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We calculate the complete O(aa?) corrections to the inclusive cross section for hadronic prompt pho-
ton production, both for the unpolarized case and for the case of longitudinal polarization for the incom-
ing hadrons. We present analytical expressions for all our results.
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I. INTRODUCTION

The production of large-transverse-momentum prompt
photons in pp or pp collisions has turned out to be an im-
portant tool to uncover the unpolarized gluon distribu-
tion of the proton [1-7]. The reason for this is the pres-
ence of the O(aa,) gg—7yq Compton subprocess
through which the gluon distribution enters the cross sec-
tion already in the leading order (unlike the case of deep-
inelastic scattering) and which dominates the cross sec-
tion over a wide kinematical region. Since the European
Muon Collaboration (EMC) measurement of the spin-
dependent proton structure function g4 [8] (as well as the
new Spin Muon Collaboration (SMC) results on the
neutron’s g [9]) has left us with the attractive possibility,
among others, that gluons inside the proton could be
strongly polarized [10], it is compelling to study prompt
photon production also for the polarized case, i.e., for
longitudinal polarization of both incoming hadrons, in
order to examine the sensitivity of this process to the po-
larized gluon distribution AG in the proton. Indeed,
leading-order studies of this kind have been presented in
the literature [11], indicating that the process, if studied
experimentally, should provide a good opportunity to set-
tle the important question whether gluons inside the pro-
ton are or are not strongly polarized.

It is true quite, in general, that leading-order QCD cal-
culations can usually only give semiquantitative results
for high-energy hadron-hadron reactions. Firm predic-
tions should at least be based on next-to-leading-order
calculations. In the unpolarized case such corrections
have been calculated in numerous cases. Apart from
their importance for studying the perturbative stability,
one of the main properties of these corrections is to ap-
preciably decrease the scale dependence of the predic-
tions. In this way the comparison between theoretical
predictions and experimental results is put on a much
stronger foundation and is generally improved. It is
therefore also to be expected in the case of longitudinal
polarization that next-to-leading-order corrections to the
leading-order process are crucial for more precise predic-
tions. Furthermore, the question is interesting whether
the sizable corrections to the individual unpolarized and
polarized cross sections tend to cancel out when the ratio
of the cross sections, i.e., the asymmetry, is calculated.
This feature was recently observed for the asymmetry in
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polarized deep-inelastic Compton scattering [12] and also
for the asymmetry in Drell-Yan dimuon production with
transversely polarized protons [13].

In this paper we calculate the complete O(aa?) correc-
tions to inclusive hadronic prompt photon production,
both for the unpolarized and the polarized case. Of
course, the complete results for the unpolarized case have
been obtained twice before: First they were calculated
analytically by the authors of Refs. [2,3], later on they
were determined numerically using Monte Carlo tech-
niques in Ref. [5]. Nevertheless, the unpolarized results
have never been published analytically in a closed form.
Since they can be obtained with not much extra effort as
a by-product in the calculation of the polarized correc-
tions, where they also serve as a good check on the calcu-
lations, we present them in this paper. As far as the
next-to-leading-order corrections for the polarized case
are concerned, the results are entirely new, and we be-
lieve our calculation to be the first full-fledged higher-
order calculation in polarized hadron-hadron scattering.

The paper is organized as follows. In Sec. II we go
through the details of the calculation step by step. To be
more specific, we point out the general framework for our
calculations in Secs. Il A and II B where we also specify
our regularization method which will be dimensional reg-
ularization, treating y 5 and the totally antisymmetric ten-
SOT €,,,, according to the original proposal by ’t Hooft
and Veltman [14] and Breitenlohner and Maison [15]. In
Secs. IIC-IIE we present our results for the virtual
corrections, discuss the contributions from the 2— 3 pro-
cesses and deal with the factorization of mass singulari-
ties. In Sec. III we arrive at our final results and discuss
some of their properties. Appendixes A—C contain some
calculational details. Finally we list our complete results
in Appendixes D and E.

II. THE CALCULATION

A. Leading- and next-to-leading-order contributions

At lowest order [O(aqa,)] two 2—2 subprocesses are
the dominant source for the hadroproduction of prompt
photons. These are the annihilation process gg—7yg and
the QCD Compton process gg —7v4q. The corresponding
Feynman diagrams are shown in Fig. 1.

At next-to-leading-order [O(aa?)] we encounter a
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FIG. 1. Born [O(a«,)] graphs for prompt photon produc-
tion. (a) Annihilation ¢gg —yg; (b) Compton gg —ygq.

large variety of new graphs, which can be classified as fol-
lows: virtual corrections to the Born graphs as shown in
Figs. 2(a) and 2(b); real-gluon emission 2— 3 corrections
to the Born graphs [Figs. 2(c) and 2(d)]; photon brems-
strahlung corrections to any pure QCD 2—2 process
(other than gg -—>gg) involving a quark in the final state.
To be more precise, these are

99 —vq'q’ [Fig. 3(a)],
g¢—vqq [Fig. 3(b)],
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99 —vqq [Fig. 3(c)],
99 —vqq [Fig. 3(d)],
q99'—vqq’ [Fig. 3(e)],

where the last process also includes qg' —yq7’.

Figures 2 and 3 show representative Feynman dia-
grams for each of the subprocesses as well as ghost graph
contributions which (in the 2— 3 case) have to be taken
into account if simply —g,,, is taken for the polarization
sum for an unpolarized gluon and two unpolarized exter-
nal gluons appear in the process under consideration. Of
course, ghosts also have to be taken into account in the
gluonic self-energy contribution to the virtual corrections
[Figs. 2(a) and 2(b)]. Needless to say, the virtual contri-
butions in O(aa?) only arise via the interference of the
graphs in Figs. 2(a) and 2(b) with the Born diagrams.
When calculating the helicity-dependent matrix elements
corresponding to Figs. 1-3, which are needed to derive
the contributions to the polarized hadroproduction of
prompt photons, we have to project onto definite helicity
states of the incoming particles the momenta of which we
label by p, and p,. This is achieved by using the relations
(16]

ulp,h)u(py,h)=L1p (1—hys) (1)

for incoming quarks with helicity A (analogously for anti-
quarks) and

FIG. 2. (a),(b) Some representative Feynman diagrams for
the virtual corrections to the Born graphs. The dashed lines can
stand either for a quark, a gluon or a ghost loop. (c),(d) Some
representative diagrams for the 2—3 real gluon emission
corrections to the Born graphs. Dotted lines refer to ghosts,
which for gg —ygg (d) are only present in the unpolarized case.
All in all there are 8 +2 ghost graphs for either process.

FIG. 3. Some representative diagrams for (a) ¢7—vyq'q’
(four diagrams altogether), (b) gg—vqg. The dotted lines refer
to ghosts which are present only for the unpolarized case. All
in all there are 8+2 ghost graphs. (c) gg —vqq (eight diagrams
altogether), (d) gg — 7y qq (eight diagrams), and (e) gq'—vqq' (or
99’ —vqq’) (four diagrams).
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for incoming gluons with helicity A. As stated above, the
inclusion of ghost graphs allows us to drop all terms oth-
er than —g,, in the symmetric part of €,6;. With the
help of Egs. (1) and (2) we are in the position to calculate
the contributions of Figs. 1-3 to unpolarized and polar-
ized prompt photon production at the same time by tak-
ing the sum or the difference of helicity-dependent
squared matrix elements:

unpolarized

IMP=1[|M|X++)+|MP(+-)], 3)
polarized

AIMP=L M2+ +)—IM|*(+—)], 4)

where |M|%(h,,h,) denotes the squared matrix element
for any of the subprocesses in Figs. 1-3 for two incoming
particles (quarks or gluons) with helicities 4, and h,.

As is well known, when calculating the contributions
of loop diagrams [Figs. 2(a) and 2(b)] or when performing
the phase-space integrations for the 2— 3 processes [Figs.
2(c), 2(d), and 3], one encounters singularities. First of
all, the loop diagrams contain ultraviolet divergencies
which are removed by renormalization. Adding the re-
normalized loop and the corresponding 2—3 contribu-
tions, the infrared singularities which are individually
present in both ingredients also cancel out, and one is left
with collinear singularities which are finally removed by
the factorization procedure (of course, for the graphs in
Fig. 3 there are only singularities of the latter kind). All
these steps are standard by now. In order for them to
work one of course has to choose a consistent method of
regularizing the singularities so that they become mani-
fest. For this purpose we choose the concept of dimen-
sional regularization, i.e., we calculate Dirac traces,
phase-space integrations, etc., in n =4—2¢ dimensions
[14]. This way of regularizing is certainly the best and
most uncomplicated one in the unpolarized case, or,
more generally, if no chiral couplings of any kind are
present. Problems arise if quantities such as y5 and the
totally antisymmetric tensor €,,,, enter the calculations,
which have to be regarded as of purely four-dimensional
origin with no simple analytic continuation to n7#4 di-
mensions. Several ways of using ys and €,,,, in n74 di-
mensions have been proposed and discussed in the litera-
ture [12,14,15,17-19]. Those preserving the total an-
ticommutativity of y s in n#4 dimensions [12,17,18] can
easily be shown to lead to algebraic inconsistencies
[20,21], unless extra conditions such as giving up the cy-
clicity of the trace [18] are met. On the contrary, the
original scheme of t'Hooft and Veltman [14], afterwards
systematized by Breitenlohner and Maison [15] (HVBM
scheme), was shown to be internally completely con-
sistent [22,23]. In this scheme explicit definitions for ¥
and €,,,, are given, which essentially correspond to the
usual four-dimensional ones, e.g., ¥s=iy% y?y3. In this
way the n-dimensional Minkowski space is explicitly di-
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vided into two subspaces, a four-dimensional one and an
(n —4)-dimensional one, each of them equipped with its
metric tensor. This means that any vector p is the sum of

f;‘\ and P, where § contains the first four components of p
and zeros everywhere else and p vice versa. Of course,
this property of the HVBM scheme renders it algebraical-
ly much more involved, since, e.g., apart from n-
dimensional scalar products p-gq (Mande}s\tam variables),

. . AN A
their respective subspace counterparts p-g and p-g can
also show up in calculations. As far as the actual calcula-
tion of the Dirac traces is concerned, helpful routines
such as TRACER [24], which we have used, allow for tak-
ing into account the algebraic peculiarities of the HVBM
scheme. Apart from this, terms such as p-g, etc. also
deserve special attention when performing phase space
integrations. This will be discussed in Sec. II D.

