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Exact effective action and spacetime geometry in gauged WZW models
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We present an effective quantum action for the gauged WZW model 6 k/H k. It is conjectured that
it is valid to all orders of the central extension ( —k) on the basis that it reproduces the exact spacetime
geometry of the zero modes that was previously derived in the algebraic Hamiltonian formalism. In ad-
dition to the metric and dilaton, the new results that follow from this approach include the exact axion
field and the solution of the geodesics in the exact geometry. It is found that the axion field is generally
nonzero at higher orders of 1/k even if it vanishes at large k. We work out the details in two specific
coset models: one non-Abelian, i.e., SO(2,2)/SO(2, 1), and one Abelian, i.e., SL(2,IR)(ISO(1,1)" /SO(1, 1).
The simplest case SL(2,IR)/IR corresponds to a limit.

PACS number(s): 11.17.+y, 02.40.Dr, 04.20.Jb

I. INTRODUCTION

A gauged Wess-Zumino-Witten (WZW) model can be
rewritten in the form of a nonlinear o. model by choosing
a unitary gauge that eliminates some of the degrees of
freedom from the group element and then integrating out
the nonpropagating gauge fields [1,2]. The remaining de-
grees of freedom are identified with the string coordinates
X"(r,tr). The resulting action exhibits a gravitational
metric G„(X)and an antisymmetric tensor 8 (X) at the
classical level. At the one-loop level, there is also a dila-
tion N(X). These fields govern the spacetime geometry of
the manifold on which the string propagates. Conformal
invariance at the one-loop level demands that they satisfy
coupled Einstein equations. Because of exact conformal
properties of the gauged WZW model, these equations
are automatically satisfied.

For a restricted list of noncompact gauged WZW mod-
els, there is only one time coordinate [1,3,4], thus making
them suitable for a string-theory interpretation in curved
spacetime. The list may be extended to supersymmetry
heterotic models [5—7]. Then these models can be viewed
as generating automatically a solution of these rather
unyielding Einstein equations. One need only do some
straightforward algebra based on group theory to extract
the explicit forms of G„,B„,N. Following the lead of
[2], in which the SL(2E) k/E case at k =—', [1]was in«r-
preted as a string propagating in the background
geometry of a black hole in two dimensions, several
groups have worked out the geometry for all possible
cases up to dimension 4 [5,8 —10]. The resulting new
geometries are generally nonisotropic and have singulari-
ties that are more intricate than a black hole, and may
have physical interpretations in the early string Universe.
The global aspects of these higher geometries have been
understood [11,12,7]. They all have very interesting du-
ality properties that correspond to interchanges of
patches of the global geometry. This duality may be

viewed as inversions in group space [11] and are related
to asymmetric left-right gauging that involves a twist on
the right relative to the left of the group element [8].

Since these are singular geometries, it is clearly desir-
able to go beyond the one-loop expansion of the effective
o. model and consider the effect of the exact conformal
invariance that underlies the gauged WZW model. It is
the purpose of the present paper to accomplish this by
considering the full quantum effective action. Of course,
the full quantum action is of interest in its own right
since the range of its applications goes far beyond the ex-
act geometry of the model. However, at this point, rath-
er than a complete derivation, we are able to present a
conjecture on the form of the full quantum effective ac-
tion. We will justify its form by deriving the exact
geometry and comparing to our previous exact results ob-
tained with algebraic Hamiltonian techniques. Therefore
let us first brieAy review the status of conformally exact
results.

In recent papers [12—14] we showed how to improve
on the perturbative Lagrangian results by using algebraic
Hamiltonian techniques to compute globally valid and
conformally exact geometrical quantities such as the
metric and dilaton (and, in principle, other fields) in
gauged WZW models. We have applied the method to
bosonic, heter otic, and type-II super symmetric four-
dimensional (4D) string models that use the noncompact
cosets. The main idea is as follows. It is part of the folk-
lore of string theory that I.p+I.o is the Laplacian and
that when applied to the tachyon T it takes the form

