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We examine the evaporation of two-dimensional black holes, the classical space-times of which are ex-
tended geometries, such as, for example, the two-dimensional section of the extremal Reissner-
Nordstrom black hole. We provide evidence that the evaporation in two particular models proceeds to a
stable end point. This should represent the generic behavior of a certain class of two-dimensional
dilaton-gravity models. There are two distinct regimes depending on whether the back reaction is weak
or strong in a certain sense. When the back reaction is weak, evaporation appears to proceed via an adi-
abatic evolution, whereas for strong back reaction, the decay proceeds in a somewhat surprising manner.
Although information loss is inevitable in these models at the semiclassical level, it is rather benign, in
that the information is stored in another asymptotic region.

PACS number(s): 04.60.+n, 97.60.Lf

1. INTRODUCTION

One of the authors (M.O’L.) and Banks [1] had previ-
ously proposed that for a large class of modified scalar-
gravity theories in which the classical geometries are all
nonsingular, with a causal structure identical to that of
Reissner-Nordstrom type, the Hawking evaporation to a
final zero-temperature remnantlike object could be stud-
ied without singularity, as opposed to the original CGHS
(Callan-Giddings-Harvey-Strominger) [2] models in
which a now well-known singularity was found. Here we
report on calculations that support this picture. When
in-falling matter perturbs one of these extremal solutions,
two apparent horizons form. As the evaporation takes
place, these apparent horizons approach each other. We
find two distinct regimes, depending on whether the back
reaction is weak or strong in a certain sense. With weak
back reaction, an adiabatic approximation gives a correct
description, and the geometry appears to settle down to a
stable remnant, with the apparent horizons meeting only
after an infinite proper time. In the strong back-reaction
regime, the apparent horizons meet after a finite proper
time, and only after meeting do things appear to settle
back down to the extremal solution. Black holes in these
models therefore seem to evaporate in a completely non-
singular fashion, realizing the original objectives of
CGHS. Information loss occurs at the semiclassical lev-
el, but only in a rather benign way.

In Sec. IT we introduce the models of interest. We dis-
cuss in some detail the behavior near the double horizon
of the extremal static semiclassical space-time in Sec. ITI.
In Sec. IV we describe the adiabatic approximation [3]
for the nonsingular models. Section V contains the re-
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sults of our numerical analysis and Sec. VI is devoted to
our conclusions and a discussion of their implications.

II. THE MODELS

Consider a Lagrangian taken from the general class of
two-dimensional renormalizable generally covariant field
theories [4]:

L =V —g[D($)R +G($)V$)*+H($)] . 2.1

We require that the potentials behave asymptotically like
those of linear dilaton gravity [2]:

D(¢)_+—G—;¢L)_+£%‘ﬁ_>e“2¢, (2.2)

as ¢p—— ©.

The renormalization-group equations are hyperbolic
on the two-dimensional target space of this model, and
thus given a set of initial data one can consistently renor-
malize the model [5]. In the following, without loss of
generality, we will restrict attention to the class of models
satisfying G(¢)=—2D'(¢). Other models may be ob-
tained by a field redefinition of ¢. Performing a Brans-
Dicke transformation on the metric §=e ~2%g this La-
grangian may be rewritten in the simple form

Ly=V =g [D(@R+W )], 2.3)

where we have defined W(¢)=e?*H(¢). This form of
the Lagrangian is convenient for finding the classical
solutions as described in Ref. [1], in which reference the
extended space-time geometries are discussed. !

All solutions are causally related to the two-
dimensional r-t section of the four-dimensional Reissner-

10ther black-hole-like geometries present in generalized ver-
sions of (2.1) are introduced by Mann in Ref. [6].
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Nordstrom (RN) black hole (see Fig. 1 for the extremal
geometry), but as noted above, the geometries in these
generalized models may be nonsingular. The nonsingu-
larity is achieved by requiring that as ¢— oo, D~e"?,
and W ~e™?, such that n >m —2. The multiple horizon
structure is obtained by requiring that W have a zero.
Henceforth this class of models will be referred to as DW
models.

Just as in four dimensions one believes that if charge
cannot be radiated away then the zero-temperature ex-
tremal RN space-time with M?=Q? where M is the
mass and Q is the charge, will be an end point for Hawk-
ing evaporation; it was conjectured that the zero temper-
ature extremal limit of the DW models would also be a
natural end point for Hawking evaporation.

