PHYSICAL REVIEW D

VOLUME 47, NUMBER 7

1 APRIL 1993

Second-order power corrections in the heavy-quark effective theory.
I. Formalism and meson form factors

Adam F. Falk and Matthias Neubert
Stanford Linear Accelerator Center, Stanford University, Stanford, California 94309
(Received 22 September 1992)

In the heavy-quark effective theory, hadronic matrix elements of currents between two hadrons
containing a heavy quark are expanded in inverse powers of the heavy-quark masses, with coefficients
that are functions of the kinematic variable v - v'. For the ground-state pseudoscalar and vector
mesons, this expansion is constructed at order 1 /m2Q A minimal set of universal form factors is
defined in terms of matrix elements of higher-dimensional operators in the effective theory. The
zero recoil normalization conditions following from vector current conservation are derived. Several
phenomenological applications of the general results are discussed in detail. It is argued that at zero
recoil the semileptonic decay rates for B — D{Zv and B — D*{v receive only small second-order
corrections, which are unlikely to exceed the level of a few percent. This supports the usefulness of
the heavy-quark expansion for a reliable determination of V.

PACS number(s): 11.30.Hv, 12.38.Lg, 13.20.Jf, 14.40.Jz

I. INTRODUCTION

Recent developments in the theory of heavy quarks
have increased the prospects both for a reliable deter-
mination of some of the fundamental parameters of the
standard model and for a study of nonperturbative QCD
in the weak decays of heavy mesons and baryons. The ex-
citement is driven by the discovery of a spin-flavor sym-
metry for heavy quarks that QCD reveals in the limit
where the quark mass mg — oo, in which certain prop-
erties of a hadron containing the heavy quark become
independent of its mass and spin [1,2]. These symme-
tries are responsible for restrictive relations among weak
decay amplitudes and reduce the number of independent
form factors. The description of semileptonic transitions
between two ground-state heavy mesons [2, 3] or baryons
[4-7] becomes particularly simple. In the limit where
the heavy-quark masses are much larger than any other
hadronic scale in the process, the large set of hadronic
form factors is reduced to a single universal function of
the kinematic variable v - v/, which measures the change
of velocities that the heavy hadrons undergo during the
transition. It depends on the quantum numbers of the
light degrees of freedom, but not on the heavy-quark
masses and spins. In addition, the conservation of the
vector current implies that this celebrated Isgur-Wise
form factor is normalized at zero recoil, allowing model-
independent predictions unaffected by hadronic uncer-
tainties.

Clearly, a careful analysis of at least the leading
symmetry-breaking corrections is essential for any phe-
nomenological application of the heavy-quark symme-
tries. An elegant framework in which to analyze such cor-
rections is provided by the so-called heavy-quark effective
theory, which allows for a systematic expansion of decay
amplitudes in powers of 1/mg [8-14]. The coefficients in
this expansion are given by matrix elements of operators
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in the effective theory and can be parametrized in terms
of universal form factors, which characterize the prop-
erties of the light degrees of freedom in the background
of the static color source provided by the heavy quark.
At leading order one recovers the Isgur-Wise limit, in
which only a single function remains. But already at or-
der 1/mq one encounters a larger set of universal form
factors, which affect all but very few of the symmetry pre-
dictions that hold in the infinite quark mass limit [15-17].
An understanding of these functions is at the heart of
nonperturbative QCD, but it is ultimately necessary for
any quantitative analysis based on heavy-quark symme-
tries. In the future, one might hope to compute the uni-
versal form factors from first principles by using a formu-
lation of the effective theory on a lattice [8,18,19]. In the
meantime, QCD sum rules [20] offer a less ambitious ap-
proach to this problem and have recently been employed
to study the decay constants of heavy mesons, the Isgur-
Wise form factor, and the universal functions that appear
at order 1/mg in the heavy-quark expansion [17,21-25].
One can also gain valuable information about symmetry-
breaking corrections from measurements of certain ratios
of form factors [25].

In this paper we analyze current-induced transitions
between ground-state heavy mesons at order 1/ sz in the
heavy-quark expansion. Such an analysis is particularly
relevant for the important cases where the leading 1/mg
corrections are known to vanish at zero recoil. An exam-
ple is the semileptonic decay B — D*{v, which there-
fore seems ideal for a measurement of the weak mixing
parameter Vg [1,26]. In Sec. II we discuss the param-
eters of the effective theory that appear at subleading
order. The general method of computing power correc-
tions is outlined in Sec. III, together with a review of the
analysis of the 1/mg corrections to transitions between
heavy mesons. In Sec. IV we extend this analysis to sec-
ond order. We identify a minimal set of universal func-
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tions and give their relation to matrix elements of higher-
dimensional operators in the effective theory. The zero-
recoil normalization conditions imposed on some of these
form factors are derived. Although in principle straight-
forward, the analysis is tedious and involves considerable
technicalities of the heavy-quark effective theory. The
reader not interested in these details is encouraged to
proceed to Sec. V, where we summarize our results and
illustrate them for some specific cases of phenomenologi-
cal relevance. In particular, the corrections affecting the
determination of V from exclusive semileptonic B de-
cays are investigated. We also study the fictitious limit
of vanishing chromomagnetic interaction, which leads to
great simplifications and might serve as an estimate of
the dominant corrections.

Based on the analysis for heavy mesons, the 1/ m"é cor-
rections to matrix elements between heavy baryons can
readily be derived. We discuss this subject in the follow-
ing paper [27].

II. PARAMETERS OF THE EFFECTIVE
THEORY

The construction of the heavy-quark effective theory
(HQET) is based on the observation that, in the limit
mg > Aqcp, the velocity of a heavy quark is conserved
with respect to soft processes. It is then possible to re-
move the mass-dependent piece of the momentum oper-
ator by a field redefinition. To this end, one introduces
a field hg(v,z), which annihilates a heavy quark with
velocity v®, by [11]

hq(v,z) = €™V? P (v) Q(a), (2.1)

where P, (v) = (1+%) is an on-shell projection operator,
and Q(z) denotes the conventional quark field in QCD.
If P* is the total momentum of the heavy quark, the new
field carries the residual momentum k% = P% — mqgv®.

There is obviously some ambiguity associated with the
construction of HQET, since the heavy-quark mass used
in the definition of the field hg is not uniquely defined.
In fact, for HQET to be consistent it is only necessary
that k* be of order Aqcp, i.e., stay finite in the limit
mg — oo. It is intuitively clear that different choices
for mg must lead to the same answer for any physical
matrix element, and this can indeed be shown to be the
case [28]. Yet it is advantageous to adopt a special choice
for which the resulting effective theory becomes partic-
ularly simple, in the sense that there are no “residual
mass terms” for the heavy quark and the heavy-quark ex-
pansion becomes a covariant derivative expansion. This
prescription provides a nonperturbative definition of the
heavy-quark mass, which has been adopted implicitly in
most previous analyses based on HQET. It is important
to realize, however, that so defined, the mass mg is a
nontrivial parameter of the effective theory.

