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Analysis of the pion wave function in the light-cone formalism
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We analyze several general constraints on the pionic valence-state wave function. It is found that the
present model wave functions used in the light-cone formalism of perturbative quantum chromodynam-
ics have failed to reproduce the Chernyak-Zhitnitsky (CZ) distribution amplitude which is required to fit
the pionic form factor data and the reasonable valence-state structure function which does not exceed
the pionic structure function data for x — 1 simultaneously. A possible model wave function which can
satisfy all the general constraints has been suggested and analyzed.

PACS number(s): 12.38.—t, 12.39.—x, 13.60.—r

I. INTRODUCTION

The hadronic wave functions in terms of quark and
gluon degrees of freedom play an important role in quan-
tum chromodynamics (QCD) predictions for hadronic
processes. In the perturbative QCD (PQCD) theory [1],
the hadronic distribution amplitudes and structure func-
tions which enter exclusive and inclusive processes via
the factorization theorems [2,3] at high momentum
transfer can be determined by the hadronic wave func-
tions, and therefore they are the underlying links between
hadronic phenomena in QCD at large distances (nonper-
turbative) and small distances (perturbative). If the ha-
dronic wave functions were accurately known, then we
could calculate the hadronic distribution amplitudes and
structure functions for exclusive and inclusive processes
in QCD. Conversely, these processes also can provide
phenomenological constraints on the hadronic distribu-
tion amplitudes, the hadronic structure functions, and
thereby the hadronic wave functions.

Several important nonperturbative tools have been
developed which allow specific predictions for the ha-
dronic distribution amplitudes or the hadronic wave
functions directly from theory. A QCD sum-rule tech-
nique [4,5] and lattice gauge theory [6,7] provide con-
straints on the moments of the hadronic distribution am-
plitude. One thus could model the hadronic distribution
amplitudes by fitting the first few moments in terms of
Gegenbauer polynomials which are the solutions to the
evolution equation of hadronic distribution amplitude
[2,3]. The Chernyak-Zhitnitsky (CZ) distribution ampli-
tudes [4,5] (dubbed wave functions in the original papers)
constructed in this way are good in reproducing the
correct sign and magnitude as well as scaling behavior of
the pion, proton, and neutron form factors. However,
whether the CZ-like distribution amplitude is the correct
pion distribution amplitude is still an open problem.
Some earlier lattice Monte Carlo calculations [6],
designed to compute the pion distribution amplitude
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directly, were unable to distinguish between the asymp-
totic form and the CZ form. In a recent improved lattice
QCD calculation [7] the second moment of the pion dis-
tribution amplitude was found to be smaller than previ-
ous lattice calculations [6] and the sum-rule calculations
[4,5]. From another point of view, as different wave func-
tions may give the same distribution amplitude, there are
still ambiguities about the wave function even if we know
the exact form of the distribution amplitude. Hence it is
still necessary to develop methods which specify the ha-
dronic wave functions directly.

In principle, the Bethe-Salpeter formalism [8] and the
more recent discretized light-cone quantization approach
[9] could determine the hadronic wave functions, but in
practice there are many difficulties in getting the exact
wave functions at present [10,11]. One useful way is to
use the approximate bound state solution of a hadron in
terms of the quark model as the starting point for model-
ing the hadronic valence wave function. The Brodsky-
Huang-Lepage (BHL) prescription [3] of the hadronic
wave function is in fact obtained in this way by connect-
ing the equal-time wave function in the rest frame and
the wave function in the infinite momentum frame, and
the corresponding wave function gives a distribution am-
plitude which is significantly different from the CZ form.
In order to give the CZ-like distribution amplitude which
is required to fit the experimental data, a phenomenologi-
cal model for the hadronic valence state wave function
has been proposed [12-14] by adding a factorized func-
tion to the BHL wave function. The distribution ampli-
tude is almost the same as the CZ distribution amplitude
except for the end-point regions. Recently a light-cone
quark model approach of hadrons [15] has received atten-
tion for the reason that the model can simultaneously fit
low energy phenomena, the measured high momentum
transfer hadron form factor, and the CZ distribution am-
plitudes. The hadronic wave function in this approach,
as will be shown, is significantly different from the factor-
ized wave functions in Refs. [12 and 13] though both of
them give the similar CZ-like distribution amplitudes.

