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We compute the helicity density matrix of vector mesons produced in the decays g,o,2~M&M2, in

the framework of perturbative QCD, allowing for mass corrections. Both the case in which the light

quarks inside the final mesons are treated as massless current quarks and the case in which they are seen

as constituent massive ones are considered. Explicit results are given for the helicity density matrix of p
mesons, p(p), showing significant differences between the two cases; the measurement of p(p) should

then allow a precise evaluation of these mass effects.

PACS number(s): 13.25.+m, 12.38.8x, 13.88.+e, 14.40.Gx

I. INTRODUCTION

Many two-body charmonium decays [1—7] and some of
their peculiarities [8—10] have been discussed in the
literature. The modest Q values involved in these pro-
cesses (Q ~ 10 GeV ) are such that higher-order and
nonperturbative corrections to the asymptotic QCD
scheme [11—14] might still be important and, in some
cases, give the dominant contributions. Indeed, compar-
isons of the theoretical predictions with the available data
show both excellent agreements and bad failures [15]. All
failures can be traced down to the helicity-conserving
coupling of gluons with massless quarks and the subse-
quent helicity conservation and selection rule [1], which
forbids many charmonium decays [2]; several of these de-
cays, however, have been observed [9,10,15].

Among the various attempts to explain these "forbid-
den" decays, two-quark correlations [16—18], mass effects
[9,10], higher-order Fock states [14,19], and gluonic con-
tributions [8,20] have been considered. Obviously, two-
quark correlations, or diquarks, can only be helpful for
decays into final baryons and gluonic components seem
to be present only in J/g [8] and i), [20]. By mass effects
we mean assigning the final quarks their constituent rath-
er than their (tiny) current masses; that is, in the small Q
region of charmonium decays, the constituent quarks,

, i.e., the current quarks surrounded by their clouds of qq
pairs and gluons, still act as single Dirac particles [21].
These mass corrections somehow also include, nonpertur-
batively, higher-order Fock state contributions.

In this paper we consider some nonforbidden decays,
namely, g,o,2~MiM2 (where M denotes a vector
meson), and compute, both in perturbative massless QCD
and in the constituent quark model (mass effects), the hel-

icity density matrix of one of the final mesons, p(M).
Such a quantity, being a ratio of squared amplitudes,
shows much less dependence on the parameters of the

model [value of the charmonium wave functions at the
origin, final hadron distribution amplitudes, value of
a, (Q )] than the decay width, and proves a better way of
evaluating the significance of the mass efFects. Measure-
ments of p(M) should be available in the near future.

The paper is organized as follows. In Sec. II we recall
the computation of the helicity amplitudes for the decays
+,0,2~M

& M2, and give their explicit expressions
3& z.M. In Sec. III we discuss the formalism for com-

1 2~

puting the final meson helicity density matrix p(M) and
the way of measuring its matrix elements, by studying the
angular distribution of the meson decay. Explicit expres-
sions for pii. (M), in case of g,o and y, 2 decays, are given
in Sec. IV and numerical results, mainly for p mesons, are
presented in Sec. V. Comments and conclusions are
given in Sec. VI.

II. HELICITY AMPLITUDES
FOR THE DECAY XcO, c2~Ml M2

In perturbative QCD [11—14,22] the charmonium de-
cay amplitudes are given by the convolution of the ele-
mentary constituent interaction amplitudes, computed
according to the Feynman diagrams shown, for the case
of interest here, in Fig. 1, with the charmonium and final
particle wave functions. Details of such a procedure can
be found in Refs. [10,16,23], to which we refer.

The decay amplitudes for p o 2~M i M2 processes can
be found, for massless quarks, in Ref. [14] and, for mas-
sive quarks, limitedly to the case of longitudinally polar-
ized vector mesons, in Refs. [10,23]. We consider here
the most general case of both longitudinally and trans-
versely polarized vector mesons with massive quarks; our
results agree with the existing ones in all cases when a
comparison is possible [10,14,23].

