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We use the Teukolsky perturbation formalism to show that (i) a particle in circular motion around
a nonrotating black hole remains in a circular orbit under the influence of radiation reaction, and
(ii) circular orbits are stable only if the orbital radius is greater than a critical radius r. ~ 6.6792M,
where M is the mass of the black hole. A circular orbit is stable if, when slightly perturbed so that it
acquires a small eccentricity, radiation reaction decreases the eccentricity; a circular orbit is unstable
if radiation reaction increases the eccentricity. Our analysis is restricted by four major assumptions:
(i) the black hole is nonrotating, (ii) the eccentricity is always small, (iii) the gravitational pertur-
bations are linear, and (iv) the adiabatic approximation (that radiation reaction takes place over
a time scale much larger than the orbital period) is valid. On the other hand, our analysis is not
limited to weak-field, slow-motion situations; it is valid for particle motion in strong gravitational
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fields.
PACS number(s): 04.30.+x; 97.60.Lf

I. INTRODUCTION AND SUMMARY

A. Motivation

A particle of mass u, which interacts with the gravita-
tional field of an isolated object of mass M, does not, in
general, move on a spacetime geodesic. This is due to the
fact that the combined system emits gravitational waves;
the problem of radiation reaction—to determine the in-
fluence of this emission on the motion of the particle—is
a difficult one in general relativity.

Gravitational radiation reaction has a well-known elec-
tromagnetic analogue: A charged particle, accelerated by
an electric field, does not move according to the Lorentz
equations of motion, because of the emission of electro-
magnetic waves. There are difficult conceptual problems
associated with radiation reaction in electromagnetism
[1]; however, these conceptual problems are not a serious
impediment to computations, at least. when radiation re-
action is a small effect. The use of half retarded minus
half advanced potentials, together with the rejection of
runaway solutions on physical grounds, provide a well-
defined calculational basis for most applications [2].

In contrast with the electromagnetic case, the problem
of gravitational radiation reaction is plagued with con-
ceptual and calculational difficulties, which are mostly
due to the nonlocal character of the problem. Nonlo-
cality enters in essentially two different ways. (i) As a
consequence of the principle of equivalence, a gravita-
tional wave can be identified as such only in a region
of spacetime larger than several wavelengths [3], which
precludes the construction of a local radiative field. (ii)
Because gravitational waves are in general scattered by
the curvature of spacetime, waves emitted at one time
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may influence the motion of the particle at some later
time [4]; these tails in the waves can produce noticeable
effects, most especially if the curvature is large.

In order to gain insight into the general problem of
gravitational radiation reaction, it is important to look
at simple special cases for which the above problems can
be addressed. To study such a simple case is the main
purpose of this paper.

The question of radiation reaction is most pressing in
the context of the late evolution of compact binary sys-
tems [5], since the waves generated by such systems are
the most promising for detection by kilometer-size inter-
ferometric detectors [6]. Extraction of the information
encoded in the waves will require an accurate calculation
of the expected wave forms [7]; these theoretical wave
forms are used as matched filters through which the de-
tected signal is processed [8]. Radiation reaction gov-
erns the rate at which the wave frequency increases with
time, as the compact objects spiral together toward co-
alescence. During the last stages of evolution, when the
waves are most interesting for detection, the wave fre-
quency sweeps from approximately 10 Hz to several hun-
dred Hz in just a few minutes, during which the waves
oscillate about 10* times. It is therefore essential to in-
corporate radiation reaction, to a fractional accuracy of
at least 10™4, into the calculation of the theoretical wave
forms [7]. Thus, the practical importance of radiation
reaction in the evolution of compact binary systems pro-
vides more motivation for the work presented here.

Also of interest are the last stages of evolution, under
radiation reaction, of a solar-mass compact object orbit-
ing a galactic, supermassive black hole. Such a binary
system could be observed with an eventual space-based
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interferometric detector, which would operate between
10~* Hz and 107! Hz [9]. Because we consider small
mass ratios (see Sec. IB below), the results presented in
this paper are directly relevant to these sources.

Most of the work devoted so far to gravitational radi-
ation reaction, in particular for the two-body problem,
has been restricted to weak-field, slow-motion situations
(3,10-13]. Lincoln and Will [12] have calculated, us-
ing post-Newtonian theory, the orbital motion of a bi-
nary system at post®/2-Newtonian order, which only in-
corporates radiation reaction at leading order. These
calculations are not accurate enough for the purpose
of constructing matched filters for interferometric detec-
tors [7]. Higher-order corrections to the post-Newtonian,
radiation-reaction force have recently been calculated by
Iyer and Will [13].

By comparison, very little has been done for strong-
field situations. Gal’tsov [14] has laid the foundations for
strong-field radiation-reaction calculations in the case of
particle motion in the field of a Kerr black hole. His for-
malism is based on the notion of a local, gauge-dependent
radiation-reaction force. However, Gal’tsov’s only ex-
plicit calculation of this force was also restricted to weak-
field, slow-motion situations. Anderson and Ori, Finn,
Ori, and Thorne [15] have studied the strong-field transi-
tion between inspiral and plunge motion in Schwarzchild
(and in the equatorial plane of Kerr); however, their anal-
ysis does not require a detailed knowledge of radiation-
reaction effects. In this paper we present concrete results
on radiation reaction in strong-field situations.

B. The problem, method of solution,
and approximations

We study the effects of radiation reaction on the bound
motion of a particle of mass u in the geometry of a
Schwarzschild black hole of mass M. Two quantities are
of fundamental interest: the orbit’s averaged radius 7o,
and the orbit’s eccentricity €. The radius r¢ denotes the
averaged value of the orbit’s Schwarzschild radial coordi-
nate; the maximal value of the orbital radius defines the
eccentricity: rmax = ro(1l + €). More precise definitions
of 7o and € will be given in Sec. II. We shall suppose that
both the eccentricity € and the mass ratio u/M are much
smaller than unity. However, we do not suppose that the
radius 7¢ is large, so our analysis includes strong-field
situations.

We adopt the Teukolsky perturbation formalism [16],
and consider the linear gravitational perturbations asso-
ciated with the motion of the particle. The perturba-
tions are described in terms of the complex Weyl scalar
W4, which becomes radiative at large distances from the
source. The rates of loss of orbital energy E, and orbital
angular momentum L, due to gravitational radiation, can
be calculated by solving the Teukolsky equation.

The secular evolution (the evolution over time scales
much larger than the orbital period) of ro and € can be
determined from the knowledge of E and L, where an
overdot denotes time differentiation followed by an aver-
age over several orbital periods. In particular, the fol-
lowing relations can be derived (Sec. II): o = 7y(rg, L)
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and ¢ = é(e,r0,E,L). We shall use the perturbation
formalism to calculate the rates of loss of energy and an-
gular momentum. These calculations are performed (i)
analytically, for the special case of weak fields and slow
motions, and (ii) numerically, for the general case.