As has been shown in the literature [25], the presence
of chiral couplings in loop integrals may lead to anoma-
lous terms in the HVBM scheme, which are usually re-
ferred to as “spurious anomalies.” These originate from
ultraviolet poles encountered in loop integrations multi-
plied by € terms from trace calculations and are, there-
fore, of ultraviolet origin. They have to be subtracted by
hand by a finite renormalization using appropriate coun-
terterms [26,27]. Of course, the spurious anomalies again
make the HVBM scheme more complicated and less han-
dy. Fortunately, however, in the case of polarized
prompt photon production no spurious anomalies appear,
which is obvious since all self-energies and vertex correc-
tions can be calculated and renormalized independent of
any polarization before taking the interference with the
Born diagrams which only then gives rise to y 5 traces.

As a consequence of the points discussed above, we
have chosen the HVBM scheme for our calculations
since, first of all, it is internally consistent unlike those
schemes which make use of a naive anticommuting ¥
which are, of course, simpler algebraically. Nevertheless,
the HVBM scheme is not very much harder to deal with;
in particular, we find it simpler in our case than the
scheme suggested in Ref. [18] since in this scheme cyclici-
ty of the trace is given up, and all traces contributing to a
subprocess have to be read from the same vertex, the so-
called “reading point.” In the case of the virtual graphs
this inevitably leads to a reading point which is located
inside a loop (at least for some graphs) which means that
standard loop results can no longer be applied and the
calculation becomes more complicated.

Before concluding this subsection let us note that it is
well known that gluons can take n —2=2(1—¢) different
spin orientations in » =4 —2¢ dimensions. Therefore, in
the calculation for the unpolarized case one should aver-
age the spin of each incoming gluon with the factor
1/2(1—e¢) rather than with 1. This can be achieved by
the replacement

1 1
28T T (=) B ©)
in Eq. (2) but leaving Egs. (3) and (4) unchanged. In this
point we differ from the calculational method in Refs.
[2,3]. For the polarized case we are, of course, only in-
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terested in the difference of the matrix elements for the
two possible helicity states; therefore, no extra factor as
in Eq. (5) is needed there.

B. The inclusive cross section E, d’0 /d%p,

Before going into the details of the calculation let us
write down the invariant cross section E,d 0 /d 3py for
inclusive prompt photon production, where E, and p,
stand for the energy and the three-momentum of the pro-
duced prompt photon. We shall write down everything
in terms of the polarized quantities, the unpolarized ones
are then immediately obtained by removing the A’s,
which of course means taking the sum instead of the
difference in Egs. (6) and (7) below. In analogy to Eq. (4)
the polarized invariant cross section E, d 3Ao /d 3p7 is
given by the difference

d3A0,AB El d30_AB(++) _ d30_AB(+_)
4 d3py 2 |77 d3py Y d3p,,
(6)
where
E,d*c*®(h 4hy)/d’p,

denotes the invariant cross section for two incoming had-
rons 4 and B with helicities 4 4, and hg. Introducing the
polarized parton distributions Af4(x) by

AfAX)=(F 0= (FH (%), (7)
|
d3A0'AB 1 lﬁ(xTe*")/Z
E,—/ =— 2 f .
dpy TPT a,b *T° 72

where we have introduced the prompt photon’s trans-
verse momentum p and its rapidity 7 in the c.m.s. of the
colliding hadrons. In terms of these we have
Xr=2pr/V'S, x,=xre"/2vw, and x,=xpe " "/2(1—v).
Finally, we have also introduced an appropriate mass
scale in the parton distributions. It should be noted again
that in all cases the corresponding unpolarized results
can be obtained by replacing all polarized quantities by
their unpolarized counterparts, i.e., A& a_,g b
AfA—fA, where 6 ° and f/ are the usual unpolarized
cross sections and parton distributions.

For the two-body (i.e., Born and virtual) contributions
we have of course §+7, +%,=0, which is equivalent to
w =1. In fact,

dést,, degt

—2 =2

dvdw  dv

In the case of the three-body processes we have
§+7,+%4,=s,;=8%v(1—w), which is the invariant mass
squared of the two unobserved outgoing partons. The
2—3 cross sections also display singularities at w—1
which have to be made manifest, as will be explained in

8(1—w) . (11)

1
dv f(xr/w/udw x ALAG,M2)x, AfE(x,, M ow(1—v)8
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where (f;),(_)(x) denotes the distribution of parton
type a with positive (negative) helicity in hadron A with
positive helicity, we can relate the hadronic and the sub-
process cross section [28]:

3x . AB
Ey%%—o‘—=i2 fdxlfdszfaA(xl)Aff(xz)
Dy ™ a,b
1 dAG®
sv dvdw ’ ®

where ¥, , denotes the sum over the appropriate parton
combinations. Here we have introduced the partonic in-
variant variables v and w which are defined by

with 7, =(x, P, —p, )}, 4, =(x,Pp—p,)* and
$=(x,P +x,P5)*=xx,S ,

P, and Py being the momenta of the incoming hadrons.
Furthermore, d A8 *°/dv dw in Eq. (8) is defined in com-
plete analogy with Eq. (6), the A now referring to the
difference of cross sections for definite parton helicities.
Since we shall present our final results for the subprocess
cross sections for the various processes depicted in Figs.
1-3 in terms of the variables v and w, it is convenient to
write the integrations in Eq. (8) as integrations over these:

dA&
dv dw

, (10)

Sec. IID. The choice (9) for the variables v and w
guarantees that only the variable w will lead to singulari-
ties, which arise at its upper integration limit.

C. Born graphs and virtual corrections

In this section we deal with the two-body graphs. To
begin with, let us for completeness write down the results
for the Born cross sections. The unpolarized cross sec-
tions are given by (in four dimensions; see, e.g., Ref. [29])

2

dé 2Cp maase; p2+(1—v)?

—— (o0 = s 12

a VT T o(1—v) 12
2

dé _ 1 mease; 14(1—v)?

o (gg—7vq) Ne 3 rp— , (13)

where N is the number of colors, Cp=(N%—1)/2Ng,
and e, denotes the quark’s charge. For the polarized case
one has

dA& (

dé
£329 (5 — =—2" (g7 — 14
o 9 vg) 2 (g —vg) , (14)
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due to helicity conservation, and

dAﬁ( )____l_ﬁaaseq 1—(1—v)?
d BVIT T 1—v

Let us now turn to the virtual corrections to the Born
graphs which were already depicted in Figs. 2(a) and 2(b).
The unpolarized results have already been published in
Ref. [30] for the g7 case and in Ref. [31] for the gg case.
Of course, the two results are related by crossing, and we
do obtain the same results. Since in the polarized case
the helicities of the incoming particles are involved, there
is no use in applying crossing symmetry, and we have to
present separate results for the gg and the gg virtual
corrections. Nevertheless, of course, the calculations for
the two processes proceed along quite the same lines. It
should be noted that if we used a totally anticommuting
¥s in n7=4 dimensions, the results for the virtual correc-
tions to gg annihilation would trivially be the same for

(15)

v
v(l—v)’s\dAa

(gg—vg)
2 2, ,2¢ €
( )e 2\2 C
_ ok Gmp”)” 1 ZF (1 —w)
'(1—2¢) 70, N¢

X

(2Cp+N)T,, ‘ Ny
PR — b +___
262 € 6

1
¢ T NeT g+ Ne(23—

the unpolarized and the polarized case apart from a sign,
since it would be possible to remove all y 5 from the traces
by using their anticommutativity and their property
y(=1. Of course, this does not work in the HVBM
scheme used by us, and we shall return to this point in
Sec. III.

