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We study in detail the prediction for the semileptonic decays B ~ D(D')7rlv by heavy quark and
chiral symmetry. The branching ratio for B —+ D7rlv is quite significant, as big as (0.5—l)%. The
branching ratio for B ~ D*mlv is only of the order of 10 —10 . Numerical results for various
single-particle spectra and their dependence on the pion momentum cuto8' schemes are presented in
a series of figures, as are the model-independent ratios for di8'erential rates of D and D*. We also
study the parity-violation eft'ects on the decay rates for diferent polarization states of the D*.
PACS number(s): 13.20.Jf, 11.30.Hv, 11.30.Rd, 14.40.Jz

I. INTRODUCTION

B(B -+ D I.+v) = (1.8 6 0.5)%,

B(B —&
D* I+v) = (4.9 + 0.8)%,

B(B+ m D I.+v) = (1.6 + 0.7)%,

B(B i D* 8+v) = (4.6 + 1 0)%,

B(B -+ e+v, hadrons) = (10.7 + 0.5)%,

(1.2)

(1.3)

(1 4)

(1.5)

Flavor and spin symmetry of heavy quarks [1,2] and
chiral symmetry of light quarks together impose strong
restrictions on the semileptonic decays of a B meson [3—
6] such as B —+ D7rIv and B -+ D*7rlv. Heavy quark
symmetry predicts that the weak vertex contains only a
universal Isgur-Wise function with an overall factor cal-
culable in @CD. Chiral symmetry, on the other hand,
requires one unknown coupling constant to describe soft
pion emissions from any ground-state heavy meson at
low energies. Thus, the semileptonic decays with a soft
pion are completely determined by the Isgur-Wise func-
tion measured in B + D*Ev and the coupling constant
that describes the strong decay D* —+ Dw. The Feyn-
man diagrams for the decays to be studied in this work
are shown in Figs. 1 and 2. The matrix elements for
these decays are explicitly given in [3]. In this paper
we explore the implications in detail. Furthermore, since
the unknowns appear as an overall factor of the decay
matrix elements, many of the ratios of the differential
spectra are free of any adjustable parameter. Some of
these ratios are presented.

There is another motivation to study the semileptonic
decays of the B meson with emission of additional pions.
The 1992 Particle Data Group (PDG) [7] gives
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FIt . 1. Feynman diagrams for B ~ Dvrlv.

where I' indicates e or p mode (not sum over modes), and
the charge of B is not determined in the last branching
ratio (1.5). Clearly, beside the DIv and D"Iv modes,
there exist other important semileptonic decays of the
B meson. There are indications from ARGUS [8] and
CLEO [9] that B ~ D**Iv gives a significant contribu-
tion. It is still interesting to ask how large the branching
ratios for B ~ DaEv and B + D*vrEv are. It turns
out that the branching ratio for B ~ Der/v can be quite
significant, perhaps as large as 1%, while the branching
ratio for B ~ D*vr/v is much smaller, of order 10 to
10-'.

We would like to comment on our work in relation to
other recent studies on similar subjects [10—12]. Lee, Lu,
and Wise [10] have extended the earlier formalisms foi
the Kt4 and Dt4 decays [13] to D -+ Kvrlv, D ~ 7r7rIv,
B ~ vrvrEv, and B ~ DvrEv. For the last decay, lee
et al. [10] have considered the predictions of chiral per-
turbation theory and heavy quark symmetry. They have
calculated the decay rate in the region where chiral per-
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FIG. 2. Feynman diagrams for B ~ D*vrlv.

turbation theory is expected to be valid. Kramer and
Palmer [12] have discussed the decay B ~ D*/v ~ D7rIv
in the resonant region and calculated the rate and an-
gular correlation parameters in the framework of chiral
and heavy quark symmetry. Lee [11] has generalized the
analysis of [10] to the decay B ~ D*7r/v and has con-
sidered only the decay rates with the D* polarizations
summed over. In our work, starting with the amplitudes
given in [3], we derive explicit formulas for the differential
decay rates of both B ~ Dvrlv and B ~ D*vrEv. Single-
particle energy spectra for D or D*, the electron and the
pion are evaluated numerically; their dependence on the
pion momentum cutofI' schemes is studied. In the case of
B + Dvrfv, the D* pole dominates the amplitude, and
the rates for the Der system in the resonant and nonres-
onant regions (to be defined in Sec. V) are sensitive to
the total decay width of D*. Although the charged D*+
decay almost exclusively to Dm, the neutral D* has a
substantial radiative decay contribution [14,15]. Conse-
quently, the widths of D* are not simply related to the
D*D~ coupling constant. With our theoretical results
for the D*Dvr coupling constant and the total widths of
D*+ and D* [14] we are able to predict the decay rates
for B + D'gv and B m (D7r)„„, ,Iv. The definitions of
resonating D7r (to be identified with D') and nonresonat-
ing Dm are given in Sec. V. Our results for B ~ D*Ev
for both charged and neutral B mesons agree with the
available data (1.2) and (1.4). Our approach differs from
those of [10] and [12]. In [10] it is suggested that the
decay rates for B ~ Dmlv can be used to fix the D*Dm
coupling constant. This is possible in principle provided
that the Der system is sufFiciently far away from the D*
resonance so that its rate is calculable without knowing
the D* widths. But then the rates are rather small. On
the other hand, the authors of [12] proposed that the de-
cays B ~ (D7r)„,lv can be used to determine the D*Dm

coupling constant. As we have pointed out earlier, this
will require information on other decay modes of D*.

It is not straightforward to compare our numerical re-
sults with those presented in [10—12]. As already men-
tioned, Lee, Lu, and Wise [10] restrict themselves to the
kinematic region away from the D* pole in B ~ Dvr+ev.
However, we include the region close to the resonance in
our calculation. Lee [ll] does not work out the total rates
for B ~ D*7t +ev, and none of our single-particle spectra
correspond to his tabulated difI'erential rates. A crude es-
timate indicates that our total rate for B + D*vr + ev
would have agreed with his within about a factor of 2
if the same Isgur-Wise function and value of the D*Dvr
coupling constant were used. Kramer and Palmer [12] did
not specify which charged modes they considered. Our
rates for B ~ Der + ev in the resonant D7r region agree
with theirs within about a factor of 2.

