PHYSICAL REVIEW D

VOLUME 47, NUMBER 12

15 JUNE 1993

Finite-temperature effective actions for gauge fields

Tan Moss
Department of Physics, University of Newcastle Upon Tyne, NE1 7TRU, United Kingdom

Stephen Poletti

Department of Physics, University of Adelaide, South Australia 5001
(Received 7 January 1993)

We consider the problem of computing the kinetic terms in the one-loop effective action. General
results are presented for an expansion of the heat kernel of a second-order operator in powers of
covariant derivatives. This is used to find the kinetic terms in the high temperature limit of the
effective action up to the square of the gauge field strength.
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I. INTRODUCTION

It is currently conceived that the material in the early
Universe underwent a series of phase transitions associ-
ated with the breaking of gauge symmetries [1,2]. The
physical properties of the various fields are described in
local thermodynamic equilibrium by an effective action
T, related to the free energy F by I' = GF, where 3 is
the inverse temperature [3, 4]. In some important cir-
cumstances, inhomogeneous fluctuations in the Higgs or
gauge fields can play an important role, and a knowl-
edge of the kinetic terms in the effective action is useful.
One such situation which interests us at present is when
the baryon number changes because of topological fluc-
tuations in the gauge fields. Another situation is at the
phase transition itself when the nucleation of phases can
take place.

Various methods have been employed to calculate ki-
netic terms in the effective action. Since the coefficients
of these terms are often not analytic in the coupling con-
stants, the effect of these techniques is to resum infinite
series of Feynman graphs. Some methods are based upon
calculating the Green’s functions [5-8], others on opera-
tor expansions [9]. The type of operator considered up
until now has been rather restricted, as both of these
methods become complicated in more general cases.

The method described here is based upon the heat ker-
nel of an operator. There is a large literature on proper
time expansions of the heat kernel for second-order op-
erators of the form

A=-D?+X, (1.1)
where D is a covariant derivative and X a matrix [10].
With a little ingenuity, it is possible in simple cases to
regard this as an expansion in covariant derivatives and
field strengths [11-13]. However, this runs into difficul-
ties when the matrix X is not proportional to the unit
matrix. We have therefore derived an iterative scheme
which leads to the first terms of the heat kernel expan-
sion of (1.1) in powers of covariant derivatives for the
general operator.
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The heat kernel expansions are used in this paper to
calculate the kinetic terms in the effective action with
one chiral fermion loop or one boson loop. Some of these
terms have been calculated before in discussions of the ef-
fects of sphalerons on the baryon asymmetry of the Uni-
verse [14-16]. In particular, terms of the form uNcs,
where p is the baryon chemical potential and Ngg the
Chern-Simons number of the gauge fields, have been ob-
tained by evaluating Feynman graphs [17-21]. In our
results, other one-loop terms in the effective action are
included and we allow nonzero Higgs fields. We give
the field strength squared terms which contribute to the
nucleation rate of sphalerons. [This is proportional to
exp(—AT'), where AT is the increase in effective action
caused by a sphaleron.] We also calculate the leading
terms involving the gradient of the Higgs fields.

Some of the terms in the one-loop effective action are
infrared divergent and have to be modified by includ-
ing higher-loop graphs. For a range of temperatures, the
relevant graphs are ring diagrams. These diagrams intro-
duce a temperature-dependent correction to the masses
which we have included.

After summing ring diagrams, we find that the ther-
mal corrections to the kinetic terms are generally smaller
than the original terms. The most interesting terms are
therefore those which are not represented in the original
action. These may be topological, as with the Chern-
Simons terms, nonanalytic or dependent on gradients of
the thermodynamic variables. This last case can arise, for
example, when the particle density is not homogeneous.
Although we do not pursue this particular possibility fur-
ther here, the relevant terms in the effective action have
been calculated.

II. HEAT KERNEL EXPANSIONS

The heat kernel has been used traditionally in quan-
tum field theory to study the effects of background fields.
We will use the operator (1.1) on a manifold M, with
eigenvalues A\, and eigenvectors u, having the boundary
conditions appropriate to the problem. The heat kernel
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is then defined by /d,u,(m) {k2 + Z(k,z)} K(m’x/’t)e—ik(z—m/)

K(z,2',t) = Y ul(z)un(z')e " (2.1)
n
Its usefulness to us lies in the definition = —K(k,z',t) (2.8)
Indet A = — / dp(z) ¢ (x,0), (22) here
M