The renormalization scheme we adopt is the modified
minimal subtraction (MS) scheme [32], which requires
the subtraction of all the ultraviolet poles together with
the attendant Euler constant ¥z and In4s. In calculating
the loop integrals we have partially made use of the re-
sults in Ref. [33]. The renormalization procedure and the
results for the self-energy and vertex correction diagrams
are standard and can be found, e.g., in Ref. [34]. For
convenience we list the massless four-point functions
needed for the (ultraviolet-finite) box diagrams in Appen-
dix A. For the renormalized virtual corrections to polar-
ized gg — v g [Fig. 2(a)] we find, in the HVBM scheme,

10vv1)+%CF(7—20v1)

1 1 21
— 15 (4Cr =N T, — ET‘ﬁbolnj;— + 5 NeT gl Inv, = Ne(2—0)(1+v)lno

1 217,22 1 Ng
—-E(ZCF—NC)(I-H) )n v—-CF(3—v)v11nv+5CF(15—8vU1)——3—(1+vv1)

+-é—NC(14+11vv1)]+(v<—>1—v) )

where we have defined 7, =(1—v 2+ v =
[Fig. 2(b)] our result is

y
v(l—st‘dAa

1—v, and by=

(16)

11N-/6—Ng /3. Furthermore, for polarized gg—vygq

(g —>vq)
_ @ [(am? |1
T(i—2e) | 1,2, | Ne
(2Cr+NWAT, 1 | Ng 1 1
- 52 £+ = —¢ VAT + S NcvATlnw, +—(2Cp = Ne o AT, Inv
1y (22—5v —iC( —v)?
T 12c 2 Cr(6
Ly m AT (2c — New(1—20)nw, In—t — L3 +——N (3—20 —202)
3 Doln v AT,,— r—Nch o)l In— —>v°b T v—2v
—%varzv(3——4v—v2)+3ch(v2+v1)lnv1—CF(7—2u)v2+~;—(2CF—Nc)v3lnv

-i-%CI,-v(l-!-2v)lnv1

(17
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with AquEl—(l—v)z. In Egs. (16) and (17) a,(u?) is
the running strong-coupling constant renormalized at

scale w? in the MS scheme which satisfies the
renormalization-group equation

2
122 d,u,za a; BO47T Bl 477_ (as) ( )
with [35]

Bo=2bo=11Nc/3—2Ny/3,
B1=34N2/3—10N Ny /3—2CpNy ,

and the number of active flavors N;. Of course, Egs. (16)
and (17) still contain infrared and collinear singularities
which will only cancel when the contributions from the
inelastic (i.e., the 2—3) graphs are added and the factori-
zation of mass singularities is performed. These points
are the topics of the next two sections.

D. Three-body contributions

The 2—3 processes constitute the main task in this
calculation. The corresponding graphs were already
shown in Figs. 2(c), 2(d), and 3. We have evaluated the
traces arising from these using the program package
TRACER [24]. Note that our n-dimensional matrix ele-
ments for the unpolarized case for each process are in
complete agreement [36] with those published in Ref. [31]
after suitable crossing. For the polarized case we have al-
ways checked that our matrix elements reproduce those
in Ref. [29] in the limit n —4. The harder part to do
then is the phase-space integration. This is conveniently

J

2e
A

S
(47)*T(1—2¢)

4

s

R;=

xf dvv!~2(1—p)” ef dwlw(l—w) —ff d6,sin' "0 f dB,sin~ ZEOZB(%,I‘G) fol
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performed in the rest frame of the two outgoing unob-
served partons. Denoting the momenta of the process by
p,+tp,—k,+k,+k;, where k, is the momentum of the
prompt photon, we have, in this frame,

ky=(ko,kosind,cosdy, k,, kocosfy, k) ,
k3 =(k, —k),

where ky=1/5,3/2, k stands for the (n —4)-dimensional
part of k,, and k, denotes the unspecified y component
which can be trivially integrated over since the matrix
element will not depend on it. This is not true for the k
components since, as explained in Sec. II A, in the
HVBM scheme such components will explicitly appear in
the matrix element. The other three momenta p,, p,, and
k, can be oriented in such a way that they lie in the x-z
plane. Depending on the propagators appearing in the
process under consideration one of the three vectors can
always be chosen to have only a nonvanishing z com-
ponent and zeros everywhere else in its spatial part. The
resulting three sets of parametrizations for the momenta
are listed for convenlence in Appendix B. In any case the
“sub”vector k is the only (n —4)-dimensional quantity in
the calculation [37]. We can express all (n—4)-
dimensional scalar products by k2

(19)

—kysinf;cosh,, —k,, —k,cosb,

Ri=—k=£3,
AN,
kz'k3:k .

k2 appears as an additional integration variable in the
2— 3 phase space, which reads

dx _
x (1+e€) ,

Vi1—x

where B(a,b) is the B function and x is nothing but k 2 divided by its upper limit:

ak?

5,35in%6;sin20,

If

X

Equatlon (20) is in a, reement with the result of Ref. [27]. The last 1ntegral in Eq. (20) has been written in such a way
that it is unity if no k 2 dependence occurs in the matrix element, which is the case for the unpolarlzed matrix elements
and for the vast majority of terms in the polarized ones. The remaining terms are proportional to k 2 for which the last

integral gives
1 1 dx —(1+ep 2 2 523 . oap .2
—_—x k2=——""—""5in%@,sin%0, . (21)
B({,—e¢) fo Vi—x 1—2¢ 4 ! 2

After performing the x integration, the matrix element has to be integrated over 8, and 6,. For terms which do not
originate from % 2 terms this procedure is quite standard and has been presented several times (see, e.g., Refs. [38,39)).
One has to make extensive use of relations between Mandelstam variables to reduce complex combinations of the vari-
ables to simple ones by partial fractioning. In the end, one is left only with expressions containing at most two Mandel-
stam variables which in turn demand the general integral of the type

1
(1—cos8,)/(1—cosb,cosy —sindcosf,siny )’
—e—j,1—e—1)
I'(l1—e)

S2

m s 1—2€ - in—2¢0
fo d 0,sin 0, fo d 6,sin )

L(1=2€),;-;B(1
T'(1—e)

E; cos? X

=21 2F1 j’l’l_
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which has been evaluated in Ref. [40]. The angle x can
stand for v, ¢, and ¢’ which we define in Appendix B
and, of course, also for y=1v¥ -+, etc., depending on
which Mandelstam variables occur. For j=1 or /=1,
1/€ poles appear in Eq. (22). Note that only the case
j=1, I =1 occurs, and that for j or /=0 the hyper-
geometric series ,F(a,b,c;z) terminates and the integral
becomes very simple. The case j=/=1 is the only non-
trivial one. Here a double pole arises if x =1, ¥, or ¢,
since the right-hand side of Eq. (22) becomes

™ 2 X
— T F, |1,1,1—€cos?X
e € 08>
—1—€
~—T |sin2&X 1+€Li, cosz% ,

where Li,(z) is the dilogarithm function. From Appendix
B it can be seen that the term [sin?(x/2)] !~ € produces a
pole at w—1. This can be made manifest using the iden-
tity [41]

oy l—e— _ Lgii _r
(1—w) —5(1 w)+(1_w)+
e (ImIzw) by 52y (23)
1—w 4

where the “plus” distributions are defined as usual, name-
ly, by

fol f(w) dw

(I—LU)+

=f1f(w) f(l)dw ,
0 1—w

and analogously for (In(1—w)/1—w),. Note that Eq.
(23) is also needed for 1/s,;=1/3v(1—w) terms in the
matrix element since these also diverge for w —1.

Let us now briefly turn to the k 2 terms in the matrix
element. According to Eq. (21) these yield an additional
factor sin’6;sin’6, in the integrand in Eq. (22) which is
readily taken into account by changing e—>€e—1 there.
With this simple trick all k? terms can be integrated
over. Since k 2 sets a new mass scale in the matrix ele-
ment it is not surprising that these terms are often ac-
companied by the inverse squared of a Mandelstam vari-
able. It is easy to see from Egs. (21) and (22) that in fact
only such terms with at least either j =2 or [ =2 give
nonvanishing contributions in the limit e—0 [27], which
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is due to the factor of € in Eq. (21) and of course to the
shift e—>e—1. For the same reason and because of the
factor 5,3 ~1—w in Eq. (21) no pole terms arise from the
k 2 terms. Finally, the only case where distributions as in
Eq. (23) can arise is when k 2/s3, terms are present in the
matrix element which give (finite) terms ~8(1—w) in the
final answer.

Equipped with all the above formulas we can integrate
all 2— 3 matrix elements for the unpolarized and the po-
larized case. Adding the results for gqg—vygg and
gqg —7yqg to the respective results for the virtual correc-
tions [which are proportional to 8(1—uw)], all infrared
poles drop out (including those ~ 1/¢€?), and we are final-
ly left with collinear singularities for all processes which
occur as simple poles at €=0.

E. Factorization of mass singularities

The factorization procedure based on the factorization
theorem [42] has been outlined in detail, e.g., in Refs.
[38,31]. The mass singularities associated with collinear
emission arise when either an incoming particle collinear-
ly emits another particle or when a final-state quark is
collinear to the outgoing photon. The singular terms at-
tached to the initial legs are separated off at the factoriza-
tion scale M2 For the final-state singularities we factor-
ize at the scale M'2. In this way the scale-dependent
“dressed” (polarized) unpolarized structure functions
(A)fA(x,M?) for a parton a in a hadron 4 and the unpo-
larized scale-dependent photon fragmentation function
D;’,(z,M ’2) are introduced which obey their respective
next-to-leading-order QCD evolution equations. Of
course, there is a well-known freedom in choosing the
factorization prescription, i.e., in subtracting finite pieces
along with the pole terms. In general, we shall present
our results in the MS scheme in which only the pole
terms and, as above in Sec. II C, the ¥ and In4w7 terms
are subtracted. Only when dealing with the initial-state
singularities in the polarized case shall we adopt a slight-
ly modified scheme, hereafter referred to as MSp, which
takes into account some subtleties connected with the
HVBM scheme which will be discussed soon.

