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The n fermion generation extension of the Nambu—Jona-Lasinio mechanism of spontaneous breaking
of the electroweak gauge group SU;(2)XUy(1) is proven in the bubble approximation. When both the
minimal Higgs condition and the gap equation are satisfied, the explicit calculations of the propagators
for bound states indicate that only a neutral massive Higgs boson and a neutral and two charged mass-
less Goldstone bosons emerge from the theory and they are now some definte combinations of the spin-
zero bound state modes consisting of the n generations of fermions. The mass of the Higgs boson is re-
stricted between the double mass of the lightest and the heaviest fermions but more approaches the
latter. We also give the inverse propagators for the charged and the neutral electroweak gauge bosons
including the insertion of the three Goldstone bosons in the vacuum polarizations and display the com-
posite Higgs mechanism generating the masses of the W T and Z° bosons.

PACS number(s): 12.50.Lr, 11.15.Ex, 12.15.Cc, 14.80.Gt

I. INTRODUCTION

It has been proven in a recent paper [1] that the four-
fermion interactions from one-quark-like generation,
based on the Nambu-Jona-Lasinio (NJL) mechanism [2],
could induce the minimal dynamical breaking of the elec-
troweak group SU;(2)XUy(1). The result is the one
quark-like generation extension of the current top-quark
condensate scheme [3,4] when the ¢ and b quarks are
treated on an equal footing. However, such an extension
includes only the very light b quarks, so it is useless for
solving the unsatisfactory fine-tuning problem [1]. In or-
der to be able to deal with this problem we must include
some heavier fermions than the top quarks, together with
the latter incorporated into a NJL-mechanism-based
scheme to realize the minimal dynamical breaking, as-
suming that such fermions exist. These assumed heavy
fermions could be the fourth generation of quark leptons,
some exotic quarklike fermions, the fermions in the
SU,.(3) high-dimension representations [5], or the techni-
fermions [6,7]. In a word, they may be in some definite
representations of a colorlike group'G,, other than in a
standard SU;(2)XUy(1) flavor doublet [i.e., a left-
handed SU;(2) doublet and two right-handed SU,(2)
singlets]. Such fermions will be generally called forming
a fermion generation. For exploring the possibility stated
above we must further extend the NJL mechanism from
one generation to n > 1 generations. In this paper we will
generally prove that such an extension is possible; i.e., the
four-fermion interactions from » generations could
indeed induce the minimal dynamical breaking of the
electroweak gauge group.

The discussions will follow the approach used in the
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one-generation case [1] but with greater complexity. In
Sec. II we will give the effective n-generation four-
fermion Lagrangian corresponding to the minimal
dynamical breaking of the electroweak group
SU; (2)XUy(1) and emphasize the following: how to ro-
tate off the possible complex phase angle mixture among
the generations and how to describe the minimal Higgs
condition in this case. In Sec. III a general gap equation
and 2n—1 relations among the dynamical fermion
masses and the four-fermion coupling constants are de-
rived when the n generations of fermions exist. In Sec.
IV it is proven that if the minimal Higgs condition and
the gap equation are both satisfied, then it is still the case
that only a single neutral massive composite Higgs boson
and one neutral and two charged massless composite
Goldstone bosons as physical modes emerge from the
theory. The mass constraints on the Higgs boson are
definitely given. The proof is based on the calculations of
the four-point Green functions and the propagators for
all spin-zero composite particles in the bubble approxi-
mation. In Sec. V, considering the vacuum polarization
effects of the three massless Goldstone bosons we calcu-
late the inverse propagators for the electroweak gauge
bosons from which the composite Higgs mechanism gen-
erating the masses of W™ and Z° gauge bosons is
displayed. Finally, in Sec. VI we reach our conclusions.

II. FOUR-FERMION LAGRANGIAN
FROM n GENERATIONS

Let us consider n generations of Q fermions without
bare masses. They will be in n left-handed SU, (2) dou-
blets and 2n right-handed SU, (2) singlets:

Ua
QaL_ D ’ QaR:UaR7DaR’
a JL
a=1,...,n (generation number) , (1)
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with the general hypercharge assignments

Y(QuUur)=+1 and Y(Qu D,p)=—1. )

Hence once the hypercharge YQaL of the left-handed dou-

blet Q,; is specified, the ones of the corresponding right-
handed fermions U, and D, ; are also completely fixed.
In addition to the conditions (2), the Y-charge assign-
ments of the Q fermions must make the theory
SU;(2)XUy(1) anomaly-free [8]. This can be done ei-
ther by including the corresponding lepton generation if
Q. are ordinary quarks or by taking YQaL:0 if Q, are

some exotics [7], and these two ways will lead to the
anomaly cancellation within one generation of the Q fer-
mions. One can also assign the Y charges of the Q fer-
mions in such a way that the anomalies from different
generations cancel each other. The colorlike quantum
number of the Q fermions is not explicitly denoted and all
the colorlike interactions will be omitted in the discus-
sions throughout this paper.