. ) ) Z =X+ 2%k, Y" -YH*Y, -Y* .. (2.9)
the generalized ¢ function being defined by
1 o0 The function Z(k,z) is now replaced by an expansion
(z,s) = ——u?{/ dtt*~tr [K (z, z,t))] (2.3) in powers of x — ' about Z(k,z'). After replacement of
I'(s) 0 z — '’ with § = 10/0k, we get
for s > d/2, where d is the dimension of M. This pro-

duces a regular function at s = 0 after analytic contin- 2, = 1 ) ” _ oz
uation in s. It also leads to a dependence on the renor- {k + Z HZ”“"'“’M o } K=-K.  (210)
malization scale ug. =0

The covariant derivative can be split into space and The derivative expansions for K can be simplified by
gauge potential parts, D = V — Y. Under a gauge trans- choosing a gauge in which Y#* =0atz =12 and Y* , =
formation U, 0. Suppose that the expansions in ordinary derivatives

are written

(2.4) K =KoY an, z2=Y 2, (2.11)

It follows directly from the definition of the heat kernel
that the trace at coincident points is invariant under the
gauge group. This trace has a famous asymptotic expan- Ky = e~ (k*+Xo)t (2.12)
sion in powers of t.

Here, we will define a slightly different expansion in  and from order n,
powers of covariant derivatives:

Y =UYU1+VUU"Y, 9X=UXU"1L.

with ag = 1, then, from the leading order,

1

an = —Ko! PR LLRRRY L) : €Y M
tr[K(z,z,t)] = (4mt) =2 Z Ai(z,t) (2.5) 0<1§;Sn 7! !
' (2.13)
where A; contains % covariant derivatives of X.
The terms in the expansion can be derived from a mo- We can expand this expression further by introducing
mentum space expansion of the equation the eigenvalues of Xj, calling them m?. Let T; be the
) projection matrices onto the corresponding eigenspaces,
AK = —-K. (2.6) then
Define the transform
. ’ — A _(k2+m?)t
K(kbo',t) = [ du@)e e K@a) @) Ko=) Te : (214)
7
and then This allows us to write
J
. 1 2 u .
an = — Z 'T'EZS,MyHMrTJe (m3 m?)tbwl ERE e S (2.15)
0<r+s<n ’
i,
[
where § = 6 — 2ikt. a1 =Y (TiZ,T;2ik"t — T,Z,T;) e~mi-mDt (217
Once the a, have been obtained, we can recover ex- ; e AT;) ( )
pansion coefficients for the heat kernel, as in Eq. (2.5), )
by Integrating from ¢t = 0 leaves
d/2
Ape(z,t) = (4mt) / du(k)tr[Ko(k, t)an(k, z,t)]. ay =Y _ [T120,,T52ik" i (t) — T,Z1T;9:5(8)] (2.18)
(2.16) "
The nc reminds us that we have chosen a gauge and have where
to use the gauge invariance to recover the expansion in P =204 =2 —2_—m?t\ _m?t
covariant derivatives. Fi (@) =m=(t —m™" + m™e Je™ (2.19)

The first iteration of Eq. (2.15) gives 9i5(t) =m™2(1 — "™ t)emt (2.20)
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and m? = m? —m?.
For the expansion coefficient A;, we use

tr(Koa1)
= [tr(T3 %0, T3)ik t* — tr(T: 21 Ti)t] e— (K2 +mi)t

(2.21)

Only the last term survives the integral over k in (2.16):

AR = = ST te(Ti X Ty) te™ ™4, (2.22)
i

Proceeding to the next order leads to

K()az) Z tr(T Zo Y )Kz‘w (t)

+ Z tr (T3 ZoT;) (—t)e~ (K> +mde

+ D tx(T320,uT; Zo T)FY ()
%]

+ YL, T Y, Tkak” 85Gis (2)
%]

+ Z tr(T¢ZlTj ZlTi)HiJ' (t)

1,J

(2.23)

where

KM (t) = (—4kPK't + 36" ) pie™ ', (2.24)
FE(t) = [2thi kK + (nij — ki) 6% ]e ™%, (2.25)
Gij(t) = 4kis — mis)e™ ", (2.26)

Hij(t) = xi (0™, (2.27)
We have defined
pi(t) = —Lt2emit (2.28)
and
Kij () = m8(1 + dm42) (et — e
+im=t(em ™ 4 eI, (2.29)
nii(t) = —m~ (1 + %m“tz)(e'mtt - e""?t)
—im (et 4 eI, (2.30)
Xi3(t) = —im™24(e”™it — e~m3t), (2.31)
In the limiting cases where i = j,
Mis = T1§t3€—m?t and Xi; = %tze_m?t. (2.32)