To compute the back reaction we look at the trace
anomaly produced by the quantum fluctuations of some
conformally coupled (hence massless) matter fields. This
is just the quantity calculated by Polyakov. We follow
CGHS and study the back-reaction-corrected equations
in the semiclassical limit, obtained by adding to the equa-
tions the terms corresponding to the trace anomaly of a
large number N of the matter fields f; and then taking N
to infinity with N# fixed. Explicitly, the semiclassical ac-
tion is

N
S=[dx L,—2kd,pd_p+ 3 0. f0_f;, (4

i=1

in the conformal gauge (gi.=0, g.3=—1le%,
xT=x%x1). Here we have defined k=N#/12. By our
choice of potentials, together with the condition
D'+2k <0 for all ¢, we have avoided the singular kinetic
term in field space which has been shown to be responsi-
ble for the singularity of the CGHS model.
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FIG. 1. Causal structure of the extremal zero-temperature
space-time geometries. The arrows show the flow of time. CD
is the Cauchy horizon for regions I and III. The global hor-
izons are at fixed r and the geometry near r =r, is the same in
both the DW and RN cases (in particular, the distance to P in
the direction of the arrow is infinite). The line ST is singular
and at finite spacelike distance for RN, nonsingular at infinite
spacelike distance for DW.
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Let us note in passing that the general solution to the
CGHS equations that is static, with a mass above that of
the vacuum, actually has a weak-coupling singularity on
the outer horizon [7,8] (the quantum kink). This singular
behavior arises through the interaction between the as-
sumed dilaton-gravity asymptotics of the potentials (2.2),
and the large N corrections. That is, this singularity is a
weak-coupling singularity that arises due to the assumed
linear dilaton asymptotics of the Lagrangian, and so will
also be present in our models.

Note that we may alternatively require the potentials
to behave asymptotically as the spherically symmetric
reduction of the four-dimensional Einstein equations:

D(¢)_>—Gizﬂ_>e—2¢ and H($)—2 . (2.5)
Here the two-dimensional metric is related to the four-
dimensional metric via

Wds2=ds?+e 22402 . (2.6)

An example from this class of models, corresponding to
the r-¢ section of the four-dimensional RN black hole will
also be considered in the following, with the same one-
loop back-reaction term included as above. This model
has recently been considered in Refs. [3,9]. Unlike the
DW models described above, this model is singular at the
classical level and has a large N singularity at e ~2¢=x /2.

III. STATIC SOLUTIONS
OF THE GENERALIZED MODELS

The static solutions to the quantum equations of the
DW models fall into three categories: those that qualita-
tively have the same structure as the quantum kink of
early studies of the CGHS Lagrangian, an extremal state
that approaches the classical extremal state (as k—0),
but with a singularity in the second derivative of the cur-
vature on the horizon, and negative mass solutions that
have the same structure as the classical negative mass
solutions; in particular, they are nonsingular. In the fol-
lowing we will refer to the extremal state as the vacuum
of the two-dimensional theory, and measure mass relative
to this vacuum state.

Thus at this level we have found that quantum correc-
tions have made the classical phase space more singular.
However, the vacuum state is nonsingular and, given that
the positive mass solutions will radiate, it is plausible that
none of the positive mass singularities will appear in the
dynamical collapse and evaporation.

In the next section we will introduce the adiabatic ap-
proximation used by Strominger and Trivedi [3] to study
the formally similar problem for a dimensional reduction
of Reissner-Nordstrom geometry. The adiabatic approxi-
mation can be most easily investigated in light-cone
gauge, so we now record the equations in that gauge.

We have the line element

ds?’=—h dv?+2drdv . (3.1

The scalar curvature is given by R = —3%h. To find the
needed parts of the stress tensor, we integrated the Bian-
chi identities VT ,5=0, using the equation for the trace
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anomaly [10]:
TE"=2T7+hT7="R .

The components of interest to us are the trace, and
I“IETaB, where [ =(h /2,1).
The ¢ and trace equations may be written as

e Y[D'WH+k(W—LW')]—D"(D'+k)(Vé)

(3.2)

V= D'(D'+2x) ’
3.3)
=2 ’ " 2
R=—gh= e TOWAWILDITE
where
V2%$=9,(23,6+hd,4) ,
and

(V$)?2=20,43,6+h(3,4)* .