The purpose of this paper is to discuss the consequence
from physical constraints on the hadronic wave func-
tions, using pion valence state wave function as an exam-
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ple. In Sec. II we will list several general constraints on
the pion valence state wave function [3,16]. We then ana-
lyze, in Sec. 111, several existing pion wave functions used
in light-cone formalism of perturbative QCD. We hope
to find a wave function which could give both the ap-
proximate CZ distribution amplitude which is required to
fit the pion form factor data and the reasonable valence
state structure function which does not exceed the pion
structure function data simultaneously, with several con-
straints on the pion wave functions also satisfied. We
find, unfortunately, that the present model wave func-
tions have failed the requirements. Furthermore, the
most recent light-cone quark model wave function given
in Ref. [15] violates the general constraints severely. For
example, it gives a probability of finding the valence Fock
state in a pion much larger than unity if the correct nor-
malization of the pion distribution amplitude is retained.
Hence this wave function suffers from serious flaws.
However we show that the power-law form of the pionic
wave function can satisfy the requirements and it pro-
vides a possible example to find a good wave function to
be used in QCD theory. In order to properly evaluate the
effect from Melosh rotation [17,18] connecting the rest
frame equal-time wave function and the light-front wave
function in the light-cone formalism, we reconstruct in
Sec. IV the light-cone quark model of the pion in light-
I

ulx;p®,xpytky ,

front dynamics. We find that the contributions from
Melosh rotation in the ordinary helicity (A;+A,=0)
component wave function by using reasonable parameters
have no significant effect on the calculated distribution
amplitude and structure function in comparison with
those from the BHL wave function. In Sec. V we present
the summary.

II. CONSTRAINTS ON THE VALENCE-STATE
WAVE FUNCTION

In this paper we employ the particularly convenient
light-cone formalism [1-3] in which the description of
the hadronic wave functions is given by a set of n-particle
momentum space amplitude,

¥ (x, kA, i=1,2,...,n, 2.1)

defined on the free quark and gluon Fock basis equal
“light-cone time” 7=t +z in physical “light-cone” gauge
AT =A%+ 4%=0. Here x;=k;" /p*, with 3,x,=1, is
the light-cone momentum fraction of quark or gluon i in
the n-particle Fock state; k;, with 3k ; =0, is its trans-
verse momentum relative to the total momentum p*; and
A; is its light-cone helicity. Any hadron state can be ex-
panded in terms of this complete set of Fock states at
equal 7:

€(xp T x;pytky; ,

|H)Y=3 [ldx)ld% ], (x;,k.0) TT

n,A,. fermions
with the normalization condition

3 [ l1dx][d%k, 11, (xkyoh)P=1,
nA
where the sum is over all Fock states and helicities and

n
1I- ¥ x;

i=1

[Idx; , [d’k,]=16m8>

i=1

[dx]=6

i=1

\/xi

2k

— n) (2.2)
in |

gluons

(2.3)

[1(d%k, /167°) .

i=1

The quark and gluon structure functions G,,4(x,Q) and G, 4(x,Q), which control hard inclusive reactions, and the
hadron distribution amplitudes ¢ 4(x,Q), which control hard exclusive reactions, are simply related to these wave func-

tions [1-3]:
Go (%, Q=3 [[d%k,; 1dx; 1|9, (x;,k,)1%8(x —x,), a=qorg, (2.4)
n
[
and A,+A,=0 components) have been derived [3] from
2 0 : )
$(x,0)= f (o] (A%, Wyatence X1, K1) - 2.5) 7T—>,uv1and 7 —yvy decay amplitudes:
d d’k, /167y _(x,k,)= V3 .
In the case of inclusive reactions all of the hadron Fock f o f (d7k,/16m )¢‘1‘1(x k)=fz/2V3 2.6
states generally participate; whereas in the case of ex- and
clusive reactions perturbative QCD predicts that only the 1
lowest particle number (valence) Fock state contributes f o dx ¢'qq("’k1=0)=‘/§/ [ (2.7)

to the leading order in 1/Q.

