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Dependence of the Gauss-law constraints on the regularization scheme
in non-Abelian chiral gauge theory
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Mitra s regularizaton of the masslike term, which was originally discussed in an Abelian model, is
used to calculate the anomaly in the commutator of the Gauss-law operators for anomalous d =2 non-
Abelian chiral theory. The Schwinger term in the commutator of the dift'erent Gauss-law operator is
shifted, because of regularization ambiguities, to the commutator of the Gauss-law operators with them-
selves. The Poisson brackets of the Gauss-law constraints correspond to the Kac-Moody algebra, and
the Gauss-law constraints are similar to the chiral constraints. In a sense, this kind of Gauss-law con-
straint structure difters from what Faddeev suggested.

PACS number(s): 11.15.—q, 11.10.Ef, 11.30.Rd

Since Faddeev [1] proposed that there is an anomalous
term in the commutator of the Gauss-law operators in
chiral gauge theories, various methods ranging from
point splitting [2], the Bjorken-Johnson-Low (BJL) limit
[3—6], to others [7] have been used to calculate the
Schwinger term in the commutator of the Gauss-law
operators. It seems that the cohomological prediction for
the Gauss-law commutator is realized up to a coboun-
dary term. From the suggestion [8] of a connection be-
tween anomalies in space time, we know that the
Schwinger term exists in the commutator of the different
Gauss-law operators. And the appearance of this term
drastically changes the nature of the constraints: instead
of being first class they become second class.

For the chiral gauge theories in two dimensions, the
bosonization Inethod is often used to obtain the effective
Lagrangian, which has the advantage that in the process
of setting up the classical Hamiltonian dynamics associat-
ed with the effective Lagrangian, we can already confront
and treat the consequences of the anomaly. The regulari-
zation may be specified by bosonizing the original model.
The class of regularizations [9] that involve a dimension-
less parameter a verify Faddeev's conjecture regarding
the presence of a nontrivial two-cocycle in the gauge
algebra. The general non-Abelian chiral gauge theories
in two dimensions with the above regularization scheme
have been studied in detail [10]. They show that there is
an anomalous term in the commutator of the different
Gauss-law operator indeed.

As is to be expected in a two-dimensional model, the
regularization ambiguity can only affect the quadratic
term in A„[11].This is the reason why the now stan-

dard version of the chiral Schwinger Inodel was given the
arbitrary (parameter-dependent) masslike term. Starting
with this masslike term, one can get the Gauss-law con-
straint structure which fits into Faddeev scenario —the
commutator of the difFerent Csauss-law operator G'(x)
and G (y) is nonzero.

Recently, Mitra [12] proposed a new regularization
scheme and showed that the Gauss-law constraint G(x )

became second class through an anomaly in the Poisson
brackets of G(x ) and G(y ) for the chiral Schwinger mod-
el with Mitra's regularization of the masslike term. From
this new masslike term, the commutator of the different
Gauss-law operators is zero, but these operators do not
commute with themselves; i.e., the usual Schwinger term
disappears and the new Schwinger term (the commutator
of the Gauss-law operators with themselves) appears.
The new commutator of the Gauss-law operators corre-
sponds to a Kac-Moody algebra [13]. This kind of
Gauss-law constraint structure is not in accordance with
what Faddeev suggested. This is because the various
Schwinger terms are different manifestations of the same
anomaly [14] and, hence, regularization dependent. In
other words the anomaly in the commutator of the
different Gauss-law operators may be shifted, because of
regularization ambiguities, to the commutator of the
Gauss-law operators with themselves and vice versa.

Because the Gauss-law operators do not commute with
themselves, our model has X —1 self-dual bosons in its
spectrum [for the SU(N) gauge group]. The production
mechanism of the self-dual bosons differs from other
schemes [15] in which they introduce the chiral con-
straints to the model by hand. Also one finds that start-
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ing with the new regularization scheme the degrees of
freedom are fewer than what Faddeev's mechanism in-
volves.

Now let us consider a theory of massless fermions with
only one of its chiral components coupled to an SU(N)
gauge field in two space-time dimensions. The Lagrang-
ian density is given by

vielein V (0)

i V (0)t'= U '(0)
ae'

(7)

In order to obtain the Hamiltonian corresponding to
X,s; let us define the quantities W" as

W"(0)V; (0)=5'"

X=—
—,
' trF„F" +Q i$+eA

where [16]

A"= A' t'
p

F„„=B„A,—8 A„ie—[A„,A ] .

(2a)

(2b)
ya

( VJ'0J+ e A '
) .

4~
(9)

From the action X,fr it is easy to calculate the canoni-
cal momenta corresponding to the coordinates 0', and
after subtracting the contribution coming from the
three-dimensional integrals, we obtain

X,s= —I ( U) — (g"'+e"")tr( U 'B„UA )

s trFpvFpv++mass & (3)

where I ( U) is the functional of the Wess-Zumino-Witten
(WZW) nonlinear o model [17]:

On integrating over the fermionic degrees of freedom and
introducing an auxiliary field U(x) which is an SU(N)
group element at each point, we get an effective boson-
ized action given by

The nonvanishing equal-time Poisson brackets involving
vr; are

I0'(x), vr, (y)] =5'5(x' —y'),

[~,(x),~, (y)] = — f' 'V V, V„'0'"5(x' —y') .
1

(loa)

(10b)

The nonvanishing of Eq. (10b) refiects the presence of the
three-dimensional integral in Eq. (4), which is first order
in time derivatives.