(Lo+Lo)T= t)„(e —GG" d, T) . (1.1)
G P

This equation follows from the general form of the low-
energy effective action of string theory which concen-
trates on the low-lying spectrum. Equation (1.1) was
used in [15] where the SL(2,E) k/E geometry to all or-
ders in 1/k was "conjectured" to arise from it. Indeed,
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this simplest case has been checked to work up to four
loops for the bosonic string and up to five loops for the
type-II superstring [16]. In [13]we developed the general
methods to use (1.1) to extract the global and conformally
exact geometry for all G /H models, including the
heterotic superstring case. This was based on the follow-
ing proof of (1.1), which was implicit but was not stated
explicitly in [13]: Evidently, Lo+Lo, as constructed
from currents in a G/H theory, is exact to all orders in
1/k. The tachyon is annihilated by all n ~ 1 currents J„,
so that only the zero-mode currents Jo are relevant, as
they appear in I.o+I.o. We further made the reasonable
assumption that the tachyon wave function depends only
on the zero modes of the group parameters. Therefore
we only need to know how to construct the zero-mode
currents from the zero modes of the group parameters as
differential operators. Then, after using the crucial obser-
vation that the tachyon T is constructed from certain
gauge-invariant combinations of group parameters and
then applying the chain rule as described in [13],Lo+Lo
indeed takes the general form of the Laplacian in (1.1)
with a nontrivial dilation and metric. Since this Lapla-
cian is exact to all orders in 1/k, the resulting metric and
dilaton must be identified with the exact ones to all or-
ders in 1/k.

The Hamiltonian approach has effectively concentrat-
ed on the zero modes. Therefore, in comparing the old
results to the new exact quantum action of the present
paper, we must take care that the exact geometry is in
agreement first and foremost for the zero modes. We
shall see that the geometry for the higher modes may be
nonlocal on the world sheet. Our approach here will ap-
ply to Abelian cosets such as

SL(2, IR)/E,

SL(2, E)Ig SO(1, 1)" '/SO(1, 1),
or

SL(2, IR) k SU(2)k/(EII E),
as well as non-Abelian ones such as

SO(2, 2)/SO(2, 1)-SL(2,E) SL(2,E)/SL(2, E)

or

SO(3,2)/SO(3, 1) .

For related results for the Abelian coset SL(2,E)/E, see
also a paper by Tseytlin [17] with whom the present in-
vestigations were initiated [18].

II. EFFECTIVE QUANTUM ACTION

The effective quantum action for any field theory is de-
rived by introducing sources and then applying a Legen-
dre transform [19]. The eff'ective action, which is then
used as a classical field theory, incorporates all the
higher-loop effects. Based on a perturbative analysis in
[20,21], it has been argued [17] that for the ungauged
WZW model G k this procedure gives

Swzw =( —k +g)Io(S'»

Io(g) = f Tr(t)+g '8 g )
Sm.

+ f Tr(g 'dg)3 .
24~ a

(2.1)

+A gA+g ' —A+A ) .

Here g is a group element in G and 3+ is valued in the
Lie algebra for the subgroup H. This action is invariant
under the local gauge transformations that belong to the
subgroup H

g A 'gA, A A '(A —8 )A . (2.3)

It is useful to make a change of variables to group ele-
ments h~ EH, 3+ =8+h+h+', A =8 h h . After
picking up a determinant and an anomaly from the mea-
sure, the path integral is rewritten with a new form for
the action [24,23]

Sowzw = —kIo(h —gh+ )+(k 2h)Io(h —h+ ) (2.4)

iThe more general left-right-asymmetric gauging of [8] may
also be discussed in a straightforward fashion (for an applica-
tion, see [12]).

Therefore the full quantum effective action differs from
the classical one only by the overall renormalization that
replaces (

—k) by ( —k +g), where g is the Coxeter num-
ber for the group 6, not to be confused with the group
element g(o+, o ) (we have also assumed a conformally
critical theory with the Virasoro central charge at c =26
that fixes the value of k and we have neglected possible
field renormalizations [27] for the group element g since
they give rise to nonlocal terms in the o model). Instead
of relying on the perturbative approach in [20,21,17], we
can justify the result (2.1) by the following argument on
the geometry: Before the quantum effects are taken into
account, the classical o.-model geometry of the WZW
model is given by the group manifold metric and the an-
tisymmetric tensor (the axion), both multiplied by (

—k).
To derive the exact geometry by the algebraic Hamiltoni-
an approach, one must use the quantum exact stress ten-
sor to construct I.a+I.o as described in Sec. I. The con-
formally exact quantum stress tensor follows from the
classical one by a well-known renormalization that re-
places (

—k) by ( —k+g). It follows from this that the
exact geometry in the Hamiltonian approach is the same
as the classical geometry except for the aforementioned
renormalization. To agree with this quantum result, the
exact effective action must be the same as the classical
one except for the proportionality constant (

—k +g) as
given in (2.1). Furthermore, g (cr+, cr ) is now treated as
a classical field.

