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A two-component model of the decay Kl ~m yy, in which the amplitude is the sum of a pion-loop
contribution and a vector-meson-mediated term, is compared with data from the NA31 and E731 experi-
ments. An estimate is obtained for the parameter G characterizing the strength of the vector-meson
component. The amplitude of KL~m yy, determined in this way, is used to calculate the CP-
conserving amplitude of the decays EI ~m e+e and Kl —+m p+p, without neglect of lepton masses.
This complex amplitude (containing both absorptive and dispersive parts) is allowed to interfere with the
CP-violating amplitude expected from the short-distance interaction sd —+ t' l and from the CP impuri-

ty of the KL wave function. Results are obtained for the branching ratios of EI ~~ I+l and for the
CP-violating I l asymmetry in the Dalitz plot.

PACS number(s): 13.20.Eb, 11.30.Er, 12.15.Ji, 13.40.Hq

I. INTRODUCTION

The recent appearance of experimental data on the de-
cay ICJ ~m yy [1—3] offers an opportunity to assess vari-
ous theoretical proposals concerning the rate and spec-
trum of this reaction and its implications for the decay
ECI ~m I+l . A convenient framework for discussing
the theoretical issues is a two-component picture of
Xl ~m yy described in Ref. [4]. In this picture the am-
plitude of the decay is the sum of two terms which corre-
spond to two physically distinct mechanisms that have
been envisaged for this reaction (Fig. 1). The first mecha-
nism is the transition KL —+m. +~ ~ followed by the an-
nihilation of the m.+~ pair into two photons. This am-
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KI.
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FIG. 1. (a) Pion-loop and (b) VMD contributions to
X~ ~m'yy.

plitude (called the pion-loop contribution) was calculated
many years ago [5] and remains a good approximation to
the meson-loop amplitude calculated in present-day dis-
cussions based on chiral perturbation theory [6]. The
second mechanism involves the presence of a p or co

meson in the intermediate state, the final state being
reached through the action of pmy and co~y vertices.
This second piece of the amplitude [called the vector-
meson-dominance (VMD) component] is uncertain, and
its strength was parametrized in Ref. [4] by an unknown
constant G. It was shown that the interference of the two
components affects the branching ratio of the process
and, simultaneously, the shape of the yy mass distribu-
tion in a way that depends on the constructive or destruc-
tive nature of this interference. The recent data on
EI —+m yy are of interest in that they allow a test of the
two-component picture and provide an empirical esti-
mate of the VMD contribution, which, in turn, has a
bearing on the CP-conserving contribution to the decays

l+l
In Sec. II we recapitulate the structure of the

KL ~~ yy amplitude in the two-component model and
calculate the branching ratio as a function of the VMD
parameter G. The shape of the yy spectrum is presented
for representative values of this parameter. Theoretical
estimates of G are summarized, and a specific determina-
tion, based on the decays KL ~yy and KL m+m y, is
given in the Appendix. Finally, the theoretical frame-
work is compared with the data of Refs. [1—3], and con-
clusions are drawn about the size of the VMD com-
ponent.

In Secs. III and IV we consider the CP-conserving
contribution to the decays KL ~m e +e and

EI —+~ p+p, which is connected to the process
XL ~~ yy. The two independent form factors charac-
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47 ANALYSIS OF THE DECAY Kl ~m yy AND EXPECTATIONS 4921

terizing the amplitude for ICL ~rr l+l are calculated,
without neglecting the mass of the lepton. The resulting
amplitude contains both absorptive and dispersive parts.
In particular, the absorptive part of the Kl ~m. p+p
amplitude is shown to imply a lower limit of about
0.3 X 10 "for the branching ratio of this decay.

In Sec. V we consider the CP-violating contribution to
the decays Kl ~m I+I expected from short-distance
e6'ects and from the CP impurity of the KI wave func-
tion. The latter contribution depends on the amplitude of
Kz~m. l+l, which is the major uncertain element in
the analysis. The CP-violating amplitude is superposed
on the CP-conserving part calculated in Secs. III and IV.
Results are obtained for the branching ratio of
KI ~~ I+l, the I+I mass spectrum, and the CP-
violating l+l asymmetry in the Dalitz plot.

II. DECAY KI ~m yy

A. Two-component model

On grounds of CP and gauge invariance, the amplitude
of KL ~m yy can be written in terms of two independent
invariant amplitudes A and B as follows [4,6], where the
symbols are de6ned in Fig. 2

FIG. 2. Definition of momenta in KL ~m yy.

A= A(e k'e k F. e'k —k')

+B(e e'k Qk' Q+k k'e Q&' Q

eQe—' kk' Q —e kk Qq'. Q)/k k' .

The amplitudes A and B are functions of the kinematical
variables

s=(k+k'), A=t —t'=(Q —k) —(Q —k')

which can be regarded as the coordinates of the Dalitz
plot.

The pion-loop contribution [Fig. 1(a)] was calculated in
Ref. [5]. It yields an amplitude of type A, with a depen-
dence on the variable s alone ()tt =pion mass):

A loop Re A loop + i Im A loop (2a)

(2b)

1 ge 1
ReAl, = 2 + +( 4 2)1/2

m —ln
vs —(s —4tt )

/
—2 8(s —4p )

8 2

+ arctan
s (4 2/ 1 )1/2

2

—2 S(4p —s ) (2c)

The VMD contribution [Fig. 1(b)] was initially calcu-
lated by Morozumi and Iwasaki [7] in a model in which
the weak interaction was represented by K2 —+P vertices
(P =sr, rt, rt'), the final vr yy state being reached via PVy
couplings (V=p, co). Quite generally, the VMD mecha-
nism produces A- and B-type amplitudes, with the gener-
ic structure

6 M~+ t M~+ t'
A +vMD 2 t M t MV V

6 s sB +
t —M' t' —M'

(4a)

Here g is the coupling constant for K2~n. +m m, de-
rived from the central density of the Dalitz plot:

lgl =O. S4X IO-' .