Our calculations are restricted to small eccentricities,
€ < 1. The work presented in this paper can therefore
be interpreted as a stability analysis: A circular orbit
with radius rg is slightly perturbed and acquires a small
eccentricity €. The orbit evolves because of radiation
reaction; the sign of € determines whether the perturbed
orbit is driven more circular, or more eccentric. Circular
orbits are thus stable if ¢ < 0, and are unstable if ¢ >
0. Previous studies have shown that circular orbits are
always stable in weak-field, slow-motion situations [11,
12]; our own study confirms this, and also determines
whether this remains true in strong-field situations.

Recently, and independently of us, Tanaka et al. [17]
numerically calculated the gravitational wave forms, and
the fluxes of energy and angular momentum at infinity,
for orbits with arbitrary eccentricities. The differences
between their analysis and ours are significant. Tanaka
et al. are mostly concerned with what can be observed at
infinity, and are not much concerned with radiation re-
action. In particular, they do not calculate the fluxes of
energy and angular momentum at the black-hole horizon,
which we do here, and which is important for radiation
reaction. We have become aware of the work by Tanaka
et al. very shortly before submitting this paper for pub-
lication.

Our calculations are also restricted to small mass ra-
tios. This condition comes from two requirements: (i)
that the gravitational perturbations be small enough to
be linear, which implies u/M < 1 and (ii) that the adi-
abatic approzimation be valid. The adiabatic approxi-
mation supposes that radiation reaction takes place over
a time scale which is much larger than the orbital pe-
riod. We shall show below (Sec. IV F) that this implies
a restriction on p/M; this restriction is not severe at
large distances, but becomes u/M < (1 —6M/r()3/? for
ro approaching 6 M. The adiabatic approximation must
therefore break down at ro = 6 M, where, even without
radiation reaction, circular orbits become unstable.

The adiabatic approximation is a fundamental feature
of our analysis. It allows us to suppose that, over time
scales comparable to the orbital period, the motion of
the particle is, in fact, geodesic; nongeodesic behavior
becomes noticeable only over much larger time scales.
Moreover, the motion is also strictly periodic, and, con-
sequently, the gravitational waves have a well-resolved
frequency spectrum; the waves’ frequencies change ap-
preciably only over time scales much larger than the or-
bital period. Our problem is therefore one for which we
first determine the rates of loss of energy and angular
momentum for the slightly eccentric, geodesic motion of
a particle around a Schwarzschild black hole, and then
use these rates to infer the slow evolution of the orbit.

C. The results

Our analysis first allows us to prove that, if the par-
ticle’s orbit is strictly circular (¢ = 0), then radiation
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reaction produces a strictly circular evolution. In other
words, circular orbits remain circular under radiation re-
action. Previous proofs of this statement were restricted
to weak-field, slow-motion situations [11, 12]; our proof
is valid both for weak and strong fields.

If the eccentricity is small but not identically zero, our
analysis shows that radiation reaction (i) decreases the
eccentricity if rg is larger than a certain critical value r.
and (ii) increases the eccentricity if ro is smaller than
re. (This behavior was also discovered in Ref. [17].)
Thus circular orbits are stable if rq > r., and unstable if
ro < r.. The point rq = r. corresponds to & changing
sign; we have estimated numerically that

re/M ~ 6.6792. (1.1)

Our results are most conveniently presented in terms
of the dimensionless quantity ¢(rp), defined as

o€ _ dlne

it 1.2
roe dlnrg’ (1-2)

c(ro) =

and which can be interpreted as the ratio of the inspiral
time scale ro/|ro| (the time scale over which the orbital
radius 7o changes appreciably) over the circularization
time scale €/|¢| (the time scale over which the eccen-
tricity changes appreciably). By virtue of the adiabatic
approximation, both time scales are much larger than the
orbital period. A plot of ¢(rg), obtained numerically, is
given in Fig. 1.

For large o (weak-field, slow-motion), c(rg) can be
calculated analytically (Sec. V A) and takes the form

1.8

1.58

1.52

1.5 5
log o ro/M

FIG. 1. A plot of ¢(ro), as defined in Eq. (1.2), as a func-
tion of log,y 7o/M. Shown is the range 10 S ro/M < 1000, in
which ¢(ro) has the most interesting behavior. For ro/M >
1000, ¢(ro) is well approximated by Eq. (1.3), and approaches
the value 19/12 ~ 1.5833 as 7o tends to infinity. The function
¢(ro) changes sign at 7o = r. ~ 6.6792M, and approaches
minus infinity when r¢ — 6M, in a way well described by
Eq. (1.4).
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c(ro) = (1 - Fgv* + {m® + 00N, (1.3)
where v = (M/r9)1/? < 1 acts as a post-Newtonian ex-
pansion parameter. The leading-order term of Eq. (1.3)
corresponds to a Newtonian calculation of the orbit, to-
gether with the use of the quadrupole formula to deter-
mine 7y and a [11]. The first-order correction (at post-
Newtonian, v2, order) corresponds to post-Newtonian
corrections to the orbital motion. The second-order cor-
rection (at post3/2-Newtonian, v3, order) corresponds to
effects due to the propagation of the gravitational waves
in the field of the black hole—effects associated with the
tails of the waves.

For values of r9 approaching 6 M (highly relativistic
situation; Sec. V B), ¢(ro) behaves according to

c(ro — 6M) ~ —3(1 — 6M/ro)~ 2, (1.4)

and therefore grows to arbitrarily large, negative values.
This behavior is a consequence of the fact that circular
orbits, even without radiation reaction, become unstable
at ro = 6 M. We recall that the limit r¢ — 6M must be
taken with care, in view of the adiabatic approximation;
orbits arbitrarily close to 79 = 6 M can be considered at
the price of taking p/M sufficiently small.

Equations (1.3) and (1.4) are derived analytically, and
imply that ¢(ro) must change sign at some radius 7y =
rc. We have therefore provided an analytical proof that
circular orbits are stable in the range 7o > r. > 6 M only.
However, a numerical calculation is necessary to show
that ¢(ro) changes sign only once, and to determine the
value of r., Eq. (1.1).

The complete evolution of the eccentricity, so long as it
remains small, can be obtained by integrating Eq. (1.2).
It is most convenient to parametrize the evolution with
70, and to express the eccentricity in terms of the function
~¥(ro;7;), defined as

. T

where r; is some initial radius. If rg and r; are both much
larger than 6 M, then Egs. (1.3) and (1.5) imply

(1.5)

i

¥(ro;rs) = afro /M) — a(r; /M), (1.6)
where
a(@) = B (o + Ba~! - Fre¥2). (17

If, on the other hand, ry is very close to 6, but r; >
6M, then Egs. (1.4) and (1.5) imply

Y¥(ro;Ts) =~ —%In(ro/6M — 1).

The behavior of y(rg; r;), for r; arbitrarily fixed to 100M,
is depicted in Fig. 2. From this curve one can easily infer
the corresponding «(ro; ;) for any r; < 100M.