As an example, let us briefly discuss the factorization
of the gg —vyqg subprocesses. This is performed easiest
by adding a ‘“counter cross section’ [38] which, taking
into consideration all possible collinear configurations,
takes the form

é;’f—;’;—— - [foldx,Aqu(xl,Mz)iA—a—;?i [x1§,1+%‘,e 8(x, (8 +1,)+72,)
+f01dx2AHqg(x2,Mz)%ﬁ {x2§,1+%,e 8(x,(B+0,)+1))
+fo‘dx2AHgg(x2,M2)%fﬁ xz’s\,1+xi21§,e 6(x2(’s‘+ﬁ1)+?1)]

-2 lfol%gm(n,mz)i&;;ﬁ {’s\,l+j—:§,e]8 @+;1:<?1+a1)H
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1—v M2

L AH ,
1—ow

$(1—ow) %

%)

,0W, €

dAG V8| 1—p
dv 1—vw

_ % 1 , . dAG B~
Py @Aqu(w,M )————dv (us,v,e)+
1
A ,
S(1—ww) = [ 1—vw
a 1
- |————H (1—v+vw,M'?)
27 | 8(1—v+ow) 7?

Again Eq. (24) has been written down for the polarized
case; it is again valid for the unpolarized case if the A’s
are removed. The

d(A)E 4 /dv(3,v,€)

are the n-dimensional 2—2 cross sections for the process-
es ab—cd and are listed in Appendix C for the polarized
case, in which they of course also have to be calculated in
the HVBM scheme [37]. For the unpolarized case these
cross sections can be obtained from Ref. [31]. Further-
more, in Eq. (24),

)

1—v M2 dAG#BY | 1—v
dv

S,ow, €
1—vw

|

dAG B 'A ow

dv S T—v+ow’€

| 2

[
€

2
(MH, (2, MD)=—L(A)P,(2) [fﬁ +(A) (), (25)
€

where 1/€=1/e—y ; +1n4r (as usual in the MS scheme).
In Eq. (25) the (A)P;;(z) denote the well-known unpolar-
ized (polarized) one-loop splitting functions for the tran-
sitions j—i [43]. The functions (A)f;;(z) represent the
above-mentioned freedom in choosing a factorization
prescription. In the MS scheme (which we adopt for the
unpolarized case) these functions vanish. In the polar-
ized case we shall slightly deviate from this scheme. To
see the reason for this we briefly turn to the results for
deep-inelastic scattering (DIS).

The spin-dependent DIS structure function g4(x,Q?)
including O(a;) corrections in general reads

1 1dz a,(Q?) x ~|x
g‘{(x,Q2)=5§e§fx7{ 8(1—z)+————Af,(2) | |Aq | .0 | +A7 |, 0"
as(QZ) x 2
T2 Afy(2)AG ;,Q (26)

with coefficient functions Af, .(z) which can be calculat-
ed from simple parton model graphs but which are sub-
ject to the factorization prescription chosen. The results
for such a calculation depend, of course, on the method
of regularization which is adopted. This has led to some
debate concerning the gluonic coefficient Af,(z) in the
literature [44—-49], mainly about the question whether its
first moment, Af,= f (‘)A fg(2z)dz, vanishes or is finite,
A fg1= —4. In the latter case, gluons could significantly
contribute to the first moment of g£(x,Q?), leading to an
attractive explanation of the surprising EMC result in
terms of a large AG [10,44]. As has been shown in Refs.
[47,48], the HVBM scheme in MS yields A fg1=0. This
value, however, comes about because of an exact cancel-
lation of contributions from a region where the emitted
partons in the relevant process y*g—gg have a large
transverse momentum with respect to the incoming parti-
cles and a region where they are collinear with them [48].
This latter contribution should rather be absorbed into
the definition of the quark densities beyond the leading

[

order than be regarded as part of the hard gluonic contri-
bution to g4. In Bjdrken-x space we have in the HVBM
scheme in MS factorization [47,48],

(2z—1) [m1=2 1 |+20-2)|, @7

In

Af(z)=Tg

where Ty =4. The term 2T, (1—2z) is the one which has
a collinear origin and cancels the contribution of the first
term when the z integration is performed [48]. The first
term (which integrates to —1) comes entirely from the
noncollinear region and can, e.g., be calculated using a
transverse momentum cutoff as the regulator [46]. It
therefore seems expedient to factorize the term ~(1—z)
present in the HVBM scheme into the polarized quark
distributions. This view is supported when considering
the coefficient Af, (z) in Eq. (26). This coefficient has
been calculated by Ratcliffe [SO] who used a totally an-
ticommuting ¥s. The result for the first moment,
Af, ql = —2, agrees with the one obtained by Kodaira et al.
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[51] in the operator product expansion (OPE). It should
be noted that Af, !=—2 according to Eq. (26) corre-
sponds to the well- estabhshed [1—a,(Q?) /7] correction
in the quark sector of the first moment_of g2(x,0?%. In
the HVBM scheme one finds in MS factorization
Afg=— 1 which in Bjgrken x space comes about due to
an additional term —4Cp(1—z) [52] when comparing
with the result of Ratcliffe [50]:

2y (Ind—z) } 3 1
Af,(2)= (1+z%) 1—2 L 2 (=z),
11“ Inz +2+z
9 1,
— ‘E+?ﬂ 8(1—z) | —4Cp(1—z) . (28)

Again the last term can be traced back to have a collinear
origin in the process ¥ *q —gq. For this reason we decide
to also factorize it into the polarized quark distributions.
Since the structure of the collinear terms in Af,(z) and
Af,(z) in Egs. (27) and (28) which appear in the HVBM
scheme is the same in both cases, namely, ~(1—z), the
question arises whether terms of such a kind are also
present in the transitions ¢ —g and g—g which are not
accessible in O(c, ) deep-inelastic scattering since there is
no coupling of photons to gluons. A possible way to
study this problem is to examine the behavior of our po-
larized n-dimensional 2—3 matrix elements in the limit
when one parton becomes collinear to another one. For
example, again regarding the process q(p,)g(p,)
—vy(k,)q(k,)g(ky), we can study the case k, =(1—x)p,
which means that the outgoing quark is emitted col-
linearly by the incoming gluon with the momentum frac-

tion 1—x [Fig. 4(a)]. In this limit the polarized matrix
element reduces to
1
AIM G . yqg~(—€) | = APy (x)+2Tx(1—x)
2
XAMI o, (29)
1-x k3
b AAAA
‘ B A 5op *—LW AAAN K
|
TEosEEo k
P, Wﬁ% k, P, mwm)wuuj— —k,
a b
p —————— MW K, PV,
% WSL“" k W‘gkz
P, a0t ky P, — K,

c d

FIG. 4. Collinear configurations in gg —Yyqg and gq'—yqq’
(as examples) which reveal the amount of (1—x) contributions
accompanying the splitting functions. (a) For the g—g¢ transi-
tion, (b) for the g — g transition, (c) for the g —g transition, and
(d) for the g—g transition. The dotted boxes frame the n-
dimensional 2—2 processes which, when multiplied with the
appropriate splitting terms, give the collinear limit of the 2—3
matrix element under consideration. Crossed diagrams are not
shown.
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which, according to the previous discussion is not unex-
pected. In Eq. (29) AIMI2 e denotes the n-dimensional
matrix element for the process gg —7yg which is propor-
tional to the corresponding n-dimensional cross section
dA6 78 /dv(3,v,€) in Appendix C [Eq. (C1)]. Analo-
gously, for k;=(1—x)p, [outgoing gluon collinear to in-
coming quark, Fig. 4(b)] we can recover the splitting
function —AP,(x)/€, together with the desired term
—4Cp(1—x). The interesting case is now k;=(1—x)p,,
when the outgoing gluon is collinearly emitted by the in-
coming one via the triple gluon vertex [Fig. 4(c)]. Here
we find

AlM|?

2 aras ~(—€) |~ L AP ()= 4NC(1=x)

XAM|2 (30)

a8—vq *

To study the transition g —g, we have to turn, for exam-
ple, to the process

ki)glk,y)g'(ky)
—x )p, [Fig. 4(d)]. The result is

q(py)g'(py)—7(
in the limit k,=(1

AIM, g~ (—€) —%Aqu(x)—ZCF(I—x)

XA|M|? (31)

g—rq
Equations (29)—(31) strongly suggest that the presence of
additional terms ~(1—x) is peculiar for the transitions
j—1iin the HVBM scheme. In fact, no matter which col-
linear limit we study in one of our subprocesses, the
respective splitting function is always accompanied by
the amount of (1—x) terms shown in Egs. (29)-(31),
which seems to render these terms in some sense univer-
sal in the HVBM scheme.

Summarizing the above discussion, we find it most
plausible to choose the finite pieces Af;;(x) in the initial-
state factorization for the polarized case as (MS, scheme)

Afy(2)=a,(1—2), (32)
where
aqq:—4CF, aqg=2TR ) (33)
=~2CF, agg=_4NC .