3M++@ —s
A VMD Geff

2Mv

s
BVMD Geff

Mv

(4b)

Taking both the pion-loop and VMD components into

I

Here G =Gp+ 6 Gp are the contributions of the p
and co intermediate states. (Mx is the K-meson mass and

Mv the common mass of p and n1.) Specific models of the
K2Vy vertex yield specific values of the parameter G
(which, in principle, can have a further dependence on t
and t') In Secs. I.II and IV, we shall also have occasion
to use an approximate version of the form factors A vMD
and BvMD, in which the t and t' dependence of the
vector-meson propagator is neglected:

1In Eq. (1) of Ref. [4], the overall sign of the A term should be
changed.

2The expression for ReA~„~ was misprinted in Ref. [4]. The
correct expression (which is the same as in Ref. [5]) was used in

all the calculations reported in Ref. [4].
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dI
ds dA

2

+ — (M~tj, tt')— (6)

tt ' = ,' [(M~—+p —s) —b, ] .

The piece proportional to
I
As —BMzI corresponds to

the J=0 state of the two photons, the remainder to J=2
[8]. The range of integration is

—b,o(s) & b, & b,o(s),

0&s &(M~ —p)

with

bo(s) = [(M~+p s) 4M—~IM]2—'i

B. Branching ratio and two-photon mass spectrum

The model described above contains one unknown pa-
rameter 6 which determines simultaneously the branch-
ing ratio of KL ~~ yy and the shape of the yy mass
spectrum. The results depend on the relative sign of the
VMD parameter G and the pion-loop parameter g, and

account, the full amplitude of KL ~~ yy is character-
ized by the invariant form factors

~loop+ ~VMD & + ~VMD

The differential decay rate in the variables s and b, is [4]

we will consider both constructive interference (G/g & 0)
and destructive interference (6/g &0). (These two cases
will be referred to simply as G &0 and 6 &0.)

Figure 3 shows the basic features of the two-photon
mass spectrum in four special situations: (a) pion-loop
contribution only, (b) VMD contribution only with

I
GI =0.2 X 10 M, (c) loop+ VMD amplitude,
6 = +0.2 X 10 Mz (constructive interference), and (d)
loop+ VMD amplitude, 6 = —0.2X 10 Mz (destruc-
tive interference). The branching ratios for these special
cases are also indicated. (These distributions were also
shown in Ref. [4], using the variable s instead of
m =s'r')rr

In Fig. 4(a) we have plotted the branching ratio of the
decay ICL ~vr yy, separated into a high-mass (m r & 280
MeV) and low-mass (mrs &280 MeV) interval, for vari-
ous values of G, both positive and negative. Such a plot
(which was given in Ref. [9]) helps to illustrate how the
total rate of this decay and its distribution in the yy
mass vary with the magnitude and sign of the VMD con-
tribution. Figure 4(b) shows the same plot using the ap-
proximate version of the VMD amplitude given in
Eq. (4b), the free parameter being G,Ir. [From a com-
parison of Figs. 4(a) and 4(b), we note that a
value GM& =0.2 X 10 corresponds approximately to
G,IrM~ =0.25 X 10 .]

Finally, we indicate in Fig. 5 the distribution in the
variable 6 (proportional to the difference of photon ener-
gies in the K rest system) for four typical situations.

C. Comments on the loop contribution

As indicated in Fig. 3(a) the pion-loop model by itself
yields a branching ratio 0.99X10 . About 60% of this
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FIG. 3. Invariant mass spectra of yy pair in
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rate is absorptive, the rest dispersive. This estimate rests
on the value g of the Kl ~++~ m coupling constant for
which we have used the density at the center of the Dal-
itz plot, s =so =

—,'M +p . It has been argued by Ko and
Rosner [10] that inclusion of the slope of the Dalitz plot,
extrapolated over the domain 0&s &(Mx —p) appropri-
ate to the decay Kl —+m yy, would yield a branching ra-
tio 0.75X10 . In chiral perturbation theory [6], the s
dependence of the KL ~~+a m amplitude is automati-
cally included, as is the contribution of the kaon loop
(which, however, is only a 7% effect). The normalization
of the chiral Lagrangian is fixed by the decay rate of
E&~m+m, leading to a branching ratio 0.68X10
with a spectrum similar to that in Fig. 3(a). Our estimate

of 0.99X10 is somewhat higher than that in these al-
ternative approaches and thus more conservative from
the point of view of interpreting an enhanced branching
ratio in terms of a VMD efFect.

D. Comments on the VMD contribution

The VMD parameter G has been estimated theoretical-
ly in several ways.

(i) The assumption that the parity-conserving nonlep-
tonic weak interaction can be represented by the vertices
K2 ~~, E2 ~g, and K2 ~q', and that these vertices are
related to each other by the AI= —,

' rule plus nonet sym-
metry, yields [7,11]

4 5
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FIG. 4. Branching ratio of KL~m yy in
the mass intervals m ~~ & 280 MeV and

I» &280 Me&, as a function of (a) the VMD
parameter 6 and (b) the effective VMD param-
eter 6,~.
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1 1
G&Mz =gz z

(m' IH~IKI ) +(&3cosOp —t 6sinS&) cosS++ sinS&P P 7
1 2 3 &6 1 r-

7r 7l

+(~/3 sinS~+t 6 cosS~) —sinO& — —cosS~

2
+—(~'3 cosS~ —&6 sinS~ ) —cosS&+ —sinS&

'//1 —r2 1 —r2
7l

r

1 1 4 1+—( &3 sinO" —&6 cosO" ) —sinO — —cosSP P ~ I' ~ I' (9)

Assuming the quark-model relation gp~p 9g„77+ a pseu-
doscalar mixing angle Op = 20 and a weak matrix ele-
ment

(m IH~IKI ) =2.9X10 MeV

as recommended by Truong rl 1], one obtains

G M = —0.037X10, G M = —0. 170X10
(10)

I GM~ I

= l(G, +G.)M~ I
=o.2o7 x 10

The uncertainty in the numerical values is related to the
SU(3) assumption

&Yi, H IK')/&7r' H IK') =(-,')'",
the nonet assumption

& qolH~IK') /& ~olH~IK') = —2(-,')'",
and the value of Op.