Integration over k now gives
= Y (T X0, To)pi(t)
i
+ D (LYo, YO T (387

2
+ 3 tr(Ti X To) (—te™ ™)
1
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+ 3 or(TiXo,uT5 Xo" Ti)is (1)
%,J
+ D tr(TYo" Ty Yoa 4 73)8 6,7 [~ 4ns5 (£) /4
%7
+ 3 (T2 T 20T xis (). (2.33)
%,J

In order to construct an expansion in covariant deriva-
tives we introduce covariant tensors which reduce to the
above terms in the chosen gauge. If we define the field
strength by

f;,w = "'i[D,uyDu]y (234)
then Y, ,Y*" is replaced by 3D* and Y,,Y"* by
1F? + iD*. The field strength counts as two powers

of derivatives in the covariant expansion as given below.
The covariant expansion coefficients are given by

Ag = tr(Ty)e™ ™,

(2.35)

= > tr(TiD,D* XoT:) pi(2)

+ ) tr(TyDuXoTyD* XoTi)nis (t)
%,J

+ Z tr(T; X1 T5X1T5) x5 (t)
2%

+ > tr(TXoTy)[6i(t) /1), (2.36)

Ay = Ztr(Tifpuij“"Ti)[—mj(t)/t] .

)

(2.37)

Only the part of A4 which remains when DXy = 0 has
been included. We will use the same simplification of this
term in the remainder of this paper.

In the case that all of the eigenvalues of X are iden-
tical, then the ¢ = j limits (2.32) can be used, and the
results reduce to the usual ones [11, 10].

III. FINITE-TEMPERATURE RESULTS

Consider a system in local thermodynamic equilibrium
where the ensemble averages of the fields vary over space.
We define ensemble averages by path integrals on the
Riemannian manifold R3 x S!, and chemical potentials u
are replaced by potentials Ag = iu coupled to the corre-
sponding charges [22-24]. The momentum space measure
becomes

3
JEZCE }5 (gwl;a

with k° = 27n/@ for periodic fields (bosons) and k° =
2m(n + %)/B for antiperiodic fields (fermions).

We will give results for {2(z,0)’ and {4(z,0)’, the parts
of ¢’ which are second order in derivatives and second
order in gauge field strengths, respectively. From the

(3.1)
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definition (2.3), we have

Co(z, s) = r_(l?) / dt 1 / du(k)tr(Koan).  (3.2)

Consider first the case when the chemical poten-
tial vanishes, denoting the ¢ function for this case by
¢© (z,s). The leading order term in its derivative ex-
pansion,

Dz, 8) =D tx(T)Ci(=, 9), (3.3)

is the term from which the effective potential is derived
[4, 3]. For the next term, Eqgs. (3.2), (2.36), and (2.37)
give

&O(z,5) = 3 tr(TD,D* XoTi)pi(s)

+ Y tr(TyDu XoT;D* XoT)mij (s)

,J
+ > t(TXa T X0 T3 (s),
¢ (z,s) = Zt]r<Tifwij“”m&j(s), (3.4)
%,
where
mis(s) = % / dt 1o~ / du(Bynge,  (3.5)

similarly for x;; and &;; (defined as above, but with n;; —
—t~1n;;). All of the Lorentz indices are spatial.

This result is valid for all temperatures, but if we are
satisfied with a high temperature expansion the results
of Appendix A can be used. These give

T
(0) ~ ———m;"! 3.6
pi(0) ~ —o—my (3.6)
'L -1 3.7
i3 0) ~ o (my + m5) 2, (37)
T  4(m?+m?)
145 (0)" ~ L, (3.8)
1927 m;m; (’ITL,L + mj)
4(3m?2 + 4m;m; + 3m?
£5(0) ~ — (3m, — ) (3.9)
967 5(mi +m;)3
for periodic fields. In the antiperiodic case,
, 1
i(0)' '~ —— T 3.
pl(o) 4871'2 ln(/"’R/ )’ ( 10)
1
Xi5(0)" ~ Toq2 n(ur/T), (3.11)
1
(0) ~ ——— 3.12
§:;(0) 0672 In(ur/T), ( )
7
i5(0) ~ s . 3.13
3 (0)' ~ S iz Cr(3) (3.13)

If the chemical potential is nonzero, then the path in-
tegral has to be modified to include a timelike gauge-
potential component Y0 = pY, for a fixed matrix Y. The
previous results have to be modified by terms dependent

on u:

((z,8) =D M (z,s)um.

n

(3.14)

As before, a lower index is added to denote the number
of spatial derivatives.