In the limit mg — oo, the effective Lagrangian for the
strong interactions of the heavy quark becomes [11-13]

(2.2)

where D® = 0% — igst, A2 is the gauge-covariant deriva-

LHQET = f_LQ w-D hQ s

ADAM F. FALK AND MATTHIAS NEUBERT 47

tive. For finite mq, there appears in the Lagrangian
an infinite series of power corrections involving higher-
dimensional operators,

1

Lpower = ‘2'm—Q£1+ 2%5524-"' )
which we shall treat as ordinary perturbations to LuQET.
Note that it is natural to expand in powers of 1 /2mq
since, after the field redefinition (2.1), 2mg is the mass
associated with the heavy-antiquark field which is inte-
grated out [13]. Omitting an operator whose matrix ele-
ments vanish by the equation of motion, the leading term
in (2.3) is given by [8, 14]

L1 = hq (iD)*hg + Z(mq/u) hg sasG*hq, (2.4)

where so3 = —%0aqg, and G*# = [iD*,iDP] = ig,t,GoP
is the gluon field strength. In leading logarithmic ap-
proximation, the renormalization factor for the chromo-
magnetic operator is

(2.3)

(ma)]”"”
Z(mq/p) = [30—;(—“—‘;—] , B=33—2n;, (2.5)

where ny is the number of light-quark flavors with mass
below mg. The kinetic term in (2.4) is not renormalized.

The purpose of the heavy-quark expansion is to make
the m¢g dependence of some hadronic quantity A explicit
by writing

A(mq) = Co(mq/p) Ao(k)

1
g Cilma/ ) An(p) -

(2.6)

in such a way that the coefficients A;(u) are universal,
mg-independent parameters, and C;(mgq/u) are purely
perturbative coefficients, which are dependent on mq via
the running of the strong coupling as(mg). The aim is
to relate A; to matrix elements of operators in HQET
evaluated between the eigenstates of the lowest-order La-
grangian LuqeTr. This paper focuses on the ground-state
pseudoscalar and vector mesons, which form a degener-
ate doublet under the heavy-quark spin symmetry. These
mesons have the same velocity as the heavy quark, which
they contain. Their common mass M, however, differs
from the mass of the heavy quarks by a finite amount
A = M — mg, which measures the “mass” carried by the
light degrees of freedom. Because of the field redefinition
(2.1), it is this mass which governs the x dependence of
states in the effective theory:

|M(z))nqeT = €~ *A"*|M(0))nqeT -

A is a universal parameter which can be defined in terms
of a matrix element of a higher-dimensional operator in
HQET. Using the equation of motion iv-D hg = 0, which
follows from the effective Lagrangian LuqQeT, it is easy
to see that [17, 28]

(2.7)

(0]giv-D Thg |M(v))
(0]aT hq [M([®))

A= (2.8)
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Here T' is an appropriate Dirac matrix such that the
currents interpolate the heavy meson M. This relation
shows that A is in fact a parameter describing the prop-
erties of the light degrees of freedom in the background
of the static color source provided by the heavy quark.
It turns out that this mass scale also enters the leading
power corrections to heavy-meson form factors and de-
termines the canonical size of deviations from the infinite
quark mass limit [15,16]. A recent analysis of A using
QCD sum rules predicts [17]

A =0.50 +0.07 GeV . (2.9)

The eigenstates of LyqeT differ from the states of the
full theory. In particular, their mass M differs from
the physical masses of pseudoscalar or vector mesons
by an amount of order 1/m¢g. These mass shifts are
computable in HQET. The physical masses mys obey a
heavy-quark expansion, which we write as (my —mg) =
A+ Am2,/2mg + - - -. In the meson rest frame,

(M()| (~£1) [M(v))
(M(v)| hbhq |M(v))

Am3, = (2.10)

A convenient way to evaluate hadronic matrix elements
in HQET is by associating the spin wave functions

— ST —7s, pseudoscalar meson P,
M) =vM P+(U){ ¢, vector meson V,

(2.11)

with the eigenstates of Luqer [3, 29, 30]. These wave
functions have the correct transformation properties un-
der boosts and heavy-quark spin rotations. Here ¢* de-
notes the polarization vector of the vector meson. For
reasons of simplicity we shall often omit the argument v
in both P, and M. We note that M = P, M P_, where
Py = 1(1 £ ¢). Lorentz invariance allows one to write
any matrix element as a trace over these wave functions
and appropriate Dirac matrices. For the matrix elements
in (2.10) we define hadronic parameters A; by

(M|hq (iD)*hq |M) = A1 tr{ MM} =2M )\,
(M| hq 3a5G°Phq |M) = —Xa(p) tr{ icag M s*P M}
=2dp M Mg (), (2.12)

where dp = 3 for a pseudoscalar meson, and dy = —1 for

a vector meson. The conservation of the vector current

implies that, in the rest frame, the matrix element in the

ﬁenominator is given by (M| hEhQ |M) = 2M. We thus
ave

Am3y = —X1 — dar Z(p) A2 (k) - (2.13)

The universal parameters A; and A, are the analogues
of A at subleading order in the heavy-quark expansion.
They are independent of mg. Whereas A; is not renor-
malized, A2(u) depends on the renormalization scale in
such a way that the product Z(u) A2(p) is scale indepen-
dent.

An estimate of the value of A3 can be obtained from the
measured mass splitting between the B* and B mesons,
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assuming that higher-order corrections in the bottom sys-
tem are small. One finds

m%. —my ~ Ami. — Am% = 4)y(mp) ~ 0.48 GeV?,
(2.14)

where the experimental value has been taken from
Ref. [31]. Using (2.5) for the evolution of this parameter
down to the low-energy scale 2A =~ 1 GeV, we obtain

A2(2A) &~ 0.15 GeVZ2. (2.15)

Unfortunately, it is not possible directly to relate the
spin-symmetry-conserving parameter A; to an observ-
able quantity. Recently, QCD sum rules have been used
to compute both A; and Az [17]. The spin-symmetry-
breaking correction was found in excellent agreement
with experiment, ASF = 0.12 4 0.02 GeV?, and a rather
large value for the spin-symmetry-conserving correction
was obtained, A{® ~ 1 GeV2. However, the sum rule
analysis suggests that it might be more appropriate to
use an effective value of A; in the b and ¢ system which
could be substantially smaller. A lattice measurement of
A1 could help to clarify this issue.

