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Supersymmetry and non-Abelian Chern-Simons systems
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We study SU(n) N=1 supersymmetric Chern-Simons systems in 2+1 dimensions with and without
a Maxwell term. Fixing the potential in a specific way, the supersymmetry is extended to N=2
which leads to a system with nontopological soliton solutions. The central charge of the extended
supersymmetry is calculated and self-dual equations for the background fields are derived.

PACS number(s): 11.10.Lm, 11.30.Pb

Supersymmetric Chern-Simons systems have recently
been considered by a number of authors [1-5]. Atten-
tion has in particular been given to a connection between
extended supersymmetry and the existence of self-dual
soliton solutions in the Abelian Higgs model with a pure
Chern-Simons term [2]. The requirement of N = 2 super-
symmetry was shown to determine a potential with both
topological and nontopological soliton solutions. Simul-
taneously, the central charge of the N = 2 extended su-
persymmetry was identified as the topological charge of
the theory. This latter aspect was also addressed in Refs.
[6-9]. A non-Abelian SU(n) Higgs model with the cor-
responding pure Chern-Simons term was studied as well
and it was shown that nontopological self-dual solitons
exist for a special choice of the potential [10].

In this contribution we consider the supersymmetric
generalization of this model with and without a Maxwell
term and show that, as in the Abelian case, the require-
ment of extended supersymmetry leads to a potential
with soliton solutions. Here, however, the central charge
of the N = 2 supersymmetry is the U(1) charge of the
system. Subsequently self-dual equations for the back-
ground fields are derived.

To construct a non-Abelian supersymmetric Chern-
Simons action we require the gauge field connection ® 4 =
i®7,T" (A = a,a with a a Lorentz index and o a spinor
index) and the gauge field strength Fup = iF;gT".
These quantities satisfy the relations

Fa.b = aa,Qb - ab‘ba - [Qav Qb] ) (13.)
Fab = Dcx(pb - abéa - [(paa Qb] ) (lb)
Faﬁ = Daq)5 + Dg@a — {q)a, 'fﬁ} — 22.(")’“)03@,1. (1C)

We use vy matrices v° = o%,4! = io! and 4?2 = io®
satisfying v2y® = g% + €%y, the metric gop =
diag(+1,—1,-1) and follow the notation of Ref. [11].
The SU(n) Hermitian traceless generators T satisfy
[T®,T"] = if™*»T". It follows from the Bianchi iden-
tities that Fop = feascD7(v¢)2W,, Fab = i(75)5 W, and
Fop = 0, where the spinor superfield W, satisfies the re-
lation D?W, = 0. Working in the Wess-Zumino gauge
we can express the spinor superfields in the form

BT, =107 (%) ra AT — 20227, (22)
®7 = AL + 107 (7a)2 A — 10%eapcGP (2b)
W; — Ag _ %Eabca‘r(,ya)raG;C

—i02(y*)Z(8a AL + FTHALNY) (2¢)

with G, = 0,4} — OpAl, + fr*“ALA}. From the su-
perfields (2) the supersymmetric generalization of the
Chern-Simons action can be written as

k 3 2 T (. t T3UFT HX8(AC u
Sos = /d zd 0(«1>P Wi+ g freie™ (v )ﬁ%)-
)

We first discuss the supersymmetric generalization of the
model introduced in Ref. [10]. As matter fields a scalar
superfield ¥ in the SU(n) fundamental representation is
introduced,

T =p+0°¢%, - 6°F, (4)

in terms of which the total action of the system is
S =Scs+ /d3zd20[—%D°’\IﬁDa\P - U(¥ty)],

()
where Do, ¥ = (Do — i¢®,T7)¥. This action is invari-
ant under SU(n) gauge transformations, under a global
U(1) transformation corresponding to a phase transfor-
mation of the scalar superfield, and under a supersym-
metric transformation

5% = inf(Q, ) (6)
with
. 9 NT(Aa - HT T
Q= _z(EG—P =107 (Y*)rp0a + 1@, T ) , (7
697, = ”(Q,27) , (8)
with

r . 0 N/ a r 1 TSUF 8 FU
qu)a = —Z(%; — 10 (7 )‘rpaa) (I)oz - §f q)P(I)O"
(9)

In terms of component fields, the action (5) is

S = / a3z Tke®®(ALBAL + LT ALAJAY) + LENPTAT + ip1(v*)8Datp, + Do Doy
HYIATT o — @' TTAN o) + FIF —U'(¢'0) (91 F + Flp + 91¢4)
—3U" (0T o) (W1 0plo + 0190l a + 20100 4a)] . (10)

*On leave of absence from The Institute of Nuclear Physics, Czech Academy of Sciences, ReZ near Prague, Czech Republic.

