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Gravitational form factors of the neutrino
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The gravitational properties of the neutrino are studied in the weak-field approximation. By imposing
the Hermiticity condition, CPT, and CP invariance on the energy-momentum tensor matrix element, we
show that the allowed gravitational form factors for Dirac and Majorana neutrinos are very different. In
a CPT- and CP-invariant theory, the energy-momentum tensor for a Dirac neutrino of the same species
is characterized by four gravitational form factors. As a result of CPT invariance, the energy-
momentum tensor for a Majorana neutrino of the same species has five form factors. In a CP-invariant
theory, if the initial and final Majorana neutrinos have the same (opposite) CP parity, then only tensor-

(pseudotensor-)type transitions are allowed.

PACS number(s): 14.60.Gh, 11.30.Er

I. INTRODUCTION

If a neutrino has mass, then the question of whether
the neutrino is a Dirac- or Majorana-type particle arises
naturally. This is because the neutrino may be its own
antiparticle (Majorana particle). The difference between
a Dirac and Majorana neutrino is clearly exhibited in the
neutral current interaction process [1], observation of
neutrinoless double 8 decay and in their electromagnetic
properties [2,3]. For example, a spin-} Majorana neutri-
no can only have the anapole moment form factor if CPT
invariance holds. This result was generalized to an arbi-
trary half integral spin Majorana fermion in Ref. [4], and
an arbitrary spin Majorana fermion in Ref. [5].

However, there are relatively few discussions on the
gravitational properties of a spin-J fermion [6,7]. In this
paper, we extend their work by performing a complete
study of the gravitational properties of the neutrino. In
Sec. II, we present a general analysis of the energy-
momentum tensor 6,5 matrix element between two spin-+
neutrinos. Using the Dirac equation, the symmetric
properties of 6,5 and the energy-momentum conservation
condition, we arrive at the most general expression for
the gravitational form factors of the neutrino. By impos-
ing the Hermiticity condition, CPT, and CP invariance
on the 6,5 matrix element, we obtained certain conditions
on the gravitational form factors for the neutrino. We
summarize the results in Sec. III.

II. GRAVITATIONAL FORM FACTORS
OF THE NEUTRINO

In this section we study the allowed form of the cou-
plings for the energy-momentum tensor 6,5 matrix ele-
ment between two neutrino states. We carry out the
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analysis in the weak field approximation,

gaB=7]aﬂ+KhaB ’ (2.1)

where 7, is the flat space-time metric, A ,g is the gravi-
ton field, and k=327G. In our paper we closely follow
the notation used in Ref. [3].

A. General analysis

Consider the invariant amplitude for the process
v;—v,tg, where v; and v; are two Dirac neutrinos with
masses m; and m; (m; >m/) and g is the graviton (virtual
or real). The transition amplitude for this process is

given by

<Vf(pf)|9aB|Vi(Pi )) :17(]7[ )(Faﬁ)fiu(pi) , (2.2)

where |v;) and {v,| are the initial and final neutrino
states respectively, and (') ; is the dressed vertex func-
tion that characterizes the above invariant amplitude.

Lorentz invariance implies that the vertex function in
general can have 24 types of coupling: 12 tensor types
and 12 pseudotensor types. The 12 possible tensor types
of coupling have the following forms:

77(13’ qaqﬁ’ {qP}aB’ {qY}aB’ PaPB’
{PY}ap > {Uapqqu}aB={qu}aﬁ’
{0qP}og, {0qV}ap, {OPPl,g, {0Pq}.g

and {oPy},p where we have suppressed the Lorentz in-
dices, { },p denote symmetrization over the indices a and
Br q=pf_Pn P=pf+pn and azaay=i/2[7a,yM]' The
pseudotensor types of coupling are obtained by the addi-
tion of a y 5 factor.

