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Black holes with non-Abelian hair and their thermodynamical properties
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We present some black-hole solutions of the Einstein- Yang-Mills-dilaton system and calculate their
Hawking temperatures. We find that if the coupling constant of the dilaton is smaller than some
critical value, the thermodynamical behavior of these black holes includes two phase transitions at
points determined by the value of the mass parameter. The black holes with masses between those
two critical values have a positive specific heat. This is also true for the known colored black-hole
solutions. We also reanalyze Skyrme black holes and find that there exist two types of solutions (a
stable type and an unstable excited type) and these two types converge to a bifurcation point at
some critical horizon radius, beyond which there is no Skyrme black hole. The stable black holes
have two possible fates: they can evaporate via the Hawking process, and so evolve into a particlelike
(Skyrmion) solution, or they can accrete matter and evolve into the Schwarzschild solution. When
a Skyrme black hole evolves into a Schwarzschild black hole, its area changes discontinuously, so
that we may regard this evolution as a kind of first-order phase transition. The specific heat of
stable Skyrme black holes is always negative, while there are either one or three transition points
for unstable Skyrme black holes.

PACS number(s): 04.20.Jb, 04.50.+h, 11.15.—q, 97.60.Lf

I. INTRODUCTION

The exterior gravitational field of a stationary source
may have infinitely many independent multipole mo-
ments. But when that source lies within an event hori-
zon, a radical simplification occurs: all its multipole mo-
ments are then uniquely determined by two parameters
M and a, interpretable physically as the mass and angu-
lar momentum of the source. When the source has a net
charge Q, then of course that parameter is also required
to uniquely determine its (electric and gravitational) mul-
tipole moments. But a series of theorems culminating in
the work of Mazur [1] show that no other parameters are
required to determine a stationary black-hole solution in
Einstein-Maxwell theory. As Wheeler puts it, "a black
hole has no hair. "

The work of Bekenstein [2], Hartle [3], and Teitelboim
[4] shows that stationary black-hole solutions are simi-
larly hairless in a variety of theories coupling classical
fields to Einstein gravity, so the recent discovery of a par-
ticlelike solution [5] and a colored black-hole solution [6]
in the Einstein- Yang-Mills (EYM) theory came as quite a
surprise. It is true, of course, that recent work has shown
these solutions are unstable [7]. But if this instability
deprives them of physical meaning, it does not dimin-
ish their interest as counterexamples to one non-Abelian
generalization of the above no hair theorem. Further,
this instability seems to be inessential. The black-hole
solutions of the Einstein-Skyrme (ES) theory also have
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non-Abelian hair [8,9], and are known to be stable under
linear perturbations [10].

In this paper, Grst we study static black holes in
a theory that couples a scalar field to a Yang Mills
(YM) field. The theory we consider arises as the four-
dimensional effective theory corresponding to various
higher-dimensional unified theories of fundamental inter-
actions, and the scalar Geld it contains, which we shall
call the dilaton Geld, is an artifact of the scale invariance
typical of these unified theories. Our goal is to determine
how this dilaton Geld affects the structure and thermody-
namics of non-Abelian black holes. We present numer-
ical solutions representing dilatonic colored black holes
in the Einstein-Yang-Mills-dilaton (EYMD) system [11]
and we discuss the effect of the dilaton coupling on their
structure (Sec. II). We also calculate their Hawking tem-
peratures and examine their thermodynamical properties
(Sec. III).

Several years ago, in a simpler gravitational system,
the Einstein-Maxwell-dilaton (EMD) system, a black-
hole solution and its thermal properties were discussed
by Gibbons and one of the present authors [12]. It was
shown that a second-order phase transition (change in
sign of the specific heat), which also appears in the case
of a Reissner-Nordstrom black hole, does not occur when
the coupling constant of the dilaton o. is greater than
unity. From our numerical analysis, we Gnd that a dila-
tonic colored black hole has similar phase transitions at
two points, if o. is smaller than a critical coupling con-
stant n„0.5 (Sec. III).