In the case of B + D*vrEv, the single-particle spectra
are calculated for polarized D*. The underlying V —A in-
teraction of the quarks makes the spectra polarization de-
pendent. Instead of describing all these results in words
we choose to present them in a series of figures.

The paper is organized as follows. In Sec. II we re-
view the general kinematics of the four-body semilep-
tonic decays. In Sec. III we make use of the matrix ele-
ments given in [3] to calculate the differential decay rates
for B —+ DmEv. The same analysis is carried out for
B ~ D*mEv in Sec. IV, with special attention given to
the polarization of D*. The results are discussed in Sec.
V. We present the single-particle spectra, the semilep-
tonic rates versus the D* width, etc. , in a series of figures.
The connection between difI'erent Lorentz frames is con-
sidered in Appendix A. In Appendix B we derive a linear
relation between the semileptonic decay rate and the in-
verse of D* width and discuss some of its implications.
Some preliminary results have been reported earlier by
two of us [16].

II. KINEMATICS

In this section we will review the kinematics of the
decays

(2.la)

B —+ D*+vr+Ev . (2.1b)

General kinematics for such processes has been studied
by several authors before [10—13, 17]. We will pay spe-
cial attention to the new features for the latter where
the polarization of D* is involved. It is well known
that there are five independent kinematic variables for
these processes if the spin of the initial state is zero or
is not observed. Let the rnomenturn of the B meson,
D (or D*), the pion, the charged lepton, and the neu-
trino be P~, p, q, pg, and p, respectively. For the five
variables we follow earlier authors' convention and pick
sM = (p + q), sl, = (pg + p„), 0 = the angle between
p in the D(D*)7r rest frame and the line of the Right of
the D(D*)vr system in the B meson's rest frame, og

the angle between pg in the Ev rest frame and the line
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of flight of the Zv system in the B meson's rest frame,
and P= the angle between the normals to the planes de-
fined in the B meson's rest frame by the momenta of the
D(D*)7r pair and the Iv pair, respectively. The sense of
P is from the D(D*)vr plane to the Ev plane.

These variables are depicted in Fig. 3. In the same
figure we also display the three orthonormal vectors as-
sociated with the three-momentum of D* in the D*vr rest
frame. They will be useful for describing the polarization
states of D*. The positive z axis is along the line of flight
of the D(D*)n system in the B meson's rest frame; the
x axis is in the D(D*)7r plane. The lepton mass will be
neglected. We now form the combinations

fm' —m' &
Q N =

i i
X cos0g + P(P I) cos0cos0~

sM )
—ps M sL,P slil 0 slil 0g cos cjk (2.4a)

1 8M+m m
Pg p�- (=m~ sM —s, )2

+XP cos 0 (2.4c)

o:—e„p„Q"P"N L" = gs—MsLPX sin 0 sin 0g sin P,
(2.4b)

P=p+q, Q=» —q, (2.2a)

L=pe+p, ~=pe —p

and find

(2.2b) 1 8M+m —m
PI3 q =—

2
(mg + sM —sl)

P L = 2(mii —sM —sl, ),1 2 (2.3a) —XP cos 0 (2.4d)

L-%=0, (2.3b)
Pg. pe =

z 2 (mii+ sL, —sM) + Xcos0e (2.4e)

P Q=m —m

Q =2(m +m ) —sM,

(2.3c)

(2.3d)

(2.3e)

where X and P are defined in Appendix A, and our con-
vention is coy23 = 1.

In the laboratory frame (the B frame), the above rela-
tions become

where m = mD or mD. as the case may be.
Three frames of reference are of particular interest: the

B frame in which the B meson is at rest, the M frame
which is the center-of-mass frame of the D(D*)7r system,
and the L frame which is the center-of-mass frame of the
lepton pair. To construct some of the Lorentz invariants,
it is often necessary to specify the individual components
of various four-vectors in one of these coordinate systems.
This information is provided in Appendix A. In particular
we find

Pg p = mgE„ (2.5a)

Pgg - q = m~Eq (2.5b)

Pgg pg
——m~Eg (2.5c)

)
d p d q ~ pt d pv

(2') 2E„(2vr) 2Eq (27r) 2' (2m)s2E

The four-body phase-space element is given by

x(27r) b (Pgy —p —q —pg —p„) . (2.6)

(a)

(b)

e~

e2

To reduce the above expression to a five-dimensional in-
tegral we insert the factors

d3P
dsMb (P —p —q), Ep = QP2 + sM,

2Eg

(2.7a)

FIG. 3. (a) General kinematics of B —+ D(D')7rgv The.
dashed lines are the lines of flight of the D(D*)7r pair and
lepton pair in the rest frame of the B meson. Solid lines
denote the line of Bight of D (D') and 7r in the M frame
and that of the lepton and neutrino in the L frame. The
coordinates x, y, and z are indicated, and the angles 0, 0&,
and P are labeled. (b) The three linear polarization vectors
of D* in the M frame. The vector eq is in x-z plane, e2 is
along the y axis, and e3 is along p.

then

1
d(Xps) = dsMdsl. sIMII, I~

27r s (2.8)

where

d3L

2EI,
dsl, b (L —pg —p~), El, = gL'+ sl. ,

(2.7b)
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8 (P —p — )2E„2Eq
Gp J"jp,

2
(3.1)

7r= —Pd cos 8

d3 d3d pe d pv~4(L )

1= —d cos Ogdg
8

(2.9a)

(2.9b)

where G~ is the Fermi coupling constant, J„ the charged
hadronic weak current, and j„the lepton's charged weak
current. To be specie. c, let us consider B ~ D+ + m +
e v . We have followed the convention that a B meson
contains a 6 quark, while a D meson contains a c quark.
The matrix element is given by

dsP d3L
b (P~ —P —I)2E~ 2E,

X
mg

(2.9c)

Mfi +cb& 7'r(q)D+(p)
I
J

I
B'(P~))v'(pr)

2

xp" (1 —ps) v(p„) (3.2)

Finally, we obtain the desired result

1
d(Xps) =

2 XPdsMdsl, d cos Od cos Ogdg
2 47r em2~

(2.10)

where V,b i.s the Cabibbo-Kobayashi-Maskawa (CKM)
matrix element [19] for 6 -+ c transitions. We will write