As in Ref. [1], at low energies the effective
G, XSU[(2)XUy(1)-invariant four-fermion Lagrangian
L,4r coming from the Q fermions could be obtained
through the equivalent Yukawa-form Lagrangian £ ap-
pearing in the standard electroweak theory. In order to
keep the minimal dynamical breaking we will introduce
only a single auxiliary static scalar field SU,(2) doublet
H and its conjugate H [4], where

hy

n and H=io,(HNHT (3)
0

H=

are both in the G, singlets, o, is the Pauli matrix, and T
means the transposition of an SU, (2) spinor. The hyper-
charges of H and H are assigned to

Y(H)=1 and Y(H)=-—1. (4)

The  Lagrangian L,  will consist of the
G.XSU;(2)XUy(1)-invariant terms coming from Q
and H fields. It is clear that the Y-charge assignments (2)
of the Q-field products will be able to match the ones (4)
of the H scalar fields. However, the assignments (2) do
not specify the Y charges of the left-handed Q fermions,
thus the ones of the Q fermions themselves. There are
three possible cases.

(a) The n generations of the Q fermions have different
Y charges, or, although part or all of them have the same
Y charges, some new symmetry, e.g., a colorlike or hor-
izontal one, would forbidden the emergence of the cou-
plings between different generations with identical Y
charges. In this case there will be no coupling terms such
as (Q,; Upg )H (a#PB) and (Q,; Dgg )H (a#B), and the
Yukawa-form Lagrangian can be written as

n — ~ —
Ly=3 (800 Uor H+82%(Qp Dog )H +H.c.]
a=1
—miH'H | (5)
where m, is the bare mass of the H field. The coupling

constants g2 (g2) could always be taken to be real and
positive by appropriate selections of the relative phases
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between Q,,; and U,; (D).

(b) The n generations of the Q fermions have identical
Y charges but no different new quantum number to dis-
tinguish them. In this case we will have the coupling
terms among the fermions from different generations
such as (Q,; Upgg)H, (Q..Dgr)H (a#PB), etc. The
G, XSU; (2)X Uy(1)~invariant .L y can be written as

“ ' ’ o A ’
Ly=3 (20500 Upr H+805(0 0 D g ) H
a,f=1

+H.c.]-m2H'H , (6)
where the Q' fields with the primes represent their weak
eigenstates. By the standard procedure [9] we can take
the unitary gauge so that
0]
ho

ho
0

H= and H= 7

and make the bilinear transformations of the Q fields:
U B '=U;, BRUr=Ug,
Dy A '=D;, AxDp=Dyg,
where U, =(U,;,...,U,.), etc., and the Q fields

without the primes represent their mass eigenstates. The
transformations (8) must diagonalize the matrices

(8)

g°=(gls) and g°=(glp) 9)
so that
SOp—1_7y —(x0
B 8" Br =Dy=(8,04p) »

0 4—1 0 (10)
ALg AR :DDE(gaSaB) ’

where g2 and g9 all can be taken to be non-negative real
numbers. Then by the inverse unitary gauge transforma-
tion which changes U, h, into Q,; H and D, h, into
Q.. H, etc., we will obtain a .L y identical to the one given
by Eq. (5), but the Q fields in it should be understood to
be in their mass eigenstates. Obviously, under the
present circumstances the Cabibbo-like mixture will ap-
pear in the sector of the weak charged current of the Q
fermions when the Q fields’ weak eigenstates are replaced
by their mass eigenstates.

(c) Some of the n generations have different Y charges,
and the others have identical ones but there are no
different new quantum numbers to distinguish among the
generations with the same Y charges. In this case, based
on the above discussions of (a) and (b), the Cabibbo-like
mixture will appear only among these generations with
identical Y charges. However, by the same procedure as
the one taken in (b) we may finally represent these Q
fields by means of their mass eigenstates; hence, the re-
sulting .L y will still have the same form as the one in Eq.
(5).

In brief, no matter which one of the above three cases
appears, as long as we take the Q-fermion fields to be in
their mass eigenstates then £, always have the form of
Eq. (5). We note that L contains 2n real and non-
negative coupling constants g2 and g9 altogether.

Now integrating out the auxiliary scalar fields H T and
H from the path integral [DH'DH exp(i [d*x Ly) we

will obtain the desired effective four-fermion Lagrangian
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n

L= 3 {[gUBU (QBLUBR)

ar@aL) +gDBD (QBLDBR
a,pf=1

where the four-fermion coupling constants are defined by

1/2
8u,u, gU;UBgU U,> 8&pgp, gDBDﬁgé/ZD s

(12)
8u,n,=8U,u 8D p, (@=1,...,n).
Among these coupling constants, only 2n ‘diagonal”
ones with the definitions

gUaUaE(gg,/mo)2 and gDmDmE(g(';/mo)2 (13)

are in fact independent ones. They are real and non-
negative and respectlvely correspond to the 2rn coupling
constants g2 and g% (a=1,...,n) in Ly. Equation (12)
may be compactly written as

gQ,Q=gé,/é.gég, Q,0=U,D, (a=1,...,n). (14)
Equation (14) is exactly the minimal Higgs condition in
the case with the n generations of the Q fermions because
it results from the fact that L in Eq. (5) contains only a
single static scalar field SU,(2) doublet H. After using
Eq. (1) and the definitions

QL (1F75)Q, (15)

we may rewrite the £, in Eq. (11) a
Lop=LiS+LoE+1E, . (16)

