
PHYSICAL REVIEW D VOLUME 48, NUMBER 5 1 SEPTEMBER 1993

Rare decay H: K*p: A more precise calculation
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Efforts to predict the rare exclusive decay B ~ K'p from the well-known inclusive decay b —+

Sy are frustrated by the effect of the large recoil momentum. We show how to reduce the large
uncertainty in calculating this decay by relating B ~ K*p to the semileptonic process B ~ pev
using the heavy-quark symmetry in B decays and SU(3) fiavor symmetry. A direct measurement of
the q spectrum for the semileptonic decay can provide accurate information for the exclusive rare
decay.

PACS number(s): 13.40.Hq, 11.30.Hv, 13.20.Jf

The inclusive rare decay B ~ X,p is now well un-
derstood in the context of the standard model [1] and
the experimental upper bound [2] of 8.4 x 10 4 for the
branching ratio is already playing an important role [3]
in constraining the parameters of models other than the
standard model. On the other hand, the most likely
experimental observation to be made will be the exclu-
sive decay B ~ K*p. The recent limit from the CLEO
Collaboration [4] of the branching ratio for this mode is
0.92 x 10 . It is this exclusive rare decay B ~ K*p,
however, which is the least well known theoretically due
to the large recoil momentum of the K* meson [5]. A
recent paper [6] points out that heavy-quark symmetry
together with SU(3) flavor symmetry could relate the rare
decay B —+ K*p to a measurement of the semileptonic
decay B ~ pev. However, the relation is only valid at a
single point in the Dalitz plot, a point where the semilep-
tonic decay vanishes, so that there would still be a large
uncertainty in such a measurement.

In this paper we obtain a similar relation that relates
the exclusive rare decay B ~ K*p to the spectrum in

q for the semileptonic decay B ~ pev. The q spec-
trum for B ~ pe v does not vanish at q = 0 and so
a direct measurement of the spectrum at this point can
provide accurate information for B ~ K*p. Of necessity

I

this new result requires an extension of the heavy-quark
symmetries to a consideration of the K* and p systems.
We show that this is not the same as demanding K* or
p to be a heavy-quark system in the conventional sense.
Our result dramatically reduces the uncertainty from the
earlier calculations.

First we discuss the application of the heavy-quark
symmetry. Usually, it is the hadronic systems with a
b or a c quark that have these symmetries. Here we de-
rive the relations for matrix elements of either B or B*
with an unspecified vector meson V. We show how to
extend the heavy-quark symmetry relations to the case
when the meson V is K* or p, and we estimate the pos-
sible errors using a set of quark-model calculations, both
for nonrelativistic and for relativistic cases. Then we use
the results to give a reliable relation between the decay
B + K*p and the q spectrum for B —+ pev.

I. HEAVY-QUARK SYMMETRY RELATIONS

We first recapitulate the derivation of the heavy-quark
symmetry relations for B decay. The hadronic matrix
elements relevant to the decay B(bq) ~ V(Qq) are given
by

(V(k, e)lQp„blB(p~)) = 2Ti(q )ie„„p e* piik (1)
(V(k, e) fQ&„psblB(pi3)) = —2(m~ —mv)T2(q )e„* —2Ts(q )(e* q)(p& + k)„—2T4(q )(e* . q)(pii —k)„, (2)

(V(k, e)lQio„~q bItlB(pa)) = fi(q )ie'„„&~e*"piik + (mii —mv)e~ (e q)(pa + k)p f2(q )
2

+(e* . q) (p~ —k) — . , (p~ + k) fs(q')
mB —mV

where q = pB —k. We show below that the hadranic form
factors fi 2 s(q ) and Ti 2 3 4(q ) for the decay B i V
can all be related using just the spin symmetry and static
limit of the heavy 6 quark.

In the heavy 6 limit, the spin of the b quark is decoupled
from all other light fields in B [7]. We can therefore
construct the spin operator S& for the 6 quark such that
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S. IB(bq)) = —,IB'(bq)),1

~F IBF (bq)) = 2IB(bq))

where B&* stands for a longitudinal vector B* meson. In
IB) and IB&*&, the spatial momentum of the b quark is in
the z direction for the b spinor to be an eigenstate of S& .
Using the relation (Vl QI"b IB) = —2(VI [SP, Ql b] IB&*)
for I' any product of p matrices, we have the following
identities between the B ~ V and B&* ~ V matrix ele-
ments:

&VI&oIB) = —(VIVslBi*&

&Vl&slB& = —(VIVolBF&

&vlv~[B& = p&vlv~lBP)

&VlvolB) = —&VIAslBP&

&VIVslB) = —&Vl&oIBF&

&VI&+IB& = +&VI&+I%*&

(4)

(5)

(6)

(7)

where V~ = Qp„b and A~ = Qp~psb T. he covariant
expansions of the vector and axial-vector matrix elements
for the decay B*(bq) ~ V(Qq) are defined to be

(v(k, .)Iq~„bIB (», c)& = t(('*)A.(q')+(& q)(-* q)A. (q') (p~+k).