The remaining local linear combination of the constraint
equations is (conveniently the linear combination needed
for matching across the shock wave)

1°1PT ,s=2D"(3,¢+1h 3,4)?
+[1h3d,+3,—L(3,h))(+hd,+3,)D

K |h

+
412

3%h +93,0,h ~%(a,h)2 +¢,(r),

(3.5)

where ¢, is determined by the initial state of the quantum
vacuum, and for our collapse, and for static solutions
with no net flux at infinity, we set ¢, to zero in coordi-
nates that are asymptotic to the linear dilaton vacuum.
For static solutions we set # =h (r) and ¢ =¢(r). With

linear dilaton asymptotics at ¢——oc0, W-—4, and
D —e % we find, to lowest order, 2
h(r)=1—2Me "%,
(3.6)

o(r)=—r .

One can numerically integrate the static equations using
the above as boundary conditions at r — 0.

Now let us consider the behavior of fields near the hor-
izon, » =r,, of the extremal solution. We know from the
classical analysis in Ref. [1], that the classical extremal
solution has to lowest order ¢ =g, and # =hyx? near the
horizon, where x =r —r;,. Let us look at the quantum
corrections to these formulas:

¢=¢0+Bx1+5 ,

(3.7
h=ax*+a,x?

+n

2Certain choices of the potentials D and W will given an addi-
tional term in the asymptotics of 4 proportional to » exp( —2r).
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Plugging this into the static equations we find (evaluating
all functions at ¢ =4,)

D'W=k(W'/2—W),
e o w+1w)

al‘-

D'+2k

=e Wk, (3.8)

n=86,
D"W+D'W—k(IW'—W')
(8+1)6+2)= D(W+iw)
[ and a, are related by
g= —kKa,(6+2) . (3.9)
20,8D'

Notice that the solutions have two obvious extensions
through ¢ =4, (see Ref. [3] for a similar discussion). To
study perturbations by shock waves of matter we will re-
strict ourselves to the odd extension that is the smoother
of the two continuations and is the one that is a deforma-
tion of the classical geometry:

¢=do+Bx|xI®,

(3.10)
h=ax*+ax|x**? .

This also means that immediately above the shock wave
we will find two apparent horizons at ¢, <¢, and at
¢_ >y with a geometry qualitatively the same as the
positive mass classical solutions.

We can evaluate the parameters in the expansion near
the horizon of the extremal solution and observe that the
quantum vacuum near the horizon is indeed a small « de-
formation of the classical vacuum. Let us fix

D=e¢ 2%—y2%? and W=4—p2%* . (3.11)
For small « and large u, we find
T2%0_ M, K
‘ 2 +22 ’ B 1 (3.12)
a,; =4, 8=7K, a—2=~8— .
For definiteness we set 8= —1/pu in the following.

To check that the quantum behavior near ¢=¢, that
we have displayed is consistent with the linear dilaton at
infinity we numerically integrated out from ¢=¢, to
¢ == 0, and indeed have observed the linear dilaton vac-
uum for ¢ — — o0 and the large ¢ classical behavior in the
other asymptotic regime.

IV. THE ADIABATIC APPROXIMATION

In order to study the semiclassical stability of the static
extremal solutions of the DW models, consider sending in

a matter shock wave /#] "Tlfw =2M5(v). We define
3=29,¢+h9d,¢, 4.1)

so that the future apparent horizon is the locus of = =0.
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The discontinuity in X across the shock is

__ M
VvD'(D'+2k)

To obtain explicit expressions we use the potentials of
Eq. (3.11) and make a large pu, small «, and small M ex-
pansion. Specifically, we have M /u<<k/p<<1. We
may calculate the positions of the apparent horizons
which turn out to be

ry=r, i‘/ﬁ(M/“)l/(2+8) ,

6= (4.2)

(4.3)
which is obtained by setting £+ 8% =0. This implies that

arz(r+)=¢_8__(M/Iu)(1—+—5)/(2+8) . (4.4)
The discontinuity in /4 across the shock is given by
M D'’
8h - d —_ 1 —_——— . 4‘5
K f ’ V' D'(D'+2k) @)

By inserting this expression into the constraint equation
we find 9,2 at the apparent horizons:

9,2=—8M«k/u?. (4.6)

One may then try to make an adiabatic approximation
to compute the relative positions of the horizons as a
function of v, by assuming Eqgs. (4.4) and (4.6) continue to
hold for all v if things are changing slowly enough:

3,3

3, = S ¢ﬁ(?i—rh) , 4.7)
r
which gives
PE)=r, +rie U TOM (4.8)

or expressing things in terms of an effective mass, which
measures the difference between the actual mass and the
extremal mass

2k(v —vqy)/p

M@)=Mye 4.9)

The adiabatic approximation will break down when the
energy flux due to Hawking radiation is comparable to
M (v), so will be valid as long as k/u <<1.