It is now divided into three independent sectors: the neu-
tral scalar sector

LiF=7 3 800 @'QNDQ) , (16a)
Q0,0

where henceforth it is always understood that the sum of
Q runs over the full n generation, ie., Q=U,,D,

(a=1,...,n); the neutral pseudoscalar sector
N 1 ’ N’ Y72}
Lif==7 3 8000750 /(Q75Q) (16b)
Q2,0
with the definition
13,—13
8o o=(—1)% "Cgy, (16b")

where Ié is the third component of the left-handed weak
isospin of the Q fermions, and the charged sector

L= Ezgﬂ “(BBI‘jUB)((_faFiDa) (16c¢)
Lj a,B
with the latin indices i,j=1,5, the greek indices
a,B=1,...,n, and the definitions
=1, Is=ys C,=(U,D,), Cg=(DgUs) (16c)
and
c
gji ﬁ aznjnl(_l).s n?:%(glllfu g1/2 )’
(16¢"")

n5=38v, +85'>,) -
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(DogQar )1+ [gUBDa( UprQprio) (D Qu)+H.c. 1},

an

[

We note that in the n generatlon case the coupling con-
stants gpg, gQ o> and g],ﬁ “ become the entries of the
corresponding 2n X 2n matrices. For g J, %, the row and
column of the corresponding matrix are denoted respec-
tively by (’3 ) and (¥). Similar to the one generation case
[1], we may have the relation

gPef —gifesf=0 (17)

being valid as a result of the minimal Higgs condition
(14).

All of the following calculations based on L,y will be
made in the bubble approximation.

ITI. GAP EQUATION AND MASS RELATIONS

The gap equation could be contributed by the terms
coming from the neutral scalar Lagrangian .L,f. Sup-
pose that £,7 will lead to formation of the G,-invariant
vacuum condensates {U,U,) and {D,D,) (a=1,...,n)
and generation of the dynamical masses my and m D,

(a=1,...,n); then we can obtain the coupled equations
expressed graphically as

Q a
A = Z‘ — Q=Ua’Da ((Z:l,...,n)
Q a Q

(18)

or by means of the Feynman rule from ,Livg algebraically
as

mo = ‘%2,899'@@')

- Jai 33000,

Q=U,D, (a=1,...,n), (8

where Eq. (14) has been used in the second equality. It is
seen from Eq. (18') that all of the fermion masses mg
(Q=U,,D,, a=1,...,n) are not equal to zeros simul-
taneously only if the combined condensate

2g“2<QQ )70 . (19)
By means of the expression for the condensates { QQ ),
(0Q)=—2myl, ,
Io=2dg(R) [ id’1 7;:1’”—(22
_ GBI, —'"—%—1n—A2+;" o |, 20)
87 A mg

where dy(R) is the dimension of the G, group represen-
tation of the Q fermions and A is the momentum cutoff of
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the loop integration, the coupled equations (18’) can be
divided into the gap equation

Q

and 2n —1 independent relations between the ratios of
the masses and the ones of the coupling constants:

my/my=g55 /800 » @,Q'=U,D, (a=1,...,n).
(22)

Equation (22) indicates that the heavier fermion Q is re-
lated to the stronger coupling constant g,,. By the rela-
tions coming from Egs. (20) and (22),

Iy /Ip=dy(R )mé /dg(R )mé, =dy(R)ggg/dy(R)gg o
(23)
the gap equation (21) can also be written as

1+ 3 do(R)ghp/dg (R)gh 0,
QF*

Qo

20,0, Ip=1, (4

where Q, can be, in general, any fermion flavor among
the n generations. However, the most stringent condition
ensuring Eq. (24) to have a solution emerges only if Q is
taken to be the heaviest fermion flavor Q, among the n
generations. In this case the corresponding strongest
coupling constant 89, 0, must obey the inequality

1+ 2 dQ(R)gQQ/a'Q (R)thQh
#Qy

80,0,

>8m?/dg (R)A* . (24))

IV. HIGGS AND GOLDSTONE BOSONS

We will prove that, in the case with the n generations
of the Q fermions, the symmetry breakdown induced by
the condensate (19),

SUL(2)XUy()—>Upy(1), Q=I}+1Y, 25)

is accompanied by only a single massive composite Higgs
boson and three massless composite Goldstone bosons
corresponding to the three broken group generators.

To start with, we may attempt to read out the
configurations of these composite particles as the com-

rge0op)= >< >< 4
' Q“

where the digit 1 at a vertex represents the unit matrix
and p denotes the four-momentum of the center of mass
of the corresponding bound states which are presently
(Q0Q), (Q"Q"), and (Q'Q’). By means of the Feynman
rule coming from Eq. (16a) and the expression for the
loop integration,

Q'

——)p,

binations of the spin-zero bound-state modes (QQ’) and
(QysQ’) (Q,Q'=U,,D,, a=1,...,n) by means of the
rule indicated in Ref. [1]. For this purpose let us go back
to the Yukawa-form Lagrangian £y in Eq. (5). Consider-
ing the definition (13) of goy we can rewrite Ly as

Ly=H'C+C'H—miH'H ,

— (26)
C'=1m,G'(V24~,¢5—id3)
where
G=3800 (27)
Q
is the sum of the 2n coupling constants gy, and
$5=3(45)0(00Q), (#8)o=G'’g45 , (28a)
Q

_ 3

$3=3(62)0(DirsQ), (#%)o=iG~A—1)"gl

¢ (28b)
¢ =3(")*(U,';D,),

" (28¢)
(¢ ) a=__\/ZG 172 a( 1)81‘5 .
In addition, the Hermitian conjugate of ¢~ can be rewrit-
ten as

¢+t =)= «B,T,U,),

_ he (28d)

(B e=(7) e (—1)" .