In the case of the g,o state (I. =S = 1, J =0) one finds,
for the decay into two vector mesons M, and Mz with
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helicity A, , and A, 2, the following nonzero decay ampli-

tudes A ~"~:
1 2

g +cO g +cO—1, —1 1, 1

» Iz (o)I30'0 = i — rr a, fLIoo(F. )

where

(2.2)

(2.3)

I1'1'(&)=—

Io'0 (e) =—

1 1

32 0f dx dy q)T(x)@T(y)
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1 1+—y +2(x —y) e
X 2' X

xy+(x —y) e

1 1——y+2(x —y) e
X 2' X

1 1

32 0J dx dy q1L{x)@L(y)

1

(1—x)(1 —y)+(x —y) e

1 (x —y) (1—4@2)

2 2xy —x —y +2(x —y)2E~

1

(1 —x)(1 —y)+(x —y)~@2

1 (x —y) (1 —4e )

2 2xy —x —y+2(x —y) e

(2.4)

1 (x —y)'(1 —4e')
2E 1+

2 2xy —x —y+2(x —y) &
(2.5)

e=m /M&, (2.6)

where I is the final hadron mass.
In deriving Eqs. (2.1)—(2.5) we have assigned the

quarks in the final hadrons a mass m =xm [10],where x
is the fraction of hadron momentum carried by the quark
(see Fig. 1); in the asymptotic limit, where lowest-order

In Eqs. (2.1)—(2.5) fL and fr denote, respectively, the
decay constants for longitudinally and transversely polar-
ized vector mesons [14]. pL and q1T are the distribution
amplitudes of quarks inside the final hadrons and, in gen-
eral, one allows difterent distribution amplitudes for lon-
gitudinally polarized (1pL ) or transversely polarized (1pr)
vector mesons [14]. Here Mr denotes the y, o mass and
the quantity e is defined as

perturbative QCD is expected to dominate, e~o and the
only nonzero helicity amplitude is A0'0', only longitudi-
nally polarized vector mesons can be produced in the de-
cay of a very heavy spinless state [14].

Similarly, for the g,2~M&M2 decay, one has

(2.7)

where 0 and y are, respectively, the polar and azimuthal
decay angles of the particle M, (in the y, z rest frame) and
M denotes the z component of the g, z spin; the "re-
duced" decay amplitudes 3& & are given by

I 2

311=—
1 .— m a, e jTI1", e

c, A„i

q&, Aq, —
q&, Aq,

721 Q2 .2"&z, , Iz (o)IJl, 0= i —
vr a, e fTfLI, '0(E)

M~

(2.8)

~01 ~ —10 ~0, —1

. 2'
3 R (0)IJ1, ,

= i n. —a, fTI, ', {e)

(2.9)

—q~, Aq, q2, Aq,

FIG. 1. Elementary Feynman diagrams contributing, to
lowest order in a„ to gco, c2 +M1M2 decays. In the Xco, c2
center-of-mass frame, the final mesons four-momenta are
p~1 =(Ep), p2 =(E, —p), with E =M~/2 and
p=(p sinOcosy, p sinOsincp, p cosO). The constituent four-
momenta are c"= (E,k/2), c = (E, —k/2), with
k=(k sinacosf3, k sinasinP, k cosa), q, =xp, , q, =(1—x)p, ,
q2 =( &

—X)p2 9'2 yp2 a b i j k ~ 1,2 n 1, 2 are color indices; the
A, 's label helicities.

3 ~ I& '(0)I,zI&, ~
)0, 0 9~3 s M4 J L 0,0

= —i — ~ O. f I" e)
x

with [see Eq. (2.4)]

I1",(e) =I1'1 (e)

(2.10)

(2.11)

(2.12)
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Ii o(e)=— 1 1
dx dy q, (x)q, (y)

32 0 xy+(x —y) e (1—x)(1—y)+(x —y) e

1 1 (x —y) (1—4e )

2xy —x —y +2(x —y) e 2 2xy —x —y +2(x —y)2@2
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dx dy q T(x)q, (y)
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1 1 1
dx dy g, (x)q, (y)