These expressions are almost identical to ones obtained
in Ref. [3] in the case of the spherically symmetric reduc-
tion of the Reissner-Nordstrom black hole, apart from
slight changes in numerical coefficients. The RN case is
obtained by picking different potentials D and W. In this
case, the adiabatic approximation is valid as long as
k/Q?<<1, where Q is the charge of the extremal black
hole.

V. THE NUMERICAL COLLAPSE

When an extremal solution is perturbed by an incom-
ing flux of matter the picture one expects is the following:
above the shock wave two apparent horizons form on ei-
ther side of the line ¢, and as the black hole evaporates
these horizons approach each other, with the solution
settling back down to the extremal solution at J3. In
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this section we describe numerical solutions for a shock
wave of in-falling matter impinging upon the extremal
solution of the DW model described in Sec. III. We also
consider the analogous calculation for the RN-type mod-
el. Our aim is to test whether the extremal black hole is
stable, and in what manner the evaporation proceeds.

Another approach would be to do a linear stability
analysis of the problem, where one might hope to be able
to understand things analytically. In fact, it seems this is
not so for the back-reaction-corrected equations. A nu-
merical analysis of this problem is tractable, but is of
comparable difficulty to numerically solving the full non-
linear equations, so we choose to do the latter.

In the context of the CGHS model, numerical results
have previously been obtained in [11-13]. Here we are
solving equations of precisely the same form, but with
somewhat different potentials. See Ref. [12] for a descrip-
tion of the numerical algorithm used in this paper, and
also Appendixes A and B, where the gauge and coordi-
nate choices, and equations of motion are stated. For nu-
merical purposes it is convenient to work on a grid of null
lines, so conformal gauge is appropriate. This should be
borne in mind when making quantitative comparisons
with the results of the previous section, where it was
necessary to use light-cone gauge to get analytical results.

For the DW model of Eq. (3.11), with k=10, u=15,
v =8, and shock mass M =1.5, the results are plotted in
Fig. 2. Note that here k/u>1, so one is in the strong
back-reaction regime and the adiabatic approximation of
the previous section is not expected to hold. The integra-
tion is stopped near x ~ =0 where the line ¢ =¢, starts
out. This means these calculations will hold for either of
the extensions described in the previous section. The
horizons meet at finite proper time, and the line ¢, goes
from being spacelike to timelike at this point. Note the
equations of motion imply that d,3_¢=0 when an ap-
parent horizon (where 9, ¢=0) intersects ¢ =¢,. The po-
sition of the apparent horizons £ ~(x *) may be found by

0 |T1N\‘\l\ilrl1\TI{ll\|VII{1I!11I

T
TR SN N N S R R R R

L LA

o
T
|
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T T

2 v b b b b b b by Ly
2 4 6 8 10 12 14 16 18 20

+
X

FIG. 2. Plot of motion of apparent horizons for DW model,
in the strong back-reaction regime. The lower line is the outer
apparent horizon, the middle line is ¢ =¢,, and the upper line is
the inner apparent horizon.
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solving
wr- _ 9¢ 5.0)
ax™* 9_3.¢ "’ '

which indicates that 3x ~ /dx * blows up as 3,9_¢—0,
as long as 3% ¢ remains finite. This is precisely what is
happening at the meeting point of the apparent horizons,
consistent with the numerical results. Also note that the
wiggles in the path of the outer horizon are due to
0_0¢ becoming very small in this region. This causes
the error in the path of the line 3 . ¢ =0 to be much larger
than, for example, the error in the path of a liner of con-
stant ¢. The conclusive indication that the horizons meet
comes from the observation that the line ¢ =¢, becomes
timelike. Numerical convergence has been checked by
varying the stepsize, and varying the position of the ini-
tial surface.

Following a line of constant ¢ as x 7 become large, one
finds the curvature approaches a constant which equals
the initial curvature of the extremal solution, as shown in
Fig. 3. This indicates that despite the fact that the ap-
parent horizons have met, the solution still settles back
down to the zero-temperature extremal state.

Lines of constant ¢ appear to approach a null line
x~ =xg , which will become a global horizon, as shown
in Fig. 4. It is difficult to tell from the numerics whether
xo =0, or whether it is shifted out to more negative x ~
by the in-falling matter. More sophisticated numerical
calculations are needed to answer this question
definitively.