+ (& e*)8~(q')+(C q)(e* q)8z(q')] (» —k)p+~(q')(e* q)(p+&(q')(( q)e„*,

(V(k e)lq~»5blB (» &)& =~(q')~~~-~- e&'(»+ k) + &(q')~s~-~-e* &"(» —k)

(10)
(ll)

where ( and e* are the polarization vectors of B* and V,
respectively. Using the matrix identities in Eqs. (4)—(9),
we can relate Tq 2 3 4 to the B* + V form factors:

2mgy Ty ——(A] —8$ )
2(mz~ —mdiv)Tz ——m~(Ag + 8g) + Ev (Ag —8g),

2m~(Ts T4) = —(Al 81)
2m~(T3 + T4) (Al + 81)

(12)
'D = (Ag —8g),
8 =Ay,

in the B rest frame. We choose the longitudinal polar-
ization vector for B&* to be (&" ——(0; 0, 0, 1) and define
the momentum of V to be k" = (Ev. , k, k~, ks), where
Ev. ——(mz&+mdiv —qz)/(2m~). The resulting form-factor
relations in Eq. (12) are consistent with those in Ref. [7]
using the spin symmetry of a heavy Q, except for the
relation T3 + T4 ——0, which is missing here.

We can relate the form factors f] z 3 to the form factors
Tq 2 3 4 using the static limit of the b quark. In the B rest
frame, the static b-quark spinor satisfies the equation of
motion gob = b. We then have the relations between the
p~ and o„matrix elements [8]:

Az ——8g ——0 .

Since the spatial momentum of the b quark is defined
in the z direction, the above relations are worked out

&VI@~,blB) = &VIQ~~o*bIB)

&VIQp;psblB& = —&Vlq&oo*psblB)

This gives the form-factor relations

(14)

2 2mB myf1 — (mB EV )Tj. T2
mB

1 g
2

fz = ——
(mph' —E/) —

(mph' + E/) z z
T]—

2 mB my
1 1 2 2f3 ———(m~ + Ev )T~ + (m& —mv') (Tg + Tg + Ts —T4)2 2mB

(m& —mv+q )Tz2mB

Using the spin-symmetry relations in Eq. (12), we can also write f] z 3 in terms of the B —+ V form factors as

g
———Ag

1 1 t' q'
2 2 (m~ —mv)

1= —gg
2

Thus, using only the spin symmetry and static limit of the heavy b quark, we can relate the B —+ V hadronic form
factors as



48 RARE DECAY 8—+X y: A MORE PRECISE CALCULATION. . . 2147

2(ma mv)T2 —[ (ma + mv) —q ] T1 + n

2T3 — Tg +
2mB

2T4 —Ti +
2mI3

f1 ———(ma + mv)T1—
(17)

2 f2 ——— (ma + mv) —q mg + mv

2fs = —(ma —mv)T1 +
2mB

n ( q'
I
1+

2ma 4 ma mV)

where (V!Qgab!B*)= ma(V!Qppb]B*) (18)

n —mB (+1 + Bl) ™V(+1 Bl)
P = —C —(A1+ B1) .

The additional form-factor relations that follow Rom Eq.
(18) are given by

—C = (A1+81) = (A1 —B1)
mg

(19)

If we ignore the n and P terms in Eq. (17), the
resulting form- factor relations are exactly the heavy-
quark symmetry relations obtained using the large-Inass
limits of both b and Q quarks [5, 7, 8]. The func-
tion J4mamv—T1 in this limit resembles the role of
the Isgur-Wise function, with absolute normalization at
q = t given in the quark model as [5]

corresponding to n = P = 0 in Eq. (17). The correc-
tion to the static Q assumption is proportional to p/mq,
where p is the spatial momentum of Q in the V rest
frame. Since

mv —— p2 + m + p2 + m2 + binding energy,

y4mam—vT1(t ) =
! !

1
f 2PBPV &

B+ V)

where pa and pv are variational parameters of the mo-
mentum wave functions for B and V, respectively. We
shall show below that the n and P terms in Eq. (17)
can be regarded as small corrections to the heavy-quark
relations coming from the weak binding, or A@~D efFects.
Thus, the symmetry relations are dominated by the Tz
terms.