In principle the hadronic wave functions determine all
properties of hadrons. From the relation between the
wave functions and measurable quantities we can get
some constraints on the general properties of the hadron-
ic wave functions. In the pionic case two important con-
straints on the valence state wave function (for the

where f,.=~93 MeV is the pion decay constant. The
A;+A,70 component valence state wave functions do
not contribute in the 7— uv and 7°— yy processes there-
by the presence of the A, +A,70 components does not al-
ter the above two constraints. Experimentally the aver-
age quark transverse momentum of the pion, {k?)_, is of
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the order (300 MeV)? approximately [16]. The quark
transverse momentum of the valence state pion, defined
to be

(k1) .= [(d%k, /16m")dx Ky (k)2 /p, . (2.8)

should be larger than (k?),. We thus could require that
vV (K} . have the value of about a few hundreds MeV,
serving as the third constraint. The fourth constraint is
the most natural one: The probability of finding the gg
Fock state in a pion should be not larger than unity,

P, = [(d%,/16m)dx |9 (x,k )P <1 . (2.9)

For the distribution amplitude we compare the calcu-
lated one with the CZ form:

bez(x)=5V3 f x(1—x)(2x —1)? . (2.10)

As for the case of the structure function, it should be no-
ticed that the valence state structure function is only one
part of the valence structure function of a pion. Hence it
is reasonable to require that the calculated valence state
structure function not exceed the structure function data
for the pion. We will use the NA3 parametrization [19]
of the pion structure function in comparison with the cal-
culated valence state structure function. It should be in-
dicated that the Q? corresponding to the NA3 data [19]

J

2

n
3¢’ |, 3q,=0 [c.m.]
i=1
€= n

M*— 3 [k} +m})/x;], 3k,;=0,3x,=

i=1 i=1 i=1

M?—

from which one obtains, for two-particle systems with
m,=m, (ie., ¢=¢%),
ki +m?
ep—
4x(1—x)
Then for two-particle states there is a possible connection
between the rest frame wave function ¢ (q), which

controls binding and hadronic spectroscopy, and the
light-cone wave function ¥; o(x,k,) by

2

q —m?. (3.2)

kf-i-m2
4x(1—x)

Ve m (@)oY c —m? (3.3)

As an example, the wave function of the harmonic os-
cillator model in the rest frame was obtained from an ap-
proximate bound-state solution in the quark models for
mesons [22]:

Y. m (@9)=A4 exp(—q?/2B%) . (3.4)

By using the connection (3.3) one gets the light-cone
wave function

is very large; i.e., Q°=25(GeV/c)®.. For Q? of the order
of a few (GeV/c)? the structure function should increase
at large x and decrease at small x in considering the con-
tributions from QCD logarithmic evolution [20], the
higher twist effects and other power-law type sources [21]
for Bjorken scaling violations, with the shape and magni-
tude not changed too much.

III. ANALYSIS OF SEVERAL EXISTING
WAVE FUNCTIONS

The hadronic wave function depends essentially on the
nonperturbative QCD theory, and it exhibits the full
complexity of nonperturbative dynamics. It is necessary
for us to use both theoretical tools and phenomenological
constraints in studying the hadronic wave functions. In
order to get clear on where assumptions and approxima-
tions have been made and where problems may occur, we
need to review some previous results in the following
analyses of several existing pionic wave functions.

A. The Brodsky-Huang-Lepage prescription

Brodsky-Huang-Lepage suggested [3] a connection be-
tween the equal-time wave function in the rest frame and
the light-cone wave function by equating the off-shell
propagator e=M2—(3"_,k;)? in the two frames:

[LC]

(3.1
[
1 | ki+m? K +m?
(x;,k))=A4 exp | ——
'/1 1 p 832 x, xz
=4 kitm? (3.5)
= A exp 8Bx (1—x) .

The parameters can be adjusted by using the first three
constraints, i.e., Egs. (2.6)-(2.8), in Sec. II:

m =289 MeV, B=385 MeV, 4=0.032

for (k?)~(356 MeV)* .