Correspondingly, the four-fermion Lagrangian £,; in
Eq. (16) will become
1

L4F=_chc:%[z¢-¢++(¢g 24422, (29)
mgo

If the rule given in Ref. [1] remains valid in the n genera-
tion case, then ¢g, ¢(}>, and (;Si should be the
configurations of the allowed Higgs and Goldstone bo-
sons. We will show by explicit calculations for the four-
point Green functions that this is the case indeed.

First, let us discuss the sector of the neutral scalar
modes (OQ). The interactions governing (QQ) are ex-
pressed by .L,7 in Eq. (16a). The four-point functions for
the transitions from (QQ) to (Q'Q’) obey the graphical
coupled equations

0,0'=U,,D, (a=1,...,n), (30)
[
Q
@ = —2iNy(p?),
Q 31)
No(pH)=I,+ 2mé—1’12i Ky(p?)
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with I, given by Eq. (20) and K, (p?) represented by the
formula

id*1 1

Qm* (P=m)[(I+p)P—md]

Ko(pH=2dy(R) [

(32)
_ dQ(R)f.d . A’+ M} A2
R M} A*+M}

M}i=mj—p>*x(1—x),

’

8

we may translate the graphical equations (30) into the
algebraic ones

0'0'0"0" i
grgQQ e (p2)[8Q”Q—NQ”(pz)gQ”Q]z'EgQ’Q ’
Q,0'=U,,D, (a=1,...,n). (33)

When the minimal Higgs condition (14) is used Eq. (33)
can be rewritten as

1P ~ i
grg GO (P [8go —Nop o5 1= 5855866 »
1,...,n)

(33"

Q0,0'=U,,D, (a=

Nop*)=Ny(p*)gi% (no 3, of Q") .

It is noted that the 2n X2n coefficient determinant in Eq.
(339,

A(p?)=det[84.gp —Np-(p?)gdg] » (34)

has a special feature; i.e., when we take off all the 1’s in
its diagonal elements, the remaining determinant and its
subdeterminants are all equal to zero. This is due to the
fact that in these determinants any two rows or any two
columns are always proportional to each other. This fact
will greatly simplize the expansion of the determinant
A(p?). The nonzero contributions to A(p?) come from
only its diagonal elements and the result is that

ApH=1—3No(p?)gsg=1—3Ny(p*ggo - (35
Q Q

Considering that the relevant determinants encountered
in solving Eq. (33') possess the same features as A(p?), we
can easily obtain the solution of Eq. (33') as

rg2%p?)=ig,, /As(p?),
Q,0'=U,, D (a=1,...,n) (36)
where
As(p2)=%gQQKQ(p2)(p2—4m§,) . 37
It is emphasized that when deriving this expression we
must have used the gap equation (21). A remarkable fact

is that the four-point functions given by Eq. (36) could be
represented by the numerical components of ¢2 as

L92%(p2)=iG(¢3)o(63)% /As(p?) . (38)

Such a form make it very easy for us to derive the propa-
gators for all the possible configurations consisting of
(QQ). In fact, the propagator for ¢% may be calculated
from Egs. (28a) and (38) and the result is that

0 =, =
r5(p?)= 3 (625 T2%p)(43), =iG /Ag(p?)  (39)
Q.0

where the normalization condition of the configuration
5

%(cﬁfé )5(63)o=1, (40)

has been used. Since ¢g is merely one of the 2n indepen-
dent combinations of the neutral scalar models (QQ)
(@=U,,D,, a=1,...,n), there must be the other 2n —1
neutral scalar configurations orthogonal to ¢%. Denote
them as

¢k =3(83:)0(00), k=1,...,2n=1 (41)
Q

whose components satisfy the orthogonal conditions

S(65:)5(83)9=0, k=1,...,2n—1. (42)
Q

By means of Egs. (39), (41), and (42), it immediately fol-
lows that the propagators for ¢g’ P

0
s« (p2)=0, k=1,...,2n—1. 43)

This implies that these configurations do not exist. The
#2 given by (28a) is the only neutral scalar bound state
with a nonzero propagator. It is seen from Egs. (39) and
(37) that ¢% is a massive particle. In addition, it has pre-
cisely the same configurations as the nonzero condensate
(19). Therefore, ¢>g could be correctly identified with the
Higgs boson in the minimal dynamical breaking scheme
of the group SU;(2) X Uy(1). The mass of the Higgs bo-
son ¢% is determined by the condition Ag(p?)=0 which,
by Eq. (37), gives

mf,g =P2:24mégQQKQ(P2)/EgQQKQ(P2)
) )
___24m3KQ(p2)/2m3KQ(p2). (44)
) )

In the last equality in Eq. (44) we have used the relation

S00/G=m} [ Zm} 45)
Q

which can be derived from Eq. (22). We deduce from Eq.
(44) that m g0 must obey the restrictions
S

2( mQ )min < m¢g <2 mQ )max 5 (46)

where (mg)y;, and (mg),,, respectively represent the
masses of the lightest and the heaviest ones among the 2x
flavors of the Q fermions. However, in the inequalities
m & will be more inclined toward heavy mass because in
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the sum of Q in Eq. (44) the heavier fermions have the
larger weights. Equation (46) is a definite limitation on
the Higgs-boson mass in the bubble approximation.

