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Fermi theory of nuclear P decay and heavy neutrino searches
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We examine the data analysis of nuclear P decay of H, ' C, "S, and 'Ni, using a relativistic Fermi
function for a Hulthen screened field. This Fermi function does not differ much from that used by Hime,
Jelley, and Simpson in the cases of light nuclei, but in the cases of sulfur and nickel reduces significantly
the claimed spectral excess and, hence, the mixing of the heavy neutrino. We also discuss radiative
corrections to 'S data.

PACS number(s): 23.40.Bw, 12.15.Ff, 23.40.Hc, 29.30.0n

Recent controversy regarding the existence of a heavy
neutrino in nuclear P decay has attracted much attention
[1—7]. At issue is the reported spectral excess in P decay
which is interpreted by authors of Refs. [1,3,4] as the evi-
dence of a 17-keV neutrino with a 0.8% to 1.6% mixing.
Since the claimed mixing is of the order 1% and since
many factors are involved in the data analysis, correc-
tions of the same order ()0. 1%) should be addressed and
fully investigated.

The dimensionless Fermi function is an important fac-
tor affecting P decay. It plays an important role in the
decay process, and its screening is important especially in
the case of heavy nuclei or low energies [8]. In this note
we examine the effect of an alternative Fermi function on
different decay processes in the energy regions of interest
relevant to the reported heavy-neutrino signal [9]. In
particular, we use a relativistic Fermi function obtained
by Durand [8] based on an exact solution to the Klein-
Gordon equation with a Hulthen potential for the
screened field and compare it to the screened Fermi func-
tions employed by Hime, Jelley, and Simpson [1,3,4]. It
is found that while the two different approaches do not
differ significantly in the cases of H and ' C, our results
reduce the spectral excess by about 0.3% and 1% for S
and Ni, respectively. This undoubtedly calls for further
investigation regarding theoretical uncertainties which
are larger than 0.1% in order to fully understand the is-
sue of heavy-neutrino mixing. The correction in this
Rapid Communication makes the excess signal in the

Ni data of Ref. [4] totally vanish.
The screened Fermi function was first studied by Rose

[10] using the WKB method. Further calculations have
been done since then, based both on exactly solvable
models [8,11] and on approximation methods [12,13]. In
allowed nuclear P decay, one can write the decay spectra,
assuming only a zero mass neutrino, as

-pEF(Z, E)R (E)C(E)g [P„(Q—T —E„) J,

dN(Z, E)jdE
pEF (Z, E)R (E)C (E)

(2)

and the shape function defined as

S= +expt

X,l,„,„(M„=O)
(3)

If the neutrino is truly massless, the Kurie plot should be
a linear function of Q —T following Eqs. (1) and (2). The
shape function in (3) should be unity when proper nor-
malization is taken for a fixed end point Q. Any exotic
feature will certainly give rise to a deviation from lineari-
ty. Therefore the Fermi function F(Z, E) is crucial when
the deviation of concern is of order 1% or less, as is the
reported heavy neutrino mixing.

In Refs. [1,3,4], to account for the electron shielding,
the authors employed an energy shift Vo in the un-
screened Fermi function of Coulomb interaction between
the emitted P particle and the charge Z of the daughter
nucleus, according to Rose's approximation [10]. The
unscreened Fermi function is of the form

where p, E, T, and Q are the electron momentum, total
energy, kinetic energy, and its maximum allowed kinetic
energy, and Z is the atomic number for the daughter nu-
cleus. The function R(E) is for radiative corrections
which we will brieAy discuss toward the end. The shape
correction C (E) is usually not large [14]. P„ is the prob-
ability for a final state n with energy c„. For the purpose
of this paper we take n =1, P„=1,and c„-0. We shall
concentrate on F (Z,E). It affects the data analysis in the
Kuri plot,
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F"'(Z,E)=Fo(Z, E)f (P), (4)

Zak, exp( —
A,r)Vr=

1 —exp( —
A, r)

(5)

where the relativistic factor E(P) is a polynomial of
P (=u/c) and Fo(Z, E)=X/(1 —e ), X=2nZa/P, is
the nonrelativistic limit of the Fermi function, where a is
the fine structure constant. The coef5cients in the poly-
nomial vary in different decay processes according to a fit
to the results of radial solutions of the Dirac equation us-
ing a pure Coulomb potential [12].