It is necessary to extend the calculations in Sec. II to
include this background gauge field. This is achieved by
replacing the matrix Z (2.9) with

Z =20 — 20y — 2y2, (3.15)
The projection matrices T; are now defined by
ZT; = AT, (3.16)

where the leading order contribution to A is A(®) = m2.
We will allow for the possibility that the Y matrices split
the degeneracy of the eigenvalues of Xy, and therefore
some of the masses can be equal, but TYT; =0if m; =
m; and ¢ # j.

Standard perturbation theory can now be used on the
(degenerate) eigenvalue problem (3.16). To first order we
have

’\z('DTi(O) — T'i(O)Z(l)Ti(O)’ (3.17)
and also
T(O)Z(I)T(O)
(1) J i
TV= 3 L (3.18)
m¢#Mj mi - m]
J
The next order gives
/\52)1';(0) — 1’11(0) Z(2)T,L(0)
2’;(0)2(1)1';(0)2(1)72(0)
+ 2 , (3.19)
mﬁémj v J

J

and so on.

These chemical potential expansions can be used in the
derivative expansion of the heat kernel. To leading order
in derivatives,

Ky = ZTie—(k%«\i)t_

3

(3.20)

When expanded in powers of u, the quadratic term in
the ¢ function becomes (supressing the 0 in Ti(o))

7 (@, 8) = 3 t(TY T Y Ty) iy (s) (3.21)
where
Yig(s) = 3{¢:(1,8) + ¢(1, 8)]
+%5m—2[@-<o, $) — 60, 5)], (3.22)

and m? = m? — m?. ({;(p,s) is defined in Appendix A.

For the degenerate case,

a
Yii(s) = —55—5@(1, 5). (3.23)
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In the high temperature limit,

12 _ 1
2T% — =(my; +m;)T bosons,
’)’ij(O)' ~ { 6 N 287r( ? .7)

55T fermions. (3.24)
The term 452) contributes to the effective potential, and
has a bearing on phase transitions in systems with con-
served particle numbers. It is possible to describe Bose-
Einstein condensation in this way, and our results agree
with the literature on electrically charged bosons [24] (in
which case Y = o3, the Pauli matrix).

It is possible to proceed further with the derivative ex-
pansion. The next gauge invariant term involves two
derivatives, but topological terms in three dimensions
which are first order in the field strength may also be
of interest. Terms such as this do not arise explicitly in
the derivative expansion, but from derivative terms in X
(as, for an example, with the chiral fermions in the next
section). We let Z(1) = X(1) —2ik%Y, and substitute into
Egs. (2.21) and (3.2). Thus, for the implicit terms,

Ztr T,x9T) (1, 5)

+ Ztr TZ'XQTJ‘XO Ti)xz'j(s)
4,3
[with the (0) superscripts on 7; suppressed).
At the next order in derivatives we make the same
substitution into Eq. (2.23):

M St (TX0 T X Te X T) X (s)
1,5,k

2 (z,5) =

(3.25)

T,s) = (3.26)

where

Yk (0) ~ { gz (m?2 —m2) " Ylog(ur/T), my; # mi,
K - 12;'7rz CR('?’)T_27 m; = Mg

b

(3.27)

for antiperiodic fields in the high temperature limit.

Finally, we give results for two derivatives and two
powers of the chemical potential, but with the fields con-
stant over space. These terms are relevant for situations
where the number density of particles is inhomogenous,
but local thermodynamic equilibrium still holds. They
are also needed to calculate the rate of quantum tuneling
between phases of different density. From Egs. (2.23)
and (3.2),

2(2)(.7:, s)u? = Ztr(TiYTjYTi)[GijV2p2 + vi;(V)?],

1,
(3.28)
where
5]
0:5(s) = 15[Gi(2,8) + ¢;(2,9)] — %agﬁXij(s), (3.29)
o
vij(s) = 2'(9*1813[%%1‘(5) —&ij(s)]. (3.30)
In the high temperature limit,
gij(())/ ~ im (3.31)

96T m;m;
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vig(0) ~ — 2 (m? — m2)? (3.32)

for periodic fields.

IV. FERMION LOOPS

We shall consider the contributions to the effective ac-
tion of a chiral SU(2) fermion, which can be built up into
a quark or lepton in the full electroweak theory. The
Lagrangian reads

Ly =ipry-Dpyr+ivry-Drr—ifPrdvr—ifored vrL.