III. MESON FORM FACTORS
IN THE EFFECTIVE THEORY

Let us now review the analysis of current-induced tran-
sitions between two heavy mesons to subleading order in
HQET, as performed by Luke [15]. This will help to out-
line the general procedure and set up the conventions we
will need in Sec. IV. The aim is to construct the heavy-
quark expansion (2.6) for matrix elements of the type
(M'(v")| Q' T Q|M(v)), where T is an arbitrary Dirac ma-
trix. In this case the universal parameters are functions
of the kinematic variable w = v - v’, and the perturba-
tive coefficients, subsequently denoted by C;, c;, and c},
depend on w and both heavy-quark masses. The cur-
rent Q'T Q has a short-distance expansion in terms of
operators of the effective theory. It reads

QTQ-Y CiRT;h+ 5;2—52% W' T%iDah
J J

+—1—Zc;7z'(—i‘5a)1‘;“h+--- ,

3.1
g > (3.1)

where we have abbreviated h = hg(v) and h' = hg/ (V).
The matrices I'; are in general different from I' and can
depend on v and v’/. At the tree level, however, one has

> ¢T; T,
J

> T —Tr”,

J

(3.2)

> T —4°T.
J

Using the trace formalism described in Sec. II, matrix
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elements of the leading term in (3.1) can be parametrized
as [2, 3, 29]

(M'| W' Th|M) = —€(w,p)tr{ M T M}, (3.3)

where we omit the velocity argument in the states and
the wave functions in order to simplify notation. It is to
be understood that quantities without a prime refer to
the initial state meson M, while primed quantities refer
to the final state meson M’. Also, from now on m will
designate a generic heavy-quark mass. In general, the
form factor £ could be some matrix-valued function of
v and v/, but in this case the projection operators con-
tained in the spin wave functions restrict it to a scalar
function of w. Equation (3.3) implies that, to leading or-
der in the heavy-quark expansion, all matrix elements of
currents between pseudoscalar or vector mesons are de-
scribed by a single form factor, the Isgur-Wise function.
The kinematical information is contained in the trace
over spin wave functions. By evaluating the special case
of mesons with equal mass and velocity, one readily de-
rives the zero-recoil normalization condition £(1,u) =1
as a consequence of the conservation of the vector cur-
rent.

At subleading order in (3.1) one encounters current
operators which contain a covariant derivative. Their
matrix elements are represented by the diagrams shown
in Fig. 1(a) and can be parametrized as

(M'|K'T%iDg h|M) = —tr{ €4 (v,v', u) M T*M }

(M'| R (=i Do) I'*h M) = —tr{ €, (v/, v, p) M T"*M } .
(3.4)

Note the Dirac conjugation of €, and the interchange of
the velocities in the second matrix element. The most
general decomposition of the universal form factor &,
involves three scalar functions. Following Ref. [15], we
define

€a(v’vl,ﬂ> = 5+(w7 /J') (’U + vl)ot +&- (wa :U') (’l) - 'U/)a
—&(w, 1) Vo - (3.5)

T invariance of the strong interactions requires that these
scalar functions be real. Using (2.7) and the fact that

i0a(A' T h) = R/ i DaT h + R’ T'iDg h, one finds that

E-(w,m) = 5 Ew,p). (3.6)
This is where the parameter A enters the analysis.

The equation of motion, iv - Dh = 0, yields an addi-
tional relation among the scalar form factors.! Taking
into account that under the trace £, is sandwiched be-
tween projection operators, one obtains

P_ vaga(vy 'U,, N) P.I_ =0. (37)

!Note that because we treat the power corrections to the
Lagrangian as perturbations, there are no 1/mgq terms in the
equation of motion.
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For the remainder of this paper, we use the symbol = for
relations such as this, which are true when sandwiched
between the projection operators provided by the me-
son wave functions. We thus write v¥¢, (v,v’, 1) =0. In
terms of the scalar functions, this is equivalent to

(w + 1) §+(’LU,/J') - (’LU - 1) 5—(“’7 N) + E3(w5ﬂ) =0.
(3‘8)

We shall use this equation to eliminate £,. In particular,
it follows that at zero recoil 2 £, (1, u)+£3(1, u) = 0. This
relation has an interesting consequence, since it implies
that

EQ(U,U,u)é [2E+(1’N)+§3(1a#)] Vo =0, (3'9)

showing that matrix elements of the higher-dimensional
currents in (3.1) vanish at zero recoil. This is the first
part of Luke’s theorem [15]. In its above form it is obvi-
ous that this result is true to all orders in perturbation
theory [32], since it does not rely on the structure of the
perturbative coefficients in (3.1).

A second class of 1/m corrections comes from the pres-
ence of higher-dimensional operators in the effective La-
grangian. Insertions of operators of £; in (2.3) into ma-
trix elements of the leading order currents represent cor-
rections to the wave functions, which appear since the
eigenstates of LyqeTr are different from the eigenstates
of the full theory. The corresponding diagrams are shown
in Fig. 1(b). The relevant matrix elements can be written
as

| i/de{ J(0), £1(z) } | M)

3 —Al(w,ﬂ) tr{ _M,I‘M }
~Z(mq/n) tr{ Aap(v,v', ) M'T Py s M},

(3.10)
(M| i/de{ J(0), £4(z) } | M)

= — A (w, ) tr{ MTM }
~Z(mq /1) tr{ Aap(v',v,u) M s*°P, T M},

where J = A'T h is the lowest-order current. Noting that
Vo Pys*P M = 0, we write the decomposition?

Aap(v,v', ) = Az (w, 1) (Va¥s — VsYa) + As(w, 1) iceg .
(3.11)

The four independent functions &3 and A;, as well as

?Our functions are related to those defined in Ref. [15] by
A1 = 2x1, Az = —2x2, and A; = 4xs.
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1/ m’

1/m 1/m’
(b)
FIG. 1. Diagrams representing the first-order power cor-
rections to meson form factors in HQET: (a) corrections to

the current and (b) corrections to the effective Lagrangian.
The squares represent operators of order 1/mq or 1/mgy.

the mass parameter A, suffice to describe the first-order
power corrections to any matrix element of a heavy-quark
current between ground-state mesons. To get a picture of
the structure of the corrections, let us for simplicity ne-
glect radiative corrections. In this case, there is a simple
relation between the currents in HQET and the current
in the full theory. Consider now the power corrections
proportional to 1/mg. They leave the wave function of
the final state meson unaffected, but change the simple
structure of M (v). The part proportional to the on-shell
projection operator P, will be modified, and a compo-
nent proportional to P_ will be induced, representing the
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“small component” of the full wave function. Hence

M(v) = Py(v) LY (v,0") + P_(v) LY (v,'). (3.12)
The general form of LY is

LE(v,0") = VM (=75) L1 (w),,

LY (v,0")=vVM [¢L2(w) +ev Lg(w)} ,

L2 (v,v') = VM (~5) La(w), (3.13)

LY (v,v')=vM [¢L5(w) e Ls(w)] .