We also reanalyze the black-hole solutions of the ES
system and calculate their Hawking temperatures. It
turns out that the ES system has two types of black-
hole solutions [8]: one is the stable type discussed in

0556-2821/93/48(4)/1643(9)/$06. 00 48 1643 1993 The American Physical Society



1644 TAKASHI TORII AND KEI-ICHI MAEDA

Ref. [10] and the other is an excited type which is un-
stable [13]. These two types converge to a bifurcation
point when each has the same critical horizon radius,
and beyond. this point there is no solution except for the
Schwarzschild solution. This fact suggests a scenario for
their evolution which we will discuss below (Sec. IV). No
phase transition occurs for the stable type, while the ex-
cited type has either one or three phase transition points
as in the EYM or EYMD system (Sec. V).

II. DILATONIC COLORED BLACK HOLES

including a superstring model; for details, see [12]. For
example, n = 1 and n = i/3 are the cases arising from
superstring theory and from the five-dimensional Kaluza-
Klein theory, respectively. Notice that n = 0 with 4 = 0
denotes the usual EYM system.

We now consider an SU(2)-YM field, although this
is inessential: we can easily extend our analysis to any
gauge group that has an SU(2) subgroup [15]. We shall
assume a spherically symmetric ansatz. In the spheri-
cally symmetric static case the space-time metric can be
written as

We consider models with the action [14],
d = —~1 —

~

dh +~1 —
~

d

+r (d8 +sin Odg ). (2)
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where r2 = 8+G, C is the dilaton field, and F and A
are the YM 6eld strength and its potential, respectively,
i.e. , F = dA+ A h A. gt and n() 0) are coupling con-
stants for the YM field and the dilaton field, respectively.
This type of action arises from various unified theories

I

For the YM potential, we consider only the purely "mag-
netic" case, i.e. ,

A = mrid0 + (cos ers +. zv sin 0&2) dP, (3)

where 7; denote the generators of SU(2). m, h (the met-
ric), and m (the YM potential) are functions only of the
radial coordinate r.

Variation of the action (1) leads to the field equations
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where we have introduced the dimensionless variables r
and m, normalized by the radius of the horizon rH, i.e.,
r = r/rH and m = Gm/rH. A prime denotes a deriva-
tive with respect to r AH = rH/[l. p/g~], where l~ —= ~Q
is the Planck length, denotes the ratio of the size of
black hole to a typical scale length of the present theory
( lz/g&). The above expression of the basic equations
has the advantage that it includes only one dimension-
less free parameter AH. All black holes with the same
value of AH are described by the same solution. When
we wish to consider a large black hole, we have only to
take the limit AH ~ oo. In this limit, we recover the
spherically symmetric Einstein equations with a mass-
less scalar field. The solution with a regular horizon is
just the Schwarzschild black hole.

In order to find a black-hole solution of Eqs. (4)—(7),
we have to discuss in advance the boundary conditions
on the event horizon and at infinity. First we assume a
regular event horizon at r = 1, i.e. ,

1
mQ

2

(1 —w~) m~
~a =

1 —A~'e —~~~ (1 —m' )' (10)

To find asymptotically flat solutions, we must have

m (r) : M = const, 8 (r) ;b =0 as r

where M is the gravitational mass of our sought-for black
hole. As for 4 and m, we assume 4 m 0 and m ~ +1 as
r ~ oo, which guarantees the finiteness of the energy of
the system.

where the subscript H denotes evaluation of functions
at the horizon. Outside the horizon, the condition r )
2m (r) must be satisfied. From Eqs. (6) and (7) we find
the following relations on the horizon, which determine
the functions 4 and m for r ) r~..