We now extend these arguments to the gauged WZW
(GWZW) model for G t, /H k, which is defined by the
classical action [22,23]

Sowzw= kIo(g) kIi(g A+ A —)
(2.2)

I, (g, A~, A )= f Tr(A t)+gg ' —A+g 't) g
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which is manifestly gauge invariant under h+ ~A h+.
The new path-integral measure is the Haar group mea-
sure D Dh+Dh . We want to take advantage of the
similarity of this action to the classical WZW action:
The first term is appropriate for G with central extension
(
—k), and the second term is appropriate for H with cen-

tral extension (k —2h ). Defining the new fields
g'=h 'gh+, h'=h h+, h"=h and taking advantage
of the properties of the Haar measure, we can rewrite the
measure and action in decoupled form Dg'Dh 'Dh" and
S=—kI0(g')+(k —2h)I0(h'}. This decoupled form em-
phasizes the close connection to the WZW path integral
and gives us a clue as to how to guess the effective quan-
tum action.

However, g', h' are not really decoupled, since we must
consider sources coupled to the original fields Indee. d, to
derive the quantum effective action one must introduce
source terms and perform a Legendre transform. Since
these coupled g', h', h" integrations are not easy to per-
form, we will guess [18] the answer based on the remarks
above and then try to justify it. By analogy to (2.1) we
suggest that the quantum effective action is given by sim-
ply shifting ( —k) to ( —k +g) and (k —2h) to
(k —2h)+h =k —h (again we neglect possible field re-
normalization):

Sowzw=( —k+g)IO(h gh+ )
—

(
—k+h)IO(h h+ ) .

(2.5)
This may now be rewritten back in terms of classical
fields g, A +, A by using the definitions given before.
We obtain

Sowzw=( k+g) Io(g)+I (g, A, A )

+ I2(A+, A ), (2.6)—k+g
I2( A+, A ) =I3( A+ )+I3( A )

+ f d aTr(A+A ),
47T M

where we have defined I3( A+ )
—=Io(h+ ),

I3( A ) =Io(h ) and used the Polyakov-Wiegman for-
mula [24] to rewrite Io(h h+)—:I2(A+, A ) in the
form above. Note that Ii(A+, A ) is gauge invariant.
Our proposed efFective action differs from the purely clas-
sical action (2.2}by the overall renormalization (

—k +g)
and by the additional term proportional to (g —h). In
the large-k limit (which is equivalent to small iri), the
effective quantum action reduces to the classical action,
as it should.

This is not yet the end of the story, because what we

are really interested in is the effective action for the o.

inodel after the gauge fields are integrated out (and a uni-
tary gauge fixed for g). In other words, sources are not
introduced for the original 3+, but only for g. The effect
of this is that the path integral over the above A+ (or h+)
still needs to be performed. At the outset, with the classi-
cal action, the path integral over A+ was purely Gauss-
ian, and therefore it could be performed by simply substi-
tuting the classical solutions for A+ = A+(g) back into
the action. This integration also introduces an anomaly
which can be computed exactly as a one-loop effect. The
anomaly gives the dilation piece to be added to the
effective action

s„, f—d o&yR' '(y)@(g), (2.7)

III. ZERO-MODE SECTOR

To restrict ourselves to the zero-mode sector, we do di-
mensional reduction by taking all the fields as functions
of only r (i.e., world line rather than world sheet). This
extracts the 1ow-energy point-particle content of the
string. This technique proved to be very useful in the
analysis of the GWZW model at the classical limit [11],
and we now use it for the conformally exact action. The
derivatives 0+ get replaced by B„and 3+ get replaced by
a+=BP+h+'. Then all nonlocal and nonlinear terms
drop out and we obtain the effective action in the zero-
mode sector:

where y, &, y, and R ' ' are the metric, its determinant,
and curvature on the world sheet for any genus, respec-
tively. In order to obtain the exact dilaton, we need to
perform the A+ integrations with the effective action,
not the classical one. However, in (2.6) the parts I3( A+ )