The insertions of higher-order terms from the effective
Lagrangian in (3.10) obviously contribute to L3 only.
On the other hand, in the absence of radiative corrections
the matrix elements of the higher-dimensional currents
can be written in the form

(M| W' TiPh|M) = —tr{ M'T P_[ya M£*(v,0)] },
(3.14)

where we have used (3.7) to insert P_ between I'' and ~,,.
Consequently, these corrections contribute to LY only.
This is expected since ¢JD h is proportional to the small
component of the full heavy-quark spinor. By evaluating
the relevant traces one easily obtains

Li=A; + 2(w - l)Az + 3A3,

(M| Q'TQ|M) = —E(w) tr{ MT M} — 5;—(? or{ M'T [Py LY (0,v) + P_ L¥ (0,0)] }

Ly=A; - As,
Lz=-2A

$T T (3.15)
L4 = —A§ +2 53 )
L5 = _1-\ £ ’

2 -
= — A y
LG w+1 ( € + 63)
and the complete matrix element becomes
J
(3.16)

2mgr

’

tr{ [ffl('v','u)PiL +f¥,('u',v) P_’_] I‘M}+--- .

The functions Zf are obtained from LY by Dirac conjugation and exchange of primed and unprimed quantities.
This way of organizing the corrections reduces to a minimum the effort required to compute the traces. If radiative
corrections are taken into account, it still suffices to define these six functions L;, as long as one stays with the leading
logarithmic approximation for the perturbative coefficients. The corresponding expressions are given in Ref. [25],
where the functions L; were called p;.

Let us evaluate (3.16) for the matrix elements of the vector and axial-vector currents, V,, and A, between bottom
and charm mesons, which can be described completely in terms of sixteen meson form factors h;(w). We define

(DO Vi |B(v)) = /mBmD [ha(w) (v + '), + ho(w) (0 = )]
(D*(v/,€)|Vy|B()) = in/MBmD~ hy (W) €uvap € v/ v°,
(D*(v', )] A |B() = VmBmpe [hay () (w +1) €ff = hay (w) €0, — hay (w) €]
(D*(v,€)| Vu |B* (v, €)) = «m{— e-e” [ha(w) (v +v')u + ha(w) (v — v'),.]
+ha(w) €™ vey + ha(w) v € — e’ €™ v [hs(w) vy + he(w) vL} } ,

(D*(v', €')| Ay |B* (v, €)) = in/MB-TDT €uvap {ea ¢*h [h7(w) (v + )" + hs(w) (v — u')"]

(3.17)

+u'* P [hg(w) e*ve’ + hio(w) e-v' e’*"] } .
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At leading order in the heavy-quark expansion, one finds
that

hy=hy =ha, =ha,=hyi=hg=hg=hy =¢,
(3.18)

while the remaining eight form factors vanish. The ex-
pressions arising at subleading order are given in Ap-
pendix B. Here we restrict ourselves to three important
cases, namely,

i) =€) + (5 + 5 ) Ta(0),
M) =)+ (g + g ) aw), (319)
by () =€) + = [1aw) = 27 La(w)

o [Latw) - 2 £s(w)]

The conservation of the vector current in the limit
mp = m. implies the zero-recoil normalization condi-
tions h4 (1) = hy1(1) = 1, from which it follows that
Ly(1) = Ly(1) =0, ie. [15]

A1, p) (3.20)

This is the second part of Luke’s theorem, which is again
true to all orders in perturbation theory. It follows that
Aqp(v,v, ) =0, so that the matrix elements in (3.10)
vanish at zero recoil.

In summary, Luke’s theorem implies that the matriz el-
ements which describe the first-order power corrections
in HQET vanish at zero recoil. It is important to realize
that this does not imply that the meson form factors are
unaffected by 1/m corrections [33]. In fact, the theorem
only applies for form factors which are not kinematically
suppressed as v/ — v. Besides hy and h; those are hy4,
and h7. The form factor hy4,, which according to (3.19)
is indeed seen to be unaffected by first-order power cor-
rections at zero recoil, plays an important role in the
determination of Vg, from semileptonic decays [26]. It is
one of the purposes of the next section to investigate the
second-order corrections to this form factor.

IV. SECOND-ORDER POWER CORRECTIONS

The analysis of higher-order corrections in HQET
makes use of the same techniques as those developed
above. The second-order corrections can be divided into
three classes: corrections to the current, corrections to
the effective Lagrangian, and mixed corrections. We shall
discuss each of them separately below. In order to keep
the presentation as simple as possible, we will often ig-
nore radiative corrections; however, we will always make
clear how they could be incorporated into our analysis.

A. Second-order corrections to the current

At tree level, the expansion of the heavy-quark current
reads [cf. (3.1)]
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OTQoHKTh+ ﬁgﬁfrwm-z-n%ﬁ'(—fﬁ)rh

1 -
+
4m?, mey
1 %
W (- z@)l‘zl)h+ (4.1)

On dimensional grounds, the operators appearing at sec-
ond order are bilinear in the covariant derivative (recall
that G*# = [{D%,iD?]). This remains true in the pres-
ence of radiative corrections, although in this case a num-
ber of additional operators are induced. It thus suffices
to consider the single hadronic matrix element

(M| R (—i Do) T8 iDg b |M)

= —tr{ Yap(v, v, 1) M T2 M }, (4.2)
represented by the third diagram in Fig. 2(a). From now
on we shall always omit the y dependence of the universal
form factors except in the equations which define them.
Considering the complex conjugate of the above matrix
element, one finds that the form factor must obey the
symmetry relation

Eﬂa (vlv ’U) = waﬂ (’Uy ’U’) y (43)
which reduces the number of invariant functions to seven.
It is convenient to perform a decomposition into symmet-
ric and antisymmetric parts, Yo = 3[¥55 + Y45, and
to define

FIG. 2. Diagrams representing the second-order power
corrections to meson form factors in HQET: (a) corrections
to the current, (b) corrections to the effective Lagrangian,
and (c) mixed corrections to the current and to the effective
Lagrangian. The solid squares represent operators of order

1/mgq or 1/mg/; the open ones denote operators of order
1/md, 1/m%,, or 1/mgmeg.
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P8 5(v,0') = Y5 (W) gag + ¥5 (W) (v +v)alv +V)s
+135 (w) (v — v")a(v —v')p
A5 W) [0+ )ams + @+ )a%]
Yls(v,0') = ¥ (w) (vavh — V508)
oo~ o]
+i'¢§‘(w) Oap -

(4.4)

S+ (w+ 1) 95 — (w—1)v§ — 5 +wef —vg — 93 =0,
(w+1)P5 + (w—1)y§ —v§ — v + 94 =0,
(w+1) 9§ + (w—1)yf — ¢35 =0,

which reduce the number of independent functions to
four.