Thus we get the pion distribution amplitude, valence
state structure function, and the probability P i

¢(x)= [ (d%k, /167> )p(x,k )

2

_m-
88%x(1—x)

_ AP

7 , (3.6)
T

x(1—x)exp
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Fjx)= 3 xelG,/y(x)

a=q’q
5AZB2 ) m2
=227 21— -—2—— |, @7
36m2 © )P 48%x (1—x) G
P, = [(a%,/167) [ dx|d(x, k)|
A3 1 m?
= (1—x)exp | —————
4 Jyx(=xexp 48x(1—x)
~0.296 . (3.8)

Figure 1(a) presents the BHL distribution amplitude in
comparison with that of the CZ form and the asymptotic
form [3]:

b (x)=V3 f x(1—x), (3.9)

which is the leading term of the evolution equation of the
pion distribution amplitude for sufficiently large Q2. It
can be seen from Fig. 1(a) that the BHL distribution am-
plitude is very close to that of the asymptotic form while
it is significantly different from that of the CZ form. By
using this distribution amplitude one accounts for only
50% of the pion form factor data. So it is not the “good”
distribution amplitude required to fit the data. However,
we see from Fig. 1(b), where the NA3 parametrization of
the pion structure function and the calculated valence

6(:{)

0.3} ~
* \
e 0.2} N U BHL -

\\\\
0.1f e .
=<
1 1 1 1 1 1 N
0.0
0.0 0.2 0.4 0.6 0.8 1.0
x

FIG. 1. (a) The normalized distribution amplitude

Hx)=¢(x)/V3f,: curves CZ and AS are the Chernyak-
Zhitnitsky distribution amplitude [4] and the asymptotic distri-
bution amplitude [3]; curve BHL is the distribution amplitude
from the Brodsky-Huang-Lepage wave function (3.5) [3], respec-
tively. (b) The structure function: curve NA3 is the NA3 pa-
rametrization of the pion structure function; curve BHL is the
valence state structure function for the Brodsky-Huang-Lepage
wave function.

state structure function are presented, that the calculated
FY(x) seems to be a “reasonable” valence state structure
function. Therefore the BHL wave function cannot give
both a reasonable valence state structure function and a
good distribution amplitude simultaneously. The fact
that the BHL wave function did not give a “good” distri-
bution amplitude is why the CZ distribution amplitude
has received attention since it appeared.

B. The factorized wave functions

In order to fit the experimental data and to suppress
the end-point contributions for the applicability of per-
turbative QCD, a model for the pion valence wave func-
tion has been proposed in Refs. [12,13] by simply adding
a factorized function S(x) to the BHL wave function,
with S (x) specified by

S(x)=(x;—x,)?=(1—2x)%, (3.10)

where x; =x and x, =1—x. It leads to a distribution am-
plitude

m2

88%x (1—x)
(3.11)

which is of the similar shape as that of the CZ form ex-
cept for the end-point regions, as shown in Fig. 2(a). The
parameters are adjusted by the first three constraints,

m=342 MeV , =455 MeV, A=0.136
for (k?)=~(343 MeV)?

Ap?
2m?

d(x)= x(1—x)(2x —1)%xp

b

0.5 T T T T T T—T T T
Cl
<6

H

0.3~ =
- \
x N NA3
T~ 0.2 AN —
[ ~o

0.1f el -

0.0 N | 1 J s 1 \\l\

0.0 0.2 0.4 0.6 0.8 1.0

FIG. 2. Similar as in Fig. 1(a). Curve H is the distribution
amplitude (3.11) from Huang’s factorized ansatz [12,13]. (b)
Curve H is the valence state structure function for Huang’s fac-
torized wave function.
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and the probability P is 0.364, which satisfies the fourth

constraint, i.e., Eq. (2.9). However, the valence state
structure function in this case is

FY(x)= 3 xelG,,y(x)

n=q,q
292 2
=34 e x2(1—x)(2x —1)%xp ___ZL"__ ,
36 43°x (1—x)

(3.12)

which is presented in Fig. 2(b). One sees from Fig. 2(b)
that there is an unreasonably large hump in the calculat-
ed F)Y(x). Thereby the factorized wave function (3.11),
though it is “good” in giving the CZ-like distribution
which fits the data well, is “bad” in giving a reasonable
valence state structure function.