are nonlocal in the A+ (although they are local in h+).
The reason is that

I3( A+ ) =Io(h+ ) —fTr( A+ 8 h+ h + )+

and we cannot write 8 h+h+' as a local function of 3+.
Furthermore, in the non-Abelian case, I3 ( A + ) have addi-
tional nonlinear terms. So, if we believe that the quan-
tum effective action is indeed (2.6), then the effective o-
model action we are seeking seems to be generally nonlo-
cal even in the Abelian case (see also [17]). We will there-
fore concentrate on just the zero modes. As shown
below, we have managed to obtain exactly the zero-mode
sector of the o. model and proved that the geometry does
indeed reproduce correctly the exact geometry derived
before in the Hamiltonian formalism [13,14]. This is our
justification for (2.6).

S,s.= dr Tr( —,Bg By+a Bgg —a+g By+a ga+g —a+a ) — dr Tr(a+ —a )
—k+g —1 —1 —1 —1 g 2

4~ 8~
(3.1)

This action is gauge invariant for w-dependent gauge
transformations A(r). Most notably, the path integral
over a+ is now Gaussian, and this permits the elimina-
tion of a+ through the classical equations of motion,

(D+gg )H k
(a+

k —g

(g 'D g)H=
k

(a+ —a-)-g —h

k —g

(3.2)
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where we have defined the covariant derivatives D+ on
the world line D+g=B~ —[a+,g] and the subscript H
indicates a projection to the Lie algebra of the subgroup

The system of equations (3.2) is linear and algebraic
in a+, and therefore it can be easily solved. To do that
and for further convenience, it is useful to introduce a set
of matrices It~] in the Lie algebra of G which obey
Tr(t~ t'ai) =g„ii, where the Killing metric i) ~ii is diagonal
and normalized to have +1 eigenvalues. The subset of
matrices belonging to the Lie algebra of the subgroup H
will be denoted by I r, ] with a lowercase subscripts or su-

perscripts. Then we define the quantities

a =[M M —
A, (M+M )] '[M R —k(L +R )]

a =[MM A,(M+—M )) '[ML A.(L—+R )],
(3.4)

where k=(g —h)/(k —g). Substitution of these expres-
sions back into (3.1) gives

where X", p=0, 1, . . . , d —1, are of the d =dim(G/H)
parameters in g that are left over after going to a unitary
gauge for g. Then the solution of (3.2) for a+ is

L =(g 'B~)H, L„"8+"=Tr( g 'B~t"),
R =( —B~g '), R„"8+"=—Tr(B~g 't ),
M,b =Tr(t, gtbg

' —t, tI, ),
(3.3)

S .,„,= " g Jdr G„.a~ a~,
where the metric 6„ is defined as

(3.5)

G„=g„+—,'[[M M A(M+—M )] '(M AI)],bL—(„R,} —
—,'X[M M A(M—+M )],b'L„'L

,'X[MM—' X(M+—M')].,'R'R'— (3.6)

with g„being the part of the metric due to the kinetic
first term in Ip (g );

The columns of the matrices L„', R„' may be given as
vectors L„,R„,p=t, O, r:

B 1 3 Bgp~, Lp L ~ g~~, R „R (3.7)

and where the curly brackets denote symmetrization with
respect to the appropriate indices.

We will illustrate applications of the above result for
several Abelian and non-Abelian cosets. The simplest
case is SL(2,E)/}ill, but since this can be presented as a
limit of more complicated cases, we will give the results
for it after discussing others. This provides a check of
our methods.

Let us specialize to the three-dimensional non-Abelian
coset SO(2,2)/SO(2, 1) whose exact metric and dilaton was
found in [13] with the Hamiltonian approach. We will
find the metric in a patch of the manifold corresponding,
in the notation of [11,13] to b =cosh2r,
u =sin 8(cosh2t —1), v =cosh2t+1, where Ib, u, v ] are
the global coordinates which cover the entire manifold.
The set of three matrices [ t, ] in the subgroup
H =SO(2, 1) is

2c„—2ss(c„—1)

2secs(c„—1)

—2

, R, =&& 0
0

0
0

1 —c„

0
Ra=&2 s, (1—c„)

c, (1—c„)

L, =O, R„=O,

and similarly the matrix M, b is

(3.9)

0 1 0
1

to, = — 1 0 0
0 0 0

cg(c„—1)

(M,b ) = c,specs(c„—1)
—s,s&c&(c„—1)

ssc&(c„—1)

c, (c~i+s sc„)—1

—s, (c8+s sc„) 1 ct c/.