In order to provide a more detailed study on this issue
from a diferent point of view, we adopt the relativistic
Fermi function in Ref. [8], obtained by solving the exact
Klein-Gordon equation with the Hulthen potential:

Sr

b 6

4

2 3
T (keV)

where the screening strength is denoted by k. The
screened Fermi function I"(Z,E) is defined as the value
of the quantity ~u(r)/pr~ at the nuclear surface r =R,
where u (r) is the radial wave function. It is given as

2

F (Z E)=(~Z)'--' "' +""' '&) (6)
I (2o )I (1 2ia.)—

Za 1 2VO
V(r)~ ——Zak, and A, =

r 2 Zcx
(7)

This is based on the fact that when the screening is weak
Q, ~O), the potential V(r) is essentially the Coulomb po-
tential plus a shift Vo, as Rose pointed out. We then
compare Fermi function (6) with Eq. (4) with the energy
shift E~E —Vo, using

where cr, v, g, and a are dimensionless and are functions
of p, E, and A, [15,16]. This function may be more reli-
able in the cases of heavy nuclei and low energy P decay
of light nuclei [8], both cases being of much interest to us.
Similar results were also obtained by Eman [11,16].

The screening strength A, in (6) is determined using the
energy shift Vo from the approximation of the Hulthen
potential at small r:
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FIG. 1. The ratio of the two G{Z,E) functions —see Eq. {8)
and text—for H and '"C in their respective regions of interest.
The ratio has been normalized such that the size is 1 near 4 keV
for 'H and near the end point for ' C.

and 1% for sulfur and nickel P decay, respectively. To
study the impact of Vo, we vary its value by +50% in the
case of sulfur. As shown in Fig. 3, the ratio of the two
G(Z, E) functions changes only slightly its energy depen-
dence on Vo when normalized around the end point g.
Therefore the reduction of the spectral excess in the ener-

gy region below Q —17 keV will remain reasonably
unaffected regardless of the exact choice of the potential
shift. Thus screening does not play an important role in
the difference between the two Fermi functions.

Clearly for tritium the difference between the two Fer-

3

G (Z, E)=pEF (Z, E) .

In both approaches, the energy shift takes the value [8]

VO=1.45Z a m, ,

(8)

(9)

0

1

for all nuclei except H, whose Vo can be specifically
determined [11,13,17—19]. For a detailed estimation of
Vo the reader is referred to Refs. [16—19]. We draw the
ratio of two diff'erent G (Z, E) functions for H and ' C in
Fig. 1, normalized near 4 keV for H and around the end
point for ' C. The di.fference in the two ratios is small, at
the level of a fewX10 . The results for S and Ni are
given in Fig. 2. They show a significant difference be-
tween the two G(Z, E) functions in these nuclei: about
0.3%%uo and l%%uo for sulfur and nickel, respectively. The
correction due to the relativistic screened Fermi function
from the Hulthen-Klein-Ciordon equation is larger in the
region of lower energy and smaller toward the end point,
compared with the correction of Eq. (4) with the poten-
tial shift Vo. Therefore, the use of the Fermi function (6)
should reduce the reported spectral excess by about 0.3%
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FIG. 2. The ratio of the two G(Z, E) functions for 'S and
Ni in their respective regions of interest. The ratio has been

normalized such that the size is 1 near the end point.
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FICx. 3. The ratio of the two G(Z, E) functions for 'S with
different values of Vp (Vp and Vp+50%), all normalized such
that the size is 1 near the end point.
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mi functions is negligible. This is expected since both the
atomic and nuclear structures of H are relatively simple
and hence the Coulomb interaction is much simpler; and
although the screening is more significant, it is more un-
derstood, thanks in part to the last 20 years of tritium
end-point experiments. However, the case involving
heavy nuclei is of a more complex nature. To be specific,
we apply the correction shown in Fig. 2 to Ni P-decay
data. We simulate the spectrum assuming a 17-keV neu-
trino of 1% mixing. The statistical accuracy is in accor-
dance with the Hime-Jelley Ni data [4], about 0.6 mil-
lion events per keV for electron kinetic energies near 50
keV. The result is shown in Fig. 4(a), along with the ratio
(dashed line) of the two different G(Z, E) for the case of

Ni, as given in Fig. 2. This ratio, applied to the data,
represents a correction due to the screened Fermi func-
tion from the Hulthen-Klein-Gordon equation. The devi-

bR, = f (E,Q), (10)

ation of the simulated data from the dashed line is shown
in Fig. 4(b) to be consistent with zero within errors. The
spectral excess is reduced to a level no different than the
case of a pure zero-mass neutrino. It is thus natural to
compare the differences among various models. The
striking feature manifested in our calculation, which
pushes the heavy-neutrino mixing to a lower value, cer-
tainly calls for further investigation.

Since screening does not contribute much to our
findings one may argue that the absence of spin in the
Klein-Gordon case is behind the difference between the
two Fermi functions. But also since spin is summed over
in the Dirac case, one would expect that it does not play
an important role either. This seems to be supported by
the fact that the spin did not make a difference in the tri-
tium case as shown in Fig. 1. However, we acknowledge
that the effect of spin is not exactly known. On the other
hand one can speculate that it is the treatment of the po-
tential in the two different approaches that is making a
major difference. This issue deserves further investiga-
tion in its own right and is beyond the scope of our paper
[20].

