 )=v, a( 0 )=0 and the solution becomes over-
lapped vortices. The total magnetic flux of this ansatz is

V=-2m(n+a). (2.12)

The angular momentum of the solution can be calculated
from Eq. (2.11) [2] leading to

elz—g,1*+0W(z—q,)°) , (2.10)

J=mx(a?—n?) . (2.13)

Since we have used just Gauss’s law, Eq. (2.13) is applica-
ble to theories with a more general potential than the
self-dual one (2.3). Nontopological solitons in the sym-
metric phase have the energy per charge identical to that
of elementary charged particles, implying that they are at
the verge of instability. Vortices in the asymmetric phase
are, however, stable for topological reasons.

In the symmetric phase elementary particles have spin
s,=1/4mk and nontopological solitons have spin
s,Q0>—Qn. Since total charge would be quantized in in-
tegers, the On part would be an integer. The statistics of
elementary charged particles and nontopological solitons
is given by the phase change of the wave function for two
identical objects when they are rotated by 180° counter-

: 2
clockwise around the center of mass ezm”Q , and is iden-
tical to half of the Aharonov-Bohm phase e¢¥2/2. On the
other hand, vortices of unit vorticity would carry spin
s,=—mk and the correct statistics would be

. i 02
e2m3"=e 2mis, @ , which cannot be the naive Aharonov-
Bohm phase.

The self-dual configurations of vortices seem to be
parametrized only by positions q,. The energy is in-
dependent of vortex positions and so derivatives of fields
with respect to vortex positions would become 2n zero

modes of self-dual equations. For  self-dual



2044 YOONBAI KIM AND KIMYEONG LEE 49

configurations, the total angular momentum (2.11) be-
comes

J=x [ d% €;r'(d;0+ 4,)F, . (2.14)
It would be interesting for the total angular momentum
to be expressed explicitly in terms of the field
configuration rather than as an integration over a space
of its density. To find such an expression, we note first
from Eq. (2.2) that F, vanishes at points q,’s because f*
vanishes there. Without changing the value of J, we can
then subtract these points from the integration in Eq.
(2.14). Ia the subtracted region, F,=3,4, — 0,4, with
A;= A;+09,0. Noting that
Eijrizjfklak Zl =ai[—7l_‘ri( Zj )2”~ ZI(VJZJ )]
+(0; 4; >(er,.> , (2.15)

and A, being transverse from Eq. (2.7), we can write the
angular momentum as a boundary integration [2]:

S$dii—¢ dr

J=—« €;{1r/(4,)?—4,(r*4;)} ,

(2.16)

where the sum is over the positions of vortices and the
line integral is around a small counterclockwise circle
around q,. There is no spatial infinity term in the asym-
metric phase. (For nontopological solitons the boundary
at spatial infinity contributes and this contribution does
not depend on the position or shape of solitons.)

So far we have reviewed what is known in Ref. [2]. Let
us pursue further along this direction. Let us evaluate
the integral in Eq. (2.16) at each vortex position q,. Near
q,, we can put r'=gq; +¢;;1] and Eq. (2.16) becomes

J=—«3 Pdiie; (1) 4,)*— ;¢ 4,))

k3 Pdlie,(tey A~ A (eyli A} . @2.17)
We use Eqs. (2.7) and (2.10) to expand 4; near q,:
A;=—€;3,Inf
1 .
=—€; +b{+0(,) |, (2.18)

_a

1,12
where b, =b}=ib?. We perform the integration in Eq.
(2.17) with Eq. (2.18) to get the total angular momentum
as

J=—2mkY q,bi[q,]—mk|n| (2.19)
a

with the total vorticity n. The first term of the right-
hand side of Eq. (2.19) represents the orbital part and the
second term represents the spin part.

There is only one length scale v2/k in the problem. As
the distance between vortices goes to infinity, the field
around each vortex position would approach to the rota-
tionally symmetric ansatz exponentially, which with Eq.
(2.10) means that b,[g, ]’s vanish exponentially with the
mutual distance. Thus, the total angular momentum

FIG. 1. Plot of the f field in units of v on the x-y plane for
two vortices of mutual distance d =6 with spatial distance unit
v2/k.

(2.19) would change from s,n* to s,n as vortices get
separated from each other. The self-dual vortex
configurations are degenerate in the energy but not in the
angular momentum. The orbital part of the angular
momentum is explicitly expressed in terms of self-dual
configurations in Eq. (2.19).

Let us now consider the system of two vortices located
at points q;=q/2 and q,= —q/2. The symmetry of the
configuration tells us that

flq)=f(r;—q)=f(—1;,—q),

which, in turn, implies b;(q)=—b;(—q)=—b,(q). In
addition, Eq. (2.9) is parity invariant and so the f
configuration does not change under the reflection which

exchanges two vortices, implying that
b,=qB(q) , (2.20)

where ¢ =|q|. The total angular momentum (2.19) be-
comes

FIG. 2. Plot of the magnetic field F,, in units of v*/4k? on
the x-y plane with d =6.
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FIG. 3. Plot of the total angular momentum in units of —m«
as a function of mutual distance d.

J=—2mkq*B(q)— 27k . 2.21)

This angular momentum should approach that of the two
overlapped vortices when g —0, which implies
B= % +const (2.22)

q

near g =0.

We have studied the configurations of two vortices by a
numerical analysis. Although the existence of multivor-
tex solutions is proved [11], no exact solutions are found.
Figures 1 and 2 show the magnitude of the scalar field
and the magnetic field at d =6k/v2. In Fig. 3, we show
the total angular momentum as a function of the separa-
tion distance. The total angular momentum decreases
from —4wk to —2mk, supporting the argument in the
previous paragraphs.