The terms a,;;(1—2z) are thus absorbed into the definition
of the polarized parton distributions. For most of the
subprocesses the effect of this choice on the final result is
nothing but an exact cancellation of all terms which orig-
inate from k 2 terms in the 2—3 matrix elements. This
does not happen by chance: It is well known [48] that in
the HVBM scheme calculation of the DIS coefficient
Af,(z) the additional 2T (1—2z) term [see Eq. (27)] also
originates from the (n —4)-dimensional scalar products
in the matrix element for y*g-—>qg, and quite a similar
statement is true for the term —4Cp(1—z)in Af,(z) [Eq.
(28)]. Furthermore, the additional (1—x) terms in Egs.
(30) and (31) can also be shown to completely originate
from ‘“hat” momenta integrations. Only in the case of
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the gg annihilation processes, some 8(1—w) terms that
originate from k 2/s3, terms in the matrix elements as de-
scribed in Sec. II D, survive after factorization and ap-
pear in the final result. It should be noted that in spite of
the attractiveness of the MS, scheme any other choice is
possible. Of course, physical results must be independent
of the choice of the factorization scheme. Any change in
the functions (A)f;;(z) leads to a corresponding
modification of the two-loop Altarelli-Parisi splitting
functions in such a way that physical results remain un-
changed. Unfortunately, the latter are not known up to
now in the polarized case.

A final remark is necessary concerning the function
H, (z,M’ 2) appearing in Eq. (24) which we take to be

2 €

—A‘;—Iz— (34)

12y — 1
qu(z,M )= *’ezpyq(z)

with
P, (2)=[1+(1-2)*]/z .

Note that even for the polarized case only the unpolar-
ized splitting function appears since the H,,_ term in Eq.
(24) belongs to a final-state collinearity. Equation (34)
shows that we do not subtract any finite pieces, i.e., we
stick to the MS scheme as for all unpolarized calcula-
tions. A transformation to any other scheme (e.g., DIS,
scheme [53]) is straightforward.

We have now collected all technical details. Adding
the factorization counter cross sections to the previous
results we can eliminate all remaining singularities and
arrive at the final result which is presented in the next
section.

II1. FINAL RESULTS

Before we point out the general structure of our final
results we have to make a short comment concerning the
cancellation of mass singularities. Since we are consider-
ing an inclusive photon cross section, the outgoing pho-
ton may be accompanied by different partons in the final

state, even for the same combination of incoming par--

tons. For g scattering there are contributions from
q9—7v88 94—vq'q’s and gg—vygg. Only when the
cross sections for all these processes are added can a finite
result be expected. Indeed, after adding all (i.e., virtual,
2—3 and factorization counter term) contributions to
qq — v gg the pole term

CrNp
T, 81— 35)
INee La (1—w) (

remains in the unpolarized and (apart from the sign) the
polarized cross sections. This term is canceled by corre-
sponding terms from ¢g—7vyq'g’ and gg—ygqg. This
works since the cross section for the process ¢gg—7vq'q’

can be split up into contributions which are either ~eq2
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’

or ~e,;2 where e, and e, are the charges of g and ¢’, re-
spectively. The terms proportional to eq2 simply lead to
contributions ~(Ny;—1) when the sum over the different
possible quark flavors in the final state is taken. Separat-
ing off the same terms from the process gg—vyqqg (for
identical flavors) therefore yields N contributions.
There is a pole term among these which cancels the term
in Eq. (35). This procedure is not only suited for the
above pole term but also for all terms ~eq2 in the cross
section for gg—7yq'g’. We have absorbed all of these (al-
ways together with corresponding terms from ggq —vyqq)
as contributions ~Nj into the gg—ygg cross section.
This has several advantages. First of all, there are
8(1—w) and 1/(1—w), terms among these terms, col-
lecting all these in one place makes them easier to handle
numerically. The remaining ‘“‘truncated” cross sections
for gg—7vq"’g "’ then no longer contain any & functions
or plus distributions. Note that this is also automatically
the case for all other processes shown in Fig. 3. Second,
we find that the final result for gg — 7y gg for the polarized
case is (apart from the sign) exactly equal to the one for
the unpolarized case. This feature only develops after ab-
sorbing the e’ terms from ¢g—ygq‘’g"". It should be
noted that the equality of the polarized and the unpolar-
ized cross sections for gg —ygg is trivial in any scheme
which uses a totally anticommuting ys since in such a
scheme all y5 can be removed from any of the traces (i.e.,
in the virtual as well as in the 2—3 or the factorization
piece), leaving a factor (1—hh') in front of the final
helicity-dependent result where 4 and A’ are the helicities
of the incoming particles. In the HVBM scheme the re-
sult comes about in a rather nontrivial way, namely, due
to a complicated interlude of the virtual corrections, the
2—3 contributions [including the surviving &(1—w)
terms originating from the k 2 integrations, cf. Secs. II D
and IIE], the factorization piece [including the absorp-
tion of the terms ~(1—z) mentioned in Sec. I E], and
the e terms from qg—7v¢'’g ", all of which are individ-
ually different from the corresponding unpolarized result.
Only in their sum do these differences drop out. The
same is true for the remaining terms (~e,;2) in the final
result for g —7yq'g’ which are also the same (apart from
the sign) for the polarized and the unpolarized cases,
which is again trivial in a scheme with an anticommuting
7s. Of course, for our choice of factorization scheme, in
particular, regarding Eq. (32) and its preceding discus-
sion, the final results for the polarized cross sections
when calculated in the HVBM scheme or in a scheme
with an anticommuting ys must be the same. At this
point one might argue whether it was necessary to use the
more complicated HVBM scheme instead of using a
scheme with an anticommuting y s which allows one to
obtain certain results in a trivial way. Nevertheless, we
think that it is much safer to use the HVBM scheme
when dealing with the other processes such as gg —vqg,
where 75 really develops its algebraic peculiarities, since
this scheme, as mentioned above, has the property of be-
ing internally consistent.

As far as the unpolarized case is concerned, we have
been able to compare our results with those listed in the
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FORTRAN code of Ref. [3]. We find complete agreement
in every detail, apart from the fact that we use a different
spin average for incoming gluons whenever they are
present in a subprocess, as discussed in Sec. II A. This

dAG
dv dw

vw(l—v)§

=aa?(u?) | [Ac,8(1—w)+Ac, +Ac,

(l_lU)+

In(1—w)

+Ac, 1=

+

+Acoln(1—vw)+Acyq

2
lnMA—— +Acyln
3

+Acylnv +AcsIn(1—v)+Acglnw + Ac, 1

In[(1—v)/(1—vw)]

1—w

Again the unpolarized results are obtained by removing
the A’s from Eq. (36). The coefficients (A)c;(v,w) which
are rather lengthy even when abbreviations are intro-
duced are listed in Appendix D for the unpolarized case
and in Appendix E for the polarized [54]. Because of our
choice to absorb all eq2 terms from ¢g—yq'g’ into
93 —vgg the coefficients (A)c, and (A)c, and (A)c,
(A)c,, and (A)c; are nonvanishing only for the processes
qq —vgg and qg —7yqg. These coefficients constitute the
so-called dominant part [55] of the next-to-leading-order
corrections. It should be noted that the “plus” distribu-
tions associated with them have to be modified if the
lower limit of the w-integration is different from zero [as
for our case, cf. Eq. (10)] [38]:

L 1 - a)ni-w),

(l—l,U)+ (I_LU)A
(37)
In(1—w) _ | In(01—w)
1—w 4 1—w 4
1

+—2—ln2(1——A)8(1—~w),

where 1/(1—w) 4, is defined for the lower limit 4 of the
w integration by

L fw) et fw)—f(1)
fA(l—w)Adw_fA 1—w dw , (38)
and analogously for
In(1—w)
l—w |,

These latter equations are important for a numerical eval-
uation of our next-to-leading-order cross sections.

Let us finally note that first numerical calculations in-
dicate that the asymmetry

_E,d*ao*/d’p,
4 E,},d30AB/d3py

is stable under the O(aa?) corrections, although the indi-

(39)

+AcIn(1—v+ovw)+Ac,

leads to slight differences between the two results which
are, however, calculable and under control.

For all processes the final cross section can be cast in
the form

M'? 1
+Ac,8(1—w)+Ac, 1—w),

Inw
—w

+Acgln(1—w)

In(1—v+ovw)

— +Acp; | . (36)

vidual cross sections receive sizable corrections in some
kinematical regions. Furthermore, A4,, in fact, turns out
to be strongly dependent on the size of the polarized
gluon distribution AG. It should be noted, however, that
the validity of the numerical results for the polarized case
is still limited since, as mentioned above, the polarized
two-loop splitting functions are not known up to now.
These are needed for a consistent Q2 evolution of the po-
larized parton distributions, unless one sticks to a fixed
scale M2 Furthermore the numerical results depend on
further assumptions concerning the treatment of the
poorly understood fragmentation of a final-state parton
into a photon. As the content of this present paper is
completely untouched by these uncertainties (apart from
the choice of the factorization scheme which is trivial to
change), we want to keep it self-contained and reserve a
more detailed quantitative analysis to a forthcoming pub-
lication.