As one sees from Fig. 2, during the weak-field, slow-
motion phase of the orbital evolution, the eccentricity
is reduced by many orders of magnitude—the orbit be-
comes essentially circular. The eccentricity reaches a
minimum value when 7y = r., and then starts increasing.
Eventually, if the mass ratio u/M is arbitrarily small and

(1.8)
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FIG. 2. A plot of ¥(ro, r:), as defined in Eq. (1.5), for r; =

100M, as a function of log,,70/M. The curve may be contin-
ued, both to the left and to the right, using the analytical es-
timates (1.6)—(1.8). For example, v(1000M; 100M) ~ 3.6392.
The function ~(ro; r;) has a minimum at 7o = r. ~ 6.6792M,
and grows to plus infinity when ro — 6 M. Horizontal lines in-
tersect the curve at two distinct points (ro = 71 and ro = r2)
for which the eccentricity is equal, e(r1) = e(r2).

the adiabatic approximation holds, the orbit shrinks to a
radius 7o for which the eccentricity becomes equal to its
initial value; in general this occurs very close to 6 M, as is
indicated on the graph. For reasonable mass ratios, how-
ever, the eccentricity has not increased by much by the
time the adiabatic approximation breaks down. As an
example, consider a solar-mass object spiraling around a
108 M galactic black hole; this example is particularly
relevant to space-based gravitational-wave detectors [9].
For /M = 1076, the adiabatic approximation becomes
invalid in the vicinity of ro = 71, where r1/M = 6.002;
our numerical results then imply &(r1)/e(r.) ~ 4.0. For
such binary systems, the inspiral time from r¢ = 7. to
ro = 71 is of the order of 2 yr. For u/M = 1078, the
ratio of the eccentricities is only increased by a factor of
2.

D. Organization of the paper

The remainder of this paper is devoted to deriving the
results quoted in the preceding subsection. We begin
with a precise formulation of the problem in Sec. II. We
first provide definitions for the quantities ro and &, and
then derive the evolution equations oy = 7o(ro, L), € =
é(e,r0, E,L). Two conditions which ensure that ¢ o ¢
are imposed, and are justified in later sections. The first
condition is that, for circular motion, gravitational waves
carry energy and angular momentum in such a way that
E/L = Q = (M/ro 3)1/2; the second condition is that
corrections to E and L, due to nonvanishing eccentricity,
are second order in . The fact that ¢ ox € implies that
circular orbits remain circular under radiation reaction;

5379

the stability of circular orbits depends on the sign of the
proportionality factor.

We present a brief summary of the Teukolsky pertur-
bation formalism [16] in Sec. III. First, the inhomoge-
neous Teukolsky equation, and its formal solution, are
described in detail. Then we explain the method for ex-
tracting, from the solution, the gravitational wave forms,
and the rates at which the waves carry energy and angu-
lar momentum. The section is concluded with a proof,
valid for arbitrarily strong fields, that E/L = Q for cir-
cular orbits.

The calculations relevant for slightly eccentric motion
are presented in Sec. IV. The first step consists of inte-
grating the radial and azimuthal geodesic equations; the
integration is carried out to second order in the eccentric-
ity. This calculation is presented in Sec. IV A and Sec.
IV B offers an overview of the remaining steps. The form
of the results obtained for r(t) and ¢(t) allows us, in Sec.
IV C to (i) identify the frequency spectrum of the gravita-
tional waves, (ii) witness important simplifications, and
(iii) prove that corrections to E and L are second order in
the eccentricity. All of this may be achieved without per-
forming detailed calculations; instead, all computations
are kept at a schematic level. These schematic calcula-
tions are pushed even further, in Sec. IV D, to derive
expressions for 7y and pé/e; this allows us to witness
more cancellations, which greatly simplify the problem.
The detail of the remaining calculations are presented in
Sec. IV E. Conditions on p/M, which ensure the validity
of the adiabatic approximation, are formulated in Sec.
IVF.

We present our analytical and numerical results in
Sec. V. We first consider the weak-field, slow-motion
(ro > 6M) limit of our formalism, and derive post-
Newtonian expansions for the quantities of interest. This
analysis yields Eq. (1.3) above. We then consider the
highly relativistic (ro — 6M) limit of the formalism,
which is also tractable analytically. This analysis yields
Eq. (1.4) above. In situations where r¢ is neither very
large nor very close to 6 M, our equations must be inte-
grated numerically, which we describe next. Our numer-
ical analysis yields Eq. (1.1) above, as well as the graphs
presented in the figures.

We conclude in Sec. VI with a recapitulation of our
fundamental results, and a discussion of our approxima-
tions.

Throughout the paper we use geometrized units in
which the speed of light and the gravitational constant
are set equal to unity. Most of the paper is essentially
self-contained, except for Sec. V, which relies heavily on
previous papers in this series. These previous papers
are concerned with purely circular orbits; paper I [18]
is devoted to analytical methods, while paper II [19] is
devoted to numerical methods. Both analytical and nu-
merical methods are utilized in this paper.

II. FORMULATION OF THE PROBLEM

A. Definition of ro and e

Timelike geodesics in the Schwarzschild geometry obey
the equations
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dt/dr = E/f,
d¢/dr = L/r?, (2.1)

(dr/dr)? + V(L,7) = E?,

where 7 is the particle’s proper time; E = E/p and L =
L/u are, respectively, the specific orbital energy and an-
gular momentum. We have also introduced f = 1—-2M/r
and V(i, ) is the effective potential for radial motion:
V(L,7) = f(1+ L?/r?). (2.2)
We suppose that the motion takes place in the equato-
rial plane, § = 7/2, and near a minimum of the potential
V(L,r). We define the radius r = r¢ to be the position
of this minimum; since 8V/0r|r=r, = 0, we have

L? = M?[v?(1 — 3v?)] -

(2.3)
where v = (M/ry)Y/2. Radial motion corresponds to
small oscillations about r = ry.

We define the eccentricity € so that r = ro(1 + €) is
a turning point of the radial motion, at which E? =
V(L,r). This equation can be expanded in powers of
€, which yields

(1—3v3)E? = (1 — 2v%)? +v%(1 — 6v?)e?
—20%(1 — 70?%)e + O(e?). (2.4)

v2(1 - 6v2) ,
2(1 — 2v2)?

Lé = %(1 - 2@2)(1 _ 3U2)1/2 {[

v2(1 — 6v2?)

where Q = v/rq = (M /ro3)Y/2.

The rate of loss of orbital energy is equal to minus the
rate at which gravitational waves carry energy. We there-
fore write £ = —E(GW) and expand E(GW) in powers of
the eccentricity:

BOW — O 450 { 25@) Lo, (2)
E© corresponding to circular motion.