One can use an integration by parts to relate (4.2) to
matrix elements of operators containing two derivatives
acting on the same heavy-quark field, which are repre-
sented by the first two diagrams in Fig. 2(a). It follows
that

M'|W' T8 iD,iDgh|M
B
= —tr{ Yap(v,v’) M TPM}

—A (v —v)atr{&(v,v") M TP M} (4.7)

with &g as defined in (3.4). Matrix elements of operators
with both derivatives acting to the left can be obtained
in a similar way. In particular, we may derive from (4.7)
the matrix elements

(M'| ' T (iD)2h | M) = —go(w) tr{ M T M},
(M| K T%PGop h M) = —tr{ ¢pop(v,v') M T M},
(4.8)

the second of which is needed in (4.1). Choosing the same
decomposition for ¢op as for 1,[1{35, we find

do = 205 + (w+1)¥5 — (w—1) 95
—2yf — A*(w-1)¢,

¢r=91 + g [A%(w - 1)§ - 2A &),
A = (4.9)
p2=15 — A&,
¢3 =135 .
We have already encountered matrix elements similar to

(4.8) in the discussion of mass shifts in Sec. II, and from a
comparison with (2.12) we find the zero-recoil conditions

¢0(1) = )‘1 3
¢3(1) = AZ )
¢1(1) — p2(1) = —3 A1 + 5 X2,

the last one being a consequence of the relations (4.6),

(4.10)

As in (3.7), one can use the equation of motion to derive
relations among the scalar form factors. It follows that,
under the trace,

VP ap(v,v') 20, v %YPap(v,v')=0. (4.5)

These conditions are equivalent because of (4.3) and lead
to the three relations

(4.6)

f

which allow us also to express the form factors 1,[),5 in
terms of the functions ¢;. After some algebra we find

P = ¢o +wey — %(2¢2+¢3) + (%‘;—1) A?¢,
¥ =~y o+ (2w —1) 9]
1
T (262 + (2w +3) g5
—(2 —w)(w—1)A%¢
—4(w —1)A &),
1 (1:) )Ag| @i
Y3 = §($+¢1) T IwrD [2¢2+¢3+2wl_\2€] )
wf:—wil [ w-1)¢+¢s— (w-1)A&]|.
We have introduced the function
Bw) = = [o(w) + (w +2) ¢ ()
—3¢a(w) - § ¢a(w)|, (4.12)

which is nonsingular as w — 1 because of (4.10).
The above relations allow us to prove a theorem which
is the analogue of the first part of Luke’s theorem.

Theorem 1. At zero recoil, matrix elements of second-
order currents in the heavy-quark expansion can be ex-
pressed in terms of A; and As.

For the proof we note that, to all orders in perturba-
tion theory, the relevant operators contain two covariant
derivatives. Because of (4.2) and (4.7), the correspond-
ing matrix elements at zero recoil only involve 9qg(v,v)
sandwiched between projection operators. Using (4.10)
we find that

. .Y
Yap(v,v) = [gap — Vavg] 3 T 5
which proves the theorem. Furthermore, we note that at
tree level only the last term in (4.1) contributes at zero

(4.13)
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recoil, since v?@o5(v,v) =0. The corresponding correc-
tions are of order \;/mgmg.

B. Second-order corrections to the Lagrangian

Apart from operators whose matrix elements vanish
by the equation of motion, the most general form of the
coefficient Lo appearing at second order in the expansion
of the effective Lagrangian in (2.3) contains two terms:

£2 = Zl(mQ/u) f_l’l)g 'iDaGaﬂh

+2Z2(mq /1) h sap vy iD*GPh. (4.14)
At tree level,
Z1 =2y =1. (4.15)

In leading logarithmic approximation, the renormaliza-
tion factors are given in Ref. [34]. These operators have
the same Dirac structure as the operators in £; in (2.4),
and consequently their matrix elements are of the same
form as those of £;. In analogy to (3.10) we thus define

(M| i/de{ J(0), Lo(z) } |M)
= —Z1 Bi(w, ) tr{ M T M}

—Za tr{Bap(v, V', ) M'T Py s M } (4.16)

Coaprs(v,v") = Cs(w) (gav9ps — 9as98+) + Cs(W) 0150ap
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and similarly for an insertion of £5. As before, J = A'T'h
denotes a lowest-order current. The corresponding dia-
grams are the first two shown in Fig. 2(b). The decom-
position of Byg is of the same form as that for A,g in
(3.11). It involves two functions B and Bs.

Another type of 1/m? corrections comes from a double
insertion of the first-order correction £, as shown in the
third and fourth diagrams in Fig. 2(b). The correspond-

ing matrix elements have a more complicated structure.
We define

(1§ [dedyT{I0),£1(0), 1) } M)

=—C1(w, p) tr{.T\/TI LM}
— Ztr{Cap(v,v', 1) MTPs*PM}
— Z2tr{Caprs(v,v', 1) M T P, s*#P, s7° M }.
(4.17)

Again, the corresponding matrix elements with two in-
sertions of £ can be obtained by conjugating the matrix
elements as in (3.10). The decomposition of Cug is the
same as that for A,g, involving two form factors C; and
C3. The most general decomposition of the four-index
object Capys involves nine invariant functions Cy4 to Cya.
They can be defined by

+C6(w) (9avyioss — 98vi0as — YasiTpy + gpsiTar) + Cr(w) (vi¥s — V5vy) (Va8 — VYe)

+Cs(w) (ga'vvlﬁvé — 9ByUaVs — gaévk'v{y + 9561’;”;) + Co(w) (ga"rvb')’é — 9By Va5 — 905023'7'1 + 986V0 V)
+C10(w) (gary V8V — 92 VaVs — JasV8VY + 9p8VaVr)

+C11(w) (i0ayVYs — 10 yVaYs — 10asVsYy + 1085V V)

+C12(w) (i0ayYaV5 — 108y Yals — 10063V + 1086Yals) -

(4.18)

Finally, there are corrections resulting from insertions of both £, and L}, as shown in the last diagram in Fig. 2(b).

They have the form

(M| 2 / dedy T{ J(0), £1(z), L5 () } |M)

= —Dy(w,p)tr{fM T M} - —g—tr{Dag(v,v', )M TPy s*P M}

4 D T
~5 r{Dap (v, v, p) M s*BPLT MY} — ZZ' tr{Daprs(v,v', u) M s*P P, T Py s M} .

(4.19)

The form factor D,g is again of the same form as A,g and involves two functions D, and D3. The most general
decomposition of the four-index object Dygys is similar to that of Cy,6. However, because of the symmetry of the
matrix element (4.19), this quantity has to obey the constraint

Daﬁ'vﬁ (’U, 'U,) = _E‘Y&Iﬂ (v,? ’U),

(4.20)
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which allows only seven independent functions D4 to D1g. We choose the decomposition

Dagys(v, v') = Dy(w) (9ar986 — 9as9p8y) + Ds(w) 046008 + De(w) (ga~yiogs — 9671005 — 9usi08y + 9B610ay)
+Dr7(w) (vy¥s — v574) (Va¥s — VpYa) + Da(w) (garVpvs — 9ovVals — gasvpvl, + gpsvavs)

+ Dy (w) [gaa,v;m = 981VaYs — 9asVBVy + 986Va Yy + GaryVBVS — 98+ VaVs — GasVBVY + gawavi,]

+Dqo(w) [vg%ioa., — Vo Y6108y — VY1105 + Vo Yyi03s

+ 10ayYpUs — 108y YaVs — i0asYaVl + iogwav,’y] .

In total, 25 universal functions B;, C;, and D, are neces-
sary to parametrize the effects on meson matrix elements
of second-order corrections to the effective Lagrangian.
Unlike the corrections to the current, there are no rela-
tions imposed on these form factors by the equation of
motion.