Next let us discuss the sector of the neutral pseudosca-

Q @ Q" Q
+) s
»

Q _
a & a & a o ¢

(o} a a
_rg'Q’QQ(PZ)E X -»p=><

——)p,

5043

lar modes (QiysQ). The interactions dominating them
are expressed by .Liv} in Eq. (16b). The four-point func-
tions for the transitions from (QiysQ) to (Q'iysQ’) obey
the graphical coupled equations

0,0'=U,,D, (a=1,...,n) (47)

where the number 5 at a vertex represents the 5 matrix. By means of the Feynman rule coming from Eq. (16b) and the

expression for the loop integration,

@ =2iNg(p?), N(p?)=

Equation (47) can be translated into the algebraic ones

g;rgQQ (pA)[8grg — NG (pHIgprg 1=

or

2
—Z-Ko(p?) .

gQQ7

~ l o
EFgQQ ' (p2)[gng— N3 (pIBEF1= 1 —I)Qgé/égééz,

2

where we have used the notations

NQ(p —(—l) 1/ZNQ(p and oo =

Q,0'=

S1/2 —Ié 172
(—=1) “ggg -

The 2n X 2n coefficient determinant A’(p?) of Eq. (49’) is found out to be

A'(p?)=det[8.g — N (p?

seeing that A’(p2) possesses the same feature as A(p?) in
Eq. (34). Then when a similar feature of relevant deter-
minants is considered and the gap equation (21).is used
we obtain the solution of Eq. (49’) as

I“g'Q'QQ(p?-):l‘gé,Q /Ap(p?) (52)
=iG(¢3)p(63)% /Ap(p?) ,
0,0'=U,,D, (a=1,...,n), (53)
with the notation
(54)

Ap(p)=ZgooKo P P,
]

where, similar to the case of the scalar sector, the solu-
tions have been expressed by the numerical components
of ¢% in Eq. (28b). From Egs. (28b) and (53) and from the
normalization

860 1=1-ZNo(p*)2og =1~ ZN3 (200

(48)

U,,D, (a=1,...,n) (49)
0,0'=U,,D, (a=1,...,n) (49')
(50)

(51)

[
For the other 2n —1 neutral pseudoscalar configurations
which are defined by

631 =3(8%1)0(QivsQ), k=1,...,2n —1 (57)
Q
and satisfy the orthogonal conditions
3(63:)5(8%)0=0, k=1,...,2n—1 (58)
o
it is proven that their propagators
0
r*2%(p?)=0, k=1,...,2n—1. (59)

Therefore, ¢% given by Eq. (28b) will be the only physical
neutral pseudoscalar configuration with a nonzero propa-
gator. The expression (54) for Ap(p?) indicates that ¢ is
a massless particle and, hence, can be identified with the
neutral pseudoscalar Goldstone boson in this symmetry-
breaking scheme.

Lastly, let us turn to the sector of the charged bound-

3 (2)5(63)0= (55)  state modes (QQ’) and (QysQ’) (Q#Q’). The interac-
2 tions governing them are expressed by L in Eq. (16c).
we may obtain the propagator for ¢3 to be The four-point functions for the transitions from
&, s (U,T'iD,) to (Ugl;Dg) obey the graphical coupled

L (p*)=iG/Ap(p*) . (56)  equations

J
0, ug

r >< —-~p= >< —p, Lj=15 a,f=1,...,n . (60)

k7|:a Dy
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By means of the Feynman rule obtained from Eq. (16c) and the expressions for the loop integrations

U)’
=—iLY{(p*)=—2i[A,(p*)+B,(p],
D}'
Y,
=—iLY(p*)=2i[A4,(p*)—B,(p*)], 61
Dy
2y 2 2y 2 2y— 2 2y, 2 2
A,(p )_IUV+mDyKy(p )—p JUyDy(P )“IDV"'mUYKy(P )—p JDyUV(p ),
2y — 2
B,(p )—mUymDyKy(p ),
with the notations
JUD(pZ)J id*l 1 1—x
vy 2d, (R) | dx X
K,(p?) 2y f J @m* (P=M} p )?
_ dQ (R)f it A2+M,2,YD7— g 1—x
8 Tme A +M} o
U'}/D'V U?/D?’
(62)
Mf,yDY:—(m(?‘]y —pzx)(l—x)-i-mgyx ,
Eq. (60) can be translated into the algebraic equations
ST (P88 — LY (pHge “1=ig, ", i,j=1,5, a,B=1,...,n . (63)
kv
When Eq. (16¢") is taken into account, Eq. (63) may be written as
ZF )88 =L} (p*)my(—1) ‘5] i —1)", %is i,j=15, a,f=1,...,n (63")
[
CsC C,C
where 2 L (p2)=ig;*“* /A, (p?) (68)
LY(p*)=L}(p*)m} . (64) __T c
k =iG(¢™);P(¢7) “/2A,(p?) . (69)