0 0 1
1

top= — 0 0 0
1 0 0

0 0
1tiq= 0 0
2

,
0 —1

0

(3.8) (3.10)

where c, =cosh2r, c&=cosO, c, =cosh2t and s, =sinh2r,
s6 =sinO, s, =sinh2t. The nonzero components of the
matrix g„are g« =g„„=1, gss=(c„—1)/2.

Using (3.6)—(3.10), the nonzero components of the
metric (3.6) take the form
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G„„=1, G„=p tanh r coth t tan 0—coth r
1 1 1

cos 0 k —1 cos 0sinh t
(3.1 1)

Gee=P tanhir—,G,e=Ptanh r cotht tan&,
1

k —1 cos20

where the function p(r, t, 9) is defined as

—1 coth r 2 1—tanh r
2

+coth t tan 02 2

cos 0 sinh t

1 1

(k —1) cos Osinh t
(3.12)

It is not hard to check that the expression for the metric
(3.11) is the same as the one we found in [13] with the
Hamiltonian approach.

P b —1 1B,„=
8(k —1) b+1 (v —2)(U —u —2)

(4.3)

IV. EXACT AXION

To obtain the axion B„,we need to retain the 0+ on
the world sheet and then read off the coe%cient of

—,'(8 X~8+X —8 X 8+X")B„(X).

As already explained above, we cannot do this fully be-
cause of the nonlocal terms and non-Abelian nonlineari-
ties, but we can still obtain the axion as follows. We for-
mally replace the R,L in the expressions for a+ and
elsewhere by R+,L+, where R + = ( —8+gg ' )8 and
L+ =(g '3+g)~. We justify this step by the conformal
transformation properties for left and right movers. We
then substitute these forms of A+ back into the action
(2.6) and extract the desired axion from the quadratic
part (which is local and a partner of the metric). The ex-
pression we find for the axion 8„,(X) is

B„=b„+—,'[[M M —
A, (M+M )]

X (M —AI)],bL („R,),
(4.1)

where b„ is the part of the axion due to the Wess-
Zumino term in Io(g) and the brackets denote antisym-
metrization with respect to the appropriate indices.

In the particular case of the SO(2,2)/SO(2, 1) coset
model, we have found [8] that for the semiclassical
geometry (k —+m) the axion field vanishes. However,
when k is finite we obtain a nonvanishing result, which is
given by the expression

In Sec. VII we will obtain the exact axion for the
three-dimensional black string mode1 discussed in the
semiclassical limit k —+ ~ in (second reference in [9]) and
for any k in [14].

V. EXACT DII.ATON

To obtain the exact dilaton we must compute the
anomaly in the integration over A+. However, as was
the case with the metric and axion, the local part of the
dilaton can be obtained by going to the point-particle
limit. The effective action (3.1) contains a quadratic part
in the gauge 6elds, which can be rewritten

—k+g fdr Tr a (M AI)a++ ——(a +a+ )4~ 2

+const (5.2)

As an example, for the non-Abelian coset SO(2,2)/SO(2, 1)
this gives

sinh 2rsinh tcos 0@=ln +const, (5.3)

or, in terms of the global coordinates [ b, u, U ],
(b 1)(U —u —2—)+=ln +const, (5.4)

(5.1)

Integrating out the gauge Aelds a+ gives a determinant
that produces the exact dilaton by identifying,
determinant =e, that is,

&b(X) = ln[det(M)(det [I—X[M '+ (M ) ']
I

)' ]

B,e= tanh r cotht tan8,2k —1
(4.2)

2To compare, one should change variables from (b, u, U) to
( t, 0, r ) according to the prescription above.

with the rest of the components being zero. In terms of
the global coordinates [b, u, U ], the corresponding expres-
sion 1s

which is exactly the expression found in [13] with the
Hamiltonian approach.