(~ (q)D+(p) i
1„'

i
B (P~)) = gm~mrpC, g(H„

(3.3)

The region of integration is specified by

0 & sl, & (m~ —QSM)

(m+m )' & SM & m~

0(0, 0«~

0 & P & 2~

(2.11a)

(2.11b)

(2.11c)

(2.11d)

((v. v') =1 at v=v'

and C,b is the QCD correction factor

(3.4)

B I

n, (m, ) n, (p)
(3.5a)

where the pion decay constant f = 93 MeV, f is the
D*Dm coupling constant, ( is the universal Isgur-Wise
function normalized to

In the next two sections we will consider the single-
particle energy spectra in the laboratory frame (the B
frame). For this purpose we can make use of the rela-
tions (2.4) and (2.5) to change variables from SM and SL,

to Ez and Eg or Eq and Eg. For example,

8
ui(~) =—

27 /~2 I
ln vo + m2 —1 —1

(3.5b)

dsMdsl, = dE&deB(E„,Eg)
8M ) 8L

(2.12)
The quantity H„can be extracted from the result in [3];
it is given by

The Jacobian in (2.12) can be computed from (2.4) and
(2.5). Other expressions for the four-body phase-space
element which were useful in doing numerical calculations
and verifying results are found in [18]. Pg —mQ v Ip=mDv (3.7)

H„= w, v„+ u)2v„'+ rq„+ ibad„„g„q v'"v", (3.6)

where the four-velocities v and v' are defined by

III. THE SEMILEP TONIC DECAY
B m D+ m+Ev

The form factors mi q, r, and h, are explicitly known in
the soft pion limit:

The general formalism for this type of decay has been
worked out by several authors [3,10—12]. The hadronic
matrix element for this process contains four form fac-
tors. We will not repeat the analysis here. In an earlier
work [3] we have shown that the combined heavy quark
symmetry and chiral symmetry requires only a single
form factor to describe the decay, provided the emitted
pion is soft.

The essential results are summarized below. The ef-
fective Lagrangian for semileptonic weak decays is given
by

q (v+ v')
QJy

2v q+ 2L~

q (v+ v')
'M2

2v . g —24~

r = —(1+v.v)I
1

2v g+ 24~

(3.8a)

(3.8b)

2v' q —2L~
(3.8c)
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1

2v q+ 26B 2v'. q —24~ (3.8d)
finite width of D*, I'D. , to properly handle the D* reso-
nance by making the replacement

aB =—mB. —mB AD =—mD. —mD (3.8e)
1 mD~

2v' q —26Li (p+ q)2 —m&. + imr). Pii. (3.9)

In the numerical calculations we have incorporated the The differential decay rate is then

dr (a' ~ D+ + ~' + e i r) =
I Mf, I

d(Xps)
2mB

~„q
I I

I.,
I I

H„H-„I:-
I
PXd.~d..d- «- e~d~, (3.10)

where the lepton tensor L„ is given by

L„=4(L„L —N„N —sl,g„—ie„),„L N") (3.11)

For a charged pion in the final state, the above expression (3.10) for dl has to be multiplied by 2 due to isospin. A
straightforward but tedious calculation gives

H„H L— =
I
v)» L+ v)2v L+rq L

I

—v)» N+ v)» N+rq N —i1 g

@gal

I 2 /
6

O'

4 V v 2mB mD
—s~(I ~i

I
+(~i~2+~i~2)v v'+(~i&*+~ir)v q+

I
~2

I
+(~2&*+~2r)v' q+ Ir

I
m.

+
I

h
I

m ((v ' v ) 1) 2(v q)(v' q)(v v') + (q. v) + (q - v') )
1 1

1 (221222 —Ulllli2) (U/12 ill 1 2) (1U22 —1UU2) ) 2
2mBmD 2mB 2mD

+(hei + h*mi) [
—(v q)(L v')(N v) —(v - v')(L v)(N q)

—(L . q) (N v') + (v v') (L q) (N v) + (L v') (N q) + (v q) (L v) (N . v')]

+(h"2+h*~2) [
—(v' q)(L v')(N v) —(L v)(N q) —(v v')(L. q)(N. v')

+(L q)(N')+(. .')(L .')(N q)+( ' q)(L')(N .')]
+(hp*+ h*r) —m (L v')(N v) —(q v')(L. v)(N q)

(q ~ v) (L q)—(N . v') + (q ~ v') (L . q) (N v) + (q ~ v) (L v') (N ~ q) + m (L v) (N v')],

(3.12)

where cr is the pseudoscalar defined by (2.4b). In deriving
(3.12) we have also made use of the relations

IV. THE SEMILEPTONIC DECAY
B —+ D'+ m+ gv

~Tp, u rA
gvp~cv g V V

c~~p~L N V V

0 )2mB mD
(3.13a)

(3.13b)

The kinematics for this decay is very similar to the one
discussed in previous sections. The new feature here is
the polarization of the vector meson D* which we will
exploit in our study.

In analogy with (3.3) for B ~ D7rgv we define

(D*+(p)~'(q)
I
J„'

I
&'(&~))

tp, v A
p, ~g~V

2mD
(3.13c)

z 1= ——gm~mD* —C g(H„, (4 1)

g„g„V"q I
2mB

(3.13d)

With the help of (2.4), (2.5), and (2.12) we can work out
the»ngle-particle spectra d~, „~,and d~ . They willdRl
be discussed in Sec. V.

where an extra minus sign is introduced here compared
with (3.3) due to the scalar products involving the po-
larization vector r~ of D*. Heavy quark symmetry and
chiral dynamics have a definite prediction for H„' when
the emitted pion is soft. In this limit we find, from [3],
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II = aqv„+ a2v„+ a3q„+ a4e*

+zt~~&~s (6&q v + 62q v + bsv v ), (4.2)

—(q v)
63 ———2v q —2A~

(4 4g)

where

Pg ——mdiv
I

p = fAD4V ) (4 3)

In our numerical calculations for this process we will not
employ the full propagator (3.9) as we do for the decay
B ~ Der/v, since none of the intermediate states can
become real here.

