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&pair production in e+e annihilation: Radiative corrections including hard bremsstrahlung
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A calculation of the hard bremsstrahlung process e+e ~8' 8' y is presented and combined with

previous results for the electroweak radiative corrections to e+e ~8' 8' (including soft bremsstrah-

lung). The phase space integrations are performed by the Monte Carlo method which allows one to ap-

ply cuts in the photon phase space. Results are given for the total cross section (no cuts) as well as for
cuts in the photon energy and the angle between the photon momentum and the beam axis. The full

O(o. ) calculation is improved by including the known leading logarithmic O(0.' ) contributions. The
dependence of the results on the renormalization scheme (o.' and G„scheme) is investigated.

PACS number(s): 13.40.Ks, 13.10.+q, 14.80.Er

I. INTRODUCTION

8'pair production, which will be the dominating pro-
cess at the CERN e+e collider LEP 200, presents an
optimal possibility for a first direct clean observation of
gauge-field self-interactions (Yang-Mills couplings), since
the total 8'pair production cross section is very sensitive
to the triple gauge couplings [1]. These couplings are re-
quired by local non-Abelian gauge invariance, and before
they have been confirmed, the gauge-boson nature of the
vector bosons 8'and Z remains a hypothesis.

Although the electroweak standard model (SM) works
perfectly even at the level of quantum corrections [2], a
direct test of the existence of the SU(2)L Yang-Mills cou-
plings is still missing. In 8'pair production, the contri-
butions which depend on the triple gauge couplings, the
s-channel Z- and y-exchange terms, are suppressed at
threshold and grow fast with the beam energy. It is
therefore very important to run at the highest accessible
energies for precise tests of these couplings. For exam-
ple, at 170 (197.5) GeV the dominating t-channel v ex-
change contributes 121.5% (200.0%), while the Z ex-
change yields —13.1%% ( —59. 8%%uo) and y exchange—8.5% (

—40.2%) to the total cross section at tree level.
The numbers in parentheses are the values at the peak of
the Born cross section. Since the Z- and y-exchange con-
tributions are of similar size and substantially smaller
than the t-channel contribution, a precise investigation is
necessary in order to be able to disentangle the Z8'8'and
the y8 8' couplings. A very good test of the SM gauge
couplings (and the gauge cancellation mechanism at
work) is possible by a precise location of the peak of the
total cross section. Unfortunately, because of the limita-
tion in energy at LEP 200, this peak can be tested only at
some future e+e collider.
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Substantial improvement on the precision measure-
ments of the 8' mass and width will be possible. These
measurements will be confronted with the theoretical
predictions of the SM, such as, e.g. , the M~-Mz relation
(see, e.g. , [3]), and thus provide bounds or signals on pos-
sible new physics. Note that, given the LEP value for
Mz, the present top-quark mass bounds essentially derive
from the 8' mass measurements at the hadron colliders
[4).

Our aim is to control the SM prediction with an accu-
racy of better than 1%, which requires a careful study of
higher-order effects. The physically interesting weak

sects have to be clearly disentangled from the large
QED corrections which are common to any GU(1),
theory. This requires both a precise theoretical under-
standing, in particular, of the QED corrections and ex-
perimentally a precise control of the beam properties,
detector efficiencies, and phase-space cuts, which requires
simulation by Monte Carlo event generators.

The electroweak radiative corrections for the process
e+e ~8'+8', including the virtual effects and soft-
photon emission to order O(a), were calculated by
several authors [5—8]. In particular, the results of Refs.
[7] and [8] are in excellent agreement. In Ref. [8] two
different renormalization schemes (a and G& schemes)
have been employed. In both schemes the vector-boson
masses M~ and Mz and a coupling are used as input pa-
rameters. The two schemes differ in the choice of the
coupling parameter: Either the fine-structure constant a
or the Fermi constant G„may be used. As has been dis-
cussed in Ref. [8), the counterterms for the electroweak
radiative corrections have to be chosen difFerently in both
cases.