0556-2821/94/49(2)/1137(4)/$06.00 49

1137 ©1994 The American Physical Society



1138

Similarly, the transformations (6) and (8) can be
rewritten in terms of the component fields as

S =0, , (11a)
0 =in"(7*)pa(8a — iAZT" )@ — naF' (11b)
SF = inP(v") pau(0a — 1ALT Vtho + 2inP 0T . (11c)
SAL =i (va) g AG (11d)
(11e)

pla
8Aa = —12%0° (Ya) paGle - 11e

The auxiliary fields F' and A} can be eliminated by using
J
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their equations of motion

F= U"'(pﬂp)(p , (12a)
Xy = L (6T, — ¥}T7p) (12b)

Inserting these relations into Eq. (10) and rearranging
some terms using the identity
T T 1
TTE = $6udik — %&'jékl ) (13)

we obtain the action in the form

S = / dz [%ksawA;abAz + 1T ALALAY) + i1 ()2 Dath, + D' Daip — U' (6 0)U (01 )T

] " a ! o
~E¢T"TTW*T’% —U" (e o) 0ot — U' (¢ )9 %9, + (

n—1
4kn

- %U”(WTGG)) (W1 eplo + pTv*ptya)|.

(14)

Using expressions (12) we find that the supercharge generating the transformations (11a), (11b), and (11d) can be

expressed as

Q= /dzm[(W“)Z(WO)Z(Daw%f + 9T Dap) + iU (010) ()L (0Tr + ¥ip)] = Qa + QL .

(15)

It is seen from Eq. (14) that, as in the Abelian case, we are in a position to require that the fermion-number-violating

terms disappear from the action. This is achieved if we set

-1
U// t — n
(le) = 5
and consequently
-1
U'(oto) = oty — 02 )
(plp) = (el —v%)

The above condition (16) implies that the resulting action

S = / dsm[ Lke®(ATO, AL + L7 ALALAY) + it (1

n—1

2kn

2
n—1
_ t, — 22)\2,,1, —
(2]4:71.)(('0('0 vi) ol

has an additional symmetry, namely, that of a phase
transformation of the whole fermion multiplet or, alter-
natively, a phase transformation of the whole boson mul-

tiplet. The corresponding conserved currents are, respec-
tively,

Je = (y*) e,
J*=i[(D%)p — oD% .

(19a)
(19b)
It is straightforward to show that these currents are the
lowest components of the superfields DPlIJ'f('y“);’D,.\II and
i[(D*¥T)¥ — UTDY], respectively. We now consider the

first superfield. Taking its time component proportional
to # and integrating over space we find

Q4 =i [@a[(y)2 0} (Dagtr = ' Duv)

+iU' (01 0) (V) n (T — ¢lo)]
=i(Qa — QL) - (20)
This is the second supercharge generating an N = 2 su-
persymmetry of the system. Repeating this for the —62

component of the superfield in question, we arrive, after
partial integration and neglecting the surface term, at

(16)
(17)
)8 Do, + D' Dy
1 —2
(¢'e = v )"0 — 9 Yaplp — nZWW“WT% (18)
[
2T = /dzl‘ <2iU'(<pT<p)[(D°<P*)</) - ¢'D%
+ i1 (v°) 7]
1
+ 2 [P0 -0 — 910(r) Ty
—sifcgjm'@) : (21)

Using the Gauss law
g 1
1e9GT; — Ez‘(D%anp — 'T™ D)
1
T =0 (22)
in Eq. (21) we obtain
T= -2l [dzw[(DOwT)cp —¢'D%
2kn
+ 1P (%) ;- ]
__n- lsz 7
n
where Q is the global U(1) charge. This is, however, just

the central charge of the N = 2 supersymmetry as we
can check that

(23)
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{Qa,Q"} = (v*)BP, — 68T . (24)