ne — ~~ (1 —ur' )'
2

A2~ 1 —AH'e — c'~ (1 —au~2)'
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Because we have to impose six boundary conditions
[Eqs. (9) and (10), and ]ia] = 1, io' = 4 = C" = 0 at in-

finity] on two second-order difFerential equations (6) and
(7), we have too many boundary conditions to obtain a
solution with arbitrary values of 40 and mH. Rather
we have to solve those basic equations as an eigenvalue
problem. When we solve the above Eqs. (6) and (7) it-
eratively; therefore, we first guess the values of two free
shooting parameters Ci'~ and m~ and integrate the equa-
tions numerically until we find a solution consistent with
all boundary conditions. We can assume mH ) 0 with-
out loss of generality, since we can obtain solutions with
m~ ( 0 from those by a gauge transformation.

Under the above conditions, we solved Eqs. (4)—(7)
numerically and found a discrete family of regular black-
hole solutions characterized by the node number (n) of
the YM potential. For A~ ——1, the solutions with one
node (n = 1) for various values of a are shown in Fig.
1. We can see that the dilaton field 4 increases as the

coupling constant o. increases. But as o. increases further,
4 decreases again. This is to be expected, because in
the limit of o. —+ oo, we must recover a Schwarzschild
solution (m =

2 and h = 0) with C = 0. The YM field
also vanishes, (iU = 1) for the same reason. We confirmed
these behaviors in our numerical calculation, although we
have not shown them in our figures. For the solution with
n = 2 (two nodes) the YM field extends a larger distance.
(See the dashed line in the figure. )

In Fig. 2, we also show solutions for various values of
A~, setting a = 1. When A~ ~ oo, i.e. , rH -+ oo (large
black holes) or gc -+ oo, we find that the space-time ap-
proaches the Schwarzschild solution, while the YM poten-
tial iii is not trivial (iii g 1). This is easy to understand,
because in the limit A~ —+ oo, the YM field decouples
from gravity [see Eqs. (4)—(7)]. The non-Abelian YM
field can then have a nontrivial configuration although
it makes no contribution to the black-hole structure (see
Fig. 2).
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FIG. 1. The solutions of (a) the Yang-Mills potential iv, (b) the dilaton field C', (c) the mass function m, and (d) the lapse
function 8 for dilatonic colored black holes-with one node (n = 1). We set A~ = 1 and show the models for a = 0, 0.5, 1, ~3.
The solution for a = 0 corresponds to the colored black hole. a = 1 and a = ~3 are the models from superstring theory and
from the five-dimensional Kaluza-Klein theory, respectively (see Ref. [12]). We also show the n = 2 model of a = 1 (dashed
line). In the limit of a ~ oo, the solution approaches the Schwarzschild solution [the dot-dashed line in (c) and (d)].
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What physically happens when the black hole gets
large is as follows. For each node number n, a parti-
clelike solution has a unique mass and charge, which are
a dimensionless factor of order urnty times mz/gc and
1/g~, respectively. When we put a black hole at the cen-
ter of such a solution, the black hole swallows a part of
the YM field and leaves the rest outside its horizon as
a "cloud. " In order to discuss such a structure when the
black hole gets large, we introduce an effective charge for
the black hole, Q,ir = e ~(1 —in~)/g~, which results
from performing a surface integration of the YM field at
the horizon, just as does the electric charge in Maxwell
theory.

The typical scale of the "particle" is l~/gc. Hence, if
the size of the black hole is smaller than this value, only
a part of the "particle" lies within the black hole. As the
black hole gets larger, it swallows more and more of the
ambient YM field, so that its effective charge increases
with respect to its horizon radius, as shown in Fig. 3.
Since the "particle" appears neutral to an observer at