The absolute value squared of the matrix element in-
volves

1 1+ (&* q)—2v q —2A~ 2v' . q+ 240
(4.4a)

[(s* . v) (v q) —s* q]—2v q —2Agg

[zep~p~q E v v + (q v )(E v)]2v q
mrp, *v A Irc,

CTy = E'~vgKiV 8' q V (4.6a)

H'H—'*L""=
I

H' L
I

—
I

H' K
I

— H' H'*
p v

(4.5)

where the lepton tensor L„ is the same as the one given
by (3.11). Each term in (4.5) is straightforward to com-
pute, though it is tedious sometimes.

To begin with, we introduce the quantities

1

2v . q+ 2A~
(s* q) (4.4b) ~rp. *v A rc02 = &pvA~&& & q v ) (4.6b)

a4 ——

1 1
(z* v)—2v . q —2A@ 2v' q

[(q ' " ) (v ' v )(v ' q)]—2v . q —2Agy

[(q v) —(v v')(v' q)]2V q

1 1+ (1+v'v )—2v - q —2Dg 2v' q

(4.4c)

(4.4d)

(4.4e)

and

~Tp, *v A IK03 ——c~vgKcv e' v v

p, *v04 = &~vA~V

I wp, v A ftc
0~ = CpvAKG 8' q V

I 4p, v A K,
02 = &pvA~E & q

1 ~p. v A I~
03 = CpvA~E E V V

(4.6c)

(4.6d)

(4.7a)

(4.7b)

(4.7c)

1
bg ———2v. q —2L~

*p, v A sco.
4 = ~„ g„e c L %

Then, we find

(4.7d)

H' L = aiv L+ a2v' L+ asq L+ a4z* L+ io4(m~bi+ m~. b2+ bs)

H'. N = aiv JV + a2v' K+ asq. N+ a4s* K+ i(oibi + o262+ osbs)

(4.8a)

(4.8b)

H' . H'* = T + T b + Tb (4.8c)

T- =
I

ni I'+
I

a2 I'+
I

as I™.' —
I
« I'+(aia2+ aia2)v v'

+(aias + aias)v q + (a2as + a&as) v' q + aia4s v + aia4e'* v + asa4z q + asa4s* q (4.8d)

T~b ———iamb&04 + iazbqo4 + ia26&u4 —ia&b204 + ia3b304 —ia36304
—i(a4bi + ambi)o'i —i(a462 + a462)o2 —i(n46s + n4bs)os (4.8e)

+
I
b.

+
I
b.

+b~b2

+62b3*

+b~b3

+636*, (4.8f)

[m, + Is ql —(q. v')

I' [m'. —(s*.q)(s. v)(q v) —(s* v)(s. q)(q v)+
I
s. q I' +ls. vl™.—(q. v)']

I' [I+ Is v I' —(v. v')']+bib* [m.'(v v') —(s* v)(s q)(v'. q)+
I

s* ql'(v. v') —(q v)(q v')]

[m.' (v v') —(s v)(s* q)(v' q)+
I

s* q I' (v v') —(q . v)(q . v')]

[(q v)(v v') —
I
s v

I (q - v') + (s* v)(s q)(v v') —(q v')]

[(q )( ') —
I
s I' (q ') + (s )(s* q)( ') —(q . ')]

[(q v) + (s* q)(s . v) —(q v')(v v')] + 636i[(q v) + (s q)(s* v) —(q v')(v v')]
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Similarly, we write

i~" "II„'II'*ZION„= R + R b+ Rb

where

(4.9a)

B =i ~a4~ o4+Im o ~— axa2 + alas + a2as
ImymD. vL I3 m~. )

—2o ~ jaoao —mo. aoao) —2oo (maaoao + a~ao) + 2oo lma. a&ao + maaoao) I, (4.9b)

R~& = 2Re (az bz [(v s') (L q) (N v') + (N s*)(v q) (L . v') + (L s*)(N q) (v v')
—(L s*)(v.q)(N v') —(N s*)(L q)(v v') —(v s*)(N. q)(L v')]

+a~b2 [(v s*)(L q)(N v) + (N s*)(v . q)(L . v) + (L s*)(N q)
—(I s*)(v q) (N v) —(N . E*)(L . q) —(v . s*)(N q) (L v)]

+a~ bs [(v . s*)(L v) (N v') + (N s*)(L v') + (L s*)(N . v) (v v')
—(L s*)(N v') —(N s*)(L v) (v v') —(v s*)(N v) (L . v')]

+azbq [(N s*)(v' q)(L v') + (L s*)(N . q) —(L s*)(v' q)(N v') —(N s*)(L q)]
+a2b2[(N s*)(v' q)(L v)+(L s*)(N q)(v v') —(L s')(v' q)(N v) —(N s*)(L q)(v v')]
+azbs [(N s'*) (v v') (L v') + (L s*)(N v) —(L e*)(v . v'') (N v') —(N E*)(L v)]
+asbq (q s*)(L q)(N . v') + (N . s*)m (L v') + (L s*)(N . q)(q v')

(L s*)—m (N v') —(N s') (L q) (q v') —(q s*)(N . q) (L v')

+asb2 (q. s*)(L.q)(N . v) + (N e*)m (L v) + (L e*)(N. q)(q'v)
(L s*)m'—(N . v) —(N s*)(L q) (q v) —(q s*)(N q) (L v)]

+asbs [(q s*)(L v)(N v') + (N s*)(q v)(L v') + (L &*)(N v)(q v )

(L s*)(—q v) (N v') —(N . s*)(L v) (q v') —(q &*)(N v) (L v )]
+a*be [

—(L q) (N v') + (N . s'*) (s q) (L v') —(L s') (s . q) (N v') + (N q) (L v )]
+a4b2 [—(L q) (N ~ v) + (N &*)(s q) (I v) + (L . s*)(N . q) (s v)

(L.s*)(s q—)(N v) —(N s*)(I, q)(s v) + (N. q)(L v)]
+a*bs [

—(L. v)(N v') + (N s*)(s v)(I. v') —(L s*)(s v)(N v') + ( )( )])
and

Rb ———Im L v' N . q — L q X v' 6& ~x + bzb~o. z + b3bqo3

+ [(L v)(N q) —(L q)(N ' v)] (I b21 o2+ b*, b2oI + bsb2os)

y [(L v')(N v) —(L v)(N v')] (~ bs
~

os+ b2bso2+ bybsoI)