(ii) An alternative way of estimating G and G, which
avoids the explicit assumption of pseudoscalar-pole domi-
nance, is to relate the VMD component of E2 m yy to

the amplitudes for the decays K2 —+a +a y (direct emis-
sion) and K2~yy, as illustrated in Fig. 6. All three am-
plitudes are expressed in terms of two phenomenological
vertices K2py and K2coy (see the Appendix for details).
The resulting values for the parameters G and G„are
(up to an overall sign)

GpM +0 068 X 10

GMx —= I(G +G )Mal=0. 21X10

G M~= —0.28X10

The above numerical result is obtained for an assumed
value of f /4m=2. 5. Varying this from 2.2 to 2.9
changes IGNI from 0. 14X10 to 0.27X10 . Thus a
generous error estimate is

IGMxl =(0.2+0. 1)x 10 '. (12)

Note that the central value is close to that in the pseudo-
scalar dominance approach. As in Eq. (10), the dominant
contribution is that of the co, but unlike (10), the p and co

contributions obtained in (11)have opposite signs.
(iii) Finally, we record the estimates obtained for the

VMD parameter in the model of Ecker, Pich, and de
Rafael (EPR) I 12] in which vector mesons are introduced
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FIG. 5. Distribution of the decay KL —+~ yy in the variable
b, in the two-component model with IGMz I
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denote constructive (destructive) interference.

FIG. 6. Vector-meson contributions to EI ~~ yy, KL ~yy
and direct emission part of EI ~m+m y.
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G8 s
BEpR =2a ~ (13)

where G8 =9. 1 X 10 GeV and a v is estimated to be
0.32. Comparison with the generic form given in Eq. (3)
shows that the t and t' dependence of the form factor B is
neglected. Referring to the approximate form in Eq. (4b),
the result (13) corresponds to

into a chirally symmetric Lagrangian through a "weak
deformation" hypothesis. The analog of the form factor
BvMD obtained in this approach is

(12) above. (Still smaller values have been obtained in an
approach based on the chiral quark model [13], which
yields a form similar to (12), with a& = —,'.)

E. Comparison with data on K& —+~ yy

1. NA3I expenment

The NA31 experiment reported in 1990 [1]a branching
ratio

B(KL ~n yy, m&& )280 MeV)=(2. 1+0.6) X10

IG„M'I=0.08X10 ' (EPR) (14) (15)

(see Ref. [12]). This is a factor 2.5 smaller than the cen-
tral value of the phenomenological estimate given in Eq.

Comparison with the theoretical curve in Fig. 7(a) sug-
gests (for constructive interference, 6 )0)
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8 (KL ~~ yy) =(1.7+0.3) X 10 (17)

somewhat lower than (but compatible with) the earlier re-

GMx =+(0.33+0.12) X 10

For the value 6M+=0. 3X10 of the VMD parameter,
the theoretica11y expected 2y spectrum is indicated in
Fig. 7(c). A comparison with the experimental distribu-
tion is shown in Fig. 7(d), where we have multiplied the
theoretical spectrum with the experimental acceptance
given in Ref. [1].

More recently, the NA31 Collaboration has reported
the results of a new analysis based on a larger sample of
events [3]. The branching ratio of EI ~m yy (corrected
for acceptance) is stated to be

suit [Eq. (15)]. Comparison with the two-component
model [Fig. 7(a)] yields a correspondingly lower value for
the VMD parameter:

GM~ =+(0.13+0.04) X 10

The new data also provide a limit

I (m rr (240 MeV) (0.09 (90% C.L. ) .
I (all my'

(18)

(19)

The theoretical model gives for this ratio the value
(0.13,0.18,0.22) for GMz =(0.09,0. 13,0. 17)X 10 . Fi-
nally, the complete yy distribution is compared with the
theoretical model for GMI =0.13X10 in Fig. 8, after
allowance for the experimental acceptance. (The tenden-
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amplitudes for KL —+m. m m and m m ~yy, which+ — 0 +

are experimentally known and not negotiable. As a
consequence, a fit in which the imaginary part of the
pion-loop amplitude is multiplied by an overall factor can
do violence to unitarity.

2. Eel experiment

The E731 experiment has measured the branching ra-
tio of KI ~m yy for mr& )280 MeV [2],

B(KI ~~ yy, mrs )280 MeV)

= ( 1.86+0.60+0.60 ) X 10 (20)

and gives an upper bound for m (264 MeV, using a
phase-space distribution for m zz

..
I » i i I i i i i I i i i i I

0 0.04 0.08 0.12 0.16 0.2 0.24 0.28 0.32 0.36 0.4
m (QpV)
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Comparison with the two-component (Fig. 10) gives

(21)

FIG. 8. Invariant mass distribution of NA31 (1992) data [3],—7compared with theoretical expectation for 6M+=0. 13X10
(corrected for acceptance).

cy of the data to peak at somewhat higher values of m z~
can be understood as an effect of the slope in the
Kz ~rr+mrr matrix . element [5,10,12].)