&YM(rH) —=— (12)

has the asymptotic behavior EvM(rJI) Q,&/r~, which
vanishes in the limit r~ ~ oo (see Fig. 4). The effect of
the YM field energy density on the space-time structure
becomes smaller when the black hole is larger, so that a
Schwarzschild black hole results in the limit r~ ~ oo, as
we have explained earlier. However, because the black
hole does not swallow the whole structure of the "parti-

infinity, we might expect that its effective charge would
tend to. zero when the black hole gets larger than the scale
of the "particle. " However, this expectation is mistaken.
As we can see from Fig. 3, the effective charge of the
black hole converges to some finite value after its size
becomes larger than that of the "particle. " The black
hole does not swallow the whole structure of the YM field.
When the black hole gets large, however, the energy of
the YM field outside of the black hole, defined by
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FIG. 2. The solutions of (a) the Yang-Mills potential uj, (b) the dilaton field 4', (c) the mass function m, , and (d) the lapse
function b for dilatonic colored black holes with one node (n = 1). We set o. = 1 and show the models for A~ = 1, 2, 10. We
also plot the Schwarzschild solution by a dot-dashed line for comparison. In the limit of A~ ~ oo, we find the Schwarzschild
black hole with nontrivial non-Abelian structure.
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l~/gc. They may be formed in the early Universe if they
are stable. Their quantum effects may be important in
that context, so we shall calculate the Hawking tempera-
ture of dilatonic colored black holes for various values of
n, and discuss their thermodynamical properties. [This
includes the known colored black hole as a special case
(n = 0).] Even if it turns out that those black holes are
unstable, it may not diminish their interest. The Hawk-
ing temperature, which is simply the surface gravity of
the horizon up to a numerical constant, is given as

e (1 —2m&),

ger H/ip

10

FIG. 3. The efFective YM charge Q,s of the colored black
hole. Below the scale of a particlelike solution. ( li /go), Q,s.
increases with respect to A~. However, beyond that scale,
Q,s converges to a finite value.

III. THERMODYNAMICAL PROPERTIES OF
DILATONIC COLORED BLACK HOLES

The black holes considered here may be rather small
unless g~ && 1, because their typical size is probably

cle," and the black-hole charge tends to a nonzero limit,
the YM field energy outside the horizon turns out to be
much larger than the energy of the original "particle"
(i.e. , the YM field energy of the particlelike solution in-
tegrated from rII to infinity; see Fig. 4).

We conclude that when the black hole gets large, it
acquires a definite charge, which is fixed by m~, g~, and
a node number n. This charge constitutes a sort of non-
Abelian hair.

for the metric (2). The results of plotting P—:1/T ver-
sus the gravitational mass M are shown in Fig. 5. For
the colored black-hole case (n = 0), as M increases, T
increases within some range of black-hole masses, i.e.,

Ml, 0 905mp/gc & M & Mz „——1.061mp/gc
[16]. This means that the specific heat is positive in
this mass range. This is hardly surprising, since a col-
ored black hole has similar behavior near the horizon
to the Reissner-Nordstrom black hole. In the case of the
Reissner-Nordstrom black hole, a kind of phase transition
occurs, i.e. , the specific heat changes its sign as the charge
increases beyond some critical charge (Q„= i/3GM/2).
The same thing happens here because the effective YM
charge of the colored black hole near the horizon increases
as M decreases. We find, however, a new behavior: the
specific heat changes its sign again if M gets smaller
than 0.905 m~/g~. For M & Mi „, as M decreases
P decreases again and vanishes at M = 0.829m~/g~,
when the black hole disappears and a particlelike solu-
tion is recovered. To better understand this behavior,
we examine the effective charge Q,s of a dilatonic col-
ored black hole (see Fig. 6). For a nondilatonic col-
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FIG. 4. The energy of the YM field outside the black hole.
We also show the energy distribution E(r) of a particlelike
solution, where E(r ) is the energy of the YM field outside of
the radius r. Since the two curves are quite similar, the non-
trivial YM structure is almost independent of the existence
of the black hole.