The hard bremsstrahlung process e+e —+8'+8' y
was calculated a long time ago in Ref. [9]. Here we cal-
culate this process using the general method which was
described in Ref. [10] (where also fermion annihilation
into other channels was discussed). The hard brems-
strahlung for 8' pair production has also been calculated
in Ref. [11]. The results in the two approaches agree per-
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fectly. However, the comparison of the hard bremsstrah-
lung calculations showed that the numerical sandwiching
of y operators between helicity spinors [10] is much fas-
ter in computer time than the numerical evaluation of an-
alytic expressions obtained by means of the Weyl —van der
Waerden formalism [15].

In our approach we have found very good agreement
between the o.' and G„schemes. Strictly speaking, this is
true only because the top-quark mass m, and Higgs-
boson mass mH have been chosen to be constrained by
the relationship between a, 6„,Mz, and Mii [3]. For ar-
bitrary values of m„ large discrepancies may be obtained
(see Ref. [16] for a detailed discussion of this point). The
remaining scheme dependence of the results can be attri-
buted to the neglected higher-order corrections.

II. W PAIR PRODUCTION PROCESS

The calculation of virtual (loop) and soft-photon
corrections for the process e+e ~ 8'+ 8', on which
the present work is based, was extensively discussed in
Ref. [8]. Besides the physically most interesting virtual
corrections, the bremsstrahlung emitted from the
charged particles has to be taken into account in a
manner convenient for the comparison with an actual ex-
periment. The bremsstrahlung diagrams are depicted in
Fig. 1. Commonly, one distinguishes between the QED
corrections [to order O(a) given by the diagrams with
one additional photon line, virtual or real, attached to the
Born diagrams] and the genuine "weak" corrections
which depend on the top-quark and Higgs-boson masses
and could be affected by physics beyond the SM. In our
case this subdivision is not gauge invariant because of the
non-Abelian nature of the final-state particles.

In practice, the bremsstrahlung is divided into a soft
(Ez & co) and a hard (Ez )co) part because of the cancel-
lation of the infrared-divergent contributions (and the
large Sudakov double logarithms) among the virtual pho-
tonic corrections and the soft bremsstrahlung. The
"cutoff" energy co is arbitrary, but must be chosen small-
er than Ez'", the threshold energy for photon detection
of the experimental apparatus. In order to be able to ap-
ply appropriate cuts in the photon phase space, the hard
brernsstrahlung is evaluated by performing a phase-space
integration with the help of a Monte Carlo (MC) routine.
It has been checked numerically that the total cross sec-
tion is independent of the cutoff cu for sufficiently small co.

y
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FIG. 1. Bremsstrahlung diagrams for e+e ~8'+ 8' in the
unitary gauge.

where

do (h, ;A, , A, ) pii
M

d (cos6) 32m.s
(2)

M is the e+e ~8' W transition matrix element to
order O(a), s =4Eb (Eb =beam energy in the c.m. sys-
tem) and pii =(1—4Mii /s)' =p/Eb, p being the mag-
nitude of the 8' three-momentum.

The soft bremsstrahlung factorizes for small photon
energies (E~= ~k~ &co&&E&) into the Born differential
cross section and the bremsstrahlung integral CB, (see
[8]). The hard bremsstrahlung, to be added to (1) may be
written as

do „(h„A,, A, ; )co)

d (cos6)
pk dk dQ

4m' k ) ro V g —k +E~k cosQ/p

(3)

with k = ~k~, Eii,=(p +Mii, )'~, and 5 denotes the angle
between p and k. Mz, is the transition matrix element
for e e ~8'+8' y, which can be parametrized in the
o. or G„scheme. The integral is performed over photon
phase space with k & co by means of the Monte Carlo rou-
tine vEaAs [17]. The random numbers are generated ac-
cording to the distribution

1

k(1 —P,'cos'6, )
' (4a)

where Bz is the angle between k and the beam axis and
p, =(1—4m, /s)'~ . For the calculation of the total cross
section, we perform the integration over cos6 in (3) using
the same Monte Carlo routine, but this time generating
the random numbers according to the approximate distri-
bution

1

k(1 —P, cos 6 )(1—2M /s —P cos6)
(4b)

The distribution (4b) develops singularities for low-energy
photons, k~co, for collinear photons, ~cos6~~~1 and

p, ~1 (i.e., m, &&s), and finally, in the high-energy limit,
where M~((s, also for a 8' boson collinear with a
beam. The peaking structure (4a) and (4b) is approxi-
mately the same as that of the exact distributions.