Note added in proof. After completing this work we
became aware of the recent paper [57] in which the
O (aa?) corrections for polarized prompt photon produc-
tion were calculated independently and quantitative re-
sults were presented for them. In contrast to the HVBM
scheme which we used the authors of Ref. [57] obtained
the corrections using partly the y5 scheme of Ref. [12]
and partly dimensional reduction [19].
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APPENDIX A: FOUR-POINT FUNCTIONS

In this appendix we present the results for the scalar,
vectorial, and tensorial four-point functions for massless
particles [33] which are needed to calculate the box-
graph contributions [see Figs. 2(a) and 2(b)]:
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f d"r [1;rHrtrY rte¥rP]
Qm)" rip—r)Xqg—r)qg+k—r)
A \4—n)/2 _
:l( 41r) 4 nBi—l,i—l
(47)? 2 2 2
X[2(n—3)A4,; (A1)
(n—3)ptA,+k*A,+q"A4,); (A2)
Hn—2)(pFp A, +k*kVA,+qtq¥ A+ kq ]’“’Zz)+%(n—4)[pq A, + L[ pk P A, +1gt A5 (A3)
(n/4)ptp*pP A;+kFk"kP A;+q*q"qP A, +[kkq 1P A+ [qqk [P A,)+H(n —4)[pgq *** 4,
+4(n—4)[ppg 1**P A3+ L ppk 1**P Ay + L[ pkk |*? Ay + ([ pkq |*P+[pgk 1***) A, + L[gq *** A5
+1lgp PP A+ L gk P Ag+O((n—4)))] , (A4)

where

(kg *"=k*q"+k"q" ,

(kpq """ =k¥p"q*+q"k"pP+prq k" ,
and

[gp " =g""pP+g"p +g™ph .

Defining s =2gk, t = —2pq, and u = —2kp, the vectors p,
g, and k must satisfy the relations p?=¢%*=k?=0 and
s+t+u=0. With

wo=1+s/t, Q=1+t/s=w/(0—1),

and n =4—2¢ the coefficients A; are given by [33]

—1—e€ —1—€
4,=3 1 odo) |+4 1 _oxa |,
t € €
s—l—e 1 t*l*e
A,= . ;+(1—w)4(w) — HQ) ,
_s ' ll-w 1 1
A=, o MOt i e
A U PN
Q 1—e |’
s lme 1
A, 2 a)+(1 e)no‘(w)
R 1
_2 _ J— —_
: Q+(1 e)wa(m ,
S—l~e t~1—e
As= s w)+ tHQ),

=t L -2
TR N—
€  wi(l—e)
_tg; e_flf -(lf F@)= 116 —216 ’
Aszgswtm wxf(:e) w(ll—e)“z_e)é‘ﬂ“’)
—‘_Sl_s bl——w(f(;fe)+(z~e)$(i(9) :

and Z,»(s,t )= A,(t,s). Here the function & is defined by

_rt x ¢ _ In(
J(y):fodxl—xy_—

L=0) 4 e Liip+oe) .
y y

Note that the last equality is also valid for y > 1, using in
this case [56] In(1—y)=In(y —1)+iw and

Li,(p)=—Liy[y /(y —1]—1In*(y —1)
+%ﬂ'2-—2i77'1ny +imln(y —1) .

As can be seen in Eqgs. (16) and (17), all dilogarithms Li,
drop out in the final results for the virtual corrections.

APPENDIX B:
PARAMETRIZATION OF THE MOMENTA

In this appendix we give the parametrizations for the
vectors py, p,, and k; introduced in Sec. II D in the rest
frame of k,+k;. There are three possible sets, depend-
ing on which vector is chosen to point in the z direction.
With p9 =%v /25,3,

po=5(1—ww)/2V s,; ,
and

kO=3(1—v+vw)/2V s,
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we have the following.

Set 1:
p,=p%(1,0,0,1,0, ...),
D> pg(l,—sim/;”,O,cosr/z”,O, o),
k,=k9%(1, —siny,0,cos¥,0, . . .) ;
Set 2:

p1=p?(1,sin¢”,0,cos1/1",0, A
p,=p3(1,0,0,1,0,...),
k, =k?( 1,siny’,0,cosy’,0, . . .)

W. VOGELSANG

p,=p5(1, —siny’,0,cosy’,0, .
k,=k%1,0,0,1,0,...),

where the ellipses indicate n —5 zero components. The
angles ¥, ¥', and ¢’ are given by
singy= 2Ww(l—v)1—w)
1—v+ow ’
sing’ = 20Vw(l—v)(1—w)
(1—vw)(1—v+ww) ’
o 2Vw(l—v)(1—w)
siny’’ = .
1—ww
Note that these expressions vanish for w—1. It is

now easy to obtain the Mandelstam variables from these
sets of parametrizations. For example, defining s,
=(k,+k,)* and 7,=(p, —k,)* we conveniently choose
set 1 where we have, using Eq. (19),

Set 3:
p1=p(1,sin,,0,cosy,0, ,
|
1 4 1
S128s 2y(1—v +ovw) (1—cosb)(1-+siny sinf,cosf,—cosy cosb,)

which leads to the integral of the type (22).

APPENDIX C: n-DIMENSIONAL CROSS SECTIONS FOR THE POLARIZED 2—2 PROCESSES

Here we present the polarized cross sections d A& “®~¢?/dv(8,v,¢€) as calculated in the HVBM scheme [37] needed
for the factorization of mass singularities. Defining the common factor

€

=T B 417#2

s T(1—e€) |sw(l—v)
we have, using 7= (p, -pc)2=—§(1—v)andﬁE(pb —p. 2= —%,

99—78 2C 224452

-dA—adU——(Cv\,v,e)=— o aa,eg N (1+e)2t—;;—u+6e+262 , (1)

c u

dAs B $2-72 n?
o (8,v,€6)= Ncaae pos < | (C2)
99—9'7 C 2452

480 3 0,00=— | L ;2” +€], (€3

c

AG 88— 1 PO C N,

280 e, == SN Y |- | (c4)

dA& 98—48 1 2 A2 A2 ~2 NC CF

——@,v,6)=——a;N +€8%) |——— |, 5
o (3,v,€) N asN(8 €1°) PO (C5)

dAs 99— Cr 5, 3222

dAGH T e =—E N , c6
2 (3,v,€) Ncas =2 (C6)

dAG 99— B , o le2—02 3232 52

—a (8,v,¢€) Ncas./\/ = + 52 Ne (1+e)t—u— €(3+e€) ) (C7)

dAg 9 _Cr 5, 132=0% 24 2 i’ €. A

B T (8,v,€) ; s./\/[ re € — +NC (1+6)§? )s\[t(l-f—e) u(l—e)] (C8)




APPENDIX D: COEFFICIENTS
FOR THE UNPOLARIZED CASE

Here we list the coefficients ¢; (i=a,...,d;1,...,13)
[to be used in the unpolarized version of Eq. (36)] for all
contributing subprocesses. We have introduced the ab-
breviations

22
qu.——(l v)+v

— )
qu~1+(1 v)°,
X=1-w,

(D1)
Y=1-v+tww,

5),

v,=i—v (i=1,...,
= 11 —_—1
bo=%¢Nc—5Nr,

where N is the number of active flavors. As usual we
have Cr=3% and No=3. Furthermore, we have already
set Tr =1 wherever it appeared. As discussed in the
main text, we have absorbed the ~eq2 contributions from
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93 —vq'q’ (together with the corresponding contribu-
tions from gg —yqq) into the cross section for qg—ygg
where they appear as Ny contributions in the coefficients
¢y, ¢y, and c¢y3. Therefore, the coefficients for g7 —vq’'q’
are all proportional to e, 2 which we have left explicitly in
the formulas for the sake of clarity. In all processes in-
volving only one quark flavor we omit the trivial charge
factor eqz. The cross section for gg'—yqg’ can be ob-
tained from the one for gq'—vyqq’' by simply changing
4> Where e, is the charge of the ¢’. Finally it
should be noted that the cross section for the process
g(p)g(p,)—vqg can be obtained from the one for
q(p,)g(p,)—vqg presented below by making the replace-
ments

eq—»—e

v—1—ww ,
1—v

w—
1—vw

and introducing the Jacobian v /(1 —wvw) in the integrand
in Eq. (10).

1. g7 —>vgg
c =—£‘%— 3—21nfi =iy =S (1—2pp— 12200 L Py 320020 |, ¢y=0
a NC v > b NC q3° c NC X 1 d ’
=& B FF —
¢ N, L Olnﬁ oN, T _(5—31nv)
C}? X
+ oy [T =m)T = 2T v Invy +0(2+0)lnw, +v, 03100 +(30%+ 20, )In® +(20 + 307 )Inv, |
c
(67—67)T 11—16wv 20 +3p? )
+Cr ——l—g—qq—vvllnul— 6 L lnw— 1lnzvl—-—iilnzv )
_ CyNp Cg C: v, Cr
CHr= ad 3NC —T(II_IZIHUI)—4N—CIH—U_ C3= 2—(4CF )qu, Ca=™ —C.
, 1+v] C2 vi+viw?
¢cs=Cp [1—v°— +ovw +2NE———X———~, Cg=Cs, Cq CFqu,
1+0? C? w, 3v+4v? "
cg=Cp |—1—2ww,+ —(1=2v)ow |+— 1+8uv1——2———f———(1—4v+8v w |,
c
2 CF
—*_4F(:“U(U1—UW)+CFU( —vw), C10=N—0(4CF_Nc)qu, Ci11=C12 O)
Crle )+ 8 LS +(1+v—4v2)w
c13= v(vy,—vw)+— | —4w — v—4v
B3N Nc oxr T ox
v(1—d4p) = VU, _2—110% (v3— 11w w
TCr X ox? 6 6
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2. q3—>v9'q’
Cu=Cp=C,=C|=Cy=C3=C5=C=C7=Cy=C1p=C13=0
Cr 5 vy  2v, 4vv, 205
cd——]\?eqv v w l——Y—4— 7 73 77 |’ Cp=Cg=—cCy, C;1=2¢4,
Cr 20, 6oy, w
_ "2 _ —
C13 N—C q Y2 (1 w)w 1+ YZ
3. gg—>vag
—T | —3—F 4 NF 11—121 —Lc,+NaT
e a" | TOUN, T eNg 12 “_ TN G N Ty
.. _Cr _Ezﬁ+ w(14+20;)  v(1+2v,) . v(+6v)) (240w
N¢ X3 X2 2X 2 2
viv+v3)  w? v v2(2v%+3v w 3 2 4.3
+ eyt 2 vy vuyvp; 1 +v(1+v)w_uw ,
X x3 X2 vy vy vy
cg=——2 1+u2(1~w)2} EF 24 yow (v24+2Yow)
4 2y, Nc ! ! ’
L L RN T TP N AL Inv -+ 7200 (140) + oL (14 )In?
¢ = quZNc n/s\ 4(v v, )In?v 5 vy —vv,Inv + 2 o (1+v) T( v)In‘v,
! Cr Tv 7 2 U a2
) (l+v)1nvlnvl+Nc n Tt (1+2v)lnv1 6 v(1—4v+5v°) 4(31) 2v )Inv