FIG. 5. The inverse temperature P (= 1/T) of a dilatonic
colored black hole (n = 1) for several values of a as a function
of M. For o = 0 (the colored black hole), the specific heat
becomes positive if 0.905m' /gc & M & 1.061mi /gc. We
find the similar behavior (two phase transitions) for o.'& a„
( 0.5). For comparison, we also plot the Schwarzschild
(iii—:1, C'—:0) and the Reissner-Nordstrom black-hole cases
(io = 0, 4—:0) by dot-dashed and dotted lines, respectively.
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Q
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Q„=f3GM/2

point just as in the Reissner-Nordstrom black hole. From
Fig. 4, however, we see that the temperature has a ten-
dency to approach that of the Schwarzschild black hole as
o. grows, and we find that no phase transition occurs be-
yond some critical value of n (n„0.5). This tendency
also makes sense physically, as we can see from Fig. 6, in
which we also plot the relation between Q,ff/GM and M
for various values of o. . When a gets larger Q,ff becomes
smaller. Hence no phase transition occurs.

0.2

IV. SKYRME BLACK HOLES

0
0.6 0.8 1 1.2

gcM/mp
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FIG. 6. The effective charge Q, ff of the dilatonic colored
black hole near the horizon. For o. & n, 0.5, including
the colored black hole as a special case (n = 0), we find
the mass range in which Q,s becomes large and approaches
Q, = ~3GM/2.

ored black hole (n = 0), Q,ff/GM has a maximum at
M = M „=1.048m~/g~, when the effective charge is
nearly Q„. M „exists in the interval [Mi „,M2 „]and
Q ff /GM decreases monotonically as the mass departs
from M in both smaller and larger directions. In par-
ticular, Q,ff vanishes at M = 0.829m~/gc where P also
vanishes. Hence, the YM field seems to be dominant in
the above interval where the specific heat becomes posi-
tive. This is the reason why there are two phase transi-
tion points for the colored black holes, although the re-
gion of large effective charge defined here does not exactly
correspond to the mass interval of [Mi „,M2 „]because
of the complicated structure of the black hole and the
YM field. At M = 0.829mJ /gc, the event horizon dis-
appears, the temperature is infinite, and the particlelike
solution is recovered. Near this mass scale the Hawking
black-hole evaporation effect plays an important role in
the evolutionary scenario of such a black hole, as we will
see later when we discuss the Skyrme black hole.

Similar behavior occurs in the dilatonic colored black
hole as well, if the coupling constant o. is small enough.
This behavior is similar to the EMD black hole, although
in the EMD system, there is only one phase transition

I

The Skyrme black holes [9] are another type of black
holes which have non-Abelian hair. Unlike colored black
holes, Skyrme black holes are stable against linear ra-
dial perturbations [10]. They may therefore be a legit-
imate counterexample to the black-hole no hair conjec-
ture. Here we reanalyze the black-hole solutions of the
ES system and study their thermodynamical properties
in order to compare them with the EYMD system.

The SU(2) x SU(2) invariant action coupled to gravity
is given by [17]

d xg —g B(g) + fsTrA—4 1 1 2 2

2K
T /2

32gs

(14)

where E and A are the field strength and its potential, re-
spectively, and fs and gs are coupling constants. A and
I" are expressed in terms of the SU(2)-valued function U
as

A = Ut V'U, E = A n, A.

Here we are interested in spherically symmetric static
solutions, so we make the hedgehog ansatz for U:

U (x) = cos X (r) +i sin X (r) cr i,
where the o, denote the Pauli matrices and y is a function
of the radial coordinate r. For the spherically symmetric
static spacetime we take the same metric form (2) as in
the EYMD case.

Varying the action (14), we obtain the field equations
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2
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~

X' —e sin2X+ sinX e
~

1 —
~

X'sinX —e —cosXsin X = 0,") %~2 r ) r2 (i9)

where we have again normalized the scale length by
the radius of the event horizon r~ and used the di-
mensionless variables r and m, as in the EYMD case.
A~ = r~/[1/fsgs] describes the ratio of a radius of an
event horizon to a typical scale of the present theory.