32 0 xy +(x —y) e (1—x)(1—y)+(x —y) e

1 (x —y) (1—4e )

2xy —x —y +2(x —y) e 2xy —x —y +2(x —y) E
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2 1 (x —y) (1—4e )

2 2xy —x —y+2(x —y) e
(2.15)

In Eqs. (2.8)—(2.15) m =xm is the final quark mass,

Mx is the g, z mass and e is defined as in Eq. (2.6). Again,
one recovers the usual massless perturbative QCD results

[14] in the limit e~O; in such a limit only the A, ",.~
and 3 00.'M amplitudes do not vanish and the final vector
mesons are produced with opposite helicities, according
to the helicity conservation rule [1].

III. FINAL MESON HELICITY DENSITY MATRIX

= 38'(6,4)= [po o cos 6+ (p, ,
—p, , ) sin 6 cos +

+(p, , +p, , )sin 6sin 4
—v'2 ( Rep i o ) sin26 cos@], (3.3)

where 8 and N are, respectively, the polar and azimuthal
angles of the particle 3 as it emerges from the decay of
M„ in the helicity rest frame of M, . By integrating Eq.
(3.3) over 4& or 6 one can also use

~(6)=
2 [Po,o+ (P 1, 1 Po,o) s'" 6] (3.4)

Let us now consider one of the vector mesons pro-
duced in the charmonium decay, for example, M, . Its
helicity density matrix is defined as [24]

1
X A~ ~;~A,*, .p~~

1 1 M M' 1 2'
(3.1)

where N is the normalization factor,

A. 1,A2, M, M'
~

A. 1A,2,'M ~
X1A,2,'M'PMM' (3.2)

such that TrP=1 and PMM. is the spin-density matrix of
the decaying charmonium state. For an unpolarized state
of spin J one simply has

1
5PMM' 2g + 1

MM'

18'(4&)= (1—2p, , +4p, , sin 4&) .2' (3.5)

Measurements of the angular distributions of Eqs.
(3.3)—(3.5) yield direct information on p, (M, ).

1 1

IV. p(M1 ) FOR g, o AND g, 2 DECAYS

A. y, o~M1M2

X,o X,o*p„,(M, ) =—g A i'i A qlqN » ~1~2
2

(4.1)

with

This case, the decay of a spin-zero state, is particularly
simple. Eqs. (3.1) and (3.2) read

however, charmoniim states, produced in e+e or pp
annihilations, have a more interesting spin structure. We
shall return to the values of p~~ (y, z) in the next section.

The knowledge of the decay amplitudes 3 &'& .M and of
the initial-state spin-density matrix P(y, ) allows, via Eqs.
(3.1) and (3.2), us to compute the values of pz z, (M, ).

1 1

These helicity density matrix elements can be measured
by observing, in the Mi meson helicity rest frame [24],
the angular distribution of the M& decay products.

Supposing that the spin-1 particle M& decays into two
spinless particles, M, ~ AB (as it is in the most common
case of the p~7rvr decay), one has the normalized angu-
lar distribution

1 2
1

Recalling Eqs. (2.1)—(2.3) one obtains

Pi, i P—i, —
&

/ A, /'+2/ A,

Ax o/2

PO, O

/
A "/'+2/ A, 'i' /'

pqq =0,

which can be rewritten as

(4.2)

(4.3)

(4.4)

(4.5)
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1

1+2R q (e)

R„(e)
Pl 1 P —1, —j 1+2R ( )

where

R„(e)= ' =4e
0 l2

(4.7)

(4.8)

be in a 5, =+2 state; moreover, if we think of the pp an-
nihilation as the annihilation of three massless quark-
antiquark pairs [14], then only states with S, =+1 are al-
lowed. Nonperturbative effects, like a diquark com-
ponent of the nucleon, can also lead to y, 2 states with

S, =0 [26]. In general, the spin-density matrix of the y, 2

produced in pp (or e e ) annihilations, p(y, 2), is of the
form

P2, 2
—P-2, -2—~

Equations (4.6)—(4.8) show that, in massless perturba-
tive QCD (e=0), one has poo= 1, p»=0, as expected.
Massive quarks allow (small) nonzero values of p&&.

p2& =0,

P1, 1 P 1, —1+—0 ~

Po o 1 2P»&O .