III. DUAL FORMULATION

To understand the interaction between vortices, let us
consider transition amplitudes of a Chern-Simons-Higgs
system in the path integral formalism. For a generality
we include an external gauge field A;"‘ and an external
current J¥. The Lagrangian is then

Hf(x)3exp

where the nontrivial Jacobian is essential. As 7 is single
valued, one can integrate over 7 in the standard way,
leading to

Jtanlexp [i [ a*x cra,n | =8(3,c1) (3.8)

i [@x[1723,0+ 4, + A5 P] | = [ [dC¥exp

2045

K Vi
L="€"A4,0,4,+13,f)
+1f%8,0+4,+ A7 V—Uf)+4,J*. (3.1)

The generating functional is

Z=(F|e HT|I)
= [1df11d6)[d 4, I1f(x)¥rexp

X

ifd3x,C ]\I/, ,

(3.2)
where there is a nontrivial Jacobian factor because we use
the radial coordinate for the scalar field. The initial and
final wave functions W ; give necessary boundary condi-
tions.

A given field configuration in the path integral could
contain vortices and antivortices and the 6 field could be
multivalued. We can, in principle, split the @ field into
two parts,

O(r,t)=0(r,t)+n(x,t), (3.3)
where the first term describes a configuration of vortices,
0(r,t)=3 (—1)°Arg[r—q,(1)], (3.4)

a

with vorticities (—1)? and locations q,(#), and the second
term 7 represents single-valued fluctuations around a
given configuration of vortices. From the multivalued 8,
we can construct the vortex current

1 _
B = —MvP,
K#(x)=—€""3,9,0

dq,
=2(—1)"|1, ;t 8Ur—q,(1))
dql
=5, (=1 [ dr =8 x"~g2(r) , (3.5)

which satisfies the conservation law, a#K £=0. Integra-
tion over the 0 variable becomes

[d6]1=[dB][dn]=[dg}][dn], (3.6)

which means that we sum over single-valued fluctuations
around a given configuration of vortices and then sum
over all possible configurations of vortices, including an-
nihilation and creation of vortex pairs.

Let us now linearize the third term of the Lagrangian
(3.1) by introducing an auxiliary vector field C*:

(3.7

i [dx {—#(Cﬂﬂcwaﬂmapw A, +A)

Now we introduce the dual gauge field H,, to satisfy
[ 1acr18(3,cH) - - -

1
2T

= [ [dC*][dH 18 |C+—

€*?d H, ‘ -e-(3.9)
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where the ellipses denote the integrand. There would be
an infinite gauge volume which can be taken care of later,
but there is no nontrivial Jacobian factor as the change of
variables is linear. By using the fact that

1

—~—€"?(3,0)3, H,=K"H,,

3.10
2776 ( )

up to a total derivative, we can integrate over C*, result-

ing in the Lagrangian, which is

_ 1
1672 f?

1 V) t
+§e“PH“avA;"+A#J“+ N

[—

1
2
H),+H,K'+1e"P 4,0, |[kA,+—H,

(3.11)

where H,,=0d,H,—0d,H
dependent terms.

The exponent is quadratic in 4, and so the integral
over A, is easy. The equation of motion for 4, is

KehPY, A, = — %EﬂVPava —JH
T

. and the ellipses indicates f-

(3.12)

whose solution is formally

1
Ay=—5 —H,+V,

(3.13)

where €%9,V,=—J#/k. Rather than integrating over
A,, we substitute 4, in the path integral by Eq. (3.13)
and then the integration over 4, becomes the integration
over V.

The resulting path integral becomes

Z=[1f dfldg/)ldH, )[4V, Jexp

ifd3xlD ] N
(3.14)

where the dual transformed Lagrangian is

- 2__ _ 1 2 1 v
Lp=3Q,f)1=U) 161Tzf2Huv 8772,(6# H,0.H,

1 L xt
+H#K”“?H#J“+ET—€“ PH#aVA;

+ DY, BY, TV, (3.15)
There is no Jacobian factor in the measure. One can in-
troduce the gauge-fixing terms for H,, and V,. The sign
difference between the Chern-Simons terms of the origi-
nal and dual transformed theories will be crucial in un-
derstanding the statistics of vortices. The original gauge
field is separated into two pieces: H, and V,. The vor-
tex current K# becomes an electric current for the dual
field H e The external current is, however, coupled to
both the dual gauge field H, and reduced gauge field V.

Now the vortex positions appear in the Lagrangian ex-
plicitly, however, without any kinetic term. The mass of
vortices arises solely from the f,H, fields. The vortex
position cannot be chosen independently from the field
configurations. The variation of H, implies Gauss’s law
constraint
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3, {}%Hm ]

2

K

1

K

H,+4r’K°+2nF 3 — =-J°=0,

(3.16)

The relation between the original fields and the dual
fields in the classical level can be seen from the equations
one would get from the Lagrangians at various steps.
They are related to each other by

2 ext y — — 1
f (ay9+ A#+ Aﬂl)_cﬂ_—i;
Another relation between the original and dual fields is

given by Eq. (3.13). The original U(1) charge is then
given by

0= [d{fU6+ Ao+ AFT)+J)
=fd2r

— 2 0 K 1
_fd r127TKK +“2‘;ai [FHOi

€npHP . (3.17)

—21;H12+J°

+RFS L, (3.18)

where the last equality comes from Gauss’s law (3.16).
The second-to-last term gives a nonzero contribution to
the charge for the configuration of nontopological soli-
tons in the symmetric phase where the f field vanishes
only on the isolated points and the spatial infinity. Note
that the charge conservation in dual formulation is
satisfied by the topology of the field configuration, not by
the field equations.