(4.1)
The gauge derivative D = V — igA. There is a dou-
blet Higgs field ¢, a doublet fermion wL, and a singlet

fermion ¥g. The chiral projector Pr, = (1 —vs), and
the Riemannian v matrices are taken to be Hermitian,

with 9 = 9T,

The one-loop contribution to the effective action of the
Higgs and gauge fields is obtained by expanding the La-
grangian about background fields ¢ and A:

I'M = In det Dy (4.2)

where

_(7v-D —f¢ _(PL O

b= (—f«sf y'p)Fe =0 py)

The determinant of the fermion operator Dy is not
yet defined, because the operator Dy maps left-chirality
fermions into right-chirality ones. We can, however, de-
fine the determinant of A = D}Df, where D} is the
Hermitian conjugate of Df. (When acting on the space
of Dirac spinors, D;‘, = vsDsvs and it follows that Dt
has the same nonzero spectrum as Dy.) We shall take

(4.3)

'Y = 1in det A - (4.4)
where
Y Qs o TR 1
f(y- Dg)t —D? + f2¢t¢
. (4.5)
We have set o, = — %[y, 7]

The operator (4.5) is in a form in which we can use the
general results of the previous section. We have

uF“”+f2¢¢>T f'v-D¢>
X=("9%" :
( F(v- Do)t 248 (4.6)
and
. 5
w:(’gg‘ 8),#":(91‘3‘ 8) (4.7)
If we set
Xo = miTy +miTs + m2Ts, (4.8)
then
_(0 0 (80 (P 0
ri=(5 1) ==(7 5) n=(% o)
(4.9)
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where P and P, are projections along and perpendicular to ¢, and m?2 = m3 = f2¢'¢, m% = 0.

The traces read

> t1(TyDD* XoTi)ps = 2D*(m3)p1 + 2f%1(P D2¢¢1) pa + 22tr(PL D¢ ) ps,

> te(TiDuXoTyD* XoTi)sj = 2DumiDHmi (1 + m2) + 4f*m3(D,ud)! PL(D $)rmas,

2]

4,3

D (TXo Ty XoTo) X = 91 (PLouoap)(F*)a(F)5(98x22 + 98x3s + 9iPX23),

%)

D t(TFw T FH )i = 2% (Fu)a(F* )o(95%22 + 9§ €23 + 9%€33).

2V

Group metrics g% are defined in Appendix B.
The high temperature approximation to the one-loop
effective action can now be read off Eq. (3.13), using

I = § [ du()Gi(z,0). (4.15)

We will only give the result explicitly for the gauge fields
(and we will leave out terms with two or more powers of
FOov);

ri ~ / dp(@){ Z(F)a(FH)s

+Z2abeo,,ag(F0”)a(F°‘ﬁ)b} (4.16)
where
1 a
Z = 5o—59" In(ur/T)g",
(4.17)
73" = — 159" In(ur/T)g™.

The metric g*® is defined in Appendix B.

Results for the electroweak SU(2)xU(1) are obtained
by adding the results (4.17) to similar results for the U(1),
in which the SU(2) coupling g is replaced by ¢'Y7, or 'Yk,
where Y7, and Ygr are the hypercharges of the left- and
right-chirality fermions. (The ¢g’Yg contribution to Z,
also has a factor —1.)

The first term in the result is related simply to the
charge renormalization and could have been obtained
from a simple Feynman graph calculation. This is due to
the fact that the mass has dropped out of the result, an
effect which does not occur for bosonic loops as we shall
see in the next section. The second term in the result is
a total divergence of a Chern-Simons term. It becomes
important in a slowly evolving system, for example in the
expanding universe.

Terms in the effective action which arise when there
is a nonvanishing chemical potential y can also be found
using results from the previous section. If y is a (con-
stant) Lagrange multiplier for the charge ¥rvYrvr +
Y1Y0YRrYR, then the fermion derivative Dy is replaced
by Dy + pyoY, where

D t(TX0T; X0 Ti)xy = 2f26x(PLyy") [(Dud)t Py (Dyg)xaz + (Dud) ' PL(Dud)x1al,

(4.10)
(4.11)
(4.12)
(4.13)

(4.14)

Y = (’;L }93) . (4.18)

The fluctuation operator is modified by the addition of

x ( 0 —fr(YLd + ¢Yr)
0 —f ('YL + Yrot) 0 :