One may specify the factorized function S(x) by other
possible distribution amplitudes [2,3] which also are con-
strained by the first few moments given by sum rules in
terms of Gegenbauer polynomials. The distribution am-
plitudes in Ref. [23] do not have the deep dip at x =1;
hence, they are different from that of the CZ form. Fig-
ure 3 presents the calculated distribution amplitudes and
valence state structure functions by using the factorized
wave functions with S (x) specified by [23]

S(x)=1+40.44C3"%(x, —x,)+0.25C3%(x, —x,) (3.13)

and
S(x)=1+(2/3)C3"*(x,—x,)+0.43C3"*(x, —x,) ,
(3.14)

respectively, where C>/%(£) is the Gegenbauer polynomi-
al. The parameters are also fixed by the first three con-
straints in Sec. II. We see from Fig. 3(a) that the distri-
bution amplitudes are more broad than the asymptotic
form. However, the calculated valence state structure
functions still have unreasonably large humps, as shown
in Fig. 3(b). Therefore the factorized wave functions also
cannot give both reasonable valence state structure func-
tions and good distribution amplitudes simultaneously.

C. The light-cone quark model wave function

A light-cone quark model wave function for the pion
was given by Dziembowski and Mankiewicz (DM) [15]
and it has received attention for the reason that it can fit
the static properties, the form factor, and the CZ distri-
bution amplitude for the pion simultaneously. We indi-
cate that this wave function, though it is good in
“shape,” has serious problems in “magnitude.”

The main idea in Ref. [15] is reasonable: When one
transforms from equal-time (instant-form) wave function
to light-cone wave function, one should consider, in addi-
tion to the momentum space wave function transforma-
tion such as the Brodsky-Huang-Lepage prescription,
also the Melosh transformation relating equal-time spin
wave functions and light-cone spin wave functions. The
following assumptions and approximations were made
[15].

- S, Badd -
: F AN BRI g T
= / \, RV A
G ook AN BF(I) A\
N \} \ / \ / \\
! < 7/ \ 4 \
! ./ \ \
/ \ / \.
0.1H, \ A AL U
il AT ANRN DA Y
N 7
\‘ s
0.0 1
\
(b) Y
0.4} ! -
|
!
0.3 | -

FZ(X)

™ BF(1I)
Pl BF(1

FIG. 3. Similar as in Fig. 1. Curves BF(I) and BF(II) are the
results from the factorized wave functions, with S(x; —x,) to
be the two sets Braun-Filyanov- [24] like distribution ampli-
tudes, for the parameters m =324 MeV, =432 MeV, and
m =346 MeV, =461 MeV, respectively.

b (x)
o

<

b DM(2)

0.4} (b) —
0.3 —

—_~ \

x . NA3

~ 0.2 - ~ -

& S~ DM(1)x0.1
0.1 o= = __ -
0.0 g | ) ] ) ] R 1 "¢~

0.0 0.2 0.4 0.6 0.8 1.0

FIG. 4. Similar as in Fig. 1. Curves DM(1) and DM(2) are
the results from the Dziembowski-Mankiewicz [15] wave func-
tion (3.15) with the parameters m =330 MeV, =450 MeV, and
m =330 MeV, =330 MeV, respectively.
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(1) It was assumed that the ground state in the pion is
described by the harmonic oscillator wave function, and
adopted the Brodsky-Huang-Lepage prescription of the
momentum space wave function.

(2) They made a mock-meson assumption that mesons
are a collection of quarks with all binding turned off and
a mock-meson mass equal to the mean total energy of the
free quarks.

(3) They adopted the mock-meson mass
My=m_ /4+3m,/4=612 MeV rather than the real
mass m, =139 MeV or the mean total energy of the two
quarks M, =2{(m?*+k?)'2) > 2(m?+(k?))2=950
MeV for the pion [with {k?) ~(345 MeV)?].

(4) An approximation k°+m ~2m was made in the ob-
tained light-cone wave function, where k®=(m?2+k?)!/2,

(5) It was implicitly assumed the pion’s helicity to be
the sum of the light-cone helicity of quarks.

They got, upon the above assumptions and approxima-
tions, the A;+A,=0 component light-cone wave function
for the pion:

m2+k?
86°x (1—x)
where @, =xM,,+m and a, =(1—x)M,,+m. From this
J

alaz“kf

Yx k)= A—

exp |— , (3.15)

FY(x )—— i
1%

A?
1672

Figure 4(b) presents the comparison of the reduced (by a
factor 0.1) valence state structure function with the NA3
parametrization of the pion structure function. It can be
seen that the calculated F) is almost 2 orders of magni-
tude larger than the experimental structure function data
as x — 1. Thereby the pion wave function (3.15) though
is good in reproducing the shapes of the CZ-distribution
amplitude and reasonable valence state structure func-
tion, it has serious problems in producing the correct
magnitude.