IV. PHYSICAL CONSEQUENCES

We have obtained the dual formulation of Chern-
Simons-Higgs systems, which could be useful in under-
standing the various physical aspects of the asymmetric
phase. In the dual formalism the interaction between
vortices is more direct because they appear as charged
particles rather than topological objects. In addition, we
can see the interaction between vortices and external
currents and fields more directly. The dual transforma-
tion in general changes a weak-coupling theory into a
strong-coupling theory and vice versa. The dual formula-
tion has been widely used to understand the phase struc-
ture of a given theory. (See Ref. [12] for a review.) If we
try to quantize vortices by the semiclassical method, the
coupling between elementary particles should be very
small, or k >>1 for the method to be a good approxima-
tion. In this case, vortices interact with each other
strongly as one can see from the dual formulation. How-
ever this aspect of the dual formulation will not be ex-
plored in this paper. Let us now make a few observa-
tions, about the dual formulation.

A. Massive vector bosons

There are two ways to describe a massive vector boson
of spin one in three dimensions: the Maxwell-Chern-
Simons terms or the Chern-Simons-Higgs terms. This
observation led to the original derivation of the dual
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transformation [6]. From Egs. (3.1) and (3.15) with f =v
we have two equivalent Lagrangians:

K Vi
LS A A, AL
] i 4.1)
Lr=— H., —
2 167?  # 872
Both describe a particle of mass m =v2/|«| and spin
—x/|k|

—€¢"PH,3.H, .

B. Quantum Magnus phase

We know how a spinning baseball curves. Let us con-
sider a two-dimensional version. When a ball is moving
to the negative x direction with clockwise rotation in a
fluid, the wind velocity (at the ball’s rest frame) on the
positive y part is faster than that on the negative y part,
resulting in the pressure difference. The net force on the
ball is then pointing the positive y direction. The magni-
tude of the force is proportional to the ball velocity and
so this force is somewhat similar to an effective Lorentz
force due to a constant magnetic field. When the moving
object is a vortex, it is called the Magnus force [8].

The simplest example in field theories is the theory of a
complex scalar field with a global Abelian symmetry.
When global vortices in this theory move in a uniform
charge background, it feels this Magnus force. As one
can see in Appendix A, the charge density appears as a
uniform magnetic field and vortices as charged particles
in the dual formulation. The Magnus force is given ex-
actly as a Lorentz force

Let us consider now vortices in the asymmetric phase
of a Maxwell-Higgs theory. A vortex with nonzero speed
moves in a straight line because it is just Lorentz boosted.
If we introduce a uniform external electric charge, a vor-
tex moves differently. The background charge will be
shielded by the counter charge carried by the Higgs field.
There is also a rest frame of charge. As shown in Appen-
dix B, vortices now feel the Magnus force due to the
shielding charge carried by the Higgs field, quite similarly
as global vortices feel the force due to the global charge
carried by the complex scalar field. In Appendix B, we
show that in the dual formulation vortices again appear
as charge particles and the shielding charge appears as
the uniform magnetic field. The Lorentz force due to this
effective magnetic field is again the Magnus force in dis-
guise.

Vortices in a Chern-Simons-Higgs theory carry both
magnetic flux and charge around their core. When vor-
tices are close to each other, they would feel the elec-
tromagnetic force, which leads to an Aharonov-Bohm
phase at a large distance. Because vortices carry charge,
there would be also the Magnus force between vortices.
The Magnus force is like a Lorentz force in nature and
would lead to an additional Aharonov-Bohm phase. The
total Aharonov-Bohm phase would then be a sum of
those from these two forces. As we have seen in the pre-
vious section, the dual formulation of Chern-Simons-
Higgs systems has the dual gauge interaction between
vortices. Thus, one would say the original electromag-
netic force and the Magnus force come together as a sin-
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gle dual gauge force. Vortices are charged particles in
the dual formulation and so their statistics should be
given by the Aharonov-Bohm phase coming from the
dual Lagrangian (3.15). The Aharonov-Bohm phase is a
long-distance effect and determined only by the Chern-
Simons term. The sign of the Chern-Simons term in the
dual Lagrangian is opposite that of the original Lagrang-
ian, which makes the real Aharonov-Bohm phase be-
tween vortices exactly the inverse of the naive
Aharonov-Bohm phase. This implies that the Magnus
force is two times larger than and has opposite sign to the
original electromagnetic force. The statistics from the
dual Aharonov-Bohm phase is consistent with what we
expect from the vortex spin. Although the dual formula-
tion has been discovered many times [6], this aspect of
the vortex interaction has not been noticed before. Of
course, one should be able to derive the statistics between
vortices from the original formulation. This is done in
the next section.

C. External current and field

We have derived the dual Lagrangian which is valid
even with external currents and fields. Let us see first the
effect of an external point charge. In the asymmetric
phase of a Maxwell-Higgs theory, any charge will be
completely screened and the net total charge is zero. In
the asymmetric phase of a Chern-Simons-Higgs theory,
the charge of vortices cannot, however, be screened be-
cause Gauss’s law (2.3) or (3.16) implies that the total
charge is nonzero when there is a nonzero magnetic flux.
If there is no external field and vortex, there cannot be
any net magnetic flux for any finite energy configuration
and so the total charge is zero, implying that external
charges are totally screened. For a given external point
charge, the screening charge will surround this charge
with the length scale given from the Higgs boson mass.