(4.10)

B. y, 2
—+MiM2

PP y, 2 M1M2 .

AB (4.9)

The g, 2 produced at rest in pp annihilation can never

This case, the decay of a spin-2 state, is more interest-
ing. The full observed process is typically [25]

In massless perturbative QCD one has the further con-
straints

1

Pl, 1 P —1, —1

Po, o=o .
(4.11)

From Eqs. (2.7) —(2.11), (3.1), (3.2), and (4.10) one ob-
tains, for pzz. (M, ),

2 3 ~ 4p;, =p, , =—
l A, , l

—p, , sin 0(1+ cos 0)+—
po o sin 0

+
l A, ol

—P, ,(4cos 0—3 cos 0+1)+—
po osin Ocos 0

+i A, , l 3p, , sin Ocos 0+ —poo(3cos 0—1) (4.12)

1/2

(l A o ol
—

l A, , l )[2p, , sinO cos0(2 cos 0—1)

—poosinOcos0(3cos 0—1)]

+
l A, , l p, , sin8 cos 0+ —

po o sin 0 cos0 (4.13)

p, , =p, , =—
l A, ol

——p, ,(4cos 0 —5cos 0+1)——
Po osin Ocos 0

+2 Re( 2, , 2 *, , ) po o sin 0(3 cos 0—1)
1/2 1/2

1, 1p sin 6Icos 0+—3 . 2 2 1 3
4 2

(4.14)

Poo 1 2P11 ~

with

& =(l &o ol +2l 3, , l )[3p, , sin 0cos 0+ —,'po o(3 cos 0—1) ]

+i~i, il'[p, &sin 0(1+cos 0)+4poosin 0]+2lA, ol [p, , (4cos 0—3cos20+1}+3poosin20cos20] .

(4.15)

(4.16)

» the massless limit (e~0) the above results simplify to

1 1

2 1+3(l ~o o i'il &, , l') [cos20y 1+ cos'0
7

(4.17)
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The same analysis could be readily repeated for the de-
cays of g, 2 produced, rather than in the exclusive reac-
tion pp~y, 2 [Eq. (4.9)], in inclusive processes such as

pp y,2+X or pp~g, 2+X. In these cases the spin-
density matrix of the produced y, z is different from that
given in Eqs. (4.10) or (4.11); however, it might be es-
timated by assuming the y, 2 production to be dominated
by few elementary subprocesses, such as gg fusion. We
do not consider this case here.

O. 10

P i,o(P)
0.05

0.00

—0.05

I

'
I

'
I

'
I

'
I

'
I

V. NUMERICAL RESULTS

yL (x)= 13.2x (1—x) —36x (1—x)

@T(x)=30x (1—x)

with

(5.1)

(5.2)

fl. -fT=0.2 «—V . (5.3)

The second choice is the simple symmetric distribution
amplitude

0.5

0.4

We are now equipped with the necessary formalism to
give numerical estimates of the values of pzz. (M, ), the
helicity density matrix of a spin-1 particle produced in
the decay of a charmonium state, via a process of the
type (4.9). We only need to specify the expressions of the
distribution amplitudes yl and yT appearing in Eqs.
(2.4), (2.5), and (2.12)—(2.15), and the numerical value of
fL and fT, the decay constants for longitudinally polar-
ized or transversely polarized vector mesons, respectively
[see Eqs. (2.1)—(2.3) and (2.8)—(2.11)]. These quantities
shall be taken from the literature [14].

We give here results only for p vector mesons
(M, =p+,P,p ), and adopt two different choices of the
distribution amplitudes. In one case we follow Chernyak
and Zhitnitsky (CZ) [14], who give the following explicit
expressions for the distribution amplitudes of p mesons:

—0.10

—0.15 I, I, I, I, I, I, I, I

0 20 40 60 80 100 120 140 160 180

8 («g)

FIG. 3. Values of p& o(p) as function of 0; same symbols as in
Fig. 2. In case m~ =0, one has p& 0=0.