Before proceeding, we have to discuss an additional
source of second-order corrections, which is related to
the ones encountered above. As discussed in Sec. II, the
mass M in the wave functions that we associate with the
eigenstates of LuqeT is different from the physical mass
mas. It is the physical mass, however, that appears in
the normalization of matrix elements of the vector cur-
rent, which one uses to derive zero-recoil conditions for
some of the universal form factors. At second order in
the heavy-quark expansion, one has to take into account
this difference and perform a mass renormalization of the
wave function,

M) = Zy? M(v), M

N CE %)

Zy? =

in the first term in (3.16). This is compensated by a
counterterm

~[1-Z* 2| ew) M T M}

_ [ Am}, N
T\ 4m2
Q

2
Am¥%,,

2
4mQ,

) Ew)tt{ MTM}, (4.23)

which, according to (2.13), effectively adds A\; € to Cy and
)\2 f to C3.

(4.21)

r

C. Combined corrections to the current
and the Lagrangian

The third and last type of 1/m? corrections arises from
the combination of first-order corrections both to the cur-
rent and to the Lagrangian, as shown in Fig. 2(c). The
relevant structures are

(| i/me{ R'TYiDy h, £1(z) } | M)
=—tr{ Ey(v,?", n) MM }

— Ztr{ Eyap(v,v', 1) M TP, s M },
(4.24)

(M| i/da:T{ R (~iDy)Th, L£1(z) } |M)

= —tr{ Bl (v,v",p)) M T"M}
= Ztr{ E/ p5(v,V", p) M TP, s*P M }.
As previously, insertions of L] give rise to the con-

jugate matrix elements. The form factor E, may be
parametrized as

E,(v,v") = E1(w) vy + Ex(w) v, + E3(w) vy, - (4.25)

The most general decomposition of E.,,g involves eight
functions, which we define by

Brap(v,v) = (V75 = vra) [Ba(w) vy + Bs(w) v} + Bo(w) m]

+i0ag [E7(w) vy + Eg(w) v}, + Eg(w) 77] + {ga—y [Em(w) v + B (w) ’Yﬂ] — (e ﬂ)} .

The equation of motion implies vYE,=0 and
vV Eqyqp =0, which is equivalent to
E1 +’(UE2 —E3=0,
Ei+wEs+ Eg=0,
E7; +wEg — Eg=0.

(4.27)

Here we have used the fact that v, P,s*$ M = 0.
We define form factors E}(w) by identical decomposi-

(4.26)

[
tions. In this case, the equation of motion leads to the

relations
wE{+ E}, - E}=0,
wEy+ Ey — Eg+ E{; =0,
wE; +E{ —E{=0.

(4.28)

These functions are not independent of E;, however, the
reason being that the matrix elements in (4.24) are re-
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lated to each other by an integration by parts. This
relation has its subtleties, since insertions of £, renor-
malize the masses of the states in the effective theory
and, therefore, modify the z dependence of the “bare”
states in (2.7). In addition, there is a contact term aris-
ing from the action of the derivative on the 6 functions
in the time-ordered products. We discuss these issues in
Appendix C. We find that the differences (E; — E}) are
in fact computable in terms of form factors introduced
earlier. The relations are

E,—E =A(v—-v), A1 + -1 8),
% v (v—v")y A1 + vy (d0 1€) (4.29)
Eyap — E‘lyaﬂ =A (v— 'U/)'y Aap — U‘Y(U:{Yﬂ - ”;ﬂ’a) ®2
+1vy0ap (P3 — A2§) .
In particular, it follows that E] = E; for i = 3,6, 9, 10, 11,
and we will choose these five functions as a basis. Then a

convenient way of writing the solution of the constraints
imposed by the equation of motion is

E; +wE2=wE{+E§=E3,
El—E2=1_\A1+w$0,
Ei—Eéz—j_XA1+$0,

E4+wEs=—Fg,
wEj+ E{=F¢— Ey,
(4.30)
(w+1)(E4+E5)=——E11—w¢2+1_\(w—1)A2,
(w+1)(By+ Ef)=—FEn + ¢2+ A(w —1)As,

E7+wE3=wE§+E§ = Eg,
E; — Eg =AAs + w ¢3,
Ej — By =—AA; + ¢3,
where we have introduced the nonsingular functions

= go(w) = A E(w)
Polt) w-1 7 (4.31)
$3(w) — A2 §(w)

w—1 ’

p3(w) =

Consistency of the equations determining Ey 5 and Ej 5
furthermore requires that, at zero recoil,

2Es(1) — En1(1) = ¢o(1). (4.32)
J
n A / il _ 1
(M'|Q'T QM) =— Z)*Zy;? €(w) tr{ M T M} S
—M’ 1 MmN,
N QmQ/ tl‘{ [<L+ + 2mgy f+ )P+ + (
1

- dmgmg:

where we have performed the mass renormalization for
the leading term. Here a “bar” denotes Dirac conjugation
combined with an exchange of velocities, polarizations,
and masses. The virtue of (4.34) is that it allows an
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The constraints imposed by the equation of motion
allow us to prove a second theorem.

Theorem 2. Matrix elements describing the mixed
first-order corrections to the current and to the La-
grangian vanish at zero recoil.

It follows from the fact that, under the traces,

P>

Ey(v,v) = v, [E1(1)+E2(1) —E3(1)] =0,

G ap U [E7(1) + Eg(1) — Eg(l)] -0,
(4.33)

Eﬁaﬁ(")’v)

with identical relations for E!. Thus, at zero recoil, only
genuine second-order corrections to the current or to the
Lagrangian contribute to hadronic form factors that are
not kinematically suppressed. The conservation of the
vector current in the limit of equal masses then leads to
relations between the universal functions which describe
the corrections to the Lagrangian, and the parameters \;
and A; which, according to theorem 1, describe the cor-
rections to the current. These normalization conditions
are the subject of Sec. IVD.

D. Modified wave functions and normalization
conditions at zero recoil

We have shown that at second order in the heavy-quark
expansion a total of 4+ 25+ 5 = 34 universal functions is
necessary to parametrize, respectively, the effects of cor-
rections to the current, of corrections to the effective La-
grangian, and of the combined corrections to both. The
richness of the structures that arise might seem both im-
pressive and frustrating, and the effort required to com-
pute the various traces is quite considerable. However,
only certain combinations of form factors appear in the
final expression for any hadronic matrix element, and
it is time to organize our results in a more transparent
and convenient way by employing the concept of modified
wave functions introduced in Sec. III.