+ [(L q)(N - c*) —(L s*)(N q)] (b*,b2 b bl) o4

+ [(L s*)(N v) —(L v)(N s*)] (b2bs —bsb2) o4

-tj(I v'HN o ) —(I o')(X"v'}I(bobv —6;ho)oo)

(4.9c)

(4.9d)

The polarization state of a massive vector meson is
not a Lorentz invariant concept. A state with a definite
polarization in one frame of reference will become a lin-
ear combination of states with di8'erent polarizations in
another frame of reference. When the polarization of a
vector meson is specified we have to give the frame of
reference in which it is defined. In our numerical calcu-
lations and results to be presented in the next section we
will employ states of D* with definite polarizations in the
rest frame of the B meson (the B frame). The polariza-
tion vectors in the M frame and their Lorentz transforms
in the L frame are provided in Appendix A. Polarization

vectors in the B frame are not explicitly given, but they
are not difBcult to construct.

V. RESULTS AND DISCUSSION

In this section we make use of the results obtained in
the last two sections to compute the single-particle spec-
tra for the charmed meson (D or D*), the pion and the
electron, and the total rates for B —+ D + vr + Ev and
B ~ D* + sr+ Ev. These results are presented in a series
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of figures. The energies in the single-particle spectra of
these figures are those measured in the rest frame of the
B meson; the polarizations of D* are also specified in
the B frame. Since the validity of chiral symmetry de-
mands the emitted pions be soft, we must impose cutoffs
on the pion momenta in our calculation. It is not clear
how soft a pion must be for chiral symmetry to work,
nor is it obvious in which reference frame the pion has to
be soft. For the problem at hand, there are two obvious
frames: the rest frame of the B meson and the rest frame
of D(D*) system. As the pion is soft, the center-of-mass
frame of the D(D*)n system is approximately the same
as the rest frame of the D(D*) meson. We refer to the

latter as the D frame or the D* frame as the case may be.
Results are presented with the pion momentum cutoff in
the B frame, the D frame, or both. We simply cut off the
pion's three-momentum at 100 MeV/c or 200 MeV/c in
the appropriate frame of reference. Comparison among
the plots for different cutoffs should give some idea of
the sensitivity of our results to the different cutoff proce-
dures. Generally speaking, the shapes of various spectra
do not differ very much. The rate for B ~ DvrEv does
not change by much, but that for B' ~ D*vr/v varies by
almost an order of magnitude.

Throughout our calculations we use the following val-
ues of the well-measured parameters [7,20]:

m~+ = 5278.6 MeV, m~. = 5278.7 MeV, m&- ——5331.3 MeV,
m~o ——1864.5 MeV, mD+ ——1869.3 MeV, m~. + ——2010.1 MeV,

m~. o = 2007.1 MeV, J' = 93.0 MeV, G~ = 1.16637 x 10 MeV
(5.1)

We also use

f = —1.5, I'~*+ ——141 keV, I'D. o ——102 keV .

(5.2)

((y) = 1 —p (y —1) + c(y —1) (5.3)

with

p = 1.08 + 0.10,
In his fit Burdman found

c=062+0.15. (5 4)

In (5.2), the value for the fundamental coupling constant
f is the one from the quark model given in our earlier
work [3], and the D* widths are our prediction [14]. We
also used other values for I'D as shown in Figs. 7—10.
As for the Isgur-Wise form factor, we use the one given
by Burdman [21]

Since the most important Feynman diagram is Fig. 1(b),
where the pion is emitted in a transition from D* to D, it
is most reasonable to cut the pion's three-momentum off
in the D frame. We see from Figs. 4—6 that the shapes do
not change much between the single-particle spectra in
the resonant region and their counterparts in the nonres-
onant region. However, the rates in the resonant region
are larger than those in the nonresonant region by a fac-
tor of 7. When the cutoff increases from 100 MeV to 200
MeV, the nonresonant rate increases by about 15%. The
pion momentum cutoff of 100 MeV or 200 MeV in the D
frame has no effect on the resonant contribution, since
the pion momentum in this frame is only about 40 MeV.
We have investigated the sensitivity to I'D of the shapes
of the single-particle spectra. They hardly change as I'D.
varies from 0.1 MeV to 1 MeV.

To estimate the branching ratios of B ~ (Dm)„, +

~

V.,
~

= O.O41 + O.0O5 + O.OO2, 1.2 x 10

which is somewhat smaller than the values obtained by
several experimental analyses [22]. But it is not easy to
compare (5.5) with other analyses since Burdman's fit
includes @CD corrections. As a result, ((y) given by
(5.3) is only applicable to B ~ D(D*) decays.

We now consider some details of the decays B + D+
m + Zv. Since the intermediate D* can be on its mass
shell, results for this decay rate are separated into two
categories: resonant and nonresonant. The resonant part
is defined as those events with the invariant mass of Dvr
satisfying [23]

1 x10

8x10"-

6x10
Xl

4x10

2x10

1800 2000 2200

~ ~ ~ ~ ~ ~ ~ ~ ~ ~ ~ ~ ~
~ ~ ~ ~ ~ ~gag OPSY hESh

~ ~ 4 ~ Oegae

Jt'

2400 2600 2800 3000

[ m(D7r) —mg). (( 31'g)- . (5.6)

All others are nonresonant. For comparison with exper-
iment, the resonant part is identified as B ~ D*gv fol-
lowed by the decay of the D* to the specific Der state,
while the nonresonant part is identified as B —+ DvrEv.
We have found that the contribution from the D* pole
dominates both the resonant and nonresonant decays.