As we shall discuss below, in the threshold region pho-
tonic corrections are large and dominated by the initial-
state bremsstrahlung. Therefore it is important to take

We write the differential cross section as a sum of the
one-loop corrected plus the O(a) soft bremsstrahlung
part (h, =electron helicity):

der(h, ;A, , A, ; &co)

d (cos6)
do(h, ;A, , A, ) doo(h, ;A, , A, )

d (cos6) d (cos6)
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into account the multiple-soft-photon emission and
leading-logarithmic O(a ) corrections on the initial-state
side [18]. These QED corrections form a gauge-invariant
subset, and the complete O(a ) calculation of Berends
et al. [19] is available for the s-channel-type diagrams.
For the dominating t-channel diagram, such a calculation
does not exist. We know that to one-loop order the virtu-
al plus soft-photonic corrections factorize in the usual
way and for the hard part the Bonneau-Martin formula

doBr 2a
1

s
1

1+(1 k)
n

kme

applies. Similarly, the leading higher-order results ob-
tained for the s-channel diagrams must apply for the t-
channel contributions as well; otherwise, the gauge can-
cellation mechanism could not work any longer.

The initial-state photon emission changes the total
cross section according to the convolution integral

cr;„;(s)= f dk p;„;(k)op(s (1—k) ), (5)
0

where p;„;(k) is the photon radiation spectrum [18]. Here
k =E~/Eb is the photon energy in units of beam energy
and s'=s (1—k) is the effective s available for the &pair
production after the photon has been emitted.
k,„=1—4M~/s is the maximum photon energy which
in general will be given by an experimental cutoff.

The photon distribution function may be written in the
form [19]

(k) =Pk~ '( I+5"+'+5"+')+5",+5q,
with p=(2alm )(L —1), L =inslm, . The corrections
are given by ( v +s =virtual+ soft, h =hard)

ventionally called "exponentiation" [20] since

f dk pk '=k
0

Up to first order in a, we obtain

k~p(1+5', +')o p(s) = (1+Plnkp+5& +')crp(s),

(9)

(10)

III. RESUI.TS

The parameters used in our calculation are

Mz =91.176 GeV, M~=80. 151 GeV,

mB=100 GeV, m, =130 GeV, mb=4. 5 GeV .

For the light quarks, we use the effective masses

m„=0.062 GeV, md =0.083 GeV,

m, =1.5 GeV, m, =0.215 GeV,

and an effective QCD correction factor (see [21])

(12)

for the Born cross section corrected by the initial-state
QED corrections. Subtracting this (unexponentiated)
contribution from the full O(a) result and including (5)
instead amounts to taking into account the additional
higher-order corrections. It is clear that at higher ener-
gies, where the initial-state bremsstrahlung ceases to ap-
proximate well the full photonic corrections, our treat-
ment of the leading 0 (a ) terms is incomplete. However,
the numerical results will show that (above the peak) the
importance of the higher-order terms decreases as the en-
ergy increases. The approximation used here therefore
should meet all requirements for comparison with future
experiments.

2(x 3L+ 'IT

2 3
2 7

1+0.133/m. . (13)

gu+S
2

7T

2
9
8 3

+S21,L +S20

This parametrization of the light-quark loops has been
obtained by a fit (in the range 50 GeV ~ &s ~200 GeV)
of the hadronic contributions to the photon vacuum po-

5i =—(1 L)(2—k), —CX

T 2
CX5q= — (hppL +hp]L+hpp),

1.8—

1.6—

where

1+(1—k)
h 22 k

ln(1 —k)

+(2—k)[ —,
' ln(1 —k) —21nk ——', ]—k

and the other two-loop correction coefficients s2; and h2;
are given in [19]. In the following we will take into ac-
count the leading-logarithmic 0 (a ) terms only (i.e., set
sp& spp hp] and hzp equal to zero).