The corrections proportional to 1/ mf? change the wave
function for the initial state meson, but leave the fi-
nal state unaffected (and vice versa for the terms pro-
portional to 1 /mé,). Their effects can therefore be ac-
counted for as in (3.12). On the other hand, the correc-
tions proportional to 1/mgmg: affect both mesons and
can only be accounted for by a combined wave function.
We can thus extend (3.16) to second order by writing

2mQ

te{ #'T [P (22 + -2-%53%) +P_ (1M + Le’f)]}

f’_”'+§—1—2¥')PL]PM}

meq

(4.34)

[

interpretation in terms of large and small components. It
also reduces to a minimum the effort required to perform
the traces. The structure of ¢} is the same as that of

LY in (3.13) and involves six functions #;(w). Note that
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redefinitions of the heavy-quark masses in the prefactors
1/mq and 1/mg- multiplying the first-order corrections
are compensated by redefinitions of these functions. Only
the combinations of L; and ¢; appearing in (4.34) are well
defined at second order. The structure of mM™’ is more
complicated and requires the introduction of 24 functions
m;(w). They are defined in Appendix A.

Let us now discuss how the various second-order cor-
rections fit into this pattern. We start with the correc-
tions to the Lagrangian, which according to (4.16) and
(4.17) preserve the P, projectors for the initial and fi-
nal state. Hence, the 15 universal functions B; and C;
contribute to 61};1 only and appear in the 3 combinations
£1,42, and ¢3. Similarly, the functions D; contribute to
mﬁﬁ‘”' and enter in the combinations m; to my. For
the discussion of the corrections to the current, we re-
strict ourselves to the operators in (4.1), which are ob-
tained from tree level matching of QCD and HQET. As
explained in Sec. III, one can identify iJ) h with the small
component of the full heavy-quark spinor, and those
terms lead to P_ projectors in the modified wave func-
tions. The last operator in (4.1) contains two such terms
and consequently contributes to m™M’ only. In fact, us-
ing the equation of motion its matrix elements can be
written as

(M| (=i P)TiD h|M)

= —tr{TP_[Y’My*P M 4*] PL}. (4.35)
By evaluating the brackets one readily computes the
functions mg to My, which appear in the parametriza-
tion of mMM’. Because

R'T 4qugG*®h = —h'Tiv-Dil h,
the other second-order currents in (4.1) contain one small

component and thus contribute to £¥. To see this, we
employ the equation of motion to write

(M'| BT vqusG*Ph | M)

= —tr{ M T P_[y*MvP¢*P] }. (4.36)

The mixed corrections to the current and the Lagrangian
have the same structure, since

M| i/d:z;T{ R'TiPh, L1(z) } M)

= —tr{ M TP_[yYMEy +7"Py s** ME,05] } .
(4.37)

Thus, both ¢; and E; enter in the functions 44, £5, and 4.
Finally, the second matrix element in (4.24) determines
the functions mys to mo4, which appear in the decompo-
sitions of m&M" and mMM',

The complete set of expressions for £; and m; is given in
Appendix A, and in Appendix B we compute the meson
form factors h; in terms of these functions. Let us now
use these results to derive the normalization conditions
which follow from the conservation of the vector current
in the limit of equal heavy-quark masses, mg = mg. It
implies that, at zero recoil,
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(M(©)] Q7 QIM(v)) = 2ma v, (4.38)
for both pseudoscalar and vector mesons, which in terms
of the meson form factors is equivalent to hy(l) =
h1(1) = 1. It is now important that we have performed a
mass renormalization in the first term in (4.34), since m s
in (4.38) is the physical meson mass. Using the normal-
ization of the Isgur-Wise function and Luke’s theorem,
we find, from Appendix B in the equal mass limit,

hi(1) =1+ ;i—g [221(1) +mi(1) - ms(l)] e
(4.39)

ha(1) =1+ anTQ [262(1) + ma(1) + ms (1)

—-my1(1) — 'm12(1)] +---

Setting the coefficients of the second-order terms to zero,
we obtain two conditions, which at the tree level may be
written as

2By (1) + 2C1(1) + Dy (1)
—3[204(1) + Dy(1) +2C5(1) + D5(1)] - A1,
(4.40)

2B3(1) + 2C5(1) + D3(1)

~2[205(1) + Ds(1) +2Cs(1) + De(1)] = —Aa.

More restrictive relations could be derived by including
renormalization effects and requiring that the logarithmic
dependence on p be the same on both sides of (4.40).

V. APPLICATIONS AND SUMMARY

Let us summarize the main results of our analysis. In
total, 34 universal functions appear in second order of the
heavy-quark expansion of meson form factors. We have
proved two theorems stating that, at zero recoil, the lead-
ing meson form factors do not receive contributions from
mixed corrections to the current and the Lagrangian, and
that the corrections to the current can be expressed in
terms of A\; and A;. The number of universal functions is
strongly reduced if one ignores radiative corrections and
only considers the phenomenologically interesting cases
of P —» P and P — V transitions induced by a vector
or axial-vector current. Then all matrix elements can be
parametrized in terms of £; to ¢ and the five combina-
tions (m1 — ms), (m2 + mg), (M3 — m10), (M16 + Mis),
and (mi17 — myg). This can be seen from the relations
given in Appendix B.

In the following paragraphs we apply our results to
semileptonic B decays and give estimates for some of the
second-order corrections. We also discuss the corrections
to Luke’s theorem, which arise at second order. For sim-
plicity, we shall ignore radiative corrections.
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A. Elastic form factors and B — D £v decays

As pointed out in the Introduction, the universal form
factors of HQET describe the properties of the light de-
grees of freedom in the background of the color field of
the heavy quark. From this point of view, the Isgur-Wise
function is the elastic form factor that describes the over-
lap of the wave functions of the light degrees of freedom
in the initial and final mesons moving at velocities v and
v'. The normalization of £(w) at zero recoil reflects the
complete overlap of the configurations of the light con-
stituents in two infinitely heavy mesons with the same
velocity. If finite-mass corrections are taken into account,
the overlap decreases. In HQET the corresponding cor-
rections are described by the functions L; and ¢;, which
represent the corrections to the wave function of a pseu-
doscalar (i = 1) or a vector (¢ = 2) meson. At zero
recoil, the first-order corrections vanish, and using the
expression for Ay and h; from Appendix B, we obtain,
at second order,

(D(v)| Vi |B(v))

= 2ympmp v {1+ (ec — &)t (1) + - },

(5.1)
(D*(v,€')| Viu |B* (v, €))

= —2/mp-mp- e * v,

{1+ (cc—enl(1) + - },

where eg = 1/2mq.

In the nonrelativistic constituent quark model, the mqg
dependence of the overlap integrals comes from the mg
dependence of the reduced mass of the light constituent
quark, mi*d = mgmq/(mq + mg). For an estimate of
£;(1) we use the wave functions of the ISGW model [35]
to obtain

£1(1) = £5(1) = —=3m2 =~ —0.75 GeV2. (5.2)

For the numerical estimate we have identified the con-
stituent mass of the light quark with A, since mps =
mgq + mq in the ISGW model.