E, (Mev)

FIG. 4. The energy spectra of the D meson from B —+
D+vr e v, in the resonant region (salid line) and in the non-
resonant region (broken lines). Shown are effects of two pion
momentum cutoffs (100 MeV and 200 MeV) in the D frame
on the nonresonant contributions. The bump at the high en-
ergy end is an artifact of the simple cutoff imposed on the
pion. The resonant contribution is not affected by these pion
mamentum cutaffs. The spectrum is in units af MeV/MeV.
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FIG. 5. The energy spectra of the electron from R —+
D+vr e v, in the resonant region (solid line) and in the non-
resonant region (broken lines). Shown are efFects of two pion
momentum cutouts (100 MeV and 200 MeV) in the D frame on
the nonresonant contributions. The resonant contribution is
not affected by these pion momentum cutofFs. The spectrum
is in units of MeV/MeV.

e
—v, and Bo —+ (D~)„„„,+ e v, we first convert the

mean lifetime of B mesons [7],

4x10

3.5 x 10

3x10

Neutral P&on +

FIG. 7. The decay rates I'(B -+ D+7r e v, ) (labeled as
neutral pion) and I (B +D v-r+e v, ) (labeled as charged
pion) in the resonant region as a function of 1/I'o. . The pion
momentum cutoff of 100 MeV or 200 MeV in the D frame has
no efFect on these rates.

~~ = (12.9 + 0.5) x 10

to a total decay width of

(5.7) 2.5 x 10

2x10I
1.5 x 10

1 ii = —= (0.51 + 0.02) x 10 MeV .
7

(5.8)

The width I'D also afFects the total decay rates for
Bo m (Der)„, + e v, and Bo m (Der)„„„,+ e v
The dependence of the integrated rates on I D is dis-
played in Figs. 7—10. We have fixed the value of f
in the amplitudes by (5.2), but have treated 1 ~. as a
free parameter in the D* propagator (3.9). In this way,
a linear relationship between the integrated rates and

1 x10

5x 10-»

1/I p' (MeV')

10

FIG. 8. The decay rates I'(B —+ D+7r e v, ) (labeled as

neutral pion) and I'(B ~ D 7r+e v, ) (labeled as charged
pion) in the nonresonant region as a function of 1/I'o*. The
pion momentum cutoff is 100 MeV in the D frame.
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FIG. 6. The energy spectra of the pion from D
D+vr e v, in the resonant region (solid line) and in the non-
resonant region (broken lines). Shown are efFects of two pion
momentum cutoffs (100 MeV and 200 MeV) in the D frame on
the nonresonant contributions. The resonant contribution is
not affected by these pion momentum cutoffs. The spectrum
is in units of MeV/MeV.

1/I p'(MeV )

FIG. 9. The decay rates I'(B —+ D 7r e v, ) (labeled as
neutral pion) in the resonant region as a function of 1/I n
The other mode B' —+ D+vr e v is kinematically forbidden
in the resonant region. The pion momentum cutofF of 100
MeV or 200 MeV in the D frame has no eftect on these rates.
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2x10

1.5 x10
I
K

1 x10

5 x10

0
0

1ffp'(MeV )
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FIG. 10. The decay rates I'(B —+ D vr e v ) (labeled as
neutral pion) and I'(B + D+vr e v, ) (labeled as charged
pion) in the nonresonant region as a function of 1/I o. . The
pion momentum cutofF is 100 MeV in the D frame. See Ap-
pendix B for an explanation of the difFerent behavior of the
two decay rates.

I'[B -+ (D m )„,+ e v, ]
= 1.78 x 10 MeV,

(5.9c)

I'[B + (D 7r )„„„,+ e v, ] = 2.16 x 10 MeV.

(5.9d)

The corresponding branching ratios are

B[B m (D+7r )„,+ e v, ] = 1.67%,

B[B ~ (D+vr )„„„,+ e v, ] = 0.21%,

B[B ~ (D 7r ), , + e v, ] = 3.49%%up,

(5.10a)

(5.10b)

(5.10c)

I/I'D. is expected theoretically. The details are pre-
sented in Appendix B. We notice that as I'D- varies
from 0.1 MeV to 1 MeV, I"[B ~ (D+vr )„,+ e v, ]
decreases &om about 1.2 x 10 MeV to 1.2 x 10
MeV for q „= 100 MeV or q = 200 MeV. For
q „= 100 MeV, the corresponding change for the
rate I'[B ~ (D+7r )„„„,+ e v, ] is from 1.5 x 10
MeV to 2.2 x 10 MeV. For q~ „= 200 MeV, the
corresponding change in the nonresonant rate is from
1.6 x 10 MeV to 3.7 x 10 MeV. Similar varia-
tions are also found in the rates for B ~ D 7r e v
with respect to changes of I D. and the pion momen-
tum cutoffs. Because mD. O ( ma+ + m —,the rates
for B -+ (D 7r )„,e v, are completely negligible. The
rates for B -+ (D m )„„„,e v, are nearly mdepen-
dent of I'D-. See Appendix 8 for more discussion on
B ~ D+vr e v .

From Figs. 7—10 we find the decay rates with a neutral
pion

I'[B m (D+7r )„,+ e v, ] = 8.50 x 10 MeV,

(5.9a)

I'[B -+ (D+vr )„„„,+ e v, ] = 1.09 x 10 MeV,

(5.9b)

B[B ~ D' + e v, ] = 5.23%, (5.12)

which agrees with the data (1.4). The success of the pre-
dictions (5.11) and (5.12) represents a triumph for heavy
quark symmetry; it is independent of the chiral symme-
try of light quarks. For the nonresonant Der final states
we can read off from Figs. 8 and 10 the contribution from
processes with a charged pion. Combining this with (5.9)
and (5.10) we find

B[B m (D7r)+ „„,+ e v, ] = 0.68'%%up,

B[B ~ (Dm)„„„,+ e v, ] = 0.45%.

(5.13a)

(5.13b)

We notice in passing that isospin symmetry is reasonably
good for B decays but not so for B decays, as a con-
sequence of the fact that mD 0 ( mD+ + m —.So far,
the results quoted above are for q „=100 MeV in the
D* frame. For q = 200 MeV we obtain

B[B m (D7r)„+ „„,+ e v, ] = 0.77'%%uo,

B[B ~ (D7r)„„„,+ e v, ] = 0.53%%.

(5.14a)

(5.14b)

As mentioned in the Introduction, there appears to
be a deficit between the branching ratio for the inclu-
sive semileptonic decays B ~ e+v +hadrons and the
sum of the two exclusive channels B ~ D 8+v and
B ~ D* 8+v. Our study shows that the nonresonant
decay B m D7rEv can have a substantial branching ra-
tio, although not enough to account for the difference.
Nevertheless, it is measurable and is interesting in its
own right.