Finally, we show in Fig. 9(a) the distribution in the
second Dalitz-plot variable 6 expected in the two-
component model with GMx = +0. 13 X 10 (construc-
tive interference) and compare it with the distribution
predicted by the loop model alone. The VMD admixture
causes the distribution to fall less steeply with lb I. The
data of Ref. [3], reproduced in Fig. 9(b), also appear to be
flatter than the prediction of chiral perturbation theory,
in qualitative agreement with the above expectation. A
quantitative comparison requires knowledge of the accep-
tance in the variable h.

From the various comparisons shown in Figs. 7—9, we
conclude that the absolute branching ratio of EI —+~ yy,
the yy mass spectrum, and the distribution in 6 mea-
sured by NA31 can be brought into reasonable agreement
with the two-component model, for a VMD parameter in
the range GMx =+(0.13+0.04)X10 . This result is
not at variance with the theoretical estimate given in Eq.
(12). Our conclusion concerning the strength of the
VMD component does not coincide with that reached in
Ref. [3], which fits the shape of the KL ~sr yy spectrum,0

without attempting to explain the absolute rate. [The re-
sult quoted in Ref. [3] is —0.38 (a v (0.41 (90%
C.L.), which translates approximately into
lGM I

(0.10X10 (90% C.L.).] It needs to be stressedK
~

1that the prediction of the pion-loop model (and of chtra
erturbation theory) is an absolute prediction, the nor-pe

Amalization of which cannot be adjusted arbitrarily.
change in the prediction requires either higher-order
corrections or a more complicated model for the m.m in-
teraction. However, the absorptive part of the pion-loop
amplitude (which accounts for two-thirds of the decay
rate of this mechanism) is fixed by physical (mass-shell)
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tion theory (dashed histogram).
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FIG. 10. Branching ratio of EI.~~ yy
measured in E731 [2] compared with two-

component model.
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GMx. =+(0.25+0.20) X 10 (22)

consistent with the estimates derived from the NA31
data.

In the remainder of this paper, we will assume that the
amplitude of Kl —+ m yy is described by the two-
component model, with a VMD parameter given by Eq.
(18), and we will analyze the reactions Kl ~n e+e
El —+m p+p on this basis. Results will be presented for
the nominal value GMx =0.13 X 10 (corresponding to
G,&Mx. =0.15X10 ), which can be rescaled as neces-
sary.

Fv, A ='Fv, A(s ~)+Fv A(s ~) . (24)

For a CP-odd decaying state such as Kz, the even and

s =(k+k')
& =(p —k), t'=(p —k')

h=t —t', m =t+t' .

Chiral symmetry enforces that the form factor Fz be pro-
portional to m& and hence negligible for the decay
KI ~m e+e . The form factors I'v z can be split into
terms that are even or odd in 5:

III. DECAY ECI ~m e+e
CP-CONSERVING CONTRIBUTION

A. General structure of the amplitude

The decay K2~~ l+l can occur through a CP-
violating one-photon intermediate state and a competing
CP-conserving two-photon exchange amplitude [14] (see
Fig. 11). An additional contribution arises from the
short-distance interaction sd —+I+I . The full amplitude
of the decay

K1.

K2(p)~m. (p')+1 (k)+1+(k')

can be written as

A [Ã2(p) ~m. (p')1 (k)1+(k') ]
=u (k)gf [Fv(s, b, )+F„(s,6)y, ]U (k')

where we introduce

+ u (k)Fs(s, b, )u (k'), (23)
FIG. 11. Diagrams illustrating (a) one-photon and (b) two-

photon contributions to Kl —+ m e+e
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odd parts correspond to a CP-violating and a CP-
conserving amplitude. A factor i has been introduced
since CPT invariance requires even and odd parts to be
out of phase by 90, provided there are no absorptive
parts in the decay amplitude.

The two-photon intermediate state contributes to the
form factor Fs(s, h), proportional to m, , and to
Ff, (s, A). The latter contribution requires the existence
of a 8-type invariant in the Kl —+~ yy amplitude, which,

in the two-component model discussed in Sec. II, is pro-
portional to the VMD coupling G or G,&. The two-
photon contributions to Fz and Fz are complex; i.e., the
CP-conserving amplitude has a large absorptive part.
This leads to an interference term in the decay spectrum
linear in 6, resulting in an l+l asymmetry in the Dalitz
plot [14].

In terms of the form factors F&, F~, and F~, the
differential cross section for KL —+~ l+l is

dI
ds d5 ~Fv ~' m(' —+ —(kp' —&') + ~Fs I'sp'

256m MI s 4

+ ~F~ ~
m +4M + (~p2 —&2) —2 Re(F F*)m,x

s
(25)

where

4m& & s & (Mz —p) —b,o(s) & 5 & +b,o(s),

Ao(s)=P[(M~ —p —s) —4p s]'i
1/2

4m I

A, =A(Mz, p, s) =Mx+p +s 2sMz 2—sp 2M—zp—
B. Imaginary and real parts of I t

I

shown in Fig. 12.
In Eq. (26) and the corresponding calculation for

E2 ~m. p+p, we have used the approximate form of the
invariants A vMD and BvMD, given in Eq. (4b), for ease of
analytic calculation.