+%(3u2+2v1 )lnzv+%(v2+v%)ln2vl-—v(v2+v%)lnv Inv,

’

v 1
ey =Ty —In—— 4NC(3 41nv) |, c3=7v—;(CF+2NC)quU ,
C 3v2—10v vivi v v v} v (1420) (1420, (11w2+20)w
c4__FU 1+13+1 1V3 1 U Vo, 1) v
Nc 2 2y x* y* y? Xx? 2X 2
+ -2 [ —v, 0 +02)+ vivs ~ﬁ__vj__ 210 + vivy + v(7+07w —2v?wX1+X)
v, ! 2 Y x3 yv2 X Xx? 2 ’
__GCr 3 v 2
cs=———v(14+w)—=—[(1+v)vi —4w(2X —w, + Yow)],
NC 2U1
Cr v | 2T,
- 3 2 % 2
=__F - LA 4p2—2p, — -
Ce NCU (1+4w—2w )+2 5 v 20, —vw(4v, X)l ,
1
c7=5—1\~,;(2CF—NC)v(3v2+2v1) ,
Cr Tee ow viw?
cg=cy YV?U 31—2w+2w?)— l X 5 (4—3v) ) ,

o
cg-]—\,:v 33— 2w)w+Lv[ul (1+02)—v(8— 3w w+v2wX(T+v—40w)] ,

VW




C10=%(l+v%)
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C
+—N—I;-v(v2+v%) R

2 2 3 2
F vy 2wy 204 11 20,04 207 3ow | viw?
=Ly |—a0,+—2— ++v(2X +o)w |+ | ——+o+ — L2
cn Ncu v, ¥ 72 73 v(2 v)w v‘ 5, T Y 7 2 >
S DRSNS 3 2
cia 2(1 2v v ch(l-f—v ),
_ow 1 2002 (9—4v)w?  3ovy o (14+3v,) vy, 5
BT, [T2Te T T T g x> 2X y oUW
F v Y, VY, 4vv?
— | ——=——=(22—35v+11v?)+ 23—16v)— ——(13—3v—3v?%)—
Ne ZX( v v*) 2X2( v) 2Y( v—3v?) X3
i (17—>5v)vov? B 3o 3vw2+10v,)  y4—TvDw
2y? Y? 4 4
4. gg—v9q
Cq=Cp=C=Cy=C3=¢;=¢p=¢3=0,
(3vi+2v,) 207 20 2
cC=NLCu ——%—X—; #+w(u+20%)—w—(3u2+4v,) ,
2
v 1 1 ww 2 o Avuy 4y
=2 —— X2+l ——tt— |,
“4T "% N Cp ¥2 T Ty Ty
. _ 1 v 4?4, _ 2(1+v?) 4 4v,v, _ 202
fCcr 2 Y4 Y, Xv, Y? Y2
2 2 2
1 1 U1 2v7 vy 2 2
+2‘1—v:l) }—2' F—E;_ sz +(v +vl)(1—w+w ),
2 2 2
1 vvw 2(1+viw 1 4—3p+p3  2v,(1+vY)
- —wt——— [+~ - —2w(1—w) |,
Cs c, 2 2w + X7 N, v " Yo vw(l—w)
1 ww 20, (1+0?) 1 v, (1+v)(1—w) s 2
=— - e |20, (1—w) + + ,
cq c, 2 1—3v, XY ch vi(1—w) XY vw
———l—vv wli— 2002 _ 1+0v? 4 2vv,v, _ﬁ_ v(2v —vv,)
oM Yt X, Y3 Y? Yv,
2 2 2 2
1 2vy  2vf o 22—=v )y 20720, —ow,) ) ) )
— |+ T +3(1+02)— —4(v2 v w+(3v2+2 ,
+ch e + 72 +3(1+v7) You, Xor, (v*+vw+(3v v w
c9=—Lv[v2+v%+vw(2v,+vw)] ,
Nc
. =—-1—vzv w _3_4v%+2v2 +4v,v2 _Zv% . _1_v3v1(1—w)w
11 CF 1 Y4 Y Y3 Y2 NC Y2 ’
1 ww | —2y  2(T—6v)y 4vv; 1200} 2w, 12000,
C13=—— — — v - —2v,w
Cy 2 Y Y? x? y*4 2 X Y3 2
42 4
+7V1——§ —vlu3—X—21 ;,2 +2(v+2vHw —viw?
c
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5. 99 —v4qq
Cqa=Cp=C;=C;=C3=¢y;=c1p=¢;=0,
c _Sr 1 —v—%'—v (5—3v+20v%,)+ 20102 —20,(v3—vHHw—(4v2—203%, +vHw?+22— Y )w3w?
c NC 2v,w X2 1 1 1 1 1 1 ’
21,2 [ C C
cd=~1——’—_§3(—1—£ —I;szvlw——i(v‘}—l-vv?w-kvzv%wz-i-Yv3w3) ,
Y w(l—v) Né c
= 4,  2(1+v?) -
Q=0 —(14+v)P+—————+2w(1+vIw—2w
N¢é Yv, Xv,
Cr 1 v 8(1+vip? 4wt 20,
— 43—33v +4v?2 t et
Ne 20w ( v+4vvy v, I'E ¥ 72 X
—2v,[1+ 1o +0vX(14+20)) Jw + (2202 — 1803 +4v* +vDHw?—42— Y w? |,
Cr 4v, v(1+0v?) Cr v 1—y
=Nz vl——YU2+-—XU2 —v¥(l—w)—ww e o | 72 (v} +Yv2w?) +ow(3+v?) |,
2(3+v2p i 20(1+v)vw+ 2
Ce— NC V)V, Y 1)) V)v,w U3V w
LS | et 2D 2]
— | = v+v ———tww vi(2—w ,
N2 Yv, Xv,
Cr 1 Cr 1
Cs=c4—"]v—c*—(X'—U)U(X+U)—F‘ﬁ[l—kvz(l—w)z]{v%—vw[l+v2(l—w)]} ,

Cr v w(l—w)

Cr
cg-————~-—[(1+v)v1—vw(4—vv1)+2(2—Y)vzw2], o= 7\7:—);2— »

Nc v
Sr 1
NE N¢c 2v,w

X s v  8vius 16w} v (1+5v))
—(27—30v+2v°+2v )UI_F+ Yy 12 + X +v,(14+2v00,03)w

—v,[1—4v(1+v)v,; Jw2+2Yvw?

6. g7 —>v497
c,=c,=c;=c,=c3=0,
Cr 1 v% ) 2v,v,
cc=Em —}—2——1;1(5—3v+2v vy)+ —20,(03—=vHw — (40?2 =203, +vHwr+22—Y)ww3 |,
201 — 132 C
= 1tv :1 w) ———g—szvlw(v%—vvlw-f-vzwz)
Y vw NC
N —E (8 + 30w + 502w + 403w + Svtw v + 30wy, Fows) |
c
o) 2(1+wv, v 6vi
4 —I-;—v -—2———————1——1——v%-i-——zlﬁ-va(S-i-v)w—302w2
N¢ Y Y
Cr 1 v} 410—27v+16v2—3v3Ww?  dvivsv}  8viv,  8v§
— 11—53v +400%— 1203w, + — — + — —
Ne 20, 1( v v 207y, e Y 72 7 + 7

2v,v,

—2(1—50—7v2),w+ v+ 6v*+vHHw?—4(2— Y w?

’
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Cr 20,(14+v2+20,) Cr o
=Ly la—3— —o(X+20)w |+
cs NZ«U 4—3v 7 v( 1) Ne o,
C 20, (1+v%+420,)
cs=—2v | —(1+v})+— v ‘+2uw(1+X)]
N¢
C 4v3
SE LT ()l + 200020y —0 2w (140) |
New | Y
Cr 2 _ Cr v v?
c7——1—v—2—(l+v ), cg——c4+NC Y 7

(o}

2

—Z—fz(—v% +Y02wd)+ow(3+v?) |,

(2—Y)(Y—2vw)~——ci—(Y—2vw )20 —w — 3w +2vw?)
N Y ’

Cr

C
3—Y)vw]——F——v—[(1+v)v, +2Xvw +v2w(1+X — Y +20w?)], c,o=—N—(l+v%) ,

c
c9=——§—v[v2—( N
c c U
Cr 2v?v? 4,
=—p|—20W04+vi)——+—— —
enT2y v | TR T > vt
C 1203 120
+ Lo 15— 1B+ 32— -
N2 Y

— F .
Clz*‘Fz"(3 2001) ,

4v1v§

—Tow + 3v2w?