We can similarly investigate the second supercurrent,
namely the one of which the lowest component is given
by expression (19b). In this case, however, we get exactly
the same results as for the first supercurrent after using
equations of motion and partial integration. It is now
straightforward to derive the self-dual equations for the
background fields. As in the Abelian case [2] we multiply
(24) by %(1 ++°) and take the trace to obtain

Po = 2T + {Q+a, (Qsa)'} (25)
with
Qia= %(1 + 70)gQ5

= /dzw{%(l +£7°)24s[ Do’ £ ip'U’ (¢7p)]
F (' Fiv*)ous(Dret £iD2p")}.  (26)
As Eq. (25) contains an anticommutator of adjoint op-
erators we get a lower bound for expectation values of
P0:

n—1
Py > oo v2|Q| R (27)

which is saturated for the states annihilated by Q...
For a state built around classical background fields this
is fulfilled if the background fields obey the Gauss law
(22), with the fermion fields set to zero, as well as

Dip FiDap =0, (28a)

Dop FiU'(pT)p =0. (28b)
The upper (lower) sign is for negative (positive) charge
Q. Equations (28) are just the self-dual equations derived
in Ref. [10]. As to the particle spectrum of the super-
symmetric model discussed, we can deduce from action
(18) that there are n complex scalar fields and n fermions
with mass m = 2z1v?, carrying a unit of the global U(1)
charge in the symmetric phase. In the asymmetric phase
there are two neutral bosons and two neutral fermions

with mass m = 2('—2‘7—":1)2), together with n — 1 complex

. 2 . .
vector bosons and fermions of mass 35 carrying -5 units

of U(1) charge.
J
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A model related to the one studied above is a super-
symmetric non-Abelian generalization of the model dis-
cussed in Ref. [12]. It includes a Maxwell term in the
action and an additional scalar field A in the adjoint
representation of SU(n):

NT = N"+6°x, — °F . (29)
The action of this model reads
S =Scs + /dswdza[%W“”Wg — IDNTDNT
- iDUIDL ¥ - U(T,N)], (30)
where the potential is taken in the form
U(P,N) = UINTT™O + 32NN + 3010 (31)

The supersymmetric transformations of the compenent
fields are given by Egs. (11) together with

SN™ =n’xj ,
6Xn =P (Y*) pa(BaN™ + fT*ALNY) — o F,

(32a)
(32b)

which is generated by
QL= [@2[(r")2(");(Daptr + 41D
+ X7 Do N™ — 17e,p.GP)
+i(YO)L(F Y, + $LF + x1F7)]
=Qa+QL, (33)

with F' and F substituted by their equations of motion.
The supersymmetry can be extended to N = 2 by

adjusting the potential parameters to ¢c; = —1 and ¢; =
—k. The remaining parameter we set at c3 = —gT—:”z

and consequently express the auxiliary fields as

_ Cly ald n—1 2
F= (NT + 2knv><p, (34a)
Fr=—o!TTp —kNT" . (34b)

Using the above relations we obtain the action expressed
in terms of component fields:

S = / d3z [—%G“‘”G;b + 3k (AL 0 AL + LfT AT AL AY) + 91 (7%)8Dat, + D%t Doy

4 a a ? (o4 a k a,T\T k o,T . T a ™ T T8uU., Q,r\8 u
5 (0MEDads + 5XT(1)2Daxp + 5 AN + SXXe + DN DaNT — fUXOT AN

+i(WIALT 0 — @ T A P, ) + Y1 T 0 + G T X" ho +
+,¢,TQN1'T",¢)Q _ (PT (NaTs + n— lvz) (N"T" +

2kn

To find the generators of the extended supersymmetry
we can make use of the fact that the special choice of the
parameters ¢; and cp leads to an additional U(1) sym-
metry. Namely, we can transform the whole 1 multiplet
as ¢’ = €'y and simultaneously transform the fields

(36a)
(36b)

r

X =
A= —x" sine + A" cose .

x" cose + A" sine ,

gty

n

n—1 T r r r

T vz)so — Y@'T 0 + ENT) (0! T + kN )} . (35)

[

This symmetry generates the conserved current J¢ —
Y ()T, + ix”"(v*); A7 which is the § = 0 part of
a conserved supercurrent