To obtain the real part of F, , we use a dispersion rela-
tion. The dispersion integral is logarithmically divergent,
if we cut it ofF at a value A -m, considering the vector-
meson mass as a natural cuto6' in the VMD model. We
have

We have calculated the two-photon contribution to the
decay K2~m l+l which is responsible for the form fac-
tor F~ as well as the term F~ . Applying the Cutkosky
rule to the two-photon diagram (Fig. 11) and calculating
the resulting integrals by the covariant method given in
Ref. [15], we find, for the 8-type matrix element of
IC2 err y y (which —is the only relevant term for
Z, ~sr'e+e ),

A'=m' ImF, (s', 5)
ReF) =— ds'

min s s

where s;„(b, ) is determined by the inequalities

(27)

where
(26)

A(K2~rroe+e )~z = — u(k)F, I(U(k'), 0
Im F, /6

—0.8
2 2

ImF) = — —+
p2 3 p2

P 8

3
with

p2 p'
—1.2

—1.6

1 1+PV= —ln 1—
The limiting result for p —&1 is in agreement with formula
(28) of Ref. [16]. A plot of ImFi /b, as a function of P is

I I I I I I I I I I I I I I I I i I I I I I I I I I I I I I 1 I I I I I I I I I I I I I I I I I I

0 0, 1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1

We thank G. Ecker for a communication explaining the ori-
gin of the correction factor

3
to be applied to the results in the

first two papers of Ref. [6],as pointed out by Ref. [16].
FICr. 12. Absorptive part of the form factor F

&
for

Z, -~oI+I.—.
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O~h~k„1—
1 /2

4mI

[(M +p) —4m ]' [(M —p) —4m ]'K l K 1

2MK

where k2 =E„—p, and E =(Mz+p s)/—2M+.

(28)

45

40
O

L

35

25

K, ~ 77'e'e

C. Decay spectrum and decay rate cl Isp i

The resulting decay spectrum for the CP-conserving
amplitude of E2~m e+e is shown in Fig. 13 as a func-
tion of w/Mx. , where tv is related to the vr energy in the
E2 rest frame by w =2MKE +2mI. The spectrum is
weighted toward large w, i.e., toward small invariant
masses of the e e pair. Using Eqs. (26) and (27) we cal-
culate

10

0 I

0.5
I I I I I I

0.6 0.7 0.9

w/rn, '

FIG. 13. Absorptive and dispersive contributions to e+e
spectra in KI —+m e+e (CP-conserving part).

6 ~2
=4.6X 10 '

( I+p),0.25 10-' (29)

where

Fdispp= =1.5 .l,b,

A previous estimate for the ratio of dispersive and ab-
sorptive parts, based on Cheng's analysis [17],was p-0.4
[14]. Because of the cutoff dependence, these estimates
have only qualitative significance, but they do indicate
that the absorptive and dispersive parts of the two-
photon amplitude for KL ~m e+e are comparable.

IV. DECAY%I —+m. p+p
CP-CONSERVING CONTRIBUTION

A. Imaginary and real parts of F
&

and F2

The decay KL ~m p+p is of special interest because
(i) one does not have to deal with the background from
the process X2~yye+e with m zz

——p, which can
simulate KL ~~ e+e [18], and (ii) contributions of

form factors proportional to the lepton mass are no
longer negligible and lead to an enhancement of the
branching ratio of EL ~m p+p over the naive phase-
gpace expectation.

Analogous to Eq. (26), the CP-conserving amplitude
for KL ~sr p+p can be written in the form

G.aA(K2~vr p+p, )I2~= — u(k)
2 F,P+F~ v(k'),

(30)

where

F F( A) +F(B)+FlooP
2 2 2 2

The imaginary and real parts of F, are given in Sec. III B.
The form factor F2 is proportional to mi and receives
contributions from both the VMD and pion-loop arnpli-
tude in KL ~m yy. For the B-type contribution F2 ' of
the K2 —+~ yy intermediate state, we calculate

ImEz ' =—
[ 5[30+P + ', V—(3P +P 10)—] (st+ —,

'—A, )[10(—P +3)+3V(P —5)]
3 Mv's'

+m i Mx. [—', ( 30+ 19P )—V( 10+3P —3P ) ]

+(s+Mx. —p ) [—,'(15+8/3 +7@ ) 4V(5+P +P +—P )]

—st [—,'(30+25P —7P ) ——,
' V(10+5P —6P —9P )]

+3P [(Mz —p ) +s(s —2p )](V—2)] . (31)

As may be checked, the expression for ImE2' ' is finite in the limit P~O. Furthermore, unlike ImF&, it has a depen-
dence on s as well as b, . For b, =0 the function ImFz' '/(G, zm&Mx /M~) is plotted in Fig. 14.

The form factor F2 receives a further contribution from the 3-type matrix elements for K2 —+m yy. The correspond-
ing absorptive part is given by
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ImFq ' =43vMDmI V=4Ge
3MK+P —s

2M~
mI V . (32)

The function ImF&'"'/( G,&mt M+ /M~) is plotted in Fig. 14.
Again, we calculate the real parts of F2"' and F2' ' by a dispersion relation of the form given in Eq. (27):

A =m
ReF'~ ~' =— 'ds'

'In~~~

ImF~2 ' '(s', b, )

s s
(33)

Finally, the "pion-loop" contribution to the decay Xi —+~ p p is illustrated in Fig. 15. This is a two-loop diagram
which has an absorptive part from the 2y intermediate state for s & 4m„and an additional absorptive contribution from
the 2m intermediate state for s & 4p . The calculation of this two-loop amplitude is similar to that encountered for
K, ~p, p, which has been carried out by Ecker and Pich [19]. The real and imaginary parts of F2" are given by

FlooP 16
2

~em +—
1

g + — o.
K2 —+m m. n.