To show that the right-hand side (RHS) of Eq. (17)
is dominated by the T~ terms, we use the equation
of motion for the b quark to get the matrix relation
(V!Qy5ab]B*) = ma(V!Qb!B*) and work in the V rest
frame. If we assume the static limit of Q so that the
equation of znotion Q = Qpp is satisfied we can relate
the matrix elements for Qb and Qppb as

h2
ma p = n= 1)4ma —Ev !

h1-
Ev —mv ) (2o)

&v 62

ma (Ev + mv)(Ev —mv)
(21)

where

and mv = mg + mq for a heavy enough vector meson,
in the weak binding limit of V it is easy to show that
p/mq « 1. The corrections to Eq. (19) arising from
the static Q assumption are therefore small, and conse-
quently we have the suppression of n, P = O(p/mq) in
this limit.

We can use the quark model to show explicitly the
suppression of n and P in the weak binding limit. In the
quark-model calculations of n, P, and T1, we have, in the
B rest frame,

dp 4VPB

h2 — dp V B

Eq+ mq Eb+ mb t' (k+p). p
!2Eq 2Eb g (Eq + mq) (Eb + mb) )

Eq+mq Eb+mb ( k p k (k+p)l
2Eq 2Eb (Eb+ mb Eq+ mq )!+

(22)
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The term k is the recoil momentum of V in the B
rest frame. The energies of the b and Q quarks in
Eq. (22) are given by Eb = gp2 + mb2and Eq

(k+ p)2+ mq2. The terms pii(p) and pv(p + rk),
where r = m~/(mq+m~), are the momentum wave func-
tions of B' and V, respectively. In the weak binding limit
of V and with mv = mq + m~, we have [5]

k p k (k+p)+Eb+ mb Eq + mg

= (Ev —mv)
~

1+ (k+ p) p (»)
(Eq + mq) (Eb + mb) )

This gives in Eq. (22) the relation

(Ev —mv)hi = h2, (24)

mgyP = —n = [ (mii + mv) ' —q ] Ti s, (25)

where s = 1 —(Ev —mv)hi/h2. The correction to Eq.
(23) is given by

which is insensitive to the problem of how the overlap
occurs between P~ and Pv. The suppression of n and P
in this limit is then obvious from Eq. (20).

In the quark model, the relation between —n (and
miiP) and Ti can also be written

(k+ p) p (k+ p) pb = [ (mb —mq) —(Eb —Eq) —(Ev —mV) ] ~

1 +
~

—2(mb —mq)(Eq + mq) (Eb + mb) ) (Eq+mq)(Eb+m, )
'

(26)

which corresponds to the binding effects in V. From Eq.
(26), it is then easy to show that s = 0 in the weak
binding limit of V and with m~ —mg + m~.

Using the Gaussian wave functions for p~ and pv [5,9],
we obtain throughout the whole kinematic region a rather
stable ratio for (Ev —mv) hi/h2, which is between 0.95
and 1.04 for B ~ K*, and between 0.89 and 0.98 for B ~
p. These two ranges include the large uncertainty in the
quark model associated with different recoil dependencies
in the wave function overlap [5]. In all cases the value for
s is very small with ~s~ ( 0.05 for B -+ K' and ~s~ ( 0.11
for B ~ p throughout the full kinematic range.

It is then clear from Eq. (25) that the symmetry rela-
tions in Eq. (17) are dominated by the Ti terms as the
n and P terms are suppressed by s. [Near q = t some
relations are further suppressed by s(mv/mii). ] Thus,
the B ~ V hadronic form factors satisfy the heavy-

I

I

quark symmetry relations even if the quark Q is much
lighter than the 6 quark. The breakdown of the relations
is a measure of the weak binding approximation and is a
small correction.

Since the effect is small and stable across the full kine-
matic range we can use the model to investigate, with
some confidence, the 1/mq behavior of s. This behav-
ior can most easily be checked near the zero recoil part,
in which the recoil effect becomes insignificant. In Fig.
1, we show the mq dependence of s(t ) with mv —mq
fixed at mz —m . For mg greater than about 0.9 GeV,
s falls off like a power law of 1/mq. As shown in the
figure, the curve can be approximated, above 1.25 GeV,
by a Taylor expansion of s(t ) with respect to (p ) jmq
using Eq. (26). The leading terms in the expansion are
given by

I'mv —mq) 1 I' mq ) (p ) mv 6 mq) 3 (p ) mv I' 7mql
q ) 3 Emq+ma) ~v mq i mb) 8mq q i mb)

(27)

where
0.08

jdp4v(p)4~(p) I' 3t3~/3v

f dp0v(p)4~(p) &5+~v
0.06—

The expansion parameter (p ) is a stable function of mq
with g(p') = 428 MeV for m and g(p2) = 502MeV
for mb. At about mg ——0.9GeV, e has a maximum and
ceases to follow the 1/mq power law. It is this turnover
that stops the correction z from becoming very large for
smaller mg and keeps the correction to the symmetry
relation in Eq. (17) small for s and u quarks.