I

Note that in the limit fs ~ 0 with fs/Aa = gsra
being finite, the above equations reduce to the colored
black-hole case ones when we replace cosy with m and
set gs = 4~gc [i7].

For the boundary conditions we again demand the ex-
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istence of a regular event horizon and asymptotic Qat-
ness, that is, we adopt conditions (8), (11) for m and
b. We can restrict the value of y at the horizon to the
range [

—7r, vr] without loss of generality, because the field
equations (17)—(19), or equivalently the action (14), are
invariant under the transformation y ~ y+ 2nvr (n: an
integer). Finiteness of the energy of the system gives us
the asymptotic boundary condition for

12

2nor as r OO) (20)

where n is an integer. ~n~ denotes the winding number
of the Skyrmion solution. In the case of Skyrme black
hole, because its topology is trivial, the winding number,
defined by [8]

I
0

1W„—:—~y(r~) —y(oo) —sin[y(r~)] ~,
27'

(21)

is no longer an integer. But, since W is close to ~n~, we
also call n the "winding number. "

We solve the field equations (17)—(19) under the above
boundary conditions, and And two types of solution. One
is a family of solutions which is already discussed in Ref.
[10]. It is stable against linear radial perturbations. The
other is another family of solutions which has larger grav-
itational mass M than those of the first family at a given
value of the coupling constant and horizon radius. We
interpret this as an excited state of the first types of black
hole, and as such, it is unstable [8,13]. As discussed in

[13],in the limit fg —+ 0, this excited solution approaches
a colored black hole of the EYM system, so it is still in-
teresting to study those excited solutions despite their
instability.

The stable type of Skyrme black hole has a critical
value of A~ „for each coupling constant fs and for each
"winding number" n. Beyond this value of A~ there
is no nontrivial solution. For example A~ „——340.85
when fg/~G = 0.02, n = 1. (See Fig. 7.) This means
that a stable Skyrme black hole with large horizon ra-
dius (and then with large mass) does not exist. In the
previous example, the critical horizon radius and the crit-
ical gravitational mass for gs ——0.1 are rH „——68.17l~
and M„= 46.30m~, respectively. The critical value
A~ „gets small as n increases, i.e. , AH „——109.19 for

fz/~G = 0.02, n = 2 (see also Fig. 7). The family of
excited solutions also has a critical value of AH, which
is the same as that of the stable family. At the critical
value AH „two families converge.

This nonexistence of large stable black holes suggests
a scenario for the evolution of Skyrme black holes. Sup-
pose we have a stable Skyrme black hole initially. Here
we neglect quantum eKects, such as black-hole evapora-
tion, on the evolution, although it may be very important
as we shall discuss in a moment (Sec. V). When a matter
Quid near the event horizon falls into the black hole, the
black hole's mass increases and consequently the radius
of its event horizon increases [18,19]. If the horizon ra-
dius exceeds the above critical value, the Skyrme black
hole shifts to a Schwarzschild black hole. It cannot re-
main a Skyrme black hole, for no Skyrme black hole has

FIG. 7. The relations between mass and horizon radius for
the Skyrme black holes. We set fs/~G = 0.02. The dots in
the right edges of the lines, where two branches converge, de-
note the limit of the solutions. Beyond those critical values,
there is no Skyrme black hole [8,13]. Hence, by matter accre-
tion, the black hole evolves into a Schwarzschild black hole (a
dot-dashed line) as shown by the line with an arrow. In this
transition, the area of the black hole changes discontinuously.
This may be regarded as a first-order phase transition. For
larger "winding number" n, we find larger critical values of
the mass while the critical horizon radius becomes smaller.