2 Gsf m((1 r)(I(d;—,p+iIl, b, ),
7T'

I, d;, =f duf dvvf dy 1 —y+ln
0 0 0 I

1 — (1—y)
a
pi

Q a+pi+ ln
ay —P( a(1+y )

(34)

I, ,b, =m.f du f dv v f dy. O( —a)8(a+pi) 2 [pl —a(1 —y)]
1

u (ay —p()+ lim [0" ( —a)0'(a+P& )
—0" (r —u (1—u) ) ]

&(ay —pi) +e

where

a=y[r —v (1 —v)],

2

+ (1—y) (u +v)(1 —u —v)
s

PQ
Pt =yv (1—u —v) 1—

u+U

Im F,"'/((G„,/M„') m, M, ') \

\

\

'I

I

I

I

I

I

I

I

I
I

I

I

I

I

I

I

I

I

I

I

I

I

I

u(1 —u) r-
y = —1+y

(u +v)(1 —u —v)
2

2r„=
s

Gs is the octet coupling constant [19]with the numerical
value

~ Gs ~

=9X 10 GeV determined from
I (IC ~2') using lowest-order chiral perturbation
theory. g + 0 is given in Eq. (3) and g + is

i~ F,'"/((G.„/
KL

—20

—24
0 0. 1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9

Flax. 14. Absorptive parts of the form factor F2(P) for
KL —+ m I l associated with VMD-type matrix element of
K~ ~m'yy.

FIG. 15. Two-loop diagram for the CP-conserving 2y contri-
bution to KL ~m I+I
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1

1

I
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I

I
1

'I

'I

2 4
I

6 8 10 12 14

s/m„'
FIG. 16. Absorptive and dispersive contributions to

Kl ~~ p+p related to the pion-loop amplitude of Kl —+~ yy
[relation between I and F'2" given in Eq. (34)].

0 I

0.5 0.7 0.8 0.9 1 1.1

w/m, '

FIG. 17. Invariant mass spectrum of p+p pair in

KL ~~ p+p (absorptive and dispersive parts of CP-conserving
contribution}.

determined by

1/2
4p
M~2

(35)

Figure 16 shows the s dependence of the functions I„,b,
and I„d;, over the domain 4m „&s & Mz. We have
checked our numerical calculation with the values quoted
in Ref. [19] for s =Mx, namely, I„»,(s =Mx )=1.21
and I„d;, (s =Mx. )= —2.82. We have also verified that
for s (4p (when only the 2y intermediate state contrib-
utes to the absorptive part), the expression for I&,b,
reduces to the well-known analytic result [20]

conserving branching ratio for E2~~ p+p is about the
same size as the one for E2 —+~ e+e . Pure phase space
suggests [14]

B(K2—+m. p+p )/B(K~ —+qr e+e )=0.2 .

The enhancement of K2 —+m. p+p is connected with the
existence of the F2 form factor. Taking only the form
factor F, into account, the result would be

B (K2~~ p, +)Lt )2 ~ =3.9(1+1.8) X 10

Thus a p:e ratio significantly greater than 0.2 would be a
strong indication for the presence of a CP-conserving 2y
contribution in these decays.

Ii,b,
= ln (4mI (s (4p ),n.H (s) 1+P

(36)
V. CP-VIOLATING CONTRIBUTIONS

TOKL ~m I+I

where
T 1/2 2

H (s) = —— 1 —4, arcsin
2 2

(1/r' )

A. Direct CP violation

The short-distance interaction of quarks and leptons
shown in Fig. 18 generates an e6'ective Hamiltonian for
s~dl+I of the form [21]

B. Decay spectrum and decay rate

B(K~~m. p+p )i2 =2.9X10 ' (1+p„),
where

(37)

Figure 17 shows the decay spectrum for the CP-
conserving amplitude of K2~m p+p as a function of
w/Mx. We obtain, for the corresponding branching ra-
tio (setting Gdr=0. 15X10 /Mx ),

G~
H a' — g Vq*, VqdICv, qQv+Cw, qQa] ~

q = ll, C, f

where

2

Qv= [sr„(1 X5)dl [e—r"e],

QA = [sr„(1 1 s)d][ex—"l 5e]
4w

(38)

This result is interesting since it indicates that the CP-

This Hamiltonian gives rise to CP-violating contribu-
tions of the form Fv ~" in the K2~m. /+l amplitude,
proportional to the CP-violating invariant
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c, t

K and the m is AI =
—,
' as is the case for the short-distance

amplitude which involves a transition from a strange to a
down quark. However, in the presence of both AI= —,

'

and —,
' amplitudes, any value is possible. Model calcula-

tions have yielded values such as ~r~ =2.3 [23], ~r~ =0.4
[24], ~r~ =0.5 [25], )r( =0.25 or 2.5 [26], and (r( =4.6 or
7.9 [27). From Eq. (41) we calculate the branching ratio
associated with indirect CP violation to be

tt) c) t

B(K m e+e )~;„;,=0.58X10 "r
Taking into account the coherence of the "indirect"

and "direct" amplitudes and their characteristic phases,
the total CP-violating rate is [21]

FIG. 18. Short-distance diagram for sd ~ll.
B(KL ~n e+e )~ez

$2$3$g
0.76re' +Cz i

10

2

Im[V,*, V~&/V„*, V„z]=szs~ss. The hadronic matrix ele-
ment of the operator sy„(1—ys)d, which occurs in Q),
and Qz, may be related to the matrix element of the
charged current operator sy„(1—y5)u, which occurs in

K(3 decay [we neglect contributions proportional to the
f (q ), since ~f /f+ ~=0.35+0. 15 [22), f (q ) and
f+(q ) being the conventional K&3 form factors]. The
rate associated with direct CP violation is

B(K2~rr e+e )~z;, =1X10 (szs3s&) [C),+Cz],
(39)

+ C
$2$3$5

10

For
~
r~ equal to unity, this results in

2

'X10 " . (42)

0.46 X 10
B(KL ~)r e+e

1.0X 10

r —+1,
r= 1

(43)

The corresponding branching ratios for the decays with
muons in the final state are expected to be smaller by a
factor 0.2 due to phase space.