@L (x)=yz, ( )x=6x (1—x),
with, again,

fL =fT=0.2 GeV .

(5.4)

(5.5)

The analysis in the case of other final vector mesons
(M, =E*,P, etc. ) is obviously similar and is not present-
ed here. Our main goal is that of showing how a mea-
surement of p~~. (M, ) and the angular distributions of
Eqs. (3.3)—(3.5) could exhibit clear and significant
differences between the models with current and constitu-
ent quarks. Our results are sensitive to whether we use
the same distribution amplitude for longitudinally and
transversely polarized vector mesons [yL =yT, Eq. (5.4)]
or different ones [Eqs. (5.1) and (5.2)]. However, assum-
ing yL =yT, they show almost no dependence on the
choice of the distribution amplitudes. Therefore, we limit
ourselves to the two cases of Eqs. (5.1)—(5.3) and (5.4) and
(5.5).

Pi, i(P)
0.3

0.2

0.000

P i,-i(P)
—0.085

I
'

t
'

I
'

I
'

t
'

t
'

I
'

I

O. i

0.0 I, I, I, I, I, I, I, I

0 20 40 60 80 100 120 140 160 180
0 (deg)

—0.050

—0.075

FIG. 2. Values of p»(p) as function of the p meson produc-
tion angle 0. The different curves correspond to the following
cases: m~&0 with the symmetric distribution amplitude, Eqs.
(5.4) and (5.5) (solid curve); mq =0 with symmetric distribution
amplitude (dot-dashed curve); m~&0 with the CZ distribution

amplitude, Eqs. (5.1)—(5.3) (dashed curve); mq =0 with the CZ
distribution amplitude (dotted curve).

—0.100 I, I. I. I, I, I, I, I

0 20 40 60 80 100 120 140 160 180
8 (deg)

FIG. 4. Values of pl l(p) as function of 0; same symbols as

in Fig. 2. In case m~ =0, one has p, &
=0.
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1,0
I

'
I

'
I

'
I

'
I

'
I

'
I

'
I

0.8
'

~

'
~ .X

0.2

0.0 I, I, I, I, I, I, I, I

0 20 40 60 80 100 120 140 160 180

8 (deg)

FIG. 5. Plot of the angular distribution, 8'(0), of the ~
emitted in the p decay. The p has been produced at an angle
0=30 . Same symbols as in Fig. 2.

~ 19 I I / I l l I t I I I I / I I I I / 1 I 1 l / I I S I / f I 1 I t I l0.
I

0.18

W(C)
0.17

0.16

0.15

0.14

0 ig hi i l i i i i I I I I I

—150 —100 —50 0 50 100 150

FIG. 6. Plot of the angular distribution, 8'(W), of the ~
emitted in the p decay. The p has been produced at an angle
0=90. Same symbols as in Fig. 2. In the case of mq =0, one
has 8'(@)=1/2m. .

In the case of y, o decays the only difference between
m =0 and m =xm results is the fact that, in the latter
case, p»(M&) can be different from zero, as it appears
from Eqs. (4.7) and (4.8). Its numerical value, however, is
almost very tiny and indeed negligible.

y, z decays are more interesting. Inserting Eqs.
(2.8)—(2.15) into Eqs. (4.12)—(4.16), with the help of Eqs.
(4.10) and (5.1)—(5.3) or (5.4) and (5.5), one obtains the
values of pzz, in the constituent quark model (m~&0).
The only quantity not yet specified is the value of
po o(y, z), the spin-density matrix of the decaying y, z, fol-
lowing Ref. [26] we have used po o(y, z) =0.15, but have
explicitly checked that the values of p&&. show very little
dependence on the values of po o(y, z) (varied between 0
and 0.2). The analogous results in massless perturbative
QCD are obtained as the e~O limit of the previous ones;
that is, by inserting Eqs. (2.8)—(2.15) (taken with e=O)

into Eqs. (4.17), with the help of Eqs. (4. 11) and
(5.1)—(5.3) or (5.4) and (5.5).