Using the Dirac equation, (y,p*~—m)u=0, one ob-
tains identities which relate the various types of coupling
(such as the Gordon decomposition relation), and hence
reduces the number of independent couplings. We collect
these relations in the Appendix. Thus, the energy-
momentum matrix element between two Dirac neutrino
states may be written as
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(ve(p)6,plvi(pi)) = (p NT o) iu(p;)
=TPINT ;Mg T25i9098+ T35iPoPpt Tapi{qP gt Tssi{0qq ]} op
+ T {0qP} gt PV sNapt PofiVs9ad9 ™ P3siVs{a7 Yap
+PysiVs{PY ot PssiVs{0qq}apt PesiVs{oqP} oplu(p;) , (2.3)

where T=T(q%,m;,m r)and P=P (g%, m;,m ) are the tensor- and pseudotensor-type form factors respectively.
Conservation of the energy-momentum tensor (q59a3=0) implies the following relations among the form factors:

T,+T,q*+8m}T;=0, (2.4)
dm} Ty +q°T,=0, (2.5)
q*Ts+8mjTs=0, (2.6)
P,+Pyq*—M;P;=0, 2.7)
i(g*Ps+8m}Pg)—MPy=0, (2.8)
q*P3+28m}P,=0, 2.9)

where Mi;=m;+m,, and 8m}=m}—m}. Lorentz invariance and energy-momentum conservation imply that for
q*#0, the general form for the energy-momentum matrix element between two neutrino states is given by

— 1 q>
(vepNOlvip))=T(p:) | T i |Map———{qP} g+ ———=P,P
fpf| aﬁ] i\Dj pf 111 775 Smle [q }aB (Bm},)z at B
2 4 Sm2
+T,, ——42 (4P} +—L—P P, |+Te, |{0gP} y— —L {0
2fi qan Sm}, {q }aﬁ (Sm},)z at B 6fi { q }aﬁ q2 { qq}aB
FPL7s gt i (07 ag— —— o [Py ) g+~ (004
Vs | Mas™ pp * 28miM,, @ 28m} oh
+P +-2(gy) L Py}t L
) 9 o
2f17/5 qaqﬁ Mif {qy aB 25mf2,~M,~f{ V}aB 25mjgl { qq}aﬁ
Sm}i
+Pgsivs |[{0qP}op— o {09q}ap | |u(p:) - (2.10)

For the same neutrino flavor m;=m/, the solutions for Egs. (2.4)-(2.9) are T,=Ts=0, T,=—T, /9% P;=0,

P,=—(P,/q?), and Ps=—(2miP,/q?). Thus the energy-momentum matrix element is reduced to
_ 9.4 9293
<Vf(Pf)!0aB|Vi(pi)>:u(Pf) Tyi |Map— ;2 +T3iiPaPB+T6ii{aqP}aﬁ+P1ii7/5 Nap™ ;2 y
Y4
TPuvs) ¥ — PR P B+P6ii7’5{aqp}aﬁ ulp;) . 2.11)
Q

This result agrees with Refs. [6,7], except the P, term. In analogy with the electromagnetic form factors, T is called
the anomalous gravitational magnetic moment form factor, P, the gravitational anapole moment form factor, and Py
the gravitational dipole moment form factor [6].

B. Gravitational form factors of a Dirac neutrino

The energy-momentum tensor 6,5 is proportional to p,pg [8], where p,=(ip,,p), whereas the Hermiticity of the
energy-momentum tensor operator is given by 6,5=7,m50,5 The Hermiticity condition implies

<Vf(Pf)|9aB|'V,'(P,-))Tz"]a’n5<v,~(P,’)|9aB|Vf(Pf)> ’ (2.12)
where 17,=(—1,1,1,1). As a result of Hermiticity, we tional form factors:
have (T}, Ty, T, Py, Py, Py )}
T —
VO(I‘aB)f,»VO—nanB(I‘aB)if . (2.13) =(T1vT2’_-T67_P1’_P2?P6)if (2.14)

This implies the following relations among the gravita- and
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(T1’T3’T61P1’P4’P6)7i

=(T1,T3,_'T6, —PI’P4’P6)ﬁ . (2.15)

For the off-diagonal case, v,7v;, Hermiticity does not
put any restriction on the form factors. For the diagonal
case, Hermiticity requires that all the form factor are real
except for T and P;.