(4.19)

We will take Y to be the hypercharge, and let it com-
mute with the SU(2) generators. The relevant traces are
then

Y tr(TX T X To)xis = 0 (4.20)
%7
and
> e (TXa T X T X T) xisk
3,5,k
= — 2igf3(Yy + Yr)tr(Proop0as)
x [—@! F*P(Pyx221 + PLx231) D"
+(Dp¢)t('P||X122 + PJ_X132)Faﬂ¢] . (4.21)

From Eq. (3.26), we have

r) ~ /d,u(x)eo,oaﬂ {(D?¢)! Z3F*F ¢ — ' F*F Z3 D¢}

(4.22)

where
71

Zar~ = 32m4T2

Cr(B)ugf*(Ye + Yr). (4.23)

This term seems to be analogous to the Chern-Simons
term that has been discussed before for chiral fermions
at finite temperatures [17]. Here, and with the result
for the one-loop action at p = 0, the derivative expan-
sion fails when one of the masses vanishes. This problem
can be removed by including corrections from ring dia-
grams. To leading order these affect the masses m;, but
the above result is independent of these masses and is
therefore unchanged. However, the inclusion of ring dia-
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grams prevents a rigorous comparison between this result
and those for massless fields cited in the literature.

V. BOSON LOOPS

Now we turn to contributions to the effective action
from a vector or Higgs scalar loop. The calculations
are presented for vector representations of O(NN), but the
generalizations to other groups are also indicated.

The Higgs field ® has a Lagrangian density

£? = —4(D,®)"(D*2) - V(@) (5.1)
with a potential
V(®) = —14%0Td + Ix(079)2 (5.2)

The gauge field A = A,T%, where the T° are Hermi-
tian generators of the Lie algebra. Indices will be raised
with the group metric g2® = tr(7°T®). The Lagrangian
density for the gauge fields is taken to be

LA = —1g%(FL)a(F*)s. (5.3)

We use the 't Hooft gauge-fixing term, with back-
ground fields A and ¢ and perturbations A, ¢:

LOF = - LF,F° (5.4)
where D =V —igA, and

F = D, A* +iagpT T, T°. (5.5)
The ghost field ¢ Lagrangian density reads

LS = c*[~D - (D —igA)82 + ag?¢TT,T*®)cy,. (5.6)

If we write n = (A, ¢~>), then the total Lagrangian den-
sity becomes

£t = —InT A — 1T Agne + £ (5.7)

where A and A,y are the fluctuation operators. They
take the form of Eq. (5.1) in Feynman gauge a = 1,
which we use throughout.

For the vector and Higgs fields,

XA 4 igtr(T,F,’T®) —2igD,¢TT,

X= ( 2gT?D ¢ X° (5:8)
where

XA = g2¢TT,T$5," (5.9)

X = g?T,pTT — 42 + ApT & + 22907, (5.10)
and

—gtr(Fu [Ty, T 0

fwz( gtr( “0[ D gFW>. (5.11)
‘We can write

Xo = miTy + mZTs + m2Ts + m2T; (5.12)

where
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_(0 o0 _ (P o
T4_(O PJ_)’ T5_( 0 0 )
_(0 0 T, — (P’ O
6 0 .P” ’ 7 0 0o/

The projection matrices onto the broken and unbroken
subgroups of the gauge group are defined in Appendix
B. The mass mg is the vector mass, mg is the Higgs
boson mass, and my4 is the mass of the longitudinal vector
component:

mg =397 ¢,

(5.13)

md = —? + 37¢74,
. (5.14)
mi=39°¢"¢+AT¢—pu?, mi=0.
In the vacuum state, my = ms. Apart from Eqgs. (5.14),
the form of the operator is also valid for other represen-
tations of simple groups, and the results given below will
be widely applicable.
For the ghosts,

X8 = g2 T,T

and

Fuv = —g tr(Fu,,[Ta,Tb]).

(5.15)

(5.16)

We have Xy = m2Ts + m%T-, (no vector indices), with
the masses defined above.

The kinetic terms in the one-loop effective action are
given by

o = [ dua) {-

with the high temperature limits ¢},(z,0) calculated us-
ing Eq. (3.13). The contribution which depends on the
square of the field strength is

r{) = / du(z) { 2% (Fy)a (F™)3)

where

1¢.(2,0) + ¢ (z,0)8"} (5.17)

(5.18)

_ 92 T _1_ _ C " (on . Cy gj‘_b
1927 2ms  2ms  2mry
T C ab
< €46 + Clo7 + o o +m7) 9|

g1 . (5.19)

ab

+9° To3m 1927 meg

The metrics g% L , g” and the Casimir constants C, C

are defined in Appendix B, £ in Eq. (3.9).