Seeing that the matrix corresponding to the coefficient
determinant

A, (p2)=det[8,;8"*— L] (pmH —1)°"] (65)

has rows and the columns denoted by (}) and (§) respec-
tively, A,(p?) will have the same features as A(p?) in Eq.
(34). This means that we may directly write down the re-
sult

A (pD)=1—3L7(pHmf(— 1)
ky

=1— S LI (p)n]H—1)% . (66)
k,y

Substituting expression (61) for LY(p?) into Eq. (66) and
using the gap equation (21) and the relation (22) we may
obtain

Ac(pz)zz[gUaUaJUaDa(P

a

2)+gDaDaJDaUa(p2)1p2 .

(67)
Then the solution of Eq. (63) or (63’) is given by

In Eq. (69) we have also used the numerical components
of ¢~ in Eq. (28c) to represent the solution. The propa-
gator for ¢~ can be calculated by

=3 (475"
B ia
=iG /2A,(p?) (70)

8,5:.C5C, _\C,
(—1)°T ;27 *(p®)(¢ ™)

where the definition of (¢ ),-C" in Eq. (28d) and the nor-
malizations

SEHE )=
5iB

(67 b =1 (71)
have been used. It is indicated that the normalizations
(71) are different from the ones used in Ref. [1] by a fac-
tor 2, so it is now no longer necessary to add an extra fac-
tor + when the propagator for ¢~ is calculated, as shown
in Eq. (70). For the other 2n —1 configurations which
are defined by

=S (¢7); (T, N\D,), k=1,...,2n—1 (72)
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and satisfy the orthogonal conditions

S 6= C(F =

k=1,....,2n—1, (73)

it is straightforward to prove that they have null propa-
gators, i.e.,

b

r'“(p*»=0, k=1,....2n=1. (74)
As for the Hermitian conjugates of ¢~ and ¢,
(k=1,....,2n —1)—¢" and ¢ (k=1,...,2n—1), it is

clear that their propagators will be identical to the ones
represented by Eqgs. (70) and (74) respectively.

In this way we have proven that only ¢~ and ¢* ex-
pressed by Egs. (28c) and (28d) are physical charged
spin-zero bound states with nonzero propagators. In
view of expression (70) for their propagators and formula
(67) for A.(p?), ¢ must be massless particles and could
be identified with the two charged Goldstone bosons.

In brief summary, when the minimal Higgs conditions
(14) is satisfied and the gap equation (21) has a solution,
the four-fermion Lagrangian (5) coming from the n gen-
erations of the Q fermions will remain to lead to the re-
sult that only a single massive Higgs boson ¢% and three
massless Goldstone bosons ¢% and ¢ emerge from the
theory. These bosons are precisely the products of the
minimal  dynamical breaking of the  global
SU, (2)XUy(1) electroweak group.

V. MASS GENERATION
OF ELECTROWEAK GAUGE BOSONS

Just as in the top-quark condensate scheme [4], once
the electroweak gauge interactions are opened, the three
massless composite Goldstone bosons ¢ and ¢% will
enter the vacuum polarizations of the propagators for the
electroweak gauge bosons W ¥ and Z° and become their
longitudinal components. This will lead to the generation
of the masses of these gauge bosons, i.e., realization of the

1 1
=D (p) ' =—(p.p,— 8P
82 g2

1 d‘l
3 EdQ,,(R)f(z )4tr[y#

+ de (R) f tr[y“

f 27 )4tr[yv(1

Considering Egs. (28c),

—ys)—my) R )ar +p—mp_) )~ 1
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composite Higgs mechanism. We will show this result by
explicit calculations of the inverse propagators for the
electroweak gauge bosons in the n-generation case.

First, we discuss the charged gauge boson sector. The
Lagrangian of the charged current interactions between
the n generations of the Q fermions and the W ¥ gauge
bosons may be written as

.,CC —

gauge

1 . . _
Y G WHr+jiwe), (75)
where

2 UaL Yy. al (JyL ) (76)

are the charged weak currents of the Q fermions. In or-
der to avoid the complexity caused by a possible
Cabibbo-like mixture we assume that no couplings among
different generations exist due to different assignments of
Y charge or colorlike or horizontal quantum numbers so
that the weak eigenstates of the Q fermions in Eq. (76)
could be identified with their mass eigenstates. In
momentum space, the inverse propagator for the W bo-
son becomes

LDE ) =L oy —gup?

g3 )

—%fd“x P T (0)(x)), (D
where g, is the SU[(2) gauge coupling constant and we
have taken the kinetic energy term of the gauge fields to
be of the form (—1/4g3)F uwF . When calculating the
second term in Eq. (77), we must include the contribu-
tions of not only the one-loop vacuum polarizations in-
duced by the n generations of the Q fermions but also the
insertions in them of the intermediate states represented
by the massless charged Goldstone bosons ¢ whose
configurations and propagators have been given by Egs.
(28c), (28d), and (70), respectively. By means of the Feyn-
man rule coming from Eq. (75) we may obtain the expres-
sion

~y U =my )y A=y ) +p—mp )7']