Under the CPT transformation, OaB&OaB and

cpr Vf(Pf)|9a5|Vi(Pi )Y cpr = vi(p; )Ieaﬁl"f(Pf)> .
(2.16)

In terms of the Dirac spinor, the left-hand side of Eq.
(2.16) can be written as

crr{ve(p)04glvi(p;)) cpr

=tcpr(—pi(Cog)iticpr(—ps) ,  (2.17)

and ucpr(p) is the CPT conjugate of the spinor u(p),

ucpr(—p)=yoVr '[Ca'(p)]*, (2.18)

where V' is the time-reversal matrix, ¢ denotes the tran-
spose operation, and I_‘aB is the vertex function describing
the process Vv, —>V,tg, where v denotes the antineutrino
state.

Using Eq. (2.17) and the transformation properties of
the ¥ matrices under the operators C and ¥V, in Eq.

(2.16), we obtain
CVT(F,IB)f,- V;‘C_lz __—(FaB)if . (219)

As a result of CPT invariance, we obtained the following
relations among the form factors:

(Tl,Tz,Tﬁyl_)]’FZ’pG )ft

=(=Ty,—T,,Ts,—Py,—Py,Pg);y (2.20)
and
(T,,T5,T¢,P,,P,,Pg);=(—T,,—T;,Ts,—P,Py,Pg);

(2.21)

Under the CP transformation, Gaﬁ—gi»nanl_g@aﬁ,
P VP NOBIVi(p:)) cp=namplv (pp)|Ouplvi(p;)) .
(2.22)
The left-hand side of Eq. (2.22) is given by
cp VN Ouglvi(p:)) cp =T cp( —pi NTip) fitscp(—pyf)
(2.23)

where p,=—mn.p,=(ips,—p), [ denotes the dressed

vertex function with ¢ and P replaced by ¢’ and P’, and
ucp(—p")=y,Cii'(p) . (2.24)

Inserting Egs. (2.23) and (2.24) into (2.22), we obtain
YoC(Top)iC  'vo=—0amp(Toup)si - (2.25)

If CP invariance holds, we obtain the following relations
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among the form factors:
(T,,T,,T4,Py,P3,Pg) ;;=(—Ty,—T,,T4,P1,Py,—Pg)
(2.26)
and
(T\,T5,T¢,P,,P,,Pg);=(—T,;,—T3,T¢,P,Py,—Pg);
(2.27)

For the diagonal case, it follows from CPT and CP invari-
ance that P; =P¢; =0. That means in a CPT invariant
theory, a Dirac neutrino cannot have the form factors P,
and Pg if the interaction respects CP symmetry.

C. Gravitational form factors of a Majorana neutrino

Under the CPT transformation a Majorana neutrino
vM transforms as [9]

CPT|v™(p,s)) =npr|v™(p, —s)) , (2.28)

where n¢pr is a phase factor that depends on the spin of
the particle, with 9gpr = —"cpr. Assuming CPT invari-
ance for the energy-momentum tensor matrix element,
we have

CPT<VJM(pf)|9aB|VfW(p1)>CPT:<V¥(pl)|0aB|VfM(pf)> :
(2.29)

For a Majorana neutrino, the left-hand side of Eq. (2.29)
can be written as

cpr € v]fw(Pf)'eaB|VtM(pi ) )CPT=17PT(Pf)(raﬁ)ffuPT(Pi) s
(2.30)
where upr(p)=yoVr 'u*(p). This implies that
Vi (Thp) i Vr=(Typ)is - (2.31)

Using the transformation properties of the ¥ matrices un-
der the operator ¥V in Eq. (2.31), then as a result of CPT
invariance, we obtain the following relations among the
form factors:

(T),T,,T¢,Py,Py,Pg); =(T,T,,T,Py,Py,Pg);y (2.32)

and
(T, T3, T, Py, Py, Pg)y =(T1,T5,T6, Py, — Py, Pg)y;
(2.33)

For the same neutrino species, CPT invariance implies
that P,=0; that is, a Majorana neutrino cannot have the
gravitational anapole moment form factor.