We can use the general expressions for the exact metric
(3.6) and dilaton (5.2) to check a theorem which we sug-
gested before [13]. We noted some time ago [8] that the
combination e &—G that appears in the Laplacian (1.1)
is actually independent of k. We had first conjectured
this by noting that, in the large-k limit, we could write
this quantity as the product of the Haar measure for g
times the Faddeev-Popov determinant for fixing a unitary
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gauge for any G/H gauged WZW model:

e &—G =(Haar)X(Faddeev-Popov) . (5.5)

Both G„, and @ receive 1/k corrections. But by noting
that the right-hand side is purely group theoretical, we
first conjectured that the combination e &—G must
remain k independent. In our later work for several
non-Abelian cases [13],we verified that this conjecture is
indeed true. Therefore we stated the following theorem:

ed nonlinear differential equation for the string coordi-
nates and hard to solve directly, could be obtained by first
solving the equations of motion of the original variables
g(r), a+(r) (which is easy) and then forming the gauge-
invariant combinations from the solutions for the group
parameters in g (r). We now apply the same method to
solve the geodesic equations in the exact geometry. So
we seek a solution to the classical equations of motion
given by (3.2) and

D (D+gg ') =B,(a —a+ )+[a,a+ ], (6.1)
e v' —G (any k)=e &—G (at k= ac ) . (5.6)

jef ~eff+~eff
total o dil (5.7)

where Sd;i has the same form as (2.7) but with the exact
dilaton replacing the perturbative one. Here we have dis-
cussed mainly the zero-mode part of the total efFective
string action. The efFective action for the higher modes
that follows from (2.5) and (2.6) is generally nonlocal.

VI. GKODESICS IN THE EXACT GEOMETRY

In [11]the string (or particle) coordinates were defined
as certain gauge-invariant combinations of the group pa-
rameters in g. In a specific unitary gauge, these invari-
ants are related to the gauge-fixed form of g that defines
the string coordinates. Using this formalism, a group-
theoretical method for obtaining the solution to the geo-
desic equation was found and used to obtain the geodesics
in the classical geometry. It was shown that the solution
to the geodesic equation, which generally is a complicat-

3For a related statement for SL(2,E)/E, see also [25], and for
clarifications, see [17]. In our previous work [8,5], we errone-
ously stated that the path integral for the GWZW model re-
quires an extra gauge-invariant factor I' (g) in the measure. Our
error was due to the omission of an anomaly factor. The
correct measure at the outset is the Haar measure for g times
the naive measure for the gauge fields A~ and F=1. This
correction does not alter our theorem. We thank E. Kiritsis and
A. A. Tseytlin for comments on this point.

We can reinforce this result by making additional obser-
vations. First, the path integral reasoning that allowed
us to observe (5.5) is equally valid when the effective ac-
tion (2.6) is used in place of the classical action (2.2).
Since the right-hand side of (5.5) is purely group theoreti-
cal, (5.5) should be valid both for the exact and classical
G„and 4. Since we have already computed the exact
metric and dilaton, one is now in principle in a position
to check the relation (5.6) in general. However, the alge-
bra required to compute &—G seems difficult. Instead,
the result for all cases relevant to strings in four-
dimensiona1 curved spacetime has already been computed
explicitly in our previous papers, and indeed for Abelian
and non-Abelian cases the theorem (5.6) is true.

To include the efFects of the dilaton, we must add one
more piece to the effective o.-model action

which follows from varying g and where D+ have the
same meaning as in (3.2). The method for solving these
equations is identical to that used in [11],and the solu-
tion as a function of the proper time ~ is

g(r)=exp ar goexp[(P —a)r],k —g

[go(p a)go ' ]H+a=o
(6.2)

where a and P are constant matrices in the Lie algebra of
H and G/H, respectively, and go is a constant group ele-
ment. These matrices, which are constrained by the
second equation in (6.2), define the initial conditions for
any geodesic at ~=0. The line element evaluated at this
general solution becomes

(6.3)
d1

k gTr P2+g —h 2

8~
' kg

The sign of this quantity determines whether the geodesic
is timelike, spacelike, or lightlike, and it can be chosen a
priori as an initial condition. The large-k analysis of (6.2)
was given in [11]. With the new k dependence and using
the same methods as [11], we have checked in a few
specific cases that the geodesic equations for the exact
metric are indeed solved with this group-theoretical tech-
nique.