‘ C Similarly, we
write L = —L(GW) and

LOEW) = [O) 4 e[ 4 212 4 O(e). (2.8)
In Secs. III C and IV C below, we will show that
EO ZQi®, EO Z j0 _g (2.9)

which implies that the lowest-order corrections to E(GW)
and L{GW) are second order in the eccentricity.
Substitution of Egs. (2.8) and (2.9) into (2.5) implies

pro = —2M(1 — 3v2)%/2[v4(1 - 6v2)]_1E(0)

+0(&?); (2.10)
the evolution of rg is therefore dominated by the circu-
lar limit of Eq. (2.5), and corrections due to the small
eccentricity can be ignored.

Substitution of Egs. (2.7), (2.8), and (2.9) into (2.6)
yields important cancellations, and the final answer is

e+ 0(53)]E - [1
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Equation ~(2.3) implies ro = 7(L), while Eq. (2.4) implies
e=¢(L,E).

B. Radiation reaction—evolution of 7y and &

The results of Sec. II A imply that the knowledge of
the rates of loss of energy and angular momentum, due
to gravitational radiation, is sufficient to determine the
evolution of both rg and €. We are interested in the
secular evolution of these quantities—the evolution over
time scales much larger than the orbital period. The
secular evolution is well defined, and can be unambigu-
ously calculated. In contrast, the short-term evolution is
not so well defined, because gravitational waves cannot
be localized in a region of spacetime smaller than a few
wavelengths [3]. To perform a time averaging over sev-
eral orbital periods is therefore a fundamental feature of
our calculations. We shall henceforth denote by an over-
dot the operation of time differentiation followed by an
average over several orbital periods; thus ¢ = (di/dt),
for any quantity .

An evolution equation for ry is obtained by using
Eq. (2.3) to calculate urg = (dro/dL)L, which yields

1

pro = 2(1 — 3v%)3/2[p(1 — 6v%)] L. (2.5)

Similarly, one may use Eqs. (2.3) and (2.4) to calculate
ué = (0e/OE)E + (8e/OL)L, which yields

1= 1202 4 1804
(1-2v2)(1 — 602)

€2 4 0(63)} QL}, (2.6)

pé = —e(1 —20%)(1 — 3032 [v3(1 - 6v?)] -t
x[g)E® + E@ —QL®] + 0(?),  (2.11)
where

2 — 27v2 + 72v* — 360°
2(1 — 202)2(1 — 602)

g(v) = (2.12)

Thus the calculation of ué requires the computation of
E©GW) and L(CW) accurately to second order in the ec-
centricity. Because of the crucial relations (2.9), ué is
itself linear in the eccentricity. -

Equations (2.9) are therefore the key to the proof that
circular orbits remain circular under radiation reaction,
since Eq. (2.11) implies €(¢ = 0) = 0. The problem of
determining the evolution of 79 and ¢ is now equivalent to
that of calculating E(®), and the pieces of £®? and L(®
which do not cancel out when the combination E() —
QL® is constructed.

II1. THE PERTURBATION FORMALISM

This section contains a brief summary of the relevant
equations. More detail can be found in paper I [18], and
in the references quoted herein.
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A. The Teukolsky equation

The stress-energy tensor associated with the mo-
tion of a particle perturbs the gravitational field of
a Schwarzschild black hole. The gravitational per-
turbations are described by the Weyl scalar ¥4 =
- am&n“mﬁmmé, where Coypgys is the Weyl tensor,
n® = %(1,—f,0,0), and m® = (0,0,1,—icsc8)//2r;
throughout we denote complex conjugation with an over-
bar. At large distances, ¥4 describes outgoing gravita-
tional waves; at the black-hole horizon, ¥4 describes in-
going waves.

The Weyl scalar can be decomposed into Fourier-
harmonic components according to

o0
W= [ oS Ruam()-2Yem(0, 9)7,
—00

m

(3.1)

where ;Yz,(0, ¢) are spin-weighted spherical harmonics
[20]; the sums over £ and m are restricted to —¢ < m < ¢
and ¢ > 2. The radial function R,y (r) satisfies the
inhomogeneous Teukolsky equation [16]

2
[rl’f*d% - 2(r - M)% + U(r)] Ruem(r) = —=Towem(r),
(3.2)
with
U(r) = f~! [(wr)? — diw(r — 3M)] —

where A = (¢ — 1)(£ + 2).

The source term in Eq. (3.2) is calculated from the par-
ticle’s stress-energy tensor T%4(z) = p [ dr u®uPs§® [z —
z(1)], where z is the spacetime point, z(7) the parti-
cle’s trajectory with tangent u® = dz%/dr, and 7 is the
particle’s proper time. The first step is to construct
the projections o7 = Topn apB T = aBM *mP and
—2T = T,pm®mP. Then one calculates the Fourier-
harmonic components sT;,¢m () according to

(3.3)

sTwem(r) = iﬁ / dtdQY ;T ;Yo (8, ¢)e™?, (3.4)

where df2 is the element of solid angle. The source is

Toem(r) = 21{ 2AA + 2)]Y2r% T (r)
+ 2(2)\)1/2T2fﬁ Tsf_l—lTwlm(T)
+ 7‘f£7'4f~1[f r_szgm(T)}, (35)

where £ = fd/dr + iw.

The inhomogeneous Teukolsky equation (3.2) can be
integrated by means of a Green’s function [21]. The so-
lution at large radii is

3 iwr*

Ryem(r — 00) ~ pw?ZH, re (3.6)

where r* =r + 2M ln(r/ 2M — 1), and the solution near
the black-hole horizon is
Ruem(r — 2M) ~ pw®Z35, 4 fre=wr". (3.7)

The amplitudes Z4> are defined by

wlm
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where the functions R¥,(r) and RS (r) are solutions of
the homogeneous Teukolsky equatlon RH,(r) is the so-
lution with boundary conditions corresponding to ingo-
ing waves at the black—hole horizon, RZ,(r — 2M) ~
(wr)4 f2e~™"; RH,(r) represents a superposition of in-
gomg and outgomg waves at large radn RE,(r — 00) ~

in (wr)~te " 4+ Qout(wr)3e™r. R(r) is the solu-
tlon with boundary conditions corresponding to outgo-
ing waves at infinity, RS (r — 00) ~ (wr)3e™™; RS(r)
represents a superposition of ingoing and outgoing waves
at the horizon.