M ) M„. The Skyrme "hair" may have dropped into the
black hole beyond the event horizon, evolving finally into
a Schwarzschild black hole. In this sense, a Skyrme black
hole may not be stable unless the surroundings are pure
vacuum, and in this case the evaporation efFect becomes
important, as we shall discuss in the next section. One in-
teresting fact is that the area of the Skyrme black hole at
the critical mass is smaller than that of the Schwarzschild
black hole with the same mass (Fig. 7). Hence when
the Skyrme black hole evolves into a Schwarzschild black
hole, the area of the black hole jumps sharply, which,
because the area can be interpreted as the black-hole
entropy, may be regarded as a kind of first-order phase
transition.

V. THERMODYNAMIC AL PROPERTIES OF
SKYRME BLACK HOLES

Since the typical size of a Skyrme black hole

( I/f~gs) is small, quantum efFects such as black-hole
evaporation are important. In Fig. 8 we show the tem-
perature of Skyrme black holes. The stable type always
has a negative specific heat and has no phase transi-
tion like Schwarzschild black holes [Fig. 8(a)]. In case
of the excited type, however, the aspect changes dras-
tically [Fig. 8(b)]. For a large coupling constant fg
(e.g. , f~/~G = 0.03, 0.04) we find one phase transi-
tion point, and black holes with larger mass have posi-
tive specific heat. As fg gets small, the excited Skyrme
black hole has three phase transition points: Mi „,M2 „,
M3 . The critical point M2 „is the same type as that
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of the Reissner-Nordstrom black hole and the smaller one
(Mi „)corresponds to the lower critical point in the col-
ored black-hole type. Between Mi „and M2 „,the spe-
ciGc heat becomes positive, when the Skyrme field be-
comes dominant. The largest critical point M3 „ap-
pears only in the Skyrme black hole. Beyond M3
the speciflc heat becomes again positive. In the limit

fg —+ 0, the temperature of a colored black hole is recov-
ered. [Compare the curve of n = 0 in Fig. 5 and that of

fs/v G = 0.01 in Fig. 8(b).] This is hardly surprising,
because we recover the colored black-hole solution in this
limit.

Based on the above properties, we oKer the following
scenario for the evolution of Skyrme black holes. Because
of its instability, we ignore simply the excited type. If
its surroundings are simply vacuum, this type of black
hole will evaporate away by the Hawking process. The
temperature of these black holes, however, becomes inGn-

ity when the mass approaches some nonzero finite value,
e.g. , M = 14.50m' for fg/~G = 0.02, gg = 0.1. Thus
the evaporation process shrinks the event horizon and
eventually causes it to disappear; the particlelike solu-
tion (Skyrmion) remains. We expect that the Skyrme
black hole will evolve into a Skyrmion with a finite mass
determined by the fundamental constants (gs, fs, and
m~) and the winding number n.

If a matter fluid exists around the black hole, some
part of that fluid will fall into the black hole and the
black hole's mass will become large, as discussed in Sec.
IV. At the same time, the black hole loses mass energy
through Hawking process. Which process is more impor-
tant depends on the mass of the black hole and the den-
sity of the surrounding matter fluid. Once the black hole
gets large, it shifts to the Schwarzschild one. Therefore
we find two simple stories for the Skyrme black holes: (1)
The black hole evaporates into the particlelike Skyrmion
with a finite mass. It is classically stable. (2) The mass
of the black hole increases by matter accretion, it loses
its "Skyrme hair, " and becomes the Schwarzschild black
hole. This will in turn eventually evaporate away, leaving
nothing at the end. When the "Skyrme hair" falls into
the black hole, the area of black hole increases discon-
tinuously, because the horizon radius becomes larger as
the "winding number" vanishes (see the arrows in Fig.
7). Since the area of the black hole is interpreted as the
black-hole entropy, we regard this discontinuous jump
from the Skyrme black hole to the Schwarzschild black
hole as a kind of first-order phase transition.