VII. AXIAL GAUGING AND
THE SL(2,R)g SO{1, 1) /SO(1, 1) MODELS

So far, we have concentrated on the vector gauging of
the WZW models. For the axial gauging, the subgroup H
should be Abelian with zero Coxeter number. The action
is given by (2.2), but with Ii (g, 2+, 2 ) replaced by

~ow'z'w'=( —k+g) lo(g)+Ii""'(g ~+ ~-)

+ Io(h 'h+ )—k+g ' +

Let us specialize to the SL(2,R)@SO(1,1) /SO(1, 1)

gA+g ' —2+3 ) .

(7.1)

Then, if A+ = —t)+h +h + ', the analogue of (2.6) is
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coset models. For d =3 the semiclassical aspects of the
model were worked out in the second reference in [9], for
d =4 in the fifth reference in [9], and for general d in [4].
The conformally exact geometry was found in [14] with
the Hamiltonian approach. It is convenient to
parametrize the group element of G=SL, (2,R)
oui SO(1, 1)d as

qoJo=
2

1 0
0 —1

0 1

J+ =qo 0 0

0 0

(7.6)

J —=qo —1 0

g 0 o ~ ~

0 g 0 ~ ~

0

0
(7.3)

and those for the SO(1,1)'s are

0 1

Ji=qi 1 0, 1=1,2, . . . , d 2 (7.7)

where

0 0 ''
gd —2 The coe%cients q, par ametrize the embedding of

H =SO(1, 1) into the factored SO(1,1)'s in G and are nor-
malized to g,".:oq; =1. The subgroup elements h+ are
parametrized in terms of two variables P+ as

and

a u
ah+uv =1,—v b

1
h+ =exp — JU(i)

qo

where
7.4

rj 0 o ~ ~

0 J 0 ~ ~

0

0

(7.8)

cosh2r, sinh2r;

sinh2r; cosh2r, . 1=1,2, . . . , d 2 (7.5)

JU(i) = (7.9)

The infinitesimal generators for SL(2, IR) are
If we define two new variables P=P —P+, P=P +P+,
then in the gauge b =+a the action (7.2) takes the form

k' d —2

S „',"'„"=, f ', [a (uv)a (uv) —2(uv —1)(B uB v+8 vB u)]+4, g v;8 r;8 r;16~ uv —1 i=1
d 2

+ uB v —vB u —2, g Ir, rA "r) r; (8 P+t) P)
i=1

k" — k 2+ uB v —vB u+2, g ~, rI, B r, (t) P —t) P)+ uv —1—,p —,d Qr)
i=1

+ 1 uv+ „—, Z' (a ya y+a ya, y —a,ya y), (7.10)

where k'=k —2 is the renormalized value for the central
extension k and i);—:q; /qo, v;:—k; Ik, P =—g;:& i7,.z;.

To extract the effective string model, we now need to
integrate out P and P, which is equivalent to integrating
out 2+. As discussed before, this gives nonlocal contri-
butions. Therefore we may again concentrate on the zero
modes by dimensional reduction. Furthermore, as dis-
cussed in Sec. IV, we may restore formally 8 —+8+ in or-
der to compute the axion. This procedure extracts the lo-
cal part of the effective action and preserves gauge invari-
ance with respect to ~-dependent gauge transformations
A(r). In fact, the local part of the effective action is an
ambiguous notion and the principle of ~-dependent gauge

I

invariance resolves this ambiguity. The upshot of these
steps boils down to keeping the local part of the solutions
of the classical equations for the gauge fields P and P:

40ur gauge-invariant results di6'er in general from the local
part discussed in [17],which is not gauge invariant with respect
to A(~). Our form is required to produce the correct geometry
that agrees with the algebraic results. However, for the special
case SL(2,R)/R the results for the metric and dilaton agree ac-
cidentally with [17].
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vB+u u Byv
t)+ P local

uv —1 —(k/k')p —2/k'

,2~;~;a

uv —1 —(k /k')

(7.11)

Substitution of the above expressions into the action (7.10) gives the following expression for the local part of the
effective action:

Slocal 1

4~ k'/k(uv —1) p
—2/k— , a (uv)a (uv)+ (a,ua v+a ua, v)p +2/k 1+p

4 uv —1 2

d 2 'g 'QJKJ

k'/k(uv —1)—p
d —2

+
2 g [(uB+v vB+—u)vrI B r; (u—B v vB—u)aqB+r] .