II. THE DECAYS B ~ K'p AND B —+ pev

s(& )O.O4—

0.02—

0
0

I I

2 3
mo(GeV)

The branching ratio for the exclusive B ~ K*p to the
inclusive b ~ sp processes can be written in terms of fi
and f2 at q = 0, as [10, 11]

FIG. 1. The mq dependence of s(t ) with mv —m~ fixed
at m~ —m . The solid line is the exact numerical result of
e(t ) using Eq. (26). The dotted line is a Taylor expansion
of s(t ) with respect to (p )/m&.
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(0)!'+4!f(I'(6 —+ sp) ms~(mb2 —m2)s 2-

Using Eq. (17), we can write f2(0) = (1/2) fq(0) at q = 0. Although there is now only one form factor to calculate
in Eq. (28), this is still a controversial model-dependent calculation. There is an uncertainty of about a factor of 10
depending on the way the large recoil of K* is handled. In the nonrelativistic quark model, the exclusive to inclusive
ratio R(B ~ K p) is calculated to be within the range of 4.5% [10] to 25% [5, 11]. In the relativistic quark model
[12] of Bauer, Stech, and Wirbel, we have instead R = 12%. In the QCD sum-rule calculations, even higher values of
R = 28 + 11% [13] and R = 40% [14] were obtained.

In an attempt to remove this uncertainty, Burdman and Donoghue [6] have discussed a method of relating B + K*p
to the semileptonic process B ~ pev using the static 6-quark limit and SU(3) 8avor symmetry T.heir main result is
that the ratio

t' . 1 dI'(B ~ pev) l 4' !q! (m& —m&. )

(q wo, curve q dE&dEc j G~ !Vub! mz

is independent of hadronic form factors. Here, g repre-
sents the QCD corrections [1] to the decay 6 —+ sp, and
the word "curve" denotes the region in the Dalitz plot
for which q = 4E, (m~ —E~ —E,). The only uncer-
tainty on the right-hand side is that of !V„b! for which

[15] !V„b!/! V,b! = 0.10 + 0.03.
Their method proposes to overcome the uncertainty

in the calculation at large recoil (q = 0) of the B ~
K* form factors by making a direct measurement of the
semileptonic decay B —+ pev. Notice that we use only
the q = 0 point on the "curve" to compare with the
photonic decay in Eq. (29). The problem with this is that
the semileptonic decay vanishes at the q = 0 point on
the "curve, " which is why this kinematic factor is divided
out in Eq. (29). This means that experimentally there
should be no events at that point and very few in the

I

neighborhood, making it a very difFicult measurement.
We shall avoid this by considering instead the q spec-

trum for the semileptonic decay B ~ pev. The advan-
tage here is that the q spectrum does not vanish at
q = 0 since we integrate over the events from difI'erent
electron energies across the Dalitz plot. The disadvan-
tage is that in taking the ratio we do not have the simple
cancellation of form factors, which made the previous re-
lationship so appealing. However, we can relate the ratio
to the knowledge of c, which we have demonstrated to
be a small number anywhere in the Dalitz plot.

The differential width for B ~ pev is given by

(30)

where

2m2
~

m2+!k!2
y

m2 m

At q = 0, the differential width for B ~ pev reduces to

dI'(B ~ pev)

q2 —0

G2
(31)

If we use the symmetry relations in Eq. (17) and SU(3) flavor symmetry in which TP = Tz, we can express
the ratio between R(B -+ K*p) and dI'(B ~ pev)/dq at q2 = 0 as

dI'(B ~ pev)RBmK*p
q

l
!

q2=0

192m 1 (m& —m&. ) (m~ —m~) mb
G&2

! Vub! 2 (m&2 —m2) s (m~ —m~. )
2 (mb2 —m~) s

ub cb

In the limit e —0, that is n = 0 and P 0 in Eq. (17), we have 2' = 1 in Eq. (32). We estimate the correction to
2 using the quark-model results for n and P in Eq. (25) as

(mg + mp)(m~ + m )1— ~(0)
l 4m~mp
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Although e is a small number, the value of e(0) is
sensitive to the details of the wave-function overlap in
the quark model because of the large recoil momen-
tum. In an extreme case with a relativistic recoil depen-
dence in the overlap, we obtain e+~~*(0) = 0.010 and
e+~ (0) = 0.043 which gives X = 1.09. On the other
hand, using a milder nonrelativistic recoil dependence,
we obtain e (0) = 0.046 and e (0) = 0.087 which
gives 2 = 1.18.