VI. CONCLUDING REMARKS: DO BLACK
HOLES HAVE HAIR, OR DO THEY JUST

WEAR WIGS?

gsM/mp

FIG. 8. (a) The inverse temperature P (= 1/T) of the
Skyrme black hole with n = 1 for several values of fs as
a function of M. The dots in the right edges of the lines
denote the limit of the solutions, beyond which there is no
Skyrme black hole. We also show the inverse temperature of
the Schwarzschild black hole by a dot-dashed line for com-
parison. (b) The inverse temperature P = 1/T of the excited
types of the Skyrme black holes for several values of fs as a
function of M. The dots in right edges of the solid curves
denote the limit of the solutions, which coincide with those
of the stable types [see Fig. 8(a)]. As fs —+ 0, the solution
approaches the colored black hole. Here we And that it is also
true in the behavior of the temperature (compare the curve
with fs/~G = 0.01 and n = 0 in Fig. 5). The dot-dashed
line is that of a Schwarzschild black hole.

We have found black-hole solutions with non-Abelian
hair in the Einstein-Yang-Mills-dilaton system, and we
have studied their temperatures and speciGc heats. If
the dilaton coupling o, & o.„0.5, these dilatonic col-
ored black holes have two phase transition points, be-
tween which the specific heat becomes positive. Although
the Skyrme black holes, which also have non-Abelian
hair, have no such phase transition point when stable,
and their specific heat is always negative, the unsta-
ble excited type has some phase transition points like
a colored black hole. Because of the absence of Skyrme
black holes with large mass, we conclude that such black
holes will either evaporate away and leave a stable par-
ticlelike non-Abelian structure (Skyrmion) with a finite
mass or they will evolve into the Schwarzschild black hole
and lose their "Skyrme hair" by matter accretion. This



48 BLACK HOLES WITH NON-ABELIAN HAIR AND THEIR. . . 1651

Schwarzschild black hole will in turn eventually evaporate
away, leaving nothing behind. When the Skyrme black
hole evolves into a Schwarzschild black hole, its area (the
entropy) will increase by a finite amount, which may be
regarded as a kind of first-order phase transition.

As for the stability of dilatonic colored black holes,
they may be linearly unstable like "pure" colored black
holes. Because the dilaton field 4 has little eÃect on the
potential of the first-order equations for linear perturba-
tions when compared to the colored black-hole case, a
bound state (a growing mode) may exist. This is now
under investigation.

Although the stability behavior of the colored or dila-
tonic colored black holes and of the Skyrme black holes
is different, we may extract a common property of both
sort of non-Abelian "hair" &om the present analysis. In
the case of the (dilatonic) colored black hole, the YM
charge is almost independent of the the black-hole size,
as we discussed in Sec. III ~ When the black hole gets
large, it swallows the nontrivial YM structure, thereby
acquiring a constant charge. Since the YM field energy
from this charge gets small when the black hole gets large,
the YM "hair" will contribute little to the black hole's
structure. In the case of the Skyrme black hole, large
mass is inconsistent with Skyrme "hair. " Its linear sta-
bility may derive from a sort of topological rigidity of
non-Abelian gauge Belds. Because their "winding num-
bers" cannot change, linearized perturbations leave them

essentially una6'ected. Such a gauge field cannot coexist
with a large black hole, however, because they eventually
become smaller than the horizon scale. When the black
hole gets large, the "Skyrme hair" may disappear behind
its horizon. In both cases, the charge or the mass-energy
of the non-Abelian gauge Beld seems to be "quantized"
in multiples of the fundamental constants (the Planck
mass and the coupling constants) just as for the particle-
like solutions. Therefore, when the mass of the black hole
gets large, the contribution from these non-Abelian gauge
fields becomes small. In the end it vanishes completely,
and the trivial Schwarzschild solution results. From these
facts, it seems it might be more appropriate to call these
non-Abelian structures wigs, instead of hair. A "wig"
is independent of the head that wears it (i.e. , the black
hole), and is more unstable than "hair. " It is easily re-
moved.
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