k'/k (1—uv) +p', =,
(7.12)

2 r+ r rq
ds3D = — 1 — dt + 1— dx

r —r
q

dr, (7.13)

where [14] r+ =V'2/k'(p +1)C, r =v'2/k'
X (p +2/k)C, and r =2/k&2/k'C (for C, see below the
expression for the dilaton). For the axion and its field
strength, we obtain a new result: 8„=8„„=0,and

r —r 1/2 r r+
r —r

(7.14)

The first two lines in the above expressions define a
metric which is precisely that found in [14] with the
Hamiltonian approach. The third line defines an an-
tisymmetric tensor (axion). As in Ref. [14], it is useful to
diagonalize the metric. Since the procedure is exactly the
same, we are not going to repeat it here. The answer is
that only a three-dimensional part of the metric is non-
trivial, and the rest corresponds to Hat directions. The
three-dimensional nontrivial part of the metric, which de-
scribes a black string, has the form [14]

@=—,'ln[r (r r~ )]+—,
—'ink' . (7.16)

Therefore an additional piece Sd;i(C&) must be added to
the action in (7.12). The expressions for the metric, the
dilaton, the axion, and its field strength tend to their
semiclassical values (see the second reference in [9]) in the
k —+~ limit, because then r ~0.

It would be interesting to check that the expressions
we found for the metric, the axion, and dilaton in this
simple Abelian model indeed satisfy the perturbative
equations for conformal invariance beyond the one-loop
approximation. For large k the backgrounds of the (2D
black hole) E and the 3D black string are related by a
duality transformation as it was shown in [26]. Knowing
the exact backgrounds (any k) for both geometries may
shed some light into the form of the duality transforma-
tion beyond leading order in o."-1/k.

VIII. SL(2,R)/R MODEL

Since the simplest case SL(2,E)/E is just a limit of the
previous case, we wi11 briefly derive in this section all the
well-known results. In order to specialize the action
(7.12) to the case of the SL(2,E) k/E model, one should
take k;=0. It follows that ~;=p =0, and the action
(7.12) and dilaton (7.15) take the form

r+ —r

(r r)— ,g k 1

8~ uv —1 —2/k'
1/k

8+(uv)B (uv)
QU 1

To obtain the dilaton, one has to integrate out P and P in
(7.10). Then one gets for the conformally exact dilaton
the expression which was found in [14]:

Ce =(1—uv) 1+p +(p +2/k)
1 QU and

+(8+uB v+8 uB+v)

+S "(4)

1/2

(8.1)

X 1+p —2/k+ p 1 QV

1/2

(7.15)
C'e =(1—uv) 1 ——2 QU

k uU —1
(8.2)

where C is an arbitrary constant. In the variables which
diagonalize the metric, the dilaton takes the form [14]

where C' is a constant related to C in (7.15). In the re-
gion where uv ) 1, we change variables from (u, v)~(t, r)
as
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u =coshre', U =coshre (8.3)

Then the action (8.1) and the dilaton (8.2) can be written
as

k'
s';D-'= ja+rB r f(—r)B+tB t+Sd2D(@),

4m

4= ln[sinh2r /f ( r) ]+const
(8.4)

where f (r) =1/(tanh r —2/k), thus reproducing the ex
act expressions for the metric and dilaton of the two-
dimensional (2D) black hole as they were computed in
[15,13]. One could also use the efFective action appropri-
ate for vectorial gauging (2.6) to obtain all of the results
in this section.

IX. CONCLUSION

We have suggested the form of the effective quantum
action for the general Abelian or non-Abelian GWZW
model and veriGed that it works, at least in the zero-mode

sector. Furthermore, we have obtained new general re-
sults for the conformally exact axion Geld and geodesics.
The zero-mode sector determines the point-particle
behavior of the underlying string theory and is the only
part relevant for the low-energy physics. Therefore, al-
though our methods have yielded incomplete results for
the full string theory, they are adequate to extract the
most relevant physical information on the curved space-
time geometry. Based on the agreement with the algebra-
ic Hamiltonian approach in the zero-mode sector, we
conjecture that, before the integration over A+, the
forms (2.5), (2.6), and (7.2) may be trusted for all the
higher modes as mell.
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