What is the interaction between external currents and
vortices? The dual Lagrangian (3.15) leads to the answer.
Both of them are charged currents of the dual gauge field
and so there would be a nontrivial phase when the exter-
nal charge goes around a vortex in a full circle. This
phase is determined by the dual Lagrangian and is given
bye "~ with an external charge Q.,,. If the charge is
fractional, the phase is nontrivial because the Higgs field
carries a unit charge and can screen only integer charges
completely. From Gauss’s law (3.16) we see that a uni-
form external charge density is screened by a uniform
dual magnetic field. A single vortex moving on this back-
ground would feel the Magnus force which appears as a
Lorentz force.

What is the interaction between two external point
charges? They are interacting through both gauge fields
H, and V,. At a large distance, the Aharonov-Bohm
phases due to two gauge interactions would cancel each
other, and there is no nontrivial phase between them.
Since the screening charge has a finite core size, at a short
distance external charges would see the nontrivial statis-
tics.

We can ask whether the external currents and fields
could have a dynamical origin. In Sec. III we have not
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used the conservation of external currents explicitly. The
key aspect is that external currents and the gauge field
A, couple linearly. There seems to be two simple exam-
ples where external currents arise dynamically. The
matter could be made of fermions, in which case A4 “J ®
would be replaced by

Lp=igy"d,tied W+ -+, 4.2)

where the ellipses denotes the mass and Yukawa interac-
tion terms. Or, the matter field could be made of a sim-
ple gauge field, in which case the additional Lagrangian
would be

lﬁW:ef'”pA,Lava‘F S, (4.3)

where the ellipses indicates the kinetic terms for the W,
field. The external field A;"' can be made dynamical by
replacing A;’“ in Eq. (3.1) by a gauge field W, with some
kinetic term. It is trivial to see how these dynamical de-
grees couple to the dual gauge field, which we will not
bother to write down.

One may wonder whether there is any dual formula-
tion of Maxwell-Chern-Simons-Higgs theories. One can
follow a similar procedure as in Sec. III and Appendix B
and will end with a dual formulation with two gauge
fields even when there is no external currents and fields.
In the case where the f field is fixed as a constant, a dual
formulation with a single gauge field was obtained in Ref.
[13] with a different approach.

V. LOW-ENERGY EFFECTIVE LAGRANGIAN

We now consider the dynamics of self-dual vortices
with the specific potential (2.3). Vortices at rest are de-
scribed by the configurations satisfying the self-dual
equations (2.7). As they are degenerated in energy, there
are no attractive or repulsive forces between them even
though there may be velocity-dependent forces. We ask
then what is the effective action for slowly moving vor-
tices? As there are no massless modes in the system, the
slowly moving vortices would not dissipate their energy
to other degrees of freedom and would be described by a
nonrelativistic action of interacting particles. This action
would consist of terms quadratic and linear in vortex ve-
locities. The most general Lagrangian for the n slowly
moving vortices with positions q,(¢) would then be

L=1 'S Ri(a)diai+3 diHiG,) - (5.1
ab, ij a,i

We want to derive this Lagrangian from the field-
theoretic consideration. The linear term would represent
the “dual magnetic” interaction between vortices. The
effective action also should somehow take into account
the fact that vortices are not degenerate in angular
momentum. At the moment, we are interested in the
classical picture. For this classical picture to be con-
sistent, quantum fluctuations should be very small, which
means x >>1 and vortices interact with each other strong-
ly as argued in the previous section.

There are considerable works [10] for the effective ac-
tion for slowly moving vortices in self-dual Maxwell-

Higgs systems. Their approaches are either geometrical
or numerical. Here we take a somewhat different tactic
which seems to work also in the Maxwell-Higgs case as
shown in Appendix C, where we use the dual formulation
even though the original formulation would work equally
well. For self-dual Chern-Simons-Higgs systems, the
dual formulation seems cumbersome for our present pur-
pose and we start from the original Lagrangian (2.1).

Consider n vortices with a uniform velocity u and the
total mass M =mv2n. The field configuration for this case
can be obtained from that of vortices at rest by a Lorentz
transformation. We are interested in the slow motion or
the nonrelativistic limit. The f field would transform
trivially and the gauge field as a vector would have a
correction linear in u. The gauge fields would satisfy the
field equation to first order in u. We can calculate the
Lagrangian L= [d?. with this transformed
configuration and get the expected result
L=Mu*/2—M.

For the field configuration of slowly moving vortices of
a given trajectory q,(¢), we imagine a generalization of
the nonrelativistic limit of the Lorentz transformation.
For consistency, we will assume that there are first-order
corrections to both scalar and gauge fields, and require
that they satisfy the field equations to the first order in
the vortex velocities, q,(¢). The zeroth order f field
would be f(r;q,(#)) which satisfies Eq. (2.9). The
zeroth-order 6 field would be 6=3 ,Arg[r—q,(t)]. For
a given zeroth-order scalar field, the gauge field in the
same order can be obtained from Egs. (2.3) and (2.7):

. —_ 1 a2
Ay(r;q,(2)) 2K(f ve),

- f?
A.(r;q,(1)=—1e;dIn—I——
i\r;q (1) 261 J nHa(r___qa(t))Z

From the Lagrangian (2.1), we get the field equations
~8ﬁf+(aﬂ6— A“)Zf— uf)=o0,
kF,+fU 6+ 4,)=0, (5.3)
K€, Fo;+ 23,6+ 4,)=0 .