The amplitudes Z7;>° satisfy the identities

wim
255 = (-2, (3.9)

—w,l,—m

We use the fact that u® = 0,

sT'; substitution into Eq. (3.4),
using oYe—m(8,6) = (=1)"+¢,¥un(6,6), then yields
sTws, m(r) = (—1)%Tiem(r). It follows from this and
Eq. (3 5) that T, 4, _m(r) = (=1)*T\yem(r). The homo-
geneous Teukolsky equation is mvanant under complex
conJugatlon followed by w — —w, so R o) = Rfé"o(r)
and = Qi,. Equation (3.9) ﬁnally follows from

—w 2 wl

Eq. (3.8).

which we now derive.
which implies ;T = ( 1)¢

B. Wave forms; energy and angular momentum
fluxes

At large distances, the two fundamental polarizations
of the gravitational waves, A, and hyx, can be obtained
from Eqgs. (3.1) and (3.6); they are

hy —ihy = —Z mm/ dw ZH, e~ (3.10)

where u = t—r* represents retarded time. The transverse
traceless gravitational-wave tensor is

hIE = (hy — ihx)mamp + (hy + ihy)Mame. (3.11)

The rates at which gravitational waves carry energy
and angular momentum to infinity can be calculated
from the Isaacson stress-energy tensor [22], which is con-
structed from ALT. An alternative but equivalent method
involves reading off the multipole moments of the radia-
tive field, as defined by Thorne [23], and using the rele-
vant equations of Ref. [23] to calculate £ and L. To
present the results we now specialize to the case consid-
ered in this paper, in which the frequency spectrum of
the waves is characterized by a discrete set of distinct
frequencies wy. Then

zH = Zz;;’,fa(w Wi), (3.12)

and

Zw 2| zHk 2, (3.13)

Emk
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(3.14)

The rates at which the black hole absorbs energy and
angular momentum can be calculated along similar lines
[24]. From P4(r — 2M) one recovers the gravitational-
wave tensor, from which the Isaacson stress-energy tensor
is calculated. The calculation of the fluxes then repro-
duces the results of Teukolsky and Press [25], which were
derived in a completely different manner:

2
H_ _H k k(2
E —Wzaﬂzﬁl ; (3.15)
mk
2
jH_ _H M k| pook|2
"= 4Am M2 Z%;c Ok oy | Zg 1%, (3.16)
for
Som = D 252k 6(w — wi). (3.17)
k
We have introduced
ok = 212[1 4 4(Mwi)?] [1 + 16(Mwy)?] (Mup)®,
A +2)]% + 144(Mwy)?
(3.18)

The total rates of loss of energy and angular momen-
tum are then E(CW) = oo BH and [(GW) = [0 [H

C. Proof that E© = QL(®

For circular motion, the particle’s stress-energy tensor
is proportional to §(¢ — Qt). Equations (3.4) and (3.5)
then imply T,em x 6(w — mQ)—the wave frequency w
is a harmonic of the orbital frequency Q. Equation (3.8)

further implies Zfe’;;o x §(w —mS), so that we can write

ZHeoo — Alhos5(w — mQ),

(3.19)

which is a special case of Egs. (3.12) and (3.17), with
wg = m. Equations (3.13)—(3.16) then yield

2
oo _ yjoo . M 21 AH |2
E® =QL*® = = ;m (mQ)*| Apn | (3.20)
and
2
“H _ ofH _ _H oo |2
EY =QL7 = S Ye ;m apl A%, |4, (3.21)

where oy = af (wr = mQ). Finally, Egs. (3.20) and (3.21)
imply E©® = QL. Notice that the proof does not
require the explicit calculation of Agr’f”. The key to the
proof is the observation that for a mode of given m and
wi, EH [[°oH — ) /m. This property is very general
and holds for arbitrary fields; cf. Ref. [26].

IV. GRAVITATIONAL WAVES FROM
SLIGHTLY ECCENTRIC MOTION

A. First step—slightly eccentric motion

The first step of the calculation consists of solving the
geodesic equations for slightly eccentric orbits. We begin
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with the radial equation. Equations (2.1) imply

(dr/dt)®? + U(E,L,7) =0, (4.1)
where

UE,L,r)=(f/E?V(L,r) - E?. (4.2)
Our strategy is to expand r(t) according to

r(t) =ro[l+e€W(t) + 2@ (t) + O(®)],  (4.3)

and to similarly expand U(E, L, ), using Egs. (2.3) and
(2.4). Collecting terms of equal order in e yields (i) a
differential equation for £()(¢),

(deW /dt)? = Q,2(1 — M2y, (4.4)
where
Q= Q1 - 6,U2)1/2 (4.5)

is the radial frequency, the fundamental frequency of ra-
dial motion, and (ii) a linear differential equation for

£ (1),
1 de® de@
Q2% dt dt

1 — 702 202
(Vg2 — _
+eE 1—6v2+1—2'v2
1 — 1102 + 260%
(1 — 202)(1 — 6v2)

5(1)

3,

(4.6)
Equation (4.4) can be integrated to give

£V (t) = cosyt, (4.7)

where the time origin is chosen so that 7(t = 0) = ro(1 +
€). Substitution of Eq. (4.7) into (4.6) then yields, after
integration,
€D (t) = q1(v)(1 — cos Qt) + g2(v)(1 — cos 2Q,t),
(4.8)
where g1(v) = (1 — Tv?)(1 — 6v2)7! and ¢2(v) = (1 —
1192 + 26v%)[2(1 — 2v2)(1 — 602)]~ L.
Integration of the azimuthal equation proceeds along
similar lines. Equations (2.1) imply

d¢/dt = (L/E)(f/r?),

which may be expanded in powers of ¢ using Egs. (2.3),
(2.4), (4.3), (4.7), and (4.8). Integration then yields

(4.9)

B(t) = Qut — ep1(v) sin Q,t + £2py(v) sin Qt
+&e2p3(v) sin 20, + O(3), (4.10)
where

p1(v) = 2(1 — 3v?)[(1 — 20?)(1 — 6v2)1/?]7,
p2(v) =2 (1 —3v?)(1 - Tv?)
x[(1—20%)(1 — 6v%)%2] 7,

p3(v) = (5 — 64v% + 250v* — 3000°)
x[4(1 — 202)%(1 — 602)%/2)71,
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and

3(1 —3v?)(1 — 8v2)£2] O (411)

2 = [1 T 2(1 — 202)(1 — 602)

is the azimuthal frequency, the fundamental frequency of
azimuthal motion. That Q4 # Q. reflects the fact that
eccentric orbits in Schwarzschild are not closed.

B. The remaining steps—an overview

The next steps of the calculation consist of (i) substi-
tuting the results of the preceding subsection into the
expression for the particle’s stress-energy tensor,

auﬁ

Taﬂ — ’ul:ﬂut 6[7‘ — r(t)]é(COS 9)6[¢ - ¢(t)]’

(4.12)

(ii) constructing the projections ,T', and (iii) expanding
to second order in the eccentricity. In particular, we must
expand r —r(t) about 7 —rg, thereby introducing deriva-
tives of the radial 6§ function; and expand ¢ — ¢(t) about
¢ — Qgut, which introduces derivatives of the azimuthal §
function.

The next task is to obtain the Fourier-harmonic com-
ponents sT,,¢m(r), using Eq. (3.4). The integration over
¢ implies that the derivatives of §(¢ —Q4t) are integrated
by parts, and the nth derivative of §(¢ —Q4t) is therefore
equivalent to (im)™6(¢ — Qget).