The results for p»(p), p, o(p), and p, , (p) are shown
in Figs. 2, 3, and 4, respectively, as a function of 0, the
polar angle of the p particle in the y, z rest frame (the po-
larization of the p varies with 0, the angle between the
g, z spin quantization axis and the p momentum). The
different curves show the results for our two choices of
the distribution amplitudes [Eqs. (5.1)—(5.3) or (5.4) and
(5.5)], both in the case of massless current quarks and
massive constituent quarks. There are clear differences in
the different cases; notice that, with massless quarks, one
has p, o=p&, =0. We shall comment on the results in
the next section.

Different values of p&& lead to different shapes of the
angular distributions of the ~ produced in the p decay
(p +~sr, i—n the p helicity rest frame), Eqs. (3.3)—(3.5).
This can be seen in Figs. 5 and 6, which show 8'(6) and
W(@) with massive and massless quarks for our two
choices of distribution amplitudes and for p mesons pro-
duced, respectively, at 0=30' and 90'. Similar results
hold for different production angles.

VI. COMMENTS AND CONCLUSIONS

We have studied the polarization of p mesons produced
in the decays of g,o and polarized y, z states. As usual
with spin physics, the measurement of some elements of
the helicity density matrix of the p mesons, although
dificult, could allow severe tests of different models and
schemes. Such measurements might be available in the
near future from experiments in progress at Fermilab.

Following a previous paper [10] we have studied mass
corrections to the usual asymptotic perturbative QCD
scheme. Some of our results are shown in Figs. 2 —6 for
y, z decays. The matrix elements p»(p) (Fig. 2) and

po o
= 1 2p ~ &

are the only ones which can be different
from zero in massless perturbative QCD. Even for them,
the actual numerical values are sizably different from case
to case. For example, p& &(p), as given by massless per-
turbative QCD with the CZ distribution amplitude [Eqs.
(5.1)—(5.3)] (dotted curve in Fig. 2), differs significantly
from the constituent quark result with the intuitive sym-
metric distribution amplitude, Eqs. (5.4) and (5.5) (solid
curve in Fig. 2). Notice that, in principle, a precise mea-
surement of p& &

could also discriminate, independently of
whether we consider massless or massive quarks, between
distribution amplitudes with @L =yT or yL Wyr.

The matrix elements p& o and p& &
are zero in massless

perturbative QCD; they are not zero with constituents
quarks and their measurement would be a definitive sup-
port in favor of mass corrections, independently of the
choice of the distribution amplitudes. In particular, p, o
is sizable, with a typical 0 dependence; its measurement,
however, requires the study of the full angular distribu-
tion, Eq. (3.3), of difficult measurement. p», which ap-
pears in 8'(4), might also be problematic to detect, due
to its tiny value.

In Figs. 5 and 6 we show the angular distributions of
the ~ produced in the decay of the polarized p, p~mm,
according to Eqs. (3.4) and (3.5); this is the quantity
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which is actually observed. Again, an accurate study of
W(e), which depends on p, „should allow to discrim-
inate among the different cases. W(@) is constant
[W(@)=1/2n] when p& &=0, that is, in massless per-
turbative QCD; instead, it shows typical oscillations in
case of constituent quarks, hopefully large enough to be
detected. Let us stress once more that such result origi-
nates entirely from assuming m %0; whereas the actual
values of the diagonal helicity density matrix elements
depend both on the quark masses and (to some extent) on
the choice of the distribution amplitudes, nonzero values
of the off-diagonal matrix elements can only be generated

by massive quarks.
As we repeatedly stressed, charmoniom decays are still

affected by many nonperturbative and higher-order con-
tributions which may not yet be negligible in the Q re-
gion involved. However, the processes and the measure-
ments considered here should mainly be sensitive to mass
effects, with the only possible exception of intrinsic k~
effects, which have never been investigated. Detailed
studies of these mass effects, even though through
difficult spin measurements, would certainly help in for-
mulating useful quantitative models to deal with nonper-
turbative QCD phenomena.
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