The probability may be less than 1 if we change the pa-
rameters. For example, we find P - ~0.86 in the case of
m =330 MeV and B=330 MeV, which were used by
many authors in studying the low momentum properties
for hadrons in the constituent quark model framework
[24]. However, the calculated distribution amplitude, as
shown in Fig. 4(a), differs significantly from the CZ-like
distribution amplitude.

D. The power-law wave function

It is interesting to look for a wave function that can
satisfy the four constraints

.
V3’

@) [ dx,pix,k,=0)=

(1) f dx ¢(x;)=

s

[2(4[32x1x2 ) —2a,a,(4B%x x,)?+ala3(4B’x x,)]exp | —

1495

wave function one obtains the distribution amplitude

A
¢(x)=m[alaz(wlexz)‘(8/327‘1"2)2]
X m? 3.16
P 8 (1—x) .10

It was argued [15] that the parameters m =330 MeV
and =450 MeV are reasonable at large momentum
transfer. The distribution amplitude for these parameters
is very close to the CZ form, as can be seen from Fig. 4.
The parameter A4 should be fixed by the first constraint in
Sec. II. Then one can find, from (3.15), the probability of
finding the gg(A;+A,=0) Fock state in a pion,

qu=3.24

which is unreasonably large. If we require that P, be
less than unity, then the magnitude of the calculated dis-
tribution amplitude will be less than 30% of that of the
CZ distribution amplitude, and this distribution ampli-
tude surely cannot fit the pion form factor data. The cal-
culated structure function is

2

m
S E— 17
4B% (1—x) 617

(3) P= [dx,[d%,]l¥lx,k)IP<1,

4) G2, = [[d%,]l¥ix;, k)|
=at or below data .

Further, we should examine the electromagnetic form
factor F_(Q?) and the average transverse momentum
(k).

Now let us consider the power-law form of the pionic
wave function

K e
PY(x,k )=Nd(§) +1
x1%28
where L and B are some constants, £=x, —x,, and the
normalization
167
N=(L—-1)——
B

is chosen so that
d=x 1x2$ .

For definiteness, let ¢ be the CZ distribution amplitude,
i.e.,

¢=5V3f. (x,—x,)?.

Then from the constraints one can get the results
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9 L-—1 9
P_=— <= >
@ 1a2L—1 28 rl=1,
d*k
G(’2): 1 (X,k)2
v/ f161T3|¢ J.|
L—1
=45 - —1*
2L—1x(1 x)(2x —1)*,

(K2)12=(20)1 2
=356 MeV independent of L .

In order to fit the structure function data at x —1, we
have a constraint that L is below some number. For ex-

ample, we can put L =3 since a simple valence quark
distribution function such as
G, ,=3x""(1-x)

gives tolerable agreement with data for x — 1.

The examples tell us it is possible to find wave func-
tions that do succeed and these are the type that should
be used in any future calculation.

IV. THE REVISED LIGHT-CONE QUARK MODEL
WAVE FUNCTION

One can easily find that assumptions 2 and 3 in Ref.
[15] are in fact inconsistent. The unreasonably large P,
for the wave function (3.15) should be an indication of
some unreasonable assumptions and approximations
made in Ref. [15]. Therefore we reconstruct the light-
cone quark model wave function for the pion based upon
the Kondratyuk-Terent’ev work [18] on the relativistical-
ly invariant wave function of the two-particle system in

J

m2+kf

k)= A _—
Pix, k) exp 85 (1—x)

}‘1’}‘2

where the component coefficients Cg(x,kl,kl,kz) for
J=1, when expressed in terms of the instant-form
momentum g*=(g° q) have the forms

CEx,k, 1, L)=w, w,[(g] +m)gS +m)—q’1/V2,

CEx,k, L, 1)=—w,w,[(g; +m)g; +m)—q}]/V2,
4.5)

CEx,ky, 1, D) =ww,[(g; +m)gk—(qF +m)gt1/v2,
CEx,ky, b, D=ww,[(g) +m)g¥ —(qF +m)qR1/v2,

which satisfy the relation

S CHx,k,ALA)*CEx kAL A,) =1 .
ApA,

(4.6)

It can be seen that there are two higher helicity
(A{+A,==1) components in the expression of the light-
cone wave function for the pion in addition to the ordi-

3 CE kA A (FIGHE)

light-front dynamics.