It is worthwhile to notice that the difference between
the two Fermi functions is linearly dependent on T, as
shown in Figs. 1 and 2. It coincides with the usual type
of shape correction factor C(E) which contains a piece
proportional to Q —T [14]. If one includes such an
overall piece in the data analysis (as done by a number of
experiments; e.g. , see Ref. [2]), the correction due to the
screened Fermi function from the Hulthen-Klein-Gordon
equation and other effects may be absorbed. Since the
analyses of both S measurements of Guelph and Oxford
and 6 Ni measurement of Oxford [3,4] do not contain
C(E), the impact of different Fermi functions should be
carefully examined.

The radiative correction R (E) ( = 1+XhR;) in Eq. (1)
also affects the overall spectra of P decay, especially at
high energies. The lowest-order term is energy depen-
dent,
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while the higher-order terms do not show significant en-
ergy dependence [17,21]. Figure 5 shows b,R, for both
tritium and sulfur in their respective energy ranges of in-

keV for S
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FIG. 4. (a) The simulated Ni data (points with error), as-

suming a 17-keV neutrino with 1% mixing which is represented
by the solid curve. The zero line represents the null theory.
The dashed line is the ratio of Hulthen-Klein-Cxordon G(Z, E)
function to that of authors in Refs. [1,3,4]. The ratio has been
normalized to fit the 'Ni simulated data. (b) The simulated

Ni data after we apply the correction due to the screened Fer-
mi function from the Hulthen-Klein-CJordon equation; it is sta-
tistically consistent with zero LI' =80 for 77 degrees of freedom
(39'Fo C.I..) compared with 68 for the 17-keV neutrino (75%
C.L.)].
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FIG. 5. The energy dependence of the radiative correction
AR

&
(see text) for sulfur and tritium, normalized to be zero at

energies of 167 keV and 6 keV, respectively.
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terest. This correction for H is rather insignificant as ex-
pected. However in the case of S, it provides an
energy-dependent change of about 0.6 Jo between 100 to
167 keV. Clearly this correction is important and should
be considered in analyzing the S data [22]; it suppresses
the higher-energy events compared to the lower-energy
events and hence one obtains extra mixing if R (E) is
omitted from the fit. The author of Ref. [4] attributed to
R (E) only about 0.08%%uo reduction in mixing (i.e., changes
the mixing by 9%%uo), for -0.15% relative change in the
shape of S data over the energy region of interest. Our
calculation [6,21], shown in Fig. 5, agrees with that of
Ref. [17] for various Q values. Our calculation gives a
0.4% relative change in the region between 120 to 166
keV. This is a factor of 2.7 larger than that of Ref. [4];
therefore, the mixing should be reduced by 0.21% (i.e.,
changing the mixing by 25% instead of 9%). We agree
with Ref. [4] on the effect of R (E) but we disagree on
the size of R (E) and hence on the amount of the reduc-
tion of the mixing. The extra mixing obtained by Hime
and Jelley [3,4] for S translates into a significant in-
crease in y due to the neglect of R (E) in the fit. For fur-
ther details on this issue the reader is directed to our
Monte Carlo studies of Ref. [23] in which we found that
the absence of R (E) from the fitted theory (while it is
present in the simulated data) produce a 1% mixing com-
pared to the 0.8%%uo input mixing of the Monte Carlo simu-
lation. In addition, it is found that the difference in end-
point energy between the null and positive fits (b Q) is 40

eV when R (E) is present in both data and fit and 53 eV
when R (E) is present in data but absent in the fit [24].
The 13-eV discrepancy in b, Q was also pointed out by Pi-
ilonen and Abashian [25] as a compensation for the
neglect of R (E) in the fit. This compensation however
does not work for energy points above 164 keV. Instead,
for an absolute minimum y extra mixing is favored rath-
er than shifted end-point energy by a few units of g com-
ing from the points above 164 keV. Clearly the neglect of
R (E) reduces both the mixing and significance of the
Hime-Jelley findings [26].

In conclusion, we have demonstrated that the 17-keV
neutrino signal can be reduced to such a level that the
very existence of the massive particle becomes uncertain.
The reduction comes from different sources in data
analysis, such as the model-dependent screening Fermi
function, overall shape corrections, radiative corrections,
and even adjustment of maximum allowed decay energy.
Even though the Fermi function used in this note is from
a simple Hulthen model and the electron spins have been
neglected, together with the discussion on several other
crucial factors, it serves the purpose of providing a
different viewpoint and casting a different light on the is-
sue of heavy neutrino searches.
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