This result, and also the one-loop correction to the
Higgs field gradient terms [8], has an infrared divergence
due to the vanishing of one of the masses (my). This di-
vergence can be removed by including ring-diagram cor-
rections, which have the effect of replacing the masses
m; by temperature-dependent masses m;(T"). The terms
that are of order g2T/m; become, for m; = 0 or for very
high temperatures, of order g. This means that, except
for specially chosen models, they are subdominant but
larger than the fermion loop terms.
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VI. RING DIAGRAMS

It is a well established fact that the one-loop approxi-
mation fails to give all of the leading order terms at high
temperatures. Some indication of the problems with the
one-loop calculation are seen in the infrared divergences
of the previous section. The leading corrections come
from summing ring diagrams, which are obtained by re-
placing the one-loop result with

r(ring) %tr In(A + ) (6.1)

where 7 is the vacuum polarization tensor [3,4]. (At the
phase transition temperature, even this approximation
is likely to break down. It can be argued that the ap-
proximation works if we avoid coming too close to the
transition temperature [25].) The ring diagram correc-
tions are calculated in this section, for convenience rather
than originality.

The leading terms in the Feynman diagram expansion
for 7 are shown in Figs. 1 and 2. The vertices are con-
structed from the interaction Lagrangian density

£t = L7 4+ L0 + L3, (6.2)
where the relevant terms are
l:igm - %gzqu;luAuqz + %gztr([ﬁ,fi]z)
+ig(Vud") A4 —igtr(V, A (A4, A),  (6.3)
[,g;f = gtr(c[A*, V .c]), (6.4)
L =—3M679)%. (6.5)

The propagator lines represent the background field
propagator G(z,z’). This has an expansion in powers of
derivatives, from which we use the leading term Go(z, z’).
The coincidence limit Go(z, ) = {o(z,1) (taken as a ma-
trix and untraced); hence,

Go(z,z) = Y Ti€i(0,1) ~ £T% = £ N "T;m; T.  (6.6)

The asymptotic expansion is from Appendix B.

L 0 O
Ll g

FIG. 1. Leading order Feynman graph contributions to
the boson vacuum polarization tensor.
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FIG. 2. Leading order Feynman graph contributions to
the fermion vacuum polarization tensor.

We will denote the gauge-field interaction contribution
to the vacuum polarization by 7, and the self-interaction
contribution by 7). From Fig. 1,

g =g*{(1— HO"Go(z, 1),

—(3 = $)Q°Go(z,2)2}6(z — z'), (6.7)

mx = A {2AGo(z, 2)A + Atr[AGy(z, z)]} 6(x — z'). (6.8)

New matrices have been introduced merely to keep the
indices tidy:

%= (. 37): 0= (5 %),

and

/0 o0
A‘(o 5ij)'

Some terms which are not proportional to §(x,z’) are
also present, but these are relatively small in the high
temperature limit. Inserting the coincident limits of the
propagators gives

(6.9)

(6.10)

g~ 159" T2 (394 — 202)5(z — o),
T~ $AT2A(1 + 3trA)S(z — ).

(6.11)
(6.12)
When substituted into Eq. (6.1), these terms replace
the original masses with temperature-dependent masses:
mg(T) =m?Z + ;11—8-(3 +20)g%*1?,
m2(T) =m? + L (3 +20)¢*T?,
(6.13)
m3(T) =mj + 1cg®T? + (14 2trA)AT?,
m3(T) =mg + $cg>T? + 3 (1 + LtrA)AT2.
Here, c¢ is defined by 7,7* = ¢l and C is the
quadratic Casimir constant defined in Appendix B. The

temperature-dependent Higgs boson masses agree with
the masses in the finite-temperature effective potential
[4].

The ring corrections to the fermion loop have a slightly
different form,

r0ing) = 1y In(A + Din), (6.14)

because the fermion propagator S = A‘ID}. We label
the gauge interaction term by 7, and the Yukawa inter-
action term by my:

gz, z') = %gztr[TZS’O(z, z') T mGo(z, )],
ms(z,2') = — f2tr[0F Sy (z, ' )O,Go(z, )]

(6.15)
(6.16)
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where

Tn:(W(ga)i" 8), @n=<8 52j). (6.17)

The leading high temperature term comes only from the
parts of this expression which are quadratically divergent,
and, for these,

Dlry = —g*tr[YTGo(z, ) Tm)é(z — '), (6.18)

Dlrs = —f2r[0XGo(z,2)Om]b(zx — o). (6.19)
The fermion masses become

mi(T) =m3i + § f°T?,

m3(T) =m} + 39°T* + L 272, (6.20)

m3(T) =m3 + 3g°T% + {5 f°T°.