The field equation for the 6 field can be obtained from the
Jacobi identity for the gauge field equations. We demand
the field equations are satisfied to first order in the vortex
velocities by the field corrections Af, A6, AA u We
choose the gauge where AG=0. From Eq. (5.3), we get
the first-order field equations

PAf+[AZ—(3,0+ AP IAf +2f Ao(6+AA4,)

—2(3,0+ A,)A A, —U"(f)Af =0,
K€;O,AA;+ fHO+AAG)+2f AgAf =0, (5.4)
K€ (A;—d;AAg)+f2AA;+21(3;6+ 4)Af =0,

where f, A, are given in zeroth order. We do not know
at the present moment the solution Af,A 4, of Eq. (5.4)
in terms of f explicitly. If there is a unique solution of
Eq. (5.4) for a given trajectory of vortices, we have
definite configurations for slowly moving vortices of the
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self-dual Chern-Simons-Higgs system. For the vortices of
a uniform motion, the solution of Eq. (5.4) is trivially
given taking the nonrelativistic limit of the Lorentz
transformed fields.

We imagine the field sum in the path integral to be re-
stricted to these configurations for slowly moving vor-
tices. The field-theoretic action for slowly moving vor-
tices then becomes the effective action as a functional of
these vortex trajectories. There will be terms linear and
quadratic in the vortex velocities, but no terms which just
depend on the vortex positions. We do not need to con-
sider the second-order corrections to the fields because
their contribution vanishes due to the field equations
satisfied by the zeroth-order fields. By using Gauss’s law
(2.2), let us write the Lagrangian density (2.1) as

.Lz%f.'z—KéFu—%GijA.,-Aj—%(a,-f)z

—L1fUO+ 4P —LfU3;0+ 4,2 —U(f). (5.5)

The zeroth-order term in the effective action can be
calculated trivially and becomes negative of the rest
mass. In Eq. (5.5) the last four terms can be put into a
sum of two squares plus the rest mass term as shown in

OF ;,=¢€;;€444(3;In|r—q,|)d; 4,

=4'9,(4;3;In|r—q,1)—§,3;(4;3;In|r—q,|)+4,(3; 4,)3;,In|r—q,|—4:9;( 4,3,In|r—q, ) +¢} 4
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Eq. (2.5) and so yields only the second-order terms.
Thus, the first-order term AL for the self-dual system is
given by
. K .
where the fields are given in zeroth order. From this La-
grangian, it is not clear how to separate the effect of the
electromagnetic interaction from that of the Magnus
force. With Eq. (5.2), the second part of the right-hand
side of Eq. (5.6) is proportional to
. f?
26‘-]' A" A] = A‘a,aoll’l_

I

f2
A;0pln— | +(9; 4;)9gln-— ,
i9ol I (9; 4,)3l T

with the obvious understanding of J]. Since the zeroth-
order gauge field is transverse and the boundary terms
lead to no contribution to the effective action, Eq. (5.7)
does not contribute to the effective action. With
6=3,€,;4:9;In|lr—q,|, the first part of the right-hand
side of Eq. (5.6) is proportional to

2

= _a,- (5.7)

2
;97nlr—q, |,
(5.8)

where €;;€;,=08;,8;8,08 is used and the sum over the index a is assumed. Now we can get the first-order term of the

effective Lagrangian from Egs. (5.6) and (5.8),

AL= [d»AL=—2mc S ¢} A,(q,),
a

(5.9

where 3%n|r—q,|=278(r—q,) is used and the boundary terms are dropped as they make no contributions to the
effective action. There is another way to see that Eq. (5.9) is the only contribution from Eq. (5.8) even though many
terms in Eq. (5.8) seem singular at vortex positions. Because ~1/8 and F,, ~ 8% with 8=r—q,, 6F, vanishes at vor-
tex positions, which allows us to subtract these points from the integration in Eq. (5.9). Then we can calculate the in-
tegration with boundary contributions at vortex positions, getting the same result. From Egs. (2.7) and (2.10), we get

. 9i—qf
Alr=g,)= ¢ [b{(g)+ 3 T2 2
b#a lqa _Clb'

The second-order term in the Lagrangian would be

(5.10)

AL =kAAGAF,+ike;(AA; A;+ A, AA)+ 12— L@Af P— LU (fNAf P+ LfHO+D4,)

—1fAAA P+ HASPAT—LAF)IHQ,0+ 4,2 +2fAf Ay(6+AAy)—2fAf(;0+ A;)AA, . (5.11)

First note that €;;A A; 4 ; =e,~j/i ;A A; up to a total time derivative, which does not affect the effective action. We use

Eq. (5.4) to remove U"’ and the Chern-Simons part up to total derivatives. The resulting second-order term is
Ap L =12+ LfUO+AAG?+LfHAA P+ fAfA(O+A Ay +FAS(3;0+ 4;,)A4; . (5.12)

Hence, we have obtained the effective action for slowly moving vortices. From Egs. (5.9) and (5.11), we can see that
the effective Lagrangian for slowly moving vortices is given by

L (qq,q,)= fdzr{%f2+%f2[(é+AAo)2+(AA,-)2]+fAfA0(0'+AA0)+fAf(a,-0+ A;)AA,;)

—27x Y 4. A:(q,) - (5.13)
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Here f, A; given by Egs. (2.9) and (5.2) and functions of
q,’s. Af and A4, are given by the first-order field equa-
tion (5.4). The effective Lagrangian is made of the usual
quadratic terms and the linear terms which describe the
magnetic interactions between vortices.