We start our discussion from the SU(6) instant-form
(T) wave function for the pion in the rest frame
(q,+q,=0):

¥r(q®)= A exp(—q* /28 (x1xi —xixi)/ V2, 1)

in which y*! is the two-component Pauli spinor and the
two quarks have four momenta g¢*=(g%q) and
g4 =(¢% —q), with ¢°=(m?*+q*)"2 respectively. The
instant-form spin states |J,s ); and the front-form (F)
spin states |J,A ) are related by a Wigner rotation U’
(Ref. [25]),

WA p=S UL, ) p (4.2)

and this rotation is called the Melosh rotation for spin-+
particles. One should transform both sides of (4.1) simul-
taneously to get the light-cone wave function for the
pion. For the left side, i.e., the pion, the transformation
is particularly simple since the Wigner rotations are re-
duced to unity. For the right side, ie., two spin-+
quarks, each particle instant-form and front-form spin
states are related by the Melosh transformation [17,18]:

Y'(D=wl(g T +mx"(F)—q¢®x"F)],
YD =wl(gT+mx* (F)+qx"(F)],

where w=[2¢"(¢°+m)]" "2 gRL=g'tig?, and
g =4¢%+¢> We also adopt the Brodsky-Huang-Lepage
prescription for the harmonic oscillator momentum space
wave function transformation. Then we get the light-
cone (or front-form) wave function for the pion,

4.3)

(4.4)

[

nary helicity (A, +A,=0) components. These two higher
helicity components arise from Wigner rotations (or
Melosh rotations in a strict sense) [26]. We also indicate
that one should express the instant-form momentum
q=(g3,q,) in terms of the light-cone momentum
k=(x,k,) in the calculation. However, the relation be-
tween q and k is by no means unique; thus, in practice
one needs to construct models relating them. This leads
us to discuss the following two possible schemes relating
the instant-form momentum q=(g°q,) and the light-
cone momentum k =(x,k,).

A. Scheme one

A reasonable connection between q and k was given in

Refs. [27,28]:
x=(¢g°+¢> /M , k,=q,, 4.7

in which M satisfies
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k2+ 2
2=x—:1—_'% : 4.8)

From Eq. (4.7) we find

q°=[xM+(m?*+k3)/xM]/2 , “s)

g3=[xM—(m?+Xk?)/xM/2 ;
thus

gt =xM, 2¢T(g°+m)=(xM+m)?+k?. (4.10)
We notice

a= 41;3:?:)_ s @D

which is consistent with Eq. (3.2) in the Brodsky-Huang-
Lepage prescription [3]. The detailed reasons for the
connection (4.7) can be found in Refs. [27,28]. Thus the
A,+A,=0 component wave function can be obtained:

Yox k)= Ay 102K
T [(a?+k3)(a3+k?)]'2
Xexp ___r_n_ziﬁ__ ) 4.12)
88%x (1—x)

where a,=xM+m and a,=(1—x)M +m. The con-
straint qu < 1 will be satisfied with any reasonable m and
B by using the first constraint to fix the parameter A.
Figure 5 presents the calculated distribution amplitudes
and structure functions with two sets of parameters, i.e.,

0.5 T I T T T T T T -T
0.4 (a) .
CZ
b .-,
- -~ Kot -
z 07 TN 7N
~ 4 \, a 4 \
€ g2/ ¢ > \
/ \, z \
\. -/
o \ / -
! N\, 7 \
< 7
0.0 N !
(b)
0.4} .
®
vN
(<N

FIG. 5. Similar as in Fig. 1. Curves a and b are the results
from the (A,+A,=0) component light-cone wave function
(4.12), with M in Eq. (4.8), for scheme one with the parameters
m =330 MeV, B=540 MeV, and m =330 MeV, =330 MeV,
respectively.