B. Indirect CP violation

Another source of CP violation is the small admixture
of the CP-even K, state in the long-lived eigenstate

K2+eK)
(1+

~

e~')'" (40)

where Cz z are functions of the top-quark mass with
typical values Cv= —0.5, Cz =0.6 for m, =150 GeV.
With $2$3$& ——0.5 X 10, the direct contribution is
0. 15X10

C. CP-violating asymmetry and l l spectrum

Combining the CP-conserving and CP-violating ampli-
tudes discussed in the previous sections, we can calculate
the full decay spectrum dl" /dw db, for KL ~)r I+I [see
Eq. (25)]. Here we are particularly interested in the term
linear in 5, which gives rise to the CP-violating asym-
metry between l + and l . The fact that the CP-
conserving and CP-violating amplitudes are comparable
and that the 2y contribution to the former has a large ab-
sorptive part opens up the possibility of a sizable asym-
metry between l+ and l . We define [14]

Here CP is violated in the mass matrix, while the decay
K, —+~ l+l proceeds in a CP-conserving manner via a
one-photon intermediate state. The contribution of this
"indirect" CP violation can be parametrized as [21]

dl (E & E+ )
dh,

dw p dwdA
dI (E &E+) p dh,

dw —~o[&~ dw d5

(44)

B(Kr )r e+e )~;„q;,

=B(K+ ~m.+e+e )

which denote densities in the two halves of the Dalitz
plot, defined by E &E+ and E &E+. A measure of
CP violation is then given by the asymmetry

where

K I (KL ~')r e e )~ gg 2 (41)r
I (K&~)r e e )

1/2I(K, )r e+e )

I (K ~m. +e+e )

dl (E &E+) dI (E &E+)
dw dw

dI (E )E+ ) dI (E &E+)+ +
dw dw

The asymmetry depends, of course, on the ratio

(45)

The factor
~
r

~
has the value 1 if the transition between the r =+[I (K, ~m e+e )/NK+~m e+e )]'
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TABLE I. Summary of branching ratios and integrated I+I asymmetries for Kz~m e+e and

KL ~~ p+p (input: G,&M& =0.15 X 10, p, =1.5, p„=0.5, Cv= 0 5 C~ =0.6,
$2$3$& =0.5 X 10 ).

KL ~m e+e

Branching
ratio

Asymmetry

CP conserving
CP violating (r =+1)

(r = —1)
(r =+—')
(r = —31)

(r =+3)
(r = —3)

T =+1
r= —1

r=+—1

3
T= 1

3

r =+3
T= —3

4.1 X 10
4.6X 10

10.0 X 10
1 3X1P
3 1X1P

45.4 x 10-»
61.6 x 10-»

+ 16.0%
+ 16.9%
+23.6%
+23.0%
+2.5%
+6.2%

4.4x1O-»
1.1x 1O-»
2.3 X 10
O.4x1O-»
0.9 X 10
9 2X10—»

13.1 X 10
—8.3%%uo

+ 11.2%
—1.5%
+5.8%
—15.0%
+ 14.3%

25

5 22.5

20
l

17.5

K, ~ n'e'e
25

w 22.5

20
L

17.5

l. =+ 1/3
t. = —1/3

K„~ 7T'e'e

12.5 12.5

10 10

7.5 7.5

2, 5

0 I

0,5 0.6 0.7 0.8 0.9
w/M, '

0 I

0,5 0.7 0.8 0.9

25

&22.5

20

17.5

K, ~ 7T'e'e

(c)

12.5

10

7.5

0.5 0.6 0.7 0.8 0.9 1.1

w/M, '

FIG. 19. Complete spectrum of e+e pair in KL ~~ e+e for (a) r =+1, (b) r=+ —', and (c) r =+3.
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discussed in Sec. VB. We will use the values +3 +1,
and +3, as illustrative of model-dependent calculations.
Since the relative sign of the CP-conserving and CP-
violating amplitudes is, a priori, not known, the asym-
metry is calculable only up to an overall sign.

The result for the electron spectrum
dl /dw (KL ~m e+e ), integrated over all 5, is plotted
in Figs. 19(a), 19(b), and 19(c) for r =+1, +—,', and k3,
respectively. The spectrum is weighted toward large w,
i.e., toward small invariant masses of the e e pair. For
the case r =+3, the CP-violating rate dominates; the
electron spectrum is Qatter than for the cases r =+—,

' and
r =+1, when CP-violating and CP-conserving rates are
comparable. For the complete branching ratio, we obtain
8 (ICL ~sr e+e ) = I (8.7, 14.1), (5.4,7.2), (49.5,65.7) I

X10 ' for r=I(+1, —1), (+—,', —
—,'), (+3,—3)I.

The asymmetry is shown in Figs. 20(a), 20(c), and 20(d)
for the cases r =+1, +—,', and +3, respectively. Figure
20(b) shows the asymmetry for the case of no direct CP
violation, i.e., s&=0. Thus this figure illustrates for the
case r =+1 what happens in the so-called superweak
model of CP violation. In all cases the asymmetry is siz-
able over the whole m domain. The e6'ects are most strik-
ing when CP-violating and CP-conserving contributions
are comparable, but reduced when one of them
dominates, as can be seen in Fig. 20(d). We calculate
integrated asymmetries of I ( + 16.0%,+ 16.9%),
(+23.6%,+23.0%), (+2.5%,+6.2%) I for the cases
t(r =+1,r = —1), (r =+ ,', r —=——,'), (r =+3,r = —3)I.
For the case of the superweak model, the integrated

0.5
A(w)

0.4

K„~ 7T'e e

0.5
A(w)

0.4

Superweak Model

0.3 0.3

0.2 0.2

0. 1 0. 1

—0. 1

—0.2 —0.2

—0.3 —0.3

—0.5
0.5 0.6 0.7 0.8 0.9 1

w/M„'