We made some reasonable assumptions to derive the
effective action for slowly moving vortices. A
configuration for moving vortices is specified by f +Af,
A,+AA,. The energy functional for this configuration
consists of the rest mass and terms linear and quadratic
in the vortex velocities. From Eq. (5.4), one can easily
show that A1E=fd2r ke;0;[ AgA A;], which vanishes.
The quadratic terms in the energy functional are not
identical to the quadratic part of the effective Lagrang-
ian. The difference is

ME —AL= [d{fAfA(B+A4y)
+fAf(3;0+ A;)A A, +L(3,Af )
+L(Af) A

+1L(Af)43,0+ 4,)*} , (5.14)
which does not seem to vanish. We believe that the
quadratic part of the effective action is given by A,L rath-
er than A,E because the linear part cannot be obtained
from the energy point of view. For uniformly moving
vortices, the first-order correction (5.4) of the fields would
be given by the nonrelativistic limit of the Lorentz
transformed fields and the effective Lagrangian becomes
the total kinetic energy of the system.

We can use Eq. (3.13) to express the linear term in
terms of the dual gauge field. As there is no external
charge, we can choose the gauge where V,=0 and
A,=—H, /2mk. The linear term (5.9) becomes then

123
AL=3q¢,H;(q,), (5.15)
a
which is exactly what we get from the dual formulation
and need for the statistics of vortices. The linear part
(5.6) implies the “dual magnetic” interaction between
vortices. In Sec. IV, we argued that dual magnetic in-
teraction originates both ordinary magnetic and Magnus
forces. This linear interacting term (5.14) leads to the
statistical phase between vortices. In Ref. [14], Egs. (5.6)
and (5.7) have been examined to get the statistics of vor-
tices at a large separation but was not put into a simple
form as Eq. (5.9) or (5.14), let alone its physical meaning.
From Eq. (2.2) we can see the original gauge field
strength F,, vanishes at r=q,. This does not mean that
the field strength felt by vortices vanishes. The reason is
that the gauge field 4,(r;q,) as a function of q, when
r=q, is different from that as a function of r. From Eq.
(5.10), we can get the field strength felt by the vortex at

9as

ﬂ]z(qa )= —2mK€;; ——

(5.16)
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Similar consideration would apply as well to the cases
studied in Appendices A and B.

There is an interesting check of the linear term. Let us
consider the total angular momentum of vortices from
the low-energy effective Lagrangian (5.12):

_ i oL
Jorbit"g, €;j4q aq{;
=21k 3 ;94 4;(q,)+0(4,) . (5.17)
With Egs. (2.10) and (5.2), one can see that
Jomie=—27x 3, q,°b[q, 1 +0(4,) , (5.18)

which is identical to the orbital part in Eq. (2.19) for vor-
tices at rest. Our effective Lagrangian for slowly moving
vortices is consistent with the field-theory Lagrangian.

Let us briefly study the dynamics of slowly moving two
vortices. First consider two overlapped vortices with a
small initial kinetic energy. The initial angular momen-
tum would be very close to 4s,. If they can escape form
each other to spatial infinity, their angular momentum
would be the sum of spins and the orbital angular
momentum, 2s, +uyb, where u, is the asymptotic speed
and b is the impact parameter. As we can choose the
kinetic energy, or u,, arbitrarily small, the angular
momentum conservation says that the impact parameter
becomes arbitrary large, which is impossible because the
force is short ranged. Rather, we think that two vortices
are bound together by the mutual magnetic field. By
turning around this argument, one can also see that two
vortices from the spatial infinity with very small kinetic
energy cannot make a head-on collision, rather they will
always veer off from each other. By a similar argument,
one can see that two vortices of a finite separation and a
very small kinetic energy would not escape to the spatial
infinity nor overlap each other.

More specifically, consider two vortices at rest whose
locations are q,= —q/2, q;=q/2. From Egs. (2.10) and
(2.20), we see the linear part of the effective Lagrangian
(5.9) can be written as

A\L=—2mke;g'q’ , (5.19)

| 1
Blg)——
\ q’

which is smooth due to Eq. (2.2). The naive Aharonov-
Bohm phase from the electromagnetic interaction would
come from the Lagrangian Q,¢'A4; with the vortex
charge Q, =2mk, which has the opposite sign as that of
the above equation. The magnetic field felt by the re-
duced one body is

_ 2wk d(gB)

Hulg)=— =550

(5.20)

with J in Eq. (2.21). The magnitude of the angular
momentum decreases with the separation between vor-
tices. The sign of the magnetic field is then opposite the
sign of the angular momentum, which tells us the direc-
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tion to which the vortex trajectories bend. When the vor-
tex spin is positive, or, k <0, vortices in a two-vortex sys-
tem turn right. For the negative spin, vortices turn left.
From this one can easily obtain a qualitative picture of
the dynamics of two vortices which are either bounded
closely or starting and ending at the spatial infinity.
However, the detailed pictures seem to be complicated
and will not be pursued here.

Somewhat similar behavior has been observed numeri-
cally in another kind of self-dual system with global
charge and topology in three dimensions [15]. Our ap-
proach may shed some light on the physical understand-
ing of the interaction between those solitons.

Finally, let us consider the meaning of the effective La-
grangian (5.11). We do not have any geometric deriva-
tion of the quadratic term, but we can take the quadratic
term as a metric on the moduli space, the self-dual
configurations of vortices. The linear term could be in-
terpreted as a magnetic field in the moduli space. Vor-
tices are then moving along geodesics determined by the
metric and magnetic field. Vortices carry spin and may
feel the spin connection of the metric on the moduli
space. Since the spin connection could be also interpret-
ed as a sort of gauge field, the linear term in our effective
Lagrangian may be interpretable as the spin connection,
making the effective action fully geometric. To see this,
we need a better understanding of the quadratic part of
the effective action.