_iG__
2A,.(p?)
(78)

ys)d+F—mp )~ (¢7) Br Jd—my,)” 1

(28d), (67), and the relation (45), by direct calculation we obtain the inverse propagator for the

W boson expressed as follows (we have taken the same notation as used in Ref. [4]):

EI—DW@) "= i(p,p, /P8, P2 /B P~ TP,

where

(79)



5046 BANG-RONG ZHOU 47
1 1 = 1
55 =1 2Eup 0, = —5 2l mg Jy p (PP +mp Jp y (pD)], (80)
g:(p°) 82 4 a

id*l x(1—x)
Ey p (p2)=2d, (R) ['dx [~
0,0, (P20, (R [ a5 [ o0 (P=Mp p, )

dQ (R) A +M p

A
- dx x(l ) ln

: A+ MG
UUD(Z UaDa

(81)

and JUa D, (p, ) and M lzja D, given by Eq. (62). The transversity of the inverse propagator corresponds to a gauge-

invariant Higgs mechanism, as was indicated in Ref. [4]. The mass of the W boson is determined by the condition in
which the inverse propagator is equal to zero, i.e., by the equation

ma=p*=gs(m%)f(my) . (82)

Noting that on the classical level we have the relation
72=—TW=——, when p2<<m?, or p—0, (83)

where v is the standard-model Higgs vacuum expectation value. Correspondingly, on the quantum level, in the zero-
momentum limit, we may have the relation

Gr__ 1
V2 8f%0)
Equation (84) is a basic relation in this kind of model. It provides a connection between the fermion masses and the

momentum cutoff A, as was shown in the top-quark condensate scheme [4]. In the present case, from Egs. (80) and (61)
we can put down the explicit expression for £2(0):

(84)

do (R) A2+m[2,a(1-—x)+m12,ax

72000y — 1 2 2 A?

(0)= dx[mg (1—x)+mp x] |In — (85)
g Eal 1672 fo [m3, 5.*] mg (1=x)+mj x A*+mf (1—x)+m} x

After integrating out x, the basic relation (84) will become

V32 2 2

AT —Sdy (R) | ——L— [mf In |1+ 2 | —mf |14+

Gr a my —mp “ my, “ mp,

2 1+m} /A?
T p— = 1|}, (86)

In
mlz,a —mf)a 1+m12)a /A?
Next let us turn to the neutral gauge boson sector. The Q fermions interact with both the SU,(2) gauge field 4 *

and the Uy(1) gauge field B* and the interaction Lagrangian can be written as

LN —

gauge z.],uAJ'u_ lJOB“ (87)

where the neutral currents ;> pand j 2 are defined by

=2QL7/,U,QL8Q ’ (88)
Q

Q

and 8 is a sign function defined by

+1 for 9=U,

8= ~1, 0=D, (a=1,...,n). (90)

In writing down the expression (89) of j 2 we have used the general relation (2) of the hypercharge assignments of the Q
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fermions. In momentum space and in the space spanned by the gauge fields 43 and B, the inverse propagators for
the neutral gauge bosons 43 and B can be expressed by the 2 X2 matrix

1/g3 0 (Tj,(0)j3(x)) (Tj}(0)j%(x))

0 1/g (T72(0)/2x)) (Tj%0)%x)) | ° oD

1 1 i
D0, (p) " =i(p,p,—8,p?) —g Jatxar>
i8j

where g, is the Uy(1) gauge coupling constant. When calculating the second term in Eq. (91), in addition to the one-
loop vacuum polarizations induced by the n generations of the Q fermions, we must include the contribution of the in-
termediate state represented by the massless pseudoscalar Goldstone boson ¢%. The latter is equivalent to the insertion

of the pseudoscalar four-point Green functions I'§'2'%2(p?) given by Egs. (52) and (54) in the one-loop vacuum polariza-

tion diagrams. By means of the Feynman rule coming from Eq. (87) we will have the expressions

1 ipx{ s .
— 5 Jd*x P T 0/30)

dy(R)
-— > e Al L=y = mg) Ty (A= ) —mg) ]
dQ(R)BQ 8o0
+ tr[y (1—y ) F+B—mp) liys(F—mgy) 1 ]———
Q,EQ' f(2 0 [7/;; Vs P—mg) ivs mo ]Ap(pz)
d (R)8
x 2 ¢ f(z ")4tr[zy5(4+p-—mg,)*1yv(1—yS)(q—mQ,)'l} , (92a)
— o [dtx e T 0)/%x)
dy(R)
- % > I d’l Rt p 1=y P = mo) Ty (147 5+2Y0, 80 —mg) ')
+3 2 BQI L txly 1=y I+ —mg) T —mg) 122
0.0 2 )4 12 Q Q Ap(pz)
dQ(R)SQ . —1 —1
X f(z )4tr[175(4+p—mg.> Y 1+ys)d—mgy) 7] (92b)
and
— 4 [ P X(T0)j30x)) = = [ d*xe P X(T3(0)j2(x) 92¢)
as the consequence of the translation invariance and
— 4 [dx P X(T53(0)j%(x))
1 [ do(R) g4 .
= 2—4—f(2 ey (1 475+2Y0, 80 ) +F—mg)” Y (1+ys+2Y, 8o)F—mg)~']
Q
+ trly (1+y )+ —my) iy I —my) 1 ]—22
Q%' f(2 )4 r[?’p Ys P—mg) iYs mg ]AP(PZ)
d (R)B
x 2200 f dq L telivs(d +8=mg) ™ v (14754 —mg) '] (92d)

The first and the second sums in Egs. (92a)—-(92d) respec-
tively represent the contributions of the one Q-fermion
loops and the insertions of the massless Goldstone boson
#%. Note that in the calculations of the one-loop integra-
tions we may use the formula

1, _ 21,1, —8,, 12 +g,,M}
wIP—Mp (IP—Mp)?