Simulations were also performed for the weak back-
reaction regime where k/u <<1, when the adiabatic ap-
proximation is expected to hold. Here potential numeri-
cal errors were somewhat larger, but the results were
found to be consistent with the adiabatic approximation.
The critical line ¢ =¢, remained spacelike, approaching
the outer apparent horizon out to large values of x *.
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FIG. 3. Plot of the curvature along a line of constant
¢=—1.2, for the DW model, in the strong back-reaction re-
gime. Here the range of x * extends much further out. The cur-
vature approaches a constant value which is the same as the ini-
tial curvature of the extremal solution.

3739
0 K 1T 1 T 1T T T T T T T } L ] TTTT y T T 1T 'l T T T ]
s
| q
:
-1 —I 11 1 | L1 11 | L1 1] | 11l \ L1 1] | | O l 1411 L 1 J_J_J;:
10 20 30 40 50 60 70 80

+
x

FIG. 4. Plot of the path of a line of constant ¢=—1.2, for
the DW model, in the strong back-reaction regime. As x* be-
comes large the line appears to asymptotically approach a null
line.

Qualitatively similar results are obtained for the case of
the RN model. In the strong back-reaction regime where
k/Q%>1, with k=200, Q?=60, and shock mass
M =0.08 (results are shown in Fig. 5). One difference
here is that coordinates are chosen so the line ¢=4¢,
starts out at x ~ =+ c0. Again the solution appears to
settle back down to the extremal solution as x * becomes
large, after the apparent horizons have met. In the weak
back-reaction regime (x/Q? << 1), results consistent with
the adiabatic approximation were found, with the critical
line remaining spacelike out to large values of x *.

VI. DISCUSSION AND CONCLUSIONS

The picture of the end point of the evaporation of these
two-dimensional extremal black holes, which is consistent
with the numerical calculations, is shown in Fig. 6. In
the strong back-reaction regime, lines of constant ¢ ap-
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FIG. 5. Plot of motion of apparent horizons for RN model,
in the strong back-reaction regime. The lower line is the outer
apparent horizon, the middle line is ¢ =¢,, and the upper line is
the inner apparent horizon.
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proach a global horizon, and the solution settles back
down to the extremal one. After the apparent horizons
meet the line §=4¢, turns timelike and becomes asymp-
totically null as it approaches the global horizon. In the
weak back-reaction regime the apparent horizons meet at
J4, and the critical line ¢ = ¢, remains spacelike.

Our results indicate the presence of two qualitatively
different regimes separated by some critical value of «/u
in the DW case, and K/Q2 in the RN case. This should
not be too surprising, since a similar phenomena occurs
in the case of the damped harmonic oscillator, where
there is a critical value of the damping separating two re-
gimes of behavior. Although we have studied two partic-
ular models, we believe that this behavior will be generic
to the class of models in which W (¢) has a simple zero,
which includes the nonsingular models discussed in Sec.
II.

Because for large x/p the apparent horizons collide,
locally, the end point of the evaporation of these extremal
solutions looks like an M? < Q? static solution in the case
of the RN model. One may wonder if two-dimensional
quantum positive mass theorem prevents such an unex-
pected occurrence. However, positive mass theorems
only give us information about the asymptotic structure
of the space-time and certainly do not preclude the type
of relaxation that we observe here. Classically, the DW
and RN models obey positive mass theorems [14] with
the mass defined on spacelike surfaces that become
asymptotically null along J3 and have their left bound-
ary at the meeting of the two global horizons of the ex-
tremal solution below the shock wave. Unfortunately,
the quantum positive mass theorems [15] do not appear
to give any useful information in their present formula-
tion due to the quantum corrections to the vacuum. Fur-
ther, quantum positive mass theorems require a non-
singular spacelike surface that is asymptotically linear di-
laton vacuum at both ends, see Refs. [15-17]. In our situ-
ation, this of course can never be the case, since the left
boundary of our spacelike hypersurfaces meets the hor-
izon of the extremal solution which looks distinctly not
like the LDV.

These results appear to confirm the conjecture that
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_ FIG. 6. Penrose diagrams showing the end

fo points of the black-hole evaporation. The case
of strong back reaction is shown on the left,
the case of weak back reaction is shown on the
right.