The matrix element of the vector current between a B
and a D meson enters the theoretical description of the
decay rate for the semileptonic process B — D fv. After
contraction with the leptonic current, a combination of

the form factors A4 and h_ appears [33]:
dl'(B — D{v)
dw

_ GElVal?
4873

x|h () - \/Eh_(w)f,

m$ (mp +mp)? (w? —1)%/2

(5.3)

where S = (;’:;—'—;—mg 2 ~ 0.23 is the Voloshin-Shifman

factor [1]. At leading order in the heavy-quark expansion,
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the form factor is normalized at zero recoil, offering the
possibility of a reliable determination of Vg, for w 2 1,
provided that the corrections to the infinite quark mass
limit are small. The first-order power corrections are
indeed suppressed by the Voloshin-Shifman factor and
have been estimated to be = +2% [25]. Including the
second-order corrections, we find, from Appendix B,

hy(1) = VS h_(1)=1— (ec — £3) V'S Ls(1)
+(€C — Eb)z [21(1) — 24(1)]

~1+1.8% — 1.3% x [%_{)_Ktz_lﬁl_(l_)] ’
(5.4)

where we have used the heavy-quark masses m, = 1.5
GeV and mp = 4.8 GeV, the constituent quark model
estimate (5.2), and the QCD sum rule results A = 0.5
GeV and L4(1) =~ —A/3 [25]. For simplicity, the radia-
tive corrections to hy and h_ have been neglected. We
conclude that, unless the combination [£4(1) —£¢;(1)] were
unusually large, both the first- and second-order power
corrections are small. Although not protected by Luke’s
theorem, the decay B — D £ v thus allows for a reliable
measurement of Vg

B. Determination of V; from B — D*£v decays

It has been observed in Refs. [1, 26] that semileptonic
B decays into D* vector mesons offer an almost model-
independent measurement of V3, since the 1/mg correc-
tions to the decay rate vanish at zero recoil. In terms of
the meson form factors, one finds

lim 1 dl’'(B — D*{v)
w1 /% — 1 dw

_ GE Vel
473

and ha, (1) is protected by Luke’s theorem [15]. Thus
the determination of V,, from an extrapolation of the
spectrum to w = 1 is model independent up to terms
of order 1/m2. From Appendix B we obtain at second
order,

ha, (1) =1+ (ec —eb) [ec £2(1) — €5 £1(1)] +ecer A,

m. (mp —mp-)? |ha, V)|*, (5.5)

(5.6)
where
A=201(1) 4+ €2(1) + m2(1) + mg(1)

=4 +20+4 [D4(1) +2Ds(1) + Ds(l)} .67

Using (5.2), the first correction in (5.6) is estimated to be
—3A%(e; — €3)? ~ —3.9%. Concerning the second term
we observe that, except for A1 and \,, the coefficient A
depends only on form factors which arise from a double
insertion of the chromomagnetic moment operator of £;
in (2.4). We shall argue below that these terms are ex-
pected to be very small. In addition, they are suppressed
by a factor of €. Neglecting them and using (2.15) as
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well as the sum rule estimate A\; ~ 1 GeV? [17], we obtain
ec€p A =~ +5.7% and thus

ha,(1) — 1~ +2%. (5.8)

The main uncertainty in this estimate arises from the
uncertainty in A1, as discussed at the end of Sec. II. In the
extreme case A1 = 0 we would obtain hg4,(1) — 1 =~ —3%
instead of (5.8). However, in any case the second-order
correction is small because of a partial cancellation of
the two terms in (5.6), suggesting that the theoretical
uncertainty in this method of extracting V. is only a few
percent.

It has been claimed in Ref. [36] that QCD sum rules
would predict a second-order correction to h4,(1) of as
much as —10%.3 In view of our estimate (5.8) this asser-
tion seems unacceptable. Even for A\; = 0 it would im-
ply that £1(1) and £2(1) would have to exceed the quark
model prediction (5.2) by a factor of 3.

C. Second-order corrections to Luke’s theorem

At the end of Sec. III, we discussed the fact that Luke’s
theorem protects the meson form factors hy, h4,, h1, and
h from first-order power corrections at zero recoil. Al-
though our results show that there is no such nonrenor-
malization theorem at second order, the structure of the
1/m? corrections to these four form factors is particu-
larly simple and allows for a semiquantitative estimate.
At zero recoil, the expression for hy is

hr(1) = 1+ (ec — ) 2£2(1) + 065 A, (5.9)
with
A" =41 —2X; +4[Dy(1) — Dg(1)] . (5.10)

The other three form factors have been given in (5.1)
and (5.6). We observe that there is always a correction
involving £;(1) or £2(1), depending on whether one deals
with a pseudoscalar or a vector meson, respectively. Us-
ing the quark model estimate (5.2), this term becomes
approximately —4%. Its smallness naturally results from
the squared difference (¢, —¢p)?. In addition, for h4, and
h7 there is a term proportional to ., which depends
on the mass parameters A\; and Ay as well as on form fac-
tors arising from a double insertion of the chromomag-
netic moment operator. Neglecting these latter terms,
this correction can be estimated based on a model calcu-
lation of A1, since Az is known from the experimentally
observed mass splitting between vector and pseudoscalar
mesons. QCD sum rules predict that A; is positive, and
the corresponding correction tends to cancel the terms
proportional to £;, which are negative. As a result, the
form factors h4, and hr can only receive small 1/m? cor-
rections at zero recoil.

%It has been pointed out in Ref. [25], however, that the ar-
gument given in Ref. [36] has no theoretical foundation.
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D. Limit of vanishing chromomagnetic interaction

Detailed QCD sum rule analyses of the universal func-
tions that appear at order 1/m in the heavy-quark ex-
pansion show that the form factors A; and As, which
arise from the insertion of the chromomagnetic moment
operator in £, are much smaller than the other two func-
tions A; and &3 [25, 37]. The coarse pattern of the 1/m
corrections can be well described by setting A; and Az
to zero, corresponding to the fictitious limit of vanish-
ing field strength, G®® — 0. Let us see what kind of
simp2liﬁcations the same approximation implies at order
1/m?.

We start with the corrections to the current. In the
limit G*# — 0 the functions ¢;, @2, and ¢ vanish, and
according to (4.10) this implies the vanishing of A; and
A2. It then follows that ¢o = (w — 1) @ vanishes at zero
recoil, and all corrections to the current can be described
by the single function ¢3 Similar simplifications occur
for the corrections to the Lagrangian. Here all univer-
sal functions except B1,C1, and D; vanish in the limit
G — 0. At the tree level, one obtains from (4.40) the
zero-recoil condition

Bi(1)+Ci(1)+3iD:1(1)=0 (G*¥ —0). (5.11)

Finally, the combined corrections to the current and to
the Lagrangian are entirely parametrized by the form
factor Ej3, since Eg, FEg, E19, and E1; vanish in the limit
of vanishing field strength.

In the fictitious limit of vanishing chromomagnetic in-
teraction, the set of 34 universal form factors is thus re-
duced to only 5 functions, a combination of which van-
ishes at zero recoil. Although we are aware of the fact
that such an approximation can only give us a very sim-
plified picture, we