VI. CONCLUSION

We understand now various aspects of vortex dynamics
in Chern-Simons-Higgs systems. We have the dual for-
mulation in the path-integral formalism, where the in-
teraction between vortices manifests. The statistics of
vortices comes from the Aharonov-Bohm phase of the
dual gauge interaction, which combines the usual elec-
tromagnetic and Magnus forces. In the dual formulation,
we included the external field and current, which could
be dynamical. In self-dual models we studied the proper-
ties of static vortices and presented an effective action for
slowly moving vortices.

There seems to be some interesting directions to take
from here. One direction is to find further use of the dual
formulation. We can ask whether the perturbative ex-
pansion is possible in the dual formulation. For vortices
moving on a curved surface whose typical length scale is
much larger than the size of vortices, there could be a
force on vortices via spin connection because vortices
carry spin. Maybe our approaches would shed some light
on that. It would also be interesting to find whether
there is a dual formulation of the nonrelativistic limit of
the theory in the symmetric phase. Another is to under-
stand better the effective action for slowly moving vor-
tices and its dynamical consequences. In addition to the
statistics, we have not studied the quantum aspects of
vortex dynamics. Quantum aspects of vortices in the
field theoretic and effective action levels need further in-
vestigation.
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APPENDIX A

Here we derive the Magnus force in the simplest exam-
ple. Consider the theory of a complex scalar field in three
dimensions with a global U(1) symmetry. The Lagrang-
ian is given by

_z:=|a“¢|2—U(¢) . (A1)

The generating functional is

Z=(Fle ™|1)= [[d¢][d¢* Jexp

ifaxL]. a2
With ¢ = fe'?/v/2, the Lagrangian becomes

L=13,fP+1f*3,07—U(f). (A3)

The conserved current for the global Abelian symme-
try is j,=f 26#0. Suppose we are interested in the
minimum energy density configuration for a given uni-
form charge density j°=py. The phase becomes 6=uwt
with a constant w and the f field is fixed by the minimiz-
ing the energy density:

Ul )= 2

There could be a global vortex with this background.
The ansatz will be f(r) and 6=wt+ng. These vortices
carry logarithmically divergent energy and quadratically
divergent angular momentum when the charge density is
nonzero.

Let us consider the motion of vortices and antivortices
with some background charge. For example, one is imag-
ing some bosonic superfluid or Q matter. In the same
way as in Sec. III, we introduce an auxiliary field C* to
linearize the second term of the Lagrangian (A3).
Separate the phase 6 into a part for vortex configurations
and a part for single-valued fluctuations as in Eq. (3.3).
Integrate over the fluctuation to get a new gauge field H u
for CH. After some further steps, similar to Sec. III, we
arrive at the dual formulation of the generating function-
al:

24U . (A4)

z= [[f2df)[dH ) [dg} lexp ifd3x.LD] , (A5)
where
Lp=3@,f P~ —S—H2 +H, K" (A6)

16722

with K# given in Eq. (3.5). There is no Jacobian factor in
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measure as in Sec. III. In the dual formulation the Gold-
stone boson is described by the massless vector field with
the Maxwell kinetic term. Vortices become charged par-
ticles and the logarithmically divergent self-energy comes
from the divergent Coulomb energy.

In the dual formalism, the conserved current for the
global symmetry becomes

JH=f0=€"Pd H, . (A7)

The uniform charge density background becomes a uni-
form magnetic field background. Vortices moving on a
uniform charge background would feel the Magnus force
as a Lorentz force in the dual formulation.

Let us now do a little bit of the fluid dynamic approach
to the Magnus force to figure out the direction. For the
positive w and n, the momentum density flow

T%=— [d*[f3,f +1%60,6]

around the vortex is clockwise, resulting in the negative
angular momentum density. Let us consider a vortex
moving to the negative x axis. This is very similar to the
case where the two-dimensional baseball moving in the
same direction with the same rotation, feeling the net
Magnus force in the positive y direction. This direction
of force is exactly that of the Lorentz force one would get
from the dual Lagrangian (A6).

[(dF,,1(d4,18(F,,—(3,4,-03,4,))

= [[dF,,)ld4

The F,, integration is just a Gaussian integral and so
trivial. The 4, integration leads to a factor

1

kv .y 7 B4
8|5 €N, —J (B4)

which is consistent only if the external current J* is con-
served explicitly. Thus, unlike in Sec. III, the external
current could have a dynamical origin only for the case
when A4, J* is replaced by

Ly =€""4,03,W,+Kkinetic terms . (BS)

The external gauge field can be made dynamical by sim-
ply replacing 4 by, for example, W, in Eq. (BS).
Let us consider a single-valued scalar field § such that

N,=N,+3,¢, (B6)
where

P N ,=2mJ" (B7)
and apN »=0. A uniform external electric charge density

corresponds to a uniform magnetic field in the vector po-
tential N,. If we put N, =3, for a point current of unit
charge, { becomes multivalued with shift 277, which can
be absorbed into {. This allows an interpretation that

. 1 .
u [N, Jexp lfd%c:;e“ PN, [F,,—

APPENDIX B

Here we present the path integral derivation of the
dual transformation for a Maxwell-Higgs theory in three
dimensions. For some earlier related works see Ref. [16].
The Lagrangian for a complex scalar field ¢=fe'®/v2
coupled to the gauge field 4, is

1 ex
L= —FFZ + 13, f )P+ 14,0+ A4, +A45)
=v(fH+4,J", (B1)

where J# is the external current and A Z’“ is the external
gauge field. As in Sec. III, we introduce the vortex
current K* and integrate over the fluctuation part of the
0 field, resulting in a dual gauge field H,,. The effective
Lagrangian becomes

1 2 1
77'2f2 H#V‘{’H#K“—EF#V

L=H3,f P—U(f)—

1 1

vy v t
+EGMPH#FVP+Z;EMPH#FZ)L+AuJ“. (B2)

In order to treat F,, and 4, to be independent from
each other, we introduce a vector field N u SO that

(8,4,—3,4,)] |- . (B

[

point external charges of integer charge are vortices in
the § variable.