These masses replace the original masses in the results
for the effective action, Eqs. (4.17) and (5.19), removing
the infrared problems.

Further improvements can be made by solving for the
masses self-consistently, which is equivalent to summing
“superdaisy” contributions to the effective action and
gives results valid when ¢27? is large. Another possibil-
ity is to sum ring diagram contributions to the effective
potential, using higher terms in the derivative expansion
of the propagators to obtain O(g*F?) corrections.
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APPENDIX A: INTEGRALS

The finite-temperature measure was given in Eq. (3.1).
We define

Ki(t) = / du(k)e~K*+mde. (A1)
Integration by parts can be used to show that
/du(k)k“k”e'(szrm?)t = %Ki(t) (A2)
and also
/ du(k)k*k* k*kPe= (K> +mDt — fli‘s(::z——‘ﬁﬁ—) Wt (A3)
for spatially directed k. In the timelike case,
/ du(k)kPkOe~(k*+mdt — 515 (1 + ﬂa—aﬁ—> Ki(t). (A4)

The effective action can be expressed in terms of ¢
functions,

Gi(p, ) = 1—,%3—)“%; /0 = g1 K (1), (A5)

The value at s = 0 is defined by analytic continuation.
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We can use recurrence relations

7]
Glp+1,8) = —WQ(ZD, s) (A6)
to relate {;(p, s) to {;(0, s).
The high temperature expansion of ¢}(0,0), which en-
ters the effective action, is well known from the free en-
ergy of a free field [4]. For bosons,

¢l(0,0) ~ T4 — LT?m? 4 LTm?
4
+ 1857 log(ur/T) — zggzaCr(3)m{/T?,  (AT)

where (g is the Riemann ¢ function. The renormalization
scale ug enters in the logarithmic term and the coefficient
of this term is related to a renormalization 8 function.
For fermions,

¢(0,0) ~ —1 2T 4+ LT?m?
4
+ 127 log(ur/T) — s552CrR(3)ME/T?.  (A8)

Tha absence of a term proportional to T is significant in
the derivative expansion of the effective action.

Another quantity of interest is (;(p,1) (regulated by
removing poles) which determines the size of the vacuum
fluctuations. The high temperature expansion gives

572 — LmT bosons,

¢i(0,1) { —Lr? fermions. (49)

APPENDIX B: GROUP THEORY

The generators of the Lie algebra of the gauge group
are represented by matrices 7%. These define a metric
g°® = tr(T°T?), which we have taken to be nondegen-
erate, with inverse gos. The structure constants feb,
are defined by [T%,T% = ife T°, and we also define
a quadratic Casimir constant C by f¢,f% = —Cgb.

The background Higgs fields ¢ are used to define a
projection Py, by ¢T¢P” = ¢¢T, and an orthogonal pro-
jection P, = 1— P. The matrices P, T*P, generate a
Lie algebra, and the matrices PjT*P) generate another
Abelian Lie algebra. We define

g =tr(P . T°P, T*P)), (B1)
9i* =te(PT*PT°P)), (B2)
gﬁb =2tr(PT*P.T*P)). (B3)

These are not independent, because g2 = g»ib +9%° + gl‘l”’.
We also define operators
PJ.ab = gac(gib - gfb)’ P||ab = gac(gﬁb + 29?)- (B4)

The vector mass g2¢TT,T%¢ = 3g°¢T¢P.". Further-
more,
FoafPhPLP M = —C g% (B5)

defines a quadratic Casimir constant C'| on the reduced
symmetry group.
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For the fundamental representation of the gauge group
O(N), g% = 0 and P,,° is a projection onto the Lie
algebra of the reduced symmetry subgroup consisting of
rotations about the background Higgs field. We have
Casimir constants C = N —2 and C;, = N — 3.

For the fundamental representation of SU(2), with
¢T = (07 ¢0)7
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(B6)

0 2
g_L=g1:< 0 ),g”=< 2 )
1 0

The vector masses are 292¢'T,T%¢ for a complex repre-
sentation. The quadratic Casimir constants are C' = 1
and C =0.
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