For the gauge field, we denote by ~o and E' the canoni-
cal conjugate momenta of Ao and A1.

r(v)=— f d x tr(B„UB"U 1)

' f 'dt fd'x e~
4~ 0

x tr( v 'a„vv 'a,-vv 'a, -v) .
-

~,=a,
E'=F', .01

(1 la)

(1 lb)

As is usually done, Eq. (1 la) has to be considered as a
primary constraint and it holds only in a "weak" sense.
The canonical Poisson brackets in this case are the famil-
iar ones:

In the second term in (4), U has to be understood as a
smooth function of t and x: U(x, 0)=1, U(x, 1 ) = U(x ).

In Eq. (3), X „, is the masslike term in (4); the usual
form one takes is

[ A o(x ), mt(y ) ] =5' 5(x ' —y '),
[ A;(x ),E"(y ) ] =5' 5(x ' —y ') .

(12a)

(12b)

Let us now define the left- and right-handed currents
p+(x ) according to the Witten bosonization rules [17]

2

8m

However, in our Brief Report, we choose

a l 1 ep, (x)=p, (x)t = v 'a, v+-
4~ 4m.

(13a)

2

tr(A A —4A, A, )
8m

(6)
p (x)=p' (x)t'= UB U ' — A

4m 4m
(13b)

In terms of the ~ s, the Witten currents can be written

as our masslike term, which was first discussed by Mitra
[12].

Here we should note that %dr is not Lorentz invariant.
However, there are many Lorentz invariant theories
where the invariance is not manifest. An example of spe-
cial interest in this context is the theory of self-dual bo-
sons [18]. The demonstration that X,ft does not violate
Lorentz invariance in spite of appearances to the con-
trary can be found in Refs. [12,19].

Before developing a canonical Hamiltonian formalism
for the action (3), let us introduce some arbitrary canoni-
cal 0' on the group manifold (1 ~ i ~ dimG ); we define the

ya
p+(x ) = W"m;+ 0", (14a)

p' (x)=L'"(—W'm. ;+0"),
where

L'"(0)=tr(t'Ut'U ') .

(14b)

(15)

Then the Hamiltonian density & can be put in the
form
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,'E'-E' A—;(D,E)'+~(p'+p'++p' p' )

e
e~g gg + gaga+ yQ~a

1 1 0 (16)

which corresponds to the Kac-Moody algebra, i.e.,

[G'(x), G "(y)I =ef' 'G'(x)5(x' —y') for aWb,

(21a)
In Eq. (16) we have added a term V'mo in order to take

into account the primary constraint given by (1 la). V' is
a Lagrange multiplier, which is undetermined at this
stage.

Using Eq. (10) it is not difficult to check that the
equal-time Poisson brackets of the currents p+ with
themselves correspond to a Kac-Moody algebra:

gab
[p+(x ),p+(y ) I

=f' 'p+5(» ' —y ')+ 5'(x ' —y '),
2~

(17a)

2

[ G'(x ), G'(y ) I
= 5'(x ' —y ') for each a . (21b)2'

In Eq. (21b), the repeated index a does not indicate the
summation over a; it only means the index a is equal to b.

Equation (21) shows that the commutator of the
different Gauss-law operators vanishes, but it does not
commute with itself, which is similar to the so-called
chiral constraint. The corresponding Gauss-law con-
straints are the second-class ones, and no further con-
straints are needed. It can be checked that

[p+(x» p'-(y ) I =o . (17b) [pro(x ), G "(y ) I =0, (22)

The Hamiltonian density & given in (16), together with
the Poisson brackets appearing in (12) and (17), define our
Hamiltonian system.

Let us now proceed with the constraint analysis. Our
primary constraints are

mo(x ) =0 .

The consistency of these constraints under time evolu-
tion requires that

G'(x ) = [nt'i(x ),H ] =(D,E)'(x )+ep+(x )=0; (19)

which are the generalizations of the usual Gauss-law con-
straints. As

[G'(x), G (y)I =ef'"'G'(x)5(x' —y')

+ 5' 5(x' —y'),
2&

which means that the primary constraints mt'i(x ) are first
class. So in our model there are N —1 first-class con-
straints (~o) and N 1 sec—ond-class constraints (G'),
where G'(x) are similar to the chiral constraints. How-
ever, in Ref. [15] the authors imposed chiral constraints
on the model by hand, and in that case there are
2(N —1) primary constraints mo and p' (chiral con-
straints). Then the induced Gauss-law operators do not
satisfy the Kac-Moody algebra.

Now we have completed the analysis of the Gauss-law
constraint structure. The commutator of the Gauss-law
operators corresponds to the Kac-Moody algebra. The
Sch winger term in the commutator of the different
Gauss-law operators may be shifted to the commutator of
the Gauss-law operators with themselves. This is quite
reminiscent of the well-known shift between covariant
and consistent anomalies.
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