—0.5
0.5 0.6 0.7 0.8 0.9 1

w/M„'

0,5
A(w)

0.4

K„r 77'e+e

0.5
A(w)

0.4

K, ~ 7T'e+e

0.3 0.3

0.2 0.2

0. 1

r = —1/3

-0. 1 —0. 1

—0.2 —0.2

—0.3

—0.4

—0.5
0.6 0.7 0.8 0.9 1

w/M, '
I I I I I I I I I I I I I I I t I I I I I I I I l I I I I —0.5

0.5 0.7 0.80.6
I I I I i » i I i I I I I I

0.9 1
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FICx. 20. CP-violating asymmetry between e+ and e in KL~m e+e for (a) r =+1, (b) r =+1, superweak model, (c) r =+—,', and

(d) r =+3.
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4
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~ 3.2
I
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1.6

1.2
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0
0.5

K„~ m'p, p,

I

0.6 0.7 O. B 0.9 1.1
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K2 —g, and K2 —q' coupling s leads to a value
G~ =0.2X 10 Mz . This determination involves, how-

ever, various assumptions such as nonet symmetry, g —g'
mixing, etc. We describe here a determination of the pa-
rameter 6 that avoids any reference to the detailed struc-
ture of the K2py and K2coy vertices, but instead aims at
obtaining a consistent picture of the experimentally mea-
sured decays K2 —+yy, the direct emission part of
K2~m. +~ y and K2 —&m. yy (see Fig. 5), based on the
assumption that these decays are dominated by the same
vertices. It is worth mentioning, as stated in [28] with
respect to the direct emission amplitude of Kl —+m m y,
that "the data supports a modification to the standard
M1 amplitude that includes a p propagator form factor. "

Under the assumption of (p, co) dominance, we have
the following.

(i) The amplitude for KL ~yy is

FIG. 21. Complete invariant mass spectrum of @+p pairs in

K, ~~'p+p (r =+1).

1 1 1 1
ea 2 gpr+

m MK m

xe"e' kpk' e„ (A 1)

asymmetry is {+3.2%, +1.6%, +2.5%I for {r=+1,
r =+—,', r =+3I. In principle, therefore, knowledge of the
ratio r would permit one to test the existence of direct CP
violation from a measurement of the e+e asymmetry.

The muon spectrum dI idw (KI ~vr p+p ) is shown
in Fig. 21 for the corresponding ratio r =+1. The spec-
trum is weighted toward the intermediate region of in-
variant masses of the p+p pair. The resulting asym-
metries are shown in Figs. 22(a) —22(d). The integrated
asymmetries are {( —8.3%,+ 11.2%), ( —1.5%,+5.8%),
( 15.0%,+14.3%)J for the cases {(r=+ 1,r = —1),
(r =+—,', r = —

—,'), (r =+3,r = —3)[; for the superweak
model, the integrated asymmetry is {+ 10.5%, +4.0%,
+ 15.1% I for {r =+1,r =+ ', r =+3]. —The branching
ratio is 8 (KI +sr p+p ) =—{(5.5, 6.7), (4.8,5.3),
(13.6,17.5)J X10 ' for r ={(+1,—1), (+—,', —

—,'),
(+3,—3)I.

Our results for the branching ratios and asymmetries
are summarized in Table I.
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1 122=ca f e„p+p k e 1—
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(iii) The vector-meson contribution to KL ~sr yy is

M+G=e(a + —,'a )Mr, f (A3)

The decay rates are given by

2
pr 1r(K, rr)=

16 m2 P 3
MK a+ —a

P

2

(A4)

I (KL &sr+my)DE— .

g2
CO2g P~~

24~ 4~ min MK 2MK co m

(ii) The direct emission (magnetic dipole) amplitude of
KI ~~++ y is
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APPENDIX

with

1/2
4p

MK —2MKco

XcoP 1—
K

1 4p
~max MK 1

2MK

(A5)

As noted in Sec. II D, the assumption that the vector-
meson-mediated amplitude is determined by E2 —m,

Experimentally,

8 (Kl ~yy) =(5.70+0.27) X 10
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(see Ref. [22]),

B(I/:L ~sr+~ y)DE=(3 0.4+0 1.4)X10

(We discard the second solution since it gives an unac-
ceptably high rate for XL ~m. yy. ) Using the values in
(i), we obtain the combination

(E &20 MeV) la +—,'a
l
=1.98X10 (A6)

(see Ref. [28]). From these measured rates, we determine which fixes the strength of the VMD contribution to
SC~ m'yy:

a =1.92X10, la + —,'a l=1.04X10
G =e[a + —,'a ] f1

X
(A7)

which yield two solutions (up to an overall sign):

(i) a =1.92X10, a = —2.62X10

(ii) a =1.92X10, a = —8.89X10

Using the value f„&=7X10 MeV ', we calculate
GlM~=0. 21X10 . This estimate is not a calculation

from erst principles since it is possible to imagine
numerous other contributions to the decay EC~~w yy
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FIG. 22. CP-violating asymmetry between p+ and p in KL ~m. p+p for (a) r =+1, (b) r =+1, superweak model, (c) r =+3,
and (d) r =+3.
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(see, for example, [27]). However, the observation [28] of
a p-propagator-like effect in the direct emission ampli-
tude of KL ~m. +m. y and the measurement of the
KL ~@y' form factor [29], consistent with vector-

meson-dominance behavior, support our assumption. We
expect that our estimate of

~
G~ =0.2+0. 1 covers some of

the uncertainties of the model, e.g. , possible further struc-
ture in the K2py and K2coy vertices.
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