(93)

[

so as to remove out the square ultraviolet divergent sec-
tors since the loop integrations have been regularized by
taking the momentum cutoff. Noting the relation

3. -1}

(—) ¢ ¢ =8Q'8Q (94)
after a direct and lengthy calculation we ultimately ob-
tain the expression for the inverse propagators for the
neutral gauge bosons as (still take the denotations in Ref.

[4D
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_ Puby
gilgj )= ;5 B
1/g2(p?) 0
>< 2
0 l/g (p? )
1 -1
—’_1 ! fz(p2)] 95)
where
1 1
pTRcTaR A %% Yo,80+1)E(p?), (96)
L__L_S(y2 427, bp+1)Ey(p?) ©7)
RUSENF- A

2
f2<p2>=—%zméKQ@z)—%zYQLaQEQ(pZ); ©8)
Q

id*l 1
E, (p°)=2d,( d. )
Q Q f xx -X f(z )4 Mé)Z
_do(R) A2+M2
= Q f dx x(1—x) ln——Z—Q
My
AZ
A*+M]

) ) (99)
Mg=mg—x(1—x)p

and the expression for KQ(pz) has been given by Eq. (32).
It is not difficult to verify that when we take Q=t,b
quarks only and A >>m,, the results (95)-(98) are coin-
cided with the ones given by the formulas (A12)-(A14)
and (A16) in Ref. [4].

The 2X2 matrix in the inverse propagator (95) can be
diagonalized by appropriate linear combinations of A4 3
and B* and the resulting diagonalized matrix has the di-
agonal entries

1 p2 2
Ap(p?)=— +—L——272p?)
SN PP T
2 172
1 p? p? 4 2
+— - +affph L.
2 ( gip?  g3p?) s

(100)

The squared momentums at which A, (p?) are equal to
zeroes will determine the masses of corresponding neutral
gauge bosons. In fact, it is found that

A+(p?)=0 when p?= (101)
and
A_(p?)=0 when p2=f*pH)[g3(pH)+gi(p?H]. (102)

Therefore, the two combinations of 43 and B* corre-
sponding to A, (p?) and A_(p?) could be respectively
identified with the massless photon and the massive Z°
gauge boson. The mass of the latter is determined by the
equation

mz=p*=fim3)[gi(m3)+g3(m3)] . (103)

Up to now we have eventually completed our argu-
ments of that the minimal composite Higgs mechanism
remains to work when the four-fermion interactions to
carry out the NJL mechanism come from the n genera-
tions of the Q fermions.

It should be emphasized that the whole discussions
above correspond to only the minimal dynamical break-
ing of the electroweak gauge group. An important sign
about this statement is that we finally obtain only a single
composite Higgs boson emerging from the theory. The
same result could not appear if the four-fermion interac-
tions of the n generations would not obey the minimal
Higgs condition (14). For instance, if the four-fermion
interactions of each generation would correspond to a
separate Yukawa-form Lagrangian which contains
respective static scalar field doublet, then the calculations
of the inverse propagators for the gauge bosons could
show the same results as (79) and (95). However, this
case does not correspond to the minimal dynamical
breaking since we would obtain n Higgs scalar bosons
with the configurations gl/2 (U,U,)+gp_(DoDg)

(a=1,...,n),and not a smgle one.

VI. CONCLUSIONS

In this paper we have proven by explicit calculations in
the bubble approximation that the » generation extension
of the NJL mechanism leading to dynamical breaking of
the electroweak gauge group SU;(2)XYy(1) is com-
pletely feasible, especially when the minimal Higgs condi-
tion is satisfied it will still lead to the minimal dynamical
breaking. The configurations of the resulting single mas-
sive Higgs boson and three massless Goldstone bosons
will be some linear combinations of the spin-zero modes
coming from the n generations of Q fermions. These
configurations look a little complicated but are complete-
ly understandable from the vantage point of quantum
theory. The mass of the Higgs boson is restricted be-
tween the double mass of the lightest and the heaviest Q
fermions but is closer to the latter. Once the electroweak
gauge interactions are opened, the three Goldstone bo-
sons will enter the vacuum polarizations of the elec-
troweak gauge bosons and lead to generation of the
masses of the W and Z° bosons and the realization of
the composite Higgs mechanism.

The many generation extension of the gauged NJL
mechanism will provide the possibility to include heavier
fermions than the top quarks in the same minimal
dynamical breaking scheme of the gauge group
SU,(2)XUy(1) so as to tackle the fine-tuning problem
encountered in the top-quark condensate scheme. The
detailed discussions about this topic will be given else-
where.
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