Subdividing the v +s part according to

f k max k 0 max
dk = dk . . + dk (8)

0 0 k0

with k0 =~/Eb, the first part corresponds to what is con-

0
0 1

200
I

300
I I

400 500
E, (GeV)

I

600

FICi. 2. Total cross section in lowest order (o.0) and including
radiative corrections (o.,») in the G„scheme. The dotted line
(expo nentiated) represents the result obtained by adding
multiple-soft-photon emission and leading-logarithmic O(a )
corrections.
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TABLE I. Numerical demonstration of the independence of the total cross section in the G„scheme
on the soft-photon cutoff (ko=co/Eb); o. (10 nb). The results have been obtained with Mz =91.176
GeV and M~ = 80. 151 GeV. The latter corresponds to m, = 130 GeV and mH = 100 GeV.

E (GeV)

170

190

500

ko

10
10
10-4

10
10
10-4

10
10
10
10
10
10-4

1.5521

1.9334

1.9318

0.7120

0+ u+s

0.9199
0.5179
0.1160
1.1179
0.6200
0.1220

1.1074
0.6108
0.1142

0.3888
0.2064
0.0239

0.3293+0.0002
0.7247+0.0005
1.1259+0.0008
0.6288+0.0006
1.1251+0.0011
1.6230+0.0015
0.6805+0.0008
1.1772+0.0013
1.6736+0.0017
0.3555+0.0010
0.5367+0.0013
0.7165+0.0015

1.2492
1.2426
1.2419
1.7466
1.7451
1.7450
1.7879
1.7881
1.7878
0.7443
0.7430
0.7404

larization, evaluated using the experimental e+e an-
nihilation data. This takes into account properly the
leading light-quark contributions appearing in self-energy
diagrams (running of a). For self-consistency, we use the
same parametrization for the evaluation of the light-
quark loops contributing to the ZS'8 and y8 8 form
factors.

We have performed the calculation in the a and 6„
schemes. Apart from using different parametrizations,
the renormalization in these two schemes differs also in
the choice of the counterterms. As has been shown al-
ready in [8], the one-loop corrected results obtained in
these two schemes differ only very little in spite of the
fact that the Born cross sections differ considerably.

In Table I we show the independence of the total cross
section on the soft-photon cutoff (for the G„scheme
only). For ko=co/Eb =10, 10, and 10, Table I

shows the total cross section o.,~&
and its contributions

o p+ + and o.
& . In spite of the fact that the latter ones

change by an order of magnitude, their sum o.,&&
changes

by less than 0.5% with ko. The reason for the remaining
discrepancy is threefold: first, the limited validity of the
soft-photon approximation; second, the numerical stabili-
ty of the MC integration decreases at higher energies;
and third, the statistical error. For energies just above
the threshold, photons carrying 0.01 of the beam energy
cannot be considered as soft ones, and therefore the rela-
tive kp dependence gets bigger for lower energies. For
higher energies the discrepancy increases because the in-
tegration range and peaking in the photon energy in-
creases and in addition the peaking in the 8'production
angle gets more pronounced. Concerning the statistical
error, the errors shown in Table I are the "standard devi-
ations" produced by the MC routine vEGAs [17]. These

TABLE II. Comparison of the results in the a and G„schemes. For each energy, the first line gives
the 0 (a) result, and the second line includes the results from the exponentiation and 0 (a ) leading log-
arithms. o (10 nb), k0=10 . The results have been obtained with Mz=91. 176 GeV and
M~ =80. 151 GeV. The latter corresponds to m, = 130 GeV and mH = 100 GeV.

E (GeV)

165

170

175

180

190

250

cro(a)

1.0793

1.4072

1.5803

1.6770

1.7529

1.7515

1.4836

1.2182

0.6455

cr,)l(a )

0.8908+0.0004
0.9304
1.2535+0.0007
1.2790
1.4675+0.0009
1.4833
1.6031+0.0011
1.6121
1.7375+0.0014
1.7712
1.7748+0.0015
1.7712
1.5853+0.0019
1.5782

1.3333+0.0018
1.3278
0.7338+0.0016
0.7322

cro(G„)

1.1904

1.5521

1.7430

1.8497

1.9334

1.9318

1.6364

1.3437

0.7120

O.u(~„)

0.8763+0.0005
0.9199
1.2419+0.0008
1.2701

1.4628+0.0010
1.4802

1.6030+0.0012
1.6129
1.7450+0.0015
1.7457
1.7878+0.0017
1.7839
1.6063+0.0021
1.5985