Putting it together, the generating functional after the
dual transformation becomes

z= [[f%df)(dH,)[dg!)[d{18(ePd N, —2m]*)

Xexp

Jasy]. (BS)

1
167212

—U(NH— H, +H,K"

e?

—(H,+N,+3,6’+——€"PH, F5; (B9)
TT 41
with K* given in Eq. (3.5). There is an obvious Abelian
gauge symmetry in the dual Lagrangian. The point
external currents of integer charge could appear as vor-
tices in the § variable. The massive vector bosons of spin
*1 are described by the Maxwell-Higgs terms in both
formalisms.

If there is a uniform electric charge density back-
ground, we know that there should be a uniform charge
density background of the opposite charge carried by the
Higgs field to have a finite Coulomb energy. In the duai
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formulation, there is a uniform external magnetic field
carried by N » which should be balanced by the uniform
magnetic field of the opposite sign carried by H, for a
finite energy density as one can see in the dual Lagrang-
ian (B9). In the dual formulation vortices moving on the
uniform charged background are equivalent to charged
particles moving on a uniform external magnetic field and
vortices feel the Magnus force as an effective Lorentz
force.

APPENDIX C

Here we study the effective Lagrangian for slowly mov-
ing vortices in self-dual Maxwell-Higgs systems in the
dual formulation of Appendix B. The self-dual model is
fixed by choosing the potential

2
U(f)=—8—(f2—v2)2 (ChH

The energy functional of the dual Lagrangian (B9) can be
rewritten as

1
E= [d* 3f2+

= o, fr——

1 e? —
WH%2+ET;(H,-+N,-+B,~§)2

2
=
2 —
+—:?[H0+N0+80§3F7r(f2—v2)]2]

+m7v?n , (C2)

where the vorticity n= [d*rK° appears because of
Gauss’s law:
+eX(Hy+9yf)+4mK°=0 .

) ‘ LH, (€3)

f2
The energy is bounded, E > mv?|n|. As there is no exter-
nal charge and field, we choose the gauge where N =0

and £=0. The energy bound is saturated by the
configurations satisfying f =0, H;=0:

Hy=*n(f>—0v?)
Hy=F7d,f?,

(C4)

and Gauss’s law (C3). Two equations in (C4) are con-
sistent to each other. Equations (C3) and (C4) can be put
together into an equation for f:

Anfl—eXf2—v?)=47 3 8(r—q,) . (C5)

Let us try to derive the low-energy effective Lagrang-
ian in the dual formulation. We know how the fields
transform under the nonrelativistic limit of the Lorentz
transformation of all vortices. The scalar field will be in-
variant but there is a nontrivial correction AH p to the
gauge field. The gauge field satisfies the Maxwell equa-
tion in the first order of vortex velocity q,:

3, +e2HF+47°KF=0 .

}I—ZH"‘ (C6)
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For slow moving vortices with vortex positions q,(t),
we assume that the fields transform like a complicated
version of the Lorentz transformation. The scalar field
would be given simply as f(r;q,(¢)). There would be a
correction to the gauge field linear in the velocity. We re-
quire that the Maxwell equation is again satisfied to first
order in velocity. Note that the velocity of vortices
would appear explicitly in the Maxwell equation by the
current K'=3, ¢,8(r—q,).

In zeroth order, only H, is nonzero as one can see
from Eq. (C4). The first-order part of Eq. (C6) is

9; lfza AH, |+e’AH,=
(C7)
—3y | 0,H, |+€,0, |2 AH , |+eAH,=4rK ! .
f f
The first part of Eq. (C7) implies that AH,=0. For the

second part of Eq. (C7), we apply both 9; and €9, lead-
ing to

0,AH, =mdyf?,
(C8)
—eAH ;=413 €,4.9,8(r—q,) .

f2
As we know the divergence and curl of AH,, in principle,
we can find AH; explicitly.

Before we consider the effective action, let us ask
whether the f field satisfies its field equation to first order
in the vortex velocity. One can be easily convinced that
the first-order correction Af can be put to be zero con-
sistently.

We now discuss the field configuration of slowly mov-
ing vortices for a given trajectory. Let us calculate the
field-theory action from Eq. (B9) for these configurations.
The zeroth-order term is minus the rest mass. There is
no first-order term. The second becomes the effective ac-
tion for slowly moving vortices. The field equation (C8)
is essential in this derivation. The effective Lagrangian is

)zfdzr —

e2
+—(AH;)
8

Leﬂ'(qa!Qa (AHIZ)

2f2

(C9)

Let us see what happens in the original formulation. The
field equations in the intermediate Lagrangians imply

P, H,=2mf2(3"6+ 4*) ,

(C10)
€, HP =2me’F
which implies that
e? .
=0,0glnf —¢;;0,6 (C11)

in the A4,=0 gauge. With this identification, our
effective Lagrangian (C9) can be shown easily to be iden-
tical to that of Samols in Ref. [10].
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FIG. 1. Plot of the f field in units of v on the x-y plane for
two vortices of mutual distance d =6 with spatial distance unit
v?/k.



FIG. 2. Plot of the magnetic field F,, in units of v*/4«* on
the x-y plane with d =6.