----- Global Horizon
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— ~—- ¢ =constant

zero-temperature extremal (in the sense of RN) two-
dimensional black holes are semiclassically stable. In the
case of the DW models the evaporation of nonextremal
black holes should proceed in a completely nonsingular
way, realizing the original objectives of CGHS. Informa-
tion loss is inevitable in these models at the semiclassical
level,3 since an in-falling flux of matter will always pro-
duce correlations with the region behind the global hor-
izon, and hence inaccessible to an observer who finds
themselves at i . after an infinite proper time. The infor-
mation loss is of a somewhat benign type, though. For
observers outside the global horizon, the quantum
mechanics that they participate in is unitary; indeed the
spacetime before the Cauchy horizon can (by definition)
be foliated by spacelike Cauchy hypersurfaces. The in-
formation that is no longer accessible to them is stored in
a stable remnant, one of an infinitely degenerate set of
possible final states. This infinity of states corresponds to
all the possible field configurations on a spacelike slice
through region III (Fig. 1). These remnants avoid the
problems of overproduction in external fields and diver-
gences in virtual loops by nature of their large internal
geometry [18].

Let us note that the above discussion is based on semi-
classical reasoning. It is still possible that when space-
time is properly second quantized the information loss
problem will be cured. Highly nonlocal quantum gravity
effects may wind up giving the remnants a very long but
finite lifetime. If this lifetime is of order the age of the
Universe, experimenters making measurements over
shorter times will still see an effective loss of information,
which they would attribute to the existence of ‘“‘stable”
remnants.

The conjectured extremal state possesses a Cauchy
horizon as shown in Fig. 1. We would like to comment on
the sense in which this horizon is traversable* and the
possibility of information loss for observers who traverse

3See Refs. [1,3,18] for related discussions.
4See Ref. [19] and references therein for earlier discussions.
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it. We should first note that the Cauchy horizon in our
model appears to be a double horizon and, as discussed in
Ref. [9], has a softened divergence of the stress tensor as
compared to the inner horizon of a nonextremal space-
time. It is also possible that the disturbance produced by
the shock wave will separate the local horizon and the
global Cauchy horizon in a manner similar to the mass
inflation models of Poisson and Israel [20]. In mass
inflation it was shown that an infinite tidal force appears
along the Cauchy horizon, but the singularity is weak
[21] in the sense that an observer can traverse it without
getting stretched infinitely.

Let us assume then that a traversable Cauchy horizon
is present. An observer who passes into the region above
this Cauchy horizon faces a potential loss of unitarity as-
sociated with the lack of a global foliation of the space-
time by spacelike Cauchy hypersurfaces. The existence
of a Cauchy horizon, its nature, if it existed, and the
necessity of a unitarity restoring mechanism for those
who cross it, are the subject of our ongoing investiga-
tions. The answers to these questions should shed light
on an S-matrix description of quantum gravity in the
presence of remnantlike objects.
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APPENDIX A:
NUMERICAL METHOD FOR DW MODEL

The numerics are performed in the conformal gauge:

g++=8-_=0, g+—=g~+=--}ez”~ (A1)

The linear dilation vacuum in the coordinates we choose
is

¢p=p=—1In(—x*x") (A2)
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while a solution with mass M looks like
¢p=p=—1In(M—x"x") (A3)

in the limit x *x ~— — . The equations to be solved
are

—D",$d_¢—1e* (W +W'/2)

9+9-p= D'+2k ’
_ (A4)
D"3,¢3_¢+1ie? W +kd,0_p
a+a_¢=_ D' .

Here D =e % —y%2% and W =4—pu%*. The boundary
conditions are that along x * =1 the solution correspond
to the extremal solution discussed in Sec. III. Above the
shock wave along J~ the solution should agree with the
classical shock solution. This amounts to setting

x +M
2AM —xFTx " —Mxt)
as x  — —oo. In practice, a large negative initial value
of x ~ is chosen.

APPENDIX B:
NUMERICAL METHOD FOR THE RN MODEL

Here the numerics are also performed in conformal
gauge (A1). Asymptotically, as x " —x ~— o the solu-
tions approach the vacuum

¢=—In[LxT—x7)], p=0. (B1)
The equations to be solved are
3,90 _¢+1le*(e*—20%*)
9+0-p= 1—(k/2)e* ’
(B2)

2
3,3.6=23,3 p+0.4 a_¢+QTe2”+4¢ .

Here the boundary conditions are that along x ¥ =0 the

solution match onto the quantum corrected extremal

solution [8], while above the shock wave along J~ the

solution agrees with a classical shock solution. This

means

B p~— +1 — + +4M_2{1~—1n[%(x+—x")]},
xT—x (xT—x7)
(B3)
8. 2M
+P (xT—x7)?

asx — —oo.
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