1.3530+0.0021
1.3469
0.7404+0.0015
0.7386
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FIG. 3. Same as Fig. 2 in the a scheme. results in the a and G„schemes.FIG. 4. Comparison of the resu s in
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E (GeV)

165
170
175
180
190
200
250
300
500

o.o(G„)

1.1649
1.5421
1.7399
1.8504
1.9381
1.9382
1.6438
1.3502
0.7158

cr,»(a )

0.8656
1.2425
1.4641
1.6044

7A.A A

1.7843
1.5974
1.3452
0.7419

(Ref. [11])

0.8455
1.2221
1.4449
1.5899
1.7369
1.7820
1.6033
1.3526
0.7398

0.8438
1.2227
1.4476
1.5913
1.7366
1.7803
1.6018
1.3519
0.7482

0.8462
1.2250
1.4495
1.5929
1.7378
1.7810
1.6016
1.3514
0.7476

Cr, II( G„)
(present work)

0.8506
1.2307
1.4558
1.5995
1.7445
1.7875
1.6067
1.3556
0.7497
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FIG. 5. Total cross section with cut (ED ) in the photon ener-
gy ( G„scheme).

FIG. 6. Same as Fig. 5 with an angular cut (e~) for ED =10
GeV.

o' [o (a ) +2d toI CT o( a ) j
1

1+ANf

2

These results agree we!1. Up to nonleading 0 (a ) terms,
o' is equivalent to

cr = [o (a) —2dro o(a)]
1

1 —Ar

2

where hr =0.0395, which relates the a to the G„scheme.
The two summation procedures yield results which differ
by (o' —o")/o'o(a) = —0.0028 at E =165 GeV, increas-
ing monotonically to 0.0007 at E =500 GeV. In our cal-
culation we use G„not only in calculating the Born cross
section, but also in calculating the non-QED correction.
This yields a slightly smaller correction
[tr —tT(G„)] lo o(G&) = —0.0053 at E = 165 GeV, in-
creasing monotonically to —0.0028 at E =500 GeV.
The differences arise from a different treatment of the
higher-order effects and thus are a measure for the miss-

suits for cuts in the photon energy ~k~
~ ED, E~ = 5 and

10 GeV, respectively, compared with o.,&&
without any

cut. Indeed, cuts of this magnitude have a very stringent
effect by reducing the cross sections considerably. The
effects are not so severe for angular cuts of 8 = 5 and 2
as indicated in Fig. 6.

Finally, in Table III we compare the results of
Beenakker, Kofodziej, and Sack [11]with the ones we ob-
tain for the same set input parameters. In Ref. [11] the
calculation was done in the a scheme together with a
resummation of the fermionic contribution to the 8'
wave-function renormalization which is the dominating
correction [12]. For the parameter values used here,
Awf = —0.0473. If we use the same resummation, we ob-
tain the result

ing higher-order contributions (scheme dependence).
While below 500 GeV the discrepancy between o and
Ref. [11] is at most 0.2%, there is a 1% discrepancy at
500 GeV, which probably cannot be explained as a sta-
tistical fluctuation.

In this paper we have treated the 8 s as stable on-shell
particles. This approximation is insufficient for a careful
investigation of the threshold region ( W mass measure-
ment). Since the W particles are very short lived, the
process actually observed is e+e ~4f (four fermions).
Although the corresponding cross section is dominated
by e+e —+ W+ W ~4f where both W's are at reso-
nance, there is an observable deviation also above the
2M~ threshold (see, e.g. , Ref. [22]). Recently, in Ref.
[23], the hard bremsstrahlung for e+e —+4f was calcu-
lated. The cross section in the LEP 200 energy range is
increased by about 5%%uo above the on-shell W threshold
(2M~). Experimental cuts which require both W's to be
close to "on shell" may reduce the cross section by essen-
tially the same amount. The precise reduction factor, of
course, can only be calculated by a study of such cuts us-
ing a full e+e ~4f, 4fy MC event generator. Further-
more, there are indications [24] that background process-
es such as e+e ~ W+e v, (where the e v, pair is not
a decayed W ) may not be completely ignored in a pre-
cise calculation of the threshold behavior.
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