+vwv
1% 3

’

2
(o}
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c
C — 4vv v 8vv?
c;3= ;2 - —(S—X%U—)E %+—71—3+2vv%— Yzl+(v2+2v3+v%)w+2v3w2
2N¢
— 3 4 5 4 6

Cr 1 v} 42719 )] 4(1+18vy)v]  24viv, 2407 | vy
— —(31—54v +220%+ 20w, — —5 + - + - +

Ne 20,0 | e ' x? Y Y? Y? Yyt X

+v, (14 200,05 )w —v,(1—4v%, yw?+2Yv3w?

7. 49’ —>vaq’

(1+v2)w,(2—2w+w?) ,

Cr viw | —(3+v?) , V1 U% 2 Cr 1
2 F —Q@+v7) 1t Y1 _ _ 1
c. T Ne v, > + X 2X2+(2 Yhw [—eg NG w
_ Cr (1+v¥(1—w)?) — 22X v2 +2Yow)—e 22202 +vw(2Y — )1}
cd—_ﬂ—mv_—_{ e v w vy vw)—e,vi[2v] tow w)l},
1
, Cr 3+v3
c4=2eqeq7\f?v —(5+v)+ + 3w
Cr v2w | —2v;  2vyv3 v? 202
+e? = +—+—+204—v)—42—Y)w
KBTS X Y x2 y? !
Cp v 2003 (1—w)
+e - 2(202+vz)+——1—yz——~~(1+2v2)(2—w)w ,
C w
, C 2 Cr v2w
cs 2eqeq—N—F 1 ¥ vv1+e;—1€71—[3+v2——2(2——Y)vw],
— Cr v
ce 2eqe;—]év2w2 YY+e{;2—N—z-—u—;[2+v2(2-2w+w2)] ,
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cg=cy—e, ‘;Nc Y(2 Y)v;—ww),
, °F 2CF vw

c9=eqeqN—C(2—Y)v——eqN—CT[3+v —2(2—Y)hw]

Cr Cr v U Cr vy Uy
c“=2eqech v(2— Y)+2e TN, —p, Y +2€"2FC—UZ 1——1—; ¥z |

Cr 2v 5 Cr vw % 4y vy | 200,
013=eqechuvlw(2 Y) X 3 “INg o, (1—21))1)1———2‘—7 X Y +2Yvw

CF Ul 2U1U4 4U1 5

+eq INe w v —Y——-—2(1+vv1)+(u3—2v,)w (1—2v)(1+v)w

APPENDIX E: COEFFICIENTS FOR THE POLARIZED CASE

Here we present the Ac; (i=a,...,d;1,...,13). We use the abbreviations (D1) of Appendix D, but with T, te-
placed by

AT, =1—(1—v)? (E1)

as in Sec. IIC. The coefficients for the processes gg—7ygg and g7 —7vq’'G’ need not be repeated, they are exactly the
negatives of the corresponding unpolarized ones. All remarks made at the beginning of Appendix D also apply to this
appendix.

1. gg—>v4qg
Ae,=AT, 0| —3—F 4 Nr _ 1 11—121n— Ac,=——1(Cp+N)AT, v
@ 9 4N. ' 6N. 12 > No F e e
_oala 3—20 20, (14v), B Cr v o, 2v, 144,
Ac,=v” |2 Xv +X2v+ " +(1+X—Y)w +N—C—2— (v‘ 2v2)+}7 X +w,w |,
Ac =-—v[1+v2(1—w)2]ﬁ—-v—w— &v2+Yvw
¢ 2¥3 | No ! ’

by
Ac;=AT, 0= lnE—+ 7 AT v In v+;vvllnvl+%77'2vv,(1+v)+-‘1?uu1(1+v)ln2v,—%vv,(H—v)lnvlnvl
S

2N¢
¢ 7 3 1 1 ?
Nf — ATy = S AT oo + S AT 0 Info + 0 (1420) Inv, — <0 (3—dv —v?)
+%v(u2—-vf)ln2v1—u(vz—v%)lnvlnvl ,
1
ACZZAquU AC3:N_(CF+2N0)AquU N
c
Cr v? [5—4v 2+420—Tw% 20y 2007 wsvi 203
=_£L —~ S faut B 2L 4+ )
A= No 2 | T v X Y Yo Y%
v2 120,  4v;  2v3v;  204v, 2v? )
= —~ + =L —pwt6ow? |,
2 v X2v+ Xv Yv Y2u vsw vw
Cr
Acs=——v3(1+w)+— |—1—4v+3v ,
Nc

c
Acg=-—-Fu31—2w)+ 2 [2—v(1—w)P—w], Ac;=—t—(2Cs—NcWAT
S N 2 2N¢ %
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2

- Cr v _CF 3 v 2
Acg=Ac,——v(1—2w)+—[—2v,—(3—Y)w], Acyg=3—v w+—2—[1+4v—3v —v(1=7X+v)w],

N 2 N¢

Ac,o=%(l+4v—3v2)+%v(v2—lﬁ) ,
Ac“:—;— 11—2v—iv;,ﬁ+i;;—(4—xmw +%u 2(1—2v)+ 2”;53—3%—%? viw |,
Ac12=~—%vvl(l+v)—%(v2-—v%) ,
Ac13=4C];.FC _2(8;9U)U+6;1)21 2v(13—3;——3v2)vl _2(17—Y52u>vu§ 1?;)%+UU2(X+3U1)J
+i’%‘3 2Y+v—%—-2;;2—+—;v—21+4—yv-21—
2. gg—>v9q

Ac,=Ac,=Ac;=Ac,=Acy;=Ac;=Ac;=Ac,=0, Ac,=—

v[—6X+(7+3v ), +v2(2—w)?],

2N¢
4v,v 4p? 1 1 ww
v 2V 1 1
Acy== | X +vi——it— | | o —— ,
4 2[ 2 Y Y2 | [N Cp Y?
2 2 2
1 205 4v;  4vv; 4vy o 2(14v7)
Acy 2c, Y Y2 Yo, Y3 Y4 Xv,
L2 a|1=20 vi | 20} _v1(1+v%)+v "
N¢ v Y  Yuu, Xvv, L
1 N 20,(14+v?) 41 (2407)+ 20, (1+v?)(1—w) 4o
= - —— |t |~ w|,
Acs 2C, vww | —(2+v)+ XY Cu V1 XY
2 2
1 2(1+viw 1, |4 2v,(1+v}) )
= —32wt+—m— |tV |5 trw |,
Acs=7c, v w73 XY Ne' |2 XYv? 2
22—v2w, 207 4—vi—6vr; 2wi(1+v})
Ac8=Lv2 3 L 21—— 3 ! : 3 . +v,w(4—w)
N¢ Yv?v, Y% v Xv?v,
2 2
1, vy 20,0 207 vi(v+2vw)
—_ — —_ .__+ —_— s
+ CFU vw|—2+ 72 e 74 w Xy
A09=NLC(2—X)U(X—2v1)+CiFv2v1w ,
v, 2v;  4vv,  4u 4 vivw(l—w)
AC“—'_ vzvlw —3+—Y——'Y—2 Y3 *7 'I—V‘;T N
1 1 2, —14+120 , 120, (0] +wyw)
Acy; 2ch(u%+u2w2)+ 2CFu2u1w 3+7+ 72 + o
3. 99—vq9

Ac,=Acy,=Ac;=Ac,=Ac;=Ac;=Ac;;=Ac,=0,
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C Y v
Acc=2;C —73+—-—1~2(1—2v—v v)+(1+0) w2+ w—20%w? |,
v 2 2 Cr 2
Acy=—(1+vi(1—w)) —Y ———(v1+Yvw)
Y N¢
A —.__c_:i___ 1+v%(1— —
4= Nz XY( v (1—w)) v, +3—Y)ww]
Cr vy  w;  4v(—5+20),
+ 20+ =5 +203 )+ ———+—
2N, (14+7v—5v%+20°) X x° + Y
240 +o w+40dw? |,
Cr 4v, Cp 5 3
Acs=—Fv 2v1+7—(1+X Y ow +N2 Xy[1+v 1—w )2 —Xv,(1+v)+v3w?],
c
A _Cp |27 +vy) 4y, (140)
Ce ch . 7o Y v
Cr 1
+— —=[1+vX(1—w)]{v}— -
N2 XY[ v (1—w)*{vi—vw[l+vX1—w)]},
Cr X—vpwX+v) Cr 1
Acg Ac4+—ﬁc———y———N—éﬁ[l+v2(l—w)z]{v%—vw[l-kvz(l—
Cr Cr vivw(l—w)
Acy=——L0[X(2—Y)+v2w? , Acy = —4—— ,
9 NC [ ] 11 NC Y2
C — 2v 8vv 16vv?
__Y“F 5 F (6—5Sv)v 3 vy 3V 1
Aey=——5 Yv+2NC 1—20 —-+2 = Ty
+ow(vi+v?)+203w?
4. 99 —>v49q
Ac,=Acp,=Ac,=Ac,=Ac3;=0
Cr Wi Vg 5
Acczch —7+F+2(U 2, =)+ (1+v)(v? +ohw—203w? |,
201—.0)2) | C C
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