We also estimate the correction to X using the rela-
tivistic quark model of Bauer, Stech, and Wirbel (BSW)
[12]. In this model, we have, at q2 = 0,

4m'
p(0) =

2 2 (mqg2 —magi)
mg mg

gg — dpT dz pv(pT) z)pB( pT z)

'dx
g2 ~pT p~ pT& + 'pB pT) +

0 X

where gi and g2 are overlap integrals given by

(36)

(38)

Ti(o) = — ,' q g. ,
mg mQ

(mii + mi )
n(0) = (mi, —mq)

~ ~

—(mq + mq) g2(mg —mv )

(34)

(35)

In the BSW model, the orbital wave functions y~ and y~
are solutions to a relativistic scalar harmonic oscillator
potential. For meson M with constituent quarks Qq, the
wave function pM is given by

pM(pT, z) = ~M Qz(1 z)exp
~

—
~

exp — z—
) ( 2 2 2M

(mg — yl (f g+ q
((mg + mv ) (mi, —mq)

(40)

1 4m 2~ ( gie(0) = /mv ——mq
/(mii + mv) mg —mq ( g2 ) (41)

Notice that the expression for e(0) is independent of the
overlapping efFects in Eqs. (37) and (38). Numerically,
we get e+~~*(0) = 0.11 and e+~P(0) = 0.15. In Eq.
(41), e(0) depends on the ratio gi/g2 of the overlap inte-
grals. It can be shown that the ratio gi/g2 is very stable
with respect to the changes in u and mg. For w = 0.4
GeV, we obtain e+ ~ (0) = 0.15 and e P(0) = 0.22.
Thus, the sizes of c and E are relatively larger in the BSW
model than in the nonrelativistic quark model. However,
the overall correction to the symmetry relations in Eq.
(17) is still less than 15%. In Eqs. (40) and (41), it is
clear that the smallness of e and c is due to the subtrac-
tion between different mass terms (see also the case in
the nonrelativistic quark model). For light mq, e and e
both scale like 1/m~, this gives an extra 1/mii suppres-
sion to the n and P terms, relative to the Ti term, in. the

where x and pT denote the longitudinal momentum frac-
tion and transverse momentum of the decaying quark Q
in the infinite momentum frame. The term NM is a nor-
malization factor defined by jdpi' f dz~y(PT, z) ~2 = 1.
The wave function pM depends only on one free param-
eter w, which determines the average transverse quark
momentum (pT ) = w . In the BSW model, the value
of u is taken to be u = 0.4 GeV as it fits most of the
experimental data very well.

If we follow Eq. (25) and define the parameters e and e
as n/Ti ——(m~—+mv) e and mgp/Ti ——(ma+mv) e
at q = 0) we have

I

symmetry relations.
We can write X in terms of c and E as

mp+m~e P~g
2mB

(mB mp)(ma+mal) ii~p(0~ mg +mz g~p(0)4m~m p 2mp

(42)

While the values of c and e are larger in the BSW model,
the overall correction to 2 is still small with 2 = 1.12
close to the value obtained by the nonrelativistic quark
model. Thus, the uncertainty in calculating the branch-
ing ratio R(B ~ K*p) due to the recoil problem has now
been reduced by an order of magnitude.

We have derived a relation between the branching ra-
tio R(B ~ K*p) and the q spectrum for B ~ pev.
Since the q spectrum for B ~ pe v does not vanish at
q = 0, this reduces the uncertainty in the measure-
ment of the semileptonic decay in contrast to the case
in Eq. (29). Now ARGUS has given the result [16]
of R(B + p lv) = (11.3 + 3.6 + 2.7) x 10, and by
isospin symmetry, I (B -+ p+lv) = 21 (B + poLv).
This allows us to estimate dI'(B -+ pev)/dq2 at q = 0
to be about 10 GeV . Equation (32) then gives
R(B ~ K p) about 10, which is quantitatively cor-
rect. A direct measurement of dI'(B m pev)/dq2 at
q = 0 can therefore provide reliable information for
R(B + K*p).
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