D"‘I’f('y“);DT\P +iDPN" (y*)TWT . (37)

The second generator of the N = 2 supersymmetry is
obtained by space integration of the time component (37)
proportional to 6:
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Q2 =i [ 2|25 (Dug'v: ~ v1Dus

+iAD,N" + % X:eabccbc’r>

L)L (F Y, — gF + if’A:)]
= Z(Qa - QL) N (38)

The space integration of the time component (37) pro-
portional to —6? gives the central charge. After using
the equations of motion and partial integration we find
the central charge in the same form as in expression (23).
As Egs. (24) and (25) hold, it is straightforward to find
the self-dual equations for the background fields which
saturate the condition (27). In the same way as inferred
from Eq. (26) we get

Dip FiDyp =0, (39a)

D0<p:|:i(N’"TT+ g;luz)(pzo, (39b)
n

D;N" G}, =0, (39¢)

DyN" =0, (39d)

T F (T + kNT) = 0. (39)

The upper (lower) sign is for negative (positive) charge
Q. Configurations saturating condition (27) must in ad-
dition to Eqs. (39) satisfy the Gauss law following from
Eq. (35) by variation of Aj:

D;G*" +1ke" Gy — i(D°p'Tp — o'T"D )

‘+"¢’TPTT (70);1/)7’ + frsuNsDONu

i T\I\Uu 8 T, u
—Ef”u[’\p’s(')’o)p)‘r + XP, (,Y(J)pXT] =0 , (40)

with the fermion fields set to zero. The self-dual equa-
tions (39) are similar to those derived in Ref. [12] for the
Abelian version of the model. To obtain the equations
of Ref. [12], one has to start from the supersymmetric
potential N (¥1¥ — v2) + EA2. This potential, however,
cannot be generalized to the non-Abelian case, which is
why we chose to work with the potential (31).

A specific solution of the above equations may now
be investigated for the case ¢ = (0,...,0,f), N =
(0,...,0,NP), A, = (0,...,0,AD). Introducing A, =

AD\/ml 4+ B,arg f we get NP = 0, &l|f| = 0,

8oA; =0, and /2INP = 4, + n-152. Consequently,

2kn

Egs. (39a), (39¢), and (40) reduce to

z‘ii F Eijaj In If' =0 s (41a)
8;0; In|f|* + 2<|f|2,/"2—_n1 - kND) =0 (41b)
~8;0;NP + k(kND - n_2-— ! |f|2)
n
n—1 ., D _ v: n—1Y\
+2 ] (N Ay it ) _0. (410)

These equations can be compared to those derived and
solved in Ref. [12] for the Abelian model.

The particle spectrum of this model is as follows. In
the symmetric phase, there are n complex scalar fields
¢ and n fermion fields 1) with the mass ’;T_;vz carry-
ing a unit of global U(1) charge, n? — 1 gauge bosons
A], and scalar bosons N7, and the same number of
fermions x", A", all of which have the mass k& and zero
U(1) charge. In the asymmetric phase the vacuum ex-

pectation values of the scalar fields are (p) = (0,...,v)
and (N) = (0,..., % 2-1). There are two scalar de-

grees of freedom with mass %\/kz + 4"T_lv27 + 1k and

a gauge boson with two propagating modes of the same
mass and with zero U(1) charge. Then there are 2(n—1)

vZ

gauge bosons with two propagating modes of masses ¥

and k + % Moreover, there are 2(n — 1) boson degrees

of freedom of mass k + 12’—;, both the former and the latter

carrying "7 units of the global U(1) charge. Finally,
there are (n — 1)2 — 1 gauge bosons and the same num-
ber of scalars, all with the mass k and zero U(1) charge.
Obviously, the number of fermion degrees of freedom and
their mass spectrum as well as the U(1) charges are ex-
actly the same as that of the bosons.

We have discussed above the connection between ex-
tended supersymmetry and the existence of soliton solu-
tions in non-Abelian SU(n) Chern-Simons systems. The
self-dual equations and the central charge have been de-
rived for models without and with a Maxwell term. In
the former case the potential is determined completely
from the extended supersymmetry requirement whereas
in the latter the UT¥ term of the potential is not fixed.
Unlike in the Abelian case, the central charge is here not
the topological charge of the system, but the global U(1)
charge and the soliton solutions are nontopological.
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