Before we leave the subject of B ~ (D7r)„„„,lv, we
would like to repeat a comment made in Appendix B.
The results for nonresonant contributions (5.9b), (5.9d),
(5.13), and (5.14) are very sensitive to the definition (5.6)
for resonant contributions. To compare our predictions
with future experiments we must bear this point in mind.
Of course, the sum of the resonant and nonresonant con-
tributions is independent of this arbitrary division into
resonant and nonresonant parts.

We now turn to the decay B ~ D*+vr e v . The
results are shown in Figs. 11—16. The overall rates are

B[B m (D 7r )„„„,+ e v, ] = 0.42%. (5.10d)

If we identify the Dm's in the resonant region with the D*,
Eq. (5.10a) is the combined branching ratio for BP m
D*+e v, and D*+ + D+vr . The decay D*+ ~ D+m
is predicted to have a branching ratio of 31.2% [14]; thus,

B[BP m (D+7ro)„, + e v, ]
B[D*+ -+ D+7rp]

= 5.35%. (5.11)
The agreement between (5.11) and the data (1.2) is very
good. Encouraged by this success we would like to relate
(5.10c) to the branching ratio of B ~ D* e v, . To do
this we notice that D* —+ D+7r is kinematically for-
bidden, and D* has a substantial radiative decay. Using
the branching ratio of 66.7% for D* -+ D m [14] we
find
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smaller than B ~ D7rlv by 2 or 3 orders of magnitude.
For this process we have imposed the pion momentum
cutoff in the B frame or in both the B frame and the
D* frame. We see that difFerent cutoffs give significantly
different rates. In addition to the figures, integrated rates
for B ~ D*+7r e v are given in Table I.

The polarization of the vector meson D* is a new fea-
ture of this decay. It can be exploited to study the nature
of weak interaction dynamics. In Figs. 11—16 we show the
single-particle spectra for each polarization of D* in the
B frame. In all cases, contributions from the left-handed
and longitudinal polarizations dominate that from the
right-handed polarization. This can be simply under-
stood as a result of the V —A coupling of the quarks to
the R'+ bosons. The charmed quark produced by the B
decay is predominantly left-handed. The helicity of this
charmed quark will not be affected by the creation of the
soft pion by the light quark interactions. A simple refl. ec-
tion will show that a left-handed charmed quark can only
lead to a vector meson D* with a left-handed polarization
or a longitudinal polarization. Since the charmed quark
has a finite mass, there is some contamination from the
right-handed component. This contamination should be

small when the charmed quark (hence D*) is energetic.
This reasoning is indeed borne out by our calculations.

Our results so far rely on a specific fit to the Isgur-Wise
form factor and a choice of the values of f, V,b, etc. All
these uncertainties will disappear if we take the ratio of
the corresponding quantities at the same value of v v' in
the decays B ~ D7rEv and B + D*vrEv. These ratios are
the model-independent predictions from the heavy quark
symmetry and chiral symmetry. They are displayed in
Figs. 17—20. We await the day when we will be able to
compare these curves with experimental data.

To get a better idea of how the decay rates depend on
the pion momentum cutoffs, we have extrapolated our
results beyond the soft pion limit. In Figs. 21—23 we
show the various decay rates as a function of the pion
momentum cutofF in the B frame, the D frame, or both.
Since B ~ (D7r)„„„,lv is dominated by the D pole, it
is not very sensitive to a change in cutofF. Unfortunately,
for B ~ D*vrEv the rates vary rapidly with the cutofF
at low pion momenta. This exercise raises an important
question: What constitutes a soft pion'?

Finally, so far we have completely neglected the con-
tribution from B + D**Ev, D** ~ D*m. Theoretically,
this is justified since D** and D* are nondegenerate, so
the amplitude vanishes in the soft pion limit. However,
this contribution can be important in practice. It cer-
tainly deserves further study [24].
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TABLE II. Components of various four-vectors in the cen-
ter-of-mass frame of D(D*)x (the M frame).

X
PMB P (A5b)

e"
1

e"
2

e"3

p sin 8
0

cos 8
0

0
P—sinO

pcos8
—I

—sin 8
0

0~ cos0

0

, '=(s~ —m +I, )
P I
0
0 a~ = y~~ (aM + pML, aM) (A6a)

If a& and aM are components of the same four-vector
in the I frame and the M kame, respectively, they are
related by the Lorentz transformations

ag —W~z (aM + pMl, a~) (A6b)

APPENDIX A

In this appendix we present some of the properties of
various four-momenta in the three coordinate systems
mentioned in the text (the B, M, and L frames). Many
of the results can be found in the literature [10,13,17].

In the center-of-mass system of D(D*)m (the M
frame), we have Q'„= Qp—

2 2

P
S P

Similar equations hold using PM~ to relate a& and aM,
the components of a vector in the B and M frames.

From Q" and P~ we can construct another four-
momentum which is orthogonal to P":

p=
I I I

=
I qI

1 gs~p, -
2

(A1)

with

Q'. P =0 (A8)

L = LI=

where

X = Q(P . L) 2 —s~sl,

1

P= sM —2sM(m +m )+(m —m )8M

(A2)

(A3)

(A4)

Now, we are ready to list the components of various four-
vectors in difI'erent frames of reference. In the L frame,
the components of various four-vectors are listed in Table
III.

The components of P~ and p can be inferred from the
ones given above in the Tables. Furthermore, with the
help of a Lorentz transformation we can determine the
components of all the four-vectors in another coordinate
system.

APPENDIX 8

X
P. L (A5a)

In the M frame, the components of the four-vectors P"
and L~ as well as the linear polarization vectors ez 2 3
are given in Table II. The values of

I p I
and P L are

given by (Al) and (2.3a), respectively. The three linear
polarization vectors of D* in the M frame as indicated in
Fig. 3 are denoted by ez, e2, and e3. Their components
in the M frame are listed in Table II.

Sometimes we need to know the Lorentz transforma-
tions that connect the difI'erent frames of references. A
simple calculation gives the parameters

In this appendix we derive a linear relation between
the semileptonic decay rates with a soft pion emission
and the inverse of the D width. In what follows, the
D*Dm coupling constant f which appears in the pion
emission vertices is held fixed, while the width I D is
considered to be a free parameter in the D* propagator.