Once the source to the Teukolsky equation has been
evaluated using Eq. (3.5) we calculate Zfe’;:l0 using
Eq. (3.8). Since the source has support only at r = 7o,
the integration can be performed analytically, and in-
volves several integrations by parts. As a result, Zfe’,f
can be expressed as a function of (i) rp, (ii) the functions
RZ>(r) and their derivatives at r = 7o, and (ili) the
coefficient Q..

In weak-field, slow-motion situations (r¢ large), the an-
alytical techniques developed in paper I [18] may be used
to calculate, approximately, R?,(r) and Q'%,. The result
is an analytical expression for foem, valid for ro > 6M.
Since EH/E> and L /L> are of order v® and hence
very small [14, 27], the weak-field, slow-motion calcula-

tion does not require the computation of Z35, ..

In a strong-field situation, R (r) and Q%, must be
obtained, for a given value of rg, by numerically integrat-
ing the homogeneous Teukolsky equation. The result is
then a numerical expression for Zz’,f , valid for that value
of To.

|
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Once ZL% has been obtained we observe that the
continuous sum over w reduces to a discrete sum, as
in Eqs. (3.12) and (3.17). We then calculate E(GW)
and L(GW) with the help of Egs. (3.13)—(3.16). Finally,

Egs. (2.10) and (2.11) are used to calculate 7 and é/e.

C. Frequency spectrum, simplifications, and
proof that E®M) = L(1) =0

Each step of the calculation, as outlined in the pre-
ceding subsection, would require an extremely long and
tedious computation if some remarkable simplifications
did not occur along the way. These simplifications arise
because of the following. (i) The gravitational waves pos-
sess a frequency spectrum characterized by a discrete set
of frequencies. As in the circular case, the waves have
frequencies equal to the harmonics of the azimuthal fre-
quency, w = mfly. However, a small eccentricity also
implies the existence of side bands [28], at w = mQy £ Q,
and w = mQy £ 2Q,. (ii) The calculation of E(GW)
and L(GW) includes a time averaging, which causes a
large number of terms to vanish. In particular, all O(e)
terms average out, as do most O(e?) terms. And (iii)
the calculation of &/e only requires the computation of
E® — QL3 which also generates important cancella-
tions.

We now look more closely into the nature of the waves’
frequency spectrum. The calculation of sT,em(r) was
outlined in Sec. IV B. After the angular integration
has been performed, it is clear from Eqgs. (4.7), (4.8),
(4.10), and (4.12) that the next step is to integrate over
time terms which are proportional to (i) e!“—m)t (i)
eﬁ:iﬂrtei(w—mﬂ@t’ and (iii) et2itoi(w—mQe)t Tt ig also
clear that the terms with dependence (i) are dominantly
O(£%), while the terms with dependence (ii) are dom-
inantly O(e), and the terms with dependence (iii) are
dominantly O(e?). Correspondingly, time integration
yields terms which are proportional to (i) 6(w — mQy),
with magnitude O(e%), (ii) 6(w — mQy £ Q,.), with mag-
nitude O(¢), and (iii) 6(w — mQy £29,), with magnitude
O(e?). Finally, Eqgs. (3.5), (3.8), and (3.10) imply that
the gravitational waves possess the frequency spectrum
described previously.

Our schematic considerations can be pushed further.
It is indeed clear from the results obtained thus far that
Zféﬁf must have the structure (we momentarily remove

the H, oo subscripts for the sake of clarity)

Zoem = Atmb(w — wm) — 3By, 6(w —w_)e — 1B} 6(w — wy)e + Comb(w — wm)e® + Dy, 6(w — w-)e?

+Df 8(w — wy)e? + Ep26(w — w_2)e® + Ef28(w — wy2)e? + O(e%),

(4.13)

where wpy, = mQg, wy = My £ Q,, and wio = My £ 282, The various coefficients of the § functions are expected
to be complicated functions of (i) ro, (ii) Rf,_;°°(r) and their derivatives at r = rg, and (iii) Qi%,. All these coefficients
can be calculated with the help of the equations presented in this and the preceding section; however, we shall now
show that only a small number actually need be calculated.

Substitution of Eq. (4.13) into (3.13)—(3.16), using (3.12) and (3.17), yields
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'w_i_‘_z 2|4, + 2O+ (2= ) |1BE |2e2+(“’:1) 3BIF %% + 0], (4.14)
Qui= = 50,2 |Af + 2O + T 3BT e + “EEBILIPE 1+ 0(Y), (4.15)
m
EH=WZGZ[|A?%+520?%|Z+ Q. 11B; |2€2+ of ] B +|252+O(s3)] (4.16)
QL = L Zae[|Aem+s2cem|2 & |1 B % + "‘; “’m| 1Bt e + 0(<), (4.17)

where o = af (wk = wm) and ae = of(wk = wy). These
results teach us that the coefficients DH % and Eoo%2
are irrelevant to our calculation; their contnbutions van-
ish after the time averaging has been carried out. More
simplifications arise below.

Equations (4.14)—(4.17) imply that corrections to
E(GW) and L(GW)| due to nonvanishing eccentricity, are
second order in . Thus EW = L) = 0, as was first
written in Eq. (2.9). The proof that circular orbits re-
main circular under radiation reaction is now complete.

D. Calculation of 7y and ué/e

The calculatlon of rp is almost complete. Explicit ex-
pressions for Ae will be given in Sec. IV E; these may
be used together with Egs. (3.20) and (3.21) to calculate
E(©), which is then substituted in Eq. (2.10).

The calculation of ué/e requires the computation of
E© and E? — QL@ In Eqgs. (4.14)(4.17), a number
of terms are explicitly second order in the eccentricity;
others are O(¢?) only implicitly, by virtue of the fact
that Q4 = Q(1 — AQe?), where AQ can be read off from
Eq. (4.11). To make all dependence on ¢ explicit we now
adapt our notation so that wy = mQ £ Q, and write
wmAlL12 = (mQ)2| AL + 0(62) It follows that
the quantity E® — QL(z) + AQE(O) only requires the
calculation of the coefficients Be % With the help of
Eq. (2.11) we finally obtain

(1 —2v2)(1 — 3v2)1/2

e = — — h(v)E© 18
ué/e 22(1 — 602) L —h(w)ED], (4.18)
where I' = I'® + T'H | with

w+|Be i |2 —w_|Bir 1), (4.19)

where wy = mQ £ Q, and

2 + -
n a a _
FH = 16w M2 QrZ(;i‘lBgfn+[2 - ;’e—lBg;z |2)
m -
(4.20)
We also have
_ 2 4 _ 6
h(v) = 1 —12v* 4 66v* — 108v (4.21)

2(1 — 20%)2(1 — 602)

[

with v = (M/r)/2.

Equations (4.18)—(4.21) imply that the calculation of
pé /e is much simpler than the individual computations,
to second order in the eccentricity, of E(CW) and L(GW),
Because of the occurrence of important cancellations, the
calculation only requires the computatxon of BH °°i, and
the leading-order part of Ae Computatlon of all other
coefficients, as well as the 0(52) part of Aem
fluous.

Because of those various cancellations, the calculation
of pé/e may now proceed in complete ignorance of the
O(e?) corrections to the motion of the particle. The only
essential correction, the O(e2) part of Qy, has already
been incorporated into Eq. (4.18). The computation of

Bgﬁmi only requires a calculation accurate to first order
in the eccentricity.

, is super-

E. Calculation of A;>™ and B/L>*

The calculation follows the lines of Sec. IV B above.
We find

H, H, H,
Afmoo - W(OAZWLOO + —1A€m°° + -2A2moo)’
(4.22)

where (we momentarily remove all unnecessary indices
for the sake of clarity)

0A=oafoR,

_1A=_1afs [(2f0 + twmre)R — foToR'] s
(4.23)

—2A = _safo[ iwmro(2 — 202 + iwmro)R
—2(fo + iwmro) foroR' + (foro)*R"].
Here, wy, = mQ, fo = 1 —2M/rg = 1 — 202, R =

RH " (ro), and a prime denotes differentiation with re-
spect to rg. Also

BH oot
m H,co+ H, ooi H,co%
=————(0B, 1By _oB,>
i(w+70)?Q.f, ¢ (0 - o hem )’
(4.24)
where
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OBi = ()C:tR:t — oa(fo’roR;: — 4'”2R:t),
_lB:t = _1C:h [(2 bl 4’02 + Z.CU:]:TO)Ri - fOTOR;:]
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+ _10,[(4'1)2 — 8vt +6iMwy — iwiTO)R:}: — f()(l + T:UJ:ETQ)TOR;: + (f0T0)2R;I:],

_oBE = _oC4 [(foro)zR;': —2fo(1 — 202 + iwi‘r‘o)ToR; + twirg(2 — 202 + iw:t’l‘o)R-_o:]

(4.25)

— _ga[(foro)SRg:I - ini’l‘o(foTo)zR;': — fo (2 — 8v2% + 8v* — 106 Mwy + 2iwyrg + wi21’02)T0R;__
+ 2iwsro(l — 6V + 4v* — 4iMwy + iwiro)Ry ],

with wy = mQ +Q,. and Ry = RH’°°(r0). We have introduced

w4t £

0aem = [A(A +2)]"?

where A = (£ — 1)(£+ 2) and

sCE. = saem [2 —5—2(3 = 8)v? +£4(2+ s)v(l — 6v%)Y2 + 2m(1 — 3v?)(1 - 6v2)‘1/2].

The previous equations imply the following symme-

try properties: Agfﬁl = (—1)81451,,’?0, Bff:f =
(—1)‘Bg;°°i, and for m = 0, dew" = deoo+-

F. The adiabatic approximation

We conclude this section by formulating the conditions
under which the adiabatic approximation holds. The re-
sults of this subsection were summarized in Sec. I B.

We require that the inspiral time scale ro/|ro| always

be much larger than the orbital period 27 /Q,.. Using
Eq. (2.10) this requirement becomes
1 v5(1 — 6p2)3/2
pM < 22— 6) 1 (4.28)

dr (1— 302372 (M/p)2E®"

At large radii, ro > 6M, (M/p)?E® ~ 32019/5,
and the adiabatic condition (4.28) becomes u/M <
(5/1287)v~5. This is superseded by a wide margin by the
condition u/M < 1, which ensures that the gravitational
perturbations are linear. Near ro = 6M we may use the
numerical results of Sec. V C and put (M/u)2E©® ~
9x 107, and Eq. (4.28) becomes u/M < 2.8(1—6v2)%/2,
This condition is far more restrictive than u/M < 1.

V. ANALYTICAL AND NUMERICAL RESULTS
A. Weak-field, slow-motion case

For 79 > 6M and v = (M/r¢)'/? <« 1, the analytical
techniques developed in paper I may be used to calculate,
approximately, R ,(r) and Qi ,. The expressions for
these quantities may then be substituted into the equa-
tions of Secs. IV D and E, to obtain ué/e in the form of
a post-Newtonian expansion. As was mentioned previ-
ously, there is no need to calculate E¥ and L¥, because
they contribute only at order v® to the post-Newtonian
expansion [27]. The calculations are straightforward and

oYem(Z,0) [2(1 — 20%)(1 — 30?) /2] 7,
—18m = A2 _ Y (%, 0) 0[(1 — 20%)%(1 — 30%)1/2] 7!
—20em = ——2Yem (%, 0) v?[2(1 — 20%)3(1 - 3v%)1/2] 7,

(4.26)

(4.27)

[
will be presented without much detail.

The calculation of pé/e up through order v® beyond
Newtonian requires the computation of Bgni for £ =2
and £ = 3. We may use the symmetry properties of Bgni

and ong+c€)nside1" non-negative values of m; for m = 0,
only B,y" is required. We find

Bl = (7/5)Y202 [—18 + 27v? — 54103 + O(iv®, v?)],
By = (r/5)1 /20?6 + 2292 4 6m0° + O(iw?,vh)],

B§I1+ = (n/5)!/?? [—%iv + 1iv® + O(v?)],

BT =0(v®),

ngf = (7/30)}/24? [—4 + 2$§v2 — 4 + O(ivs,v4)],
(5.1)

By = (m/42)Y2v?[64iv + O(v?)],
By = (m/42)/2v%[—24iv + O(+%)],
B3l = (n/70)Y202 [§4iv + O(v®)],
B =0(v°),

and Bt = O(v®) for m = {0,2}. In the above, the
notation O(iv3) signifies that those terms of order v3,
which are purely imaginary, do not contribute, at order
v3, to IBgniP. That the coefficients BZII_ are so small is
due to the fact that, form = 1, w_ = Q—Q(1—6v2)1/2 =
3v%2Q + O(v?); since w_ is suppressed by a factor v2 with
respect to w4, the resulting Bfl_ is much smaller than
B

We now substitute Egs. (5.1) into (4.19) and (4.18),
and use the post-Newtonian expansion

EO = By [1 — 12472 | 4o O(U“)] (5.2)

derived in paper I [Ex = 32(u/M)2v'° is the leading-
order Newtonian expression]; this yields
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¢ = s'N[ —g849,2 | 985,38 4 0(1;4)], (5.3)

where £ is the leading-order Newtonian expression,
KEN[E = _31054 (N/M)2'08' (5.4)

Throughout the post-Newtonian regime, v < 1, € is
negative—radiation reaction therefore reduces the eccen-
tricity.

Substitution of Eq. (5.2) into (2.10) and use of
Egs. (5.3) and (5.4) yields Eq. (1.4).

B. Highly relativistic case

Analytical calculations may also be carried out in the
case where ro approaches 6M. Because h(v) diverges
when v2 — 1/6, cf. Eq. (4.21), and because both E©
and I' have well-defined limits when o — 6M, ué/e is
dominated by the second term on the right-hand side of
Eq. (4.18).

Our claim that E(©® is well behaved in the vicinity of
ro = 6M can be substantiated by (i) an inspection of
the perturbation formalism, which shows no sign of a
singularity at ro = 6M; in particular, Rfé‘” (r) and Qi7,,
for Mw = mMQ = 6-3/2m, are well behaved. And (ii)
with numerical calculations, which confirm the proper
behavior of E© in the vicinity of ro = 6M.

The proper behavior of I' can be established as follows.
Writing § = (1—6M/ro)'/? < 1 we first infer the various
6 dependence of the relevant quantities. Using the equa-
tions of Sec. IV E we find that the sas,, are independent
of §, while sczhm = +m apmé~! + O(6%). Using the fact
that Rf;?(r) and g; ¢ are properly behaved, Eq. (4.24)
then implies B?:m = k6! + kjtm + O(6), where kom
and k;bm are independent of §. The fact that, at leading
order in 68, Bjm and B, differ only by a sign is an impor-
tant aspect of this discussion. [The case m = 0 requires
special thought, since then wy = +6Q, and Eq. (4.24)
suggests that BF, might be more singular than O(§~1).
However, a careful study of the Teukolsky equation re-
veals that this does not happen.] The final step is to
substitute our result for BE_ into Eq. (4.19), and notice
a remarkable cancellation of the leading-order, O(§~2)
terms. Multiplication by Q, = 62 then ensures that each
term in the sum over £ and m is O(6°). That I has a well-
defined limit follows from the fact that the sum converges
for every ro > 6 M, which was verified numerically.

Having established that I' and E(® have well-defined
limits when ro approaches 6M, Eq. (4.18) reduces to

3 .
pE/E ~ mE(O) | roenr (1 — 6M/70) 72, (5.5)
for rg — 6M.

Substitution of Egs. (5.5) and (2.10) into (1.2) yields
Eq. (1.4).

C. General case—numerical integration

When r¢ is neither very large nor very close to 6M,

R (r) and Q¥ , must be calculated numerically. By
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performing the integration for a wide range of orbital
radil we obtain pué/e as a function of 7. The numerical
results may then be checked against the limiting cases
(5.3) and (5.5).

We have carried out the numerical integration using a
straightforward generalization of the algorithm presented
in paper II [19] (we shall not repeat the discussion of
paper II here). We have constructed our integrator upon
the Bulirsh-Stoer method, using FORTRAN subroutines
given in Ref. [29]; all operations were performed with
double precision. We have verified that our numerical
results are in agreement with the limiting cases of Secs.
V A and B; this agreement gives us great confidence in
our results, which are summarized in Fig. 1.

It is easy to obtain high numerical accuracy by adjust-
ing the tolerance of our integrator to a very small value;
we have typically chosen a tolerance of 10-6. Although
it is hard to prove, we believe our numbers to be accu-
rate to at least six significant digits. Our estimate of the
critical radius 7, (at which € changes sign) should also
be accurate to six significant digits; we have chosen to
quote only five digits in Eq. (1.1).

The accuracy of our numerical results is also subject
to errors of non-numerical origin, which arise because the
infinite sum over £ must be truncated. The magnitude
of the error thus induced can be controlled by requiring
that the terms ignored contribute to a fractional error no
greater than a certain value ¢. Since a multipole of order
£ contributes a fractional amount of order (M/r)¢=? to
E and L [18] we arrive at the following criterion on the
maximal value of £ which needs be included in the sum:

fmax = 2 —In¢/In(ro/M). (5.6)

For example, choosing ¢ = 107% yields £ynax = 10 for
ro/M = 6 and £pax = 3 for 7o/M = 108,

The graph of Fig. 2 was obtained by numerically inte-
grating Eq. (1.5), in the range between 7o/M = 6+ 1078
and ro/M = 100. The integration was performed using
the extended trapezoidal rule, which is accurate enough
for our purposes.

VI. CONCLUSION

We have established in this paper that a particle in
circular motion around a nonrotating black hole remains
on a circular orbit under the influence of radiation reac-
tion. Furthermore, we have shown that circular orbits
are stable only if the orbital radius is greater than a crit-
ical radius 7, ~ 6.6792M, where M is the mass of the
black hole.

Also, our analysis permits us to follow the evolution,
under radiation reaction, of an orbit’s eccentricity, so
long as it remains small. We find that the eccentric-
ity is reduced by many orders of magnitude during the
post-Newtonian phase of the inspiral, but that it starts
increasing once the orbit’s radius is smaller than .. For
reasonable values of ;1/M, the eccentricity increases by at
most an order of magnitude before the adiabatic approx-
imation breaks down and the particle begins its plunge
toward the black hole.
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Our analysis is restricted by four major assumptions:
(i) the black hole is nonrotating, (ii) the eccentricity is
always small, (iii) the gravitational perturbations are lin-
ear, and (iv) the adiabatic approximation is valid. On
the other hand, our analysis is not limited to weak-field,
slow-motion situations; it is valid for particle motion in
strong gravitational fields.

We now examine whether any of our four assumptions
could be relaxed, and at what cost, in future work.

Assumption (i) could be removed without much effort,
that is, our analysis could be extended to the case of a ro-
tating black hole, if and only if the orbit lies in the hole’s
equatorial plane. In the more general and more inter-
esting situation of nonequatorial orbits, the formulation
of the problem of radiation reaction would take a signifi-
cantly different form. In such cases, the motion possesses
a nonvanishing value of the Carter constant, whose rate
of change cannot be simply (if at all) related to the rates
of change of energy and (vectorial) angular momentum.
The general analysis would therefore require techniques
more sophisticated than the ones utilized here; for exam-
ple, a numerical implementation of Gal’tsov’s formalism
[14].

Assumption (ii) is one of simplicity and could be re-
moved without introducing additional conceptual diffi-
culties. For example, a calculation valid to higher order
in the eccentricity could be carried out, at the price of
a modest effort. A calculation valid to all orders in ¢
could also be performed by numerical integration of the
geodesic equations; see Ref. [17].

Assumption (iii) cannot be removed easily. Strong-
field analyses valid for arbitrary mass ratios would re-

5387

quire either the formulation of a higher-order perturba-
tion theory, or the complete numerical solution of Ein-
stein’s equations for the two-body problem. Both ap-
proaches are still a long way into the future. A recent
analysis by Kidder, Will, and Wiseman [30] suggests that
the value of the critical radius 7. should increase with the
mass ratio pu/M.

Assumption (iv) could be removed (at least par-
tially) by incorporating, at the very beginning, radiation-
reaction effects into the motion of the particle. Thus the
motion would be nongeodesic to begin with, and higher-
order radiation-reaction effects could then be calculated.
These higher-order effects would be quite small at large
orbital radii; but for a given mass ratio, there exists an
orbital radius ro at which the adiabatic approximation
breaks down, and at which higher-order effects would
become important. The breakdown of the adiabatic ap-
proximation, and the transition from slow inspiral to fast
plunge, is discussed in Ref. [15].
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