1497

m =330 MeV, B=540 MeV, and m =5=330 MeV, re-
spectively, for the wave function (4.12). When compared
with the results from the BHL wave function (3.15) in
Fig. 1, we find, contrary to the claims in Ref. [15], that
the effect from Melosh rotation has no significant effect
on both the calculated distribution amplitude and the
valence state structure function. The corresponding P i
for the two set parameters are 0.228 and 0.552, respec-
tively.

B. Scheme two

We adopt assumptions (1) and (2) in Sec. III as the
starting point for scheme two. In this case the relation
between q and k is very simple:

x=(¢°+¢> /M , k,=q,, (4.13)

where M, the mock-meson mass, defined to be the mean
total energy of the free quarks,

M=2((m?*+¢*)'2) =2(m>+3(k3))"2, 4.14)

the value of which should be, approximately, 1130 MeV
and 910 MeV for the above two sets of parameters with
(k?) being (374 MeV)? and (256 MeV)?, respectively, in

scheme one. From Eq. (4.13) it follows that
gt=xM, 2% (g°+m)=(xM+m)*=k?>. (4.15)

Thereby the A, =A,=0 component wave function should
be (4.12) with fixed M rather than M in Eq. (4.8). We find

A
d(x)

FIG. 6. Similar as in Fig. 1. Curves q, b, and c are the results
from the (A;+A,=0) component light-cone wave function
(4.12), with fixed M, for scheme two with the parameters
m =330 MeV, M=1130 MeV, and =540 MeV; m =330 MeV,
M =910 MeV, and B=330 MeV; and m =330 MeV, M =612
MeV, and f=540 MeV.
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qu to be 0.484 and 0.723, respectively, which are larger
than those in scheme one. The calculated distribution
amplitudes and structure functions, as presented in Fig.
6, are also larger than those in scheme one. We also cal-
culate the distribution amplitude and the valence state
structure function for the first set parameters by using
M =612 MeV and compared them with the results in
Ref. [15] as shown in Fig. 4. It can be seen that the dis-
tribution amplitude is close to the CZ form, with also the
unreasonably large valence state structure function as
that in Sec. IIIC. The probability Pq‘7 is 2.93, which is
larger than unity. Thus the flaws suffered by the wave
function (3.15) mainly arose from the inconsistent as-
sumption 3, i.e., the use of a smaller M. The approxima-
tion 4 also has a large consequence on the results, thereby
this approximation seems to be too strong. We also no-
tice that

~

m2+kf

M+
x xM

—-m?, (4.16)

|-

which is inconsistent with Eq. (3.2). Further observation
of the unreasonableness of the results in Ref. [15] is that
the effect from Melosh rotation should disappear for
k,=0. This aspect is satisfied for the wave function
(4.12), whereas it is not satisfied for the wave function
(3.15).

We only comment without argument here that there
are__ambiguities of introducing a _factor, such as
v/1/2x,x, adopted in Ref. [28] or v/ M /4x,x, adopted
in Ref. [29], to the Brodsky-Huang-Lepage wave function
as a consequence from the Jacobian relating instant-form
momentum and light-cone momentum. However, the
qualitative conclusions in above analyses will not be

changed though the quantitative results will be different
if the factor is introduced.

V. SUMMARY

After the analysis of several existing pion wave func-
tions in the light-cone formalism and the reconstruction
of the light-cone quark model wave function, it is shown
that the present wave functions (A, +A,=0 component)
have failed to reproduce the CZ-like distribution ampli-
tude which is required to fit the pion form factor data
and the reasonable valence Fock state structure function
which does not exceed the pion structure function data
with reasonable parameters. We also find, contrary to
previous claims, that the effect from Melosh rotation in
the ordinary helicity (A,+A,=0) component wave func-
tion has no significant effect on both the calculated distri-
bution amplitude and the valence state structure func-
tion. However, as an example, we consider a power-law
form of the pionic wave function. It is shown that all of
the constraints can be satisfied as L =3. This means
that it is possible to find wave functions that do succeed
and these are the type that should be used in any future
calculation. Also, we have shown that there are two
higher helicity (A;+A,==1) components in the light-
cone wave function for the pion as a natural consequence
from the Melosh rotation and it is speculated that these
components should be incorporated into the perturbative
quantum chromodynamics. Some progress has been
made in this direction and it will be given elsewhere.
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