We should emphasize that our numerical work does
not make the approximation presented below. The pur-
pose of this appendix is to understand the regularities
exhibited in the numerical results of Figs. 7—10.

Consider the Feynman diagram with the D* pole con-
tributing to B -+ D7rEv [Fig. 1(b)j. The matrix element
can be written as

TABLE III. Components of various four-vectors in the rest frame of the lepton pair (the L
frame).

a'

0
0

gsMP sin 8
—~sl. sin 8q cos P

0
0
0

——~sI. sin 8g sin P

0
X/~sr,

P LP cos 8/~sr,
—

& ~sr. Cos 8g

~sl.
P L/~sg

XP cos 8/~sl,
-' ~sl.
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M(B -+ D~lv) = ) M[D*(A) m Dvr] M[B m D*(A)Iv],
1

m +1m

where A denotes the polarization of D*, and P and m are the four-momentum and mass of D*, respectively. For
example,

M[D*(A) w D7r ]
= u*(D*)—7. u(D)gmDm —e(A) . q,

2

where q is the pion momentum. The decay rate for B ~ DaEv due to the D* pole is

ID. p ),(B m D7rIv) = ) dsM~M[B -+ D*( A)Erj]~
2m Q 271

1

(sM —m2) 2 + m2I'2D.

This equation follows from inserting the factor

d3 d3

P 41 = dsM ~ (& —
V

—p), Ep —= gp'+ sM,
2Ep

and the observation that one of the double sums over D* polarizations after squaring (Bl) is eliminated when we

carry out the integration over the directions of q. Making use of the standard formula for a decay width we find

1
d

pa~I'(B w D*I,sM)I'(D* -+ D, M)I'D. p (, B -+ D~lv = — d8M
7r sM —m2 2 + m2I'2D.

To obtain (B5), we have used the fact that the width of
the decay D* ~ Der is independent of the D* polariza-
tion. The argument sM appears in the numerator of the
integrand of (B5) because the widths are those appropri-
ate for D* with a mass gs~.

Let us introduce the new variables

sM ——m + xmI D. ,
2

rD, ...(B ~ D~sv)

where (B6b) has been used. This is a well-known result
in the theory of resonances. In practice, experimental
cuts are imposed on the range of sM. Suppose the cut is

F(sM) = gs~ I'(B m D*lv, sM)I'(D* m D7r, sM).

(B6b)

Equation (B5) now becomes

[gsw —m) ( NrD. ,

which corresponds to

,r . ,r *—2N+N' ( x & 2N+N'
m m

(B10)

(Bl1)

I'D. p ),(B m D7rIv)

1 1
mI'D vr

dx F[m + 2:mr~. ]. (B7)
1 2

x2+1

then the region (Blo) or (Bll) is the resonant contribu-
tion and outside this region is the nonresonant contribu-
tion. Finally,

I'[B m (D~)„,+Ev] =
~

—arctan2N
~

/2 1 F(m2)
+A,

(vr ) rg). m

When the width I D- is small, the integrand can be ex-
panded in a Taylor series. The leading term is

(B12a)

F(m2) 1 1
I'D- p i, (B w D7rlv) = — dz

mI'D- ~ x'+1
(BS)

2r[B -+ (D~) o ...+ &v] =
)

F(m')
X +I'D- m

(B12b)

If the range of s~ is not restricted, after the x integration
we obtain

The constant terms A and A' which are independent
of I"D may arise from the nonleading contributions of
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I 0 p J the B*-pole contributions, and the interference
terms between the B*-pole and D*-pole contributions.
These constants A and A' are generally very different for
resonant and nonresonant contributions.

The definition (5.6) for resonant contributions corre-
sponds to % = 3 and for this choice we have

P' = (p+ q)' & (mD+ + m )', (B15)

considerations. We notice that the leading term in the
approximation (B8) vanishes since there is no phase space
for the decay D*o ~ D+m [see the mass values given in
(5.1)]. In addition, from (5.1) we have

I'[B m (D~)„,+ Ev] = 0.895
1 F(m') + A, (B13a)I'D. m

or

P —mD. o & 7500 MeV,

r[B -+ (D~)„.„...+tv] = 0.105
1 S(m') + A'.

I'D. m

as compared with

200.7 MeV & mD. oI'D-o & 2007 MeV, (B17)

(B13b)
These linear relations are confirmed by the numerical
results shown in Figs. 7—10 for B' —+ D+vr e v,
B ~ D vr+e v, and B —+ D m e v. The ratio of
slopes of the two linear relations is

(slope) „, 0.895
(slope) „„,, 0.105

which agrees with the slopes in Figs. 7—10, as it can be
easily verified. The decays B —+ D+vr e v deserve
special attention. First of all, B +(D vr-)„,e v,
is kinematically forbidden if I'D.o & 0.4 MeV, since
m(D+vr ) always falls outside the resonant condition
(5.6). For I'~.0 between 0.4 and 1 MeV, the phase
space is so restricted that the decay rates for B
(D+vr )„,e v, are completely negligible. Furthermore,
the decay rate for B —+ (D+7r )„„„,e v, is found to
be rather small and independent of I'D. as seen in Fig.
10. This behavior can be understood by the following

for 0.1 MeV & I'D. o & 1 MeV. We conclude that in the
denominator of the D* propagator of (Bl), the imaginary
part is always small and hence it can be neglected. The
result is therefore independent of I'D o. Moreover, the
denominator of the D* propagator is never very small and
the phase space near its minimum (B15) is very limited.
As a consequence, the decay rate is substantially reduced.

The definition (5.6) for resonant contributions is rea-
sonable, but somewhat arbitrary. However, the decay
rate for resonant contributions is rather insensitive to
the definition. As % varies from % = 2 to N = oo, the
slope in (B13a) changes by —5.7'Fo and +11.7%%uo, respec-
tively. On the other hand, the nonresonant contributions
are very sensitive to the experimental cuts.

Finally, Figs. 7—10 show that the straight lines for the
resonant contributions for both charged and neutral B
mesons pass through the origin. We conclude that A —0.
This is to be expected since the cut (5.6) gives rise to a
very small phase space contributing to the constant A.
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