Under CP transformation, a Majorana neutrino trans-
forms as

CP|vM(p,s)) =n&p|v™(—p,s)) , (2.34)

where 7¢p is the CP parity of the Majorana neutrino with
n¢&p =*ti. Assuming CP invariance we have

CP<Vy(pf)’9aﬁ|Vfu(Pi ))cp =7’a7'[3< V}I(Pf)waﬁl"?{(f’f )
(2.35)
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The left-hand side of Eq. (2.35) can be written as
cr{vi(p,) Oplv(p;)) cp= up(psNLog)fiup(p)), (2.36)

where up(p’')= Using Egs. (2.35) and (2.36), we

obtain

Yol (p).

'y o Log) iV o=1aMpTag)si (2.37)

where 1cp =i7. As a result of CP invariance, we obtain
the following relations among the form factors:

n'n/(T,T,, T, Py, Py, Pg)

=(T,T,,Tg,—Py,—Py,—Pg)y  (2.38)

and

(T, T3, T, P\, Py, Pg);=(T,T3,Ts,—Py,—Py,—Pg);; .
(2.39)

We observe that the amplitude for the process
vM —>vM +g depends on the relative CP parity of the ini-
tial and final neutrino states. For instance, if n'n/=1, a
Majorana neutrino has a tensorial type of transition form
factors, while for 'p/=—1, a Majorana neutrino has a
pseudotensorial type of transition form factors.

III. SUMMARY

It is shown that the invariant amplitude for the process
v;—v,+g is characterized by six gravitational form fac-
tors (three tensor and three pseudotensor types). The
Hermiticity condition requires that four of the form fac-
tors are real. As a result of CPT and CP invariance, a
Dirac neutrino of the same species has four gravitational
form factors. A Majorana neutrino has five form factors
(no gravitational anapole moment form factor) as a result
of CPT invariance, which agrees with the result given in
Ref. [7]. In a CP invariant theory, if the initial and final
Majorana neutrinos have the same (opposite) CP parity,
then only tensor-(pseudotensor-)type transitions are al-
lowed. For the same neutrino species, the energy-
momentum matrix element for a Majorana neutrino is
characterized by tensor couplings only [7].
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APPENDIX

In this Appendix we present the identities among the
various types of coupling that were employed in our cal-
culation.

Tensor-type couplings

us{ogqlu, =it {qP—Mqy}u; , (A1)
uy{oqPu;=iu {PP—MPylu; , (A2)
uplogylu,=iu,({qy}—28mpaneu; , (A3)
us{oPPlu;=iu;{qP—8mgPy}lu, , (A4)
up{oPqlu; =it (qq—{dmpuqy}u; , (A5)
a{oPy} =i ({Py}—2M;1,plu; (A6)

Pseudotensor-type couplings

upysioqqlu;=id,ys{Pq+dmpuqylu; (A7)
usys{ogPu; =iy s{PP+8mgPy}u; (A8)
upysfoqylu; zufy5({q7/}+2M,f17aB) i (A9)
uﬂ/sfff PYu;=iusys{qP +M;;Pylu (A10)

5{0"P Ju; _luf7’5(qq+{MifQY])“i ’ (A1D)
ufyS{aPy}—zuﬂ/S({P'y}+28mf,na3) FIR (A12)

where dm;=m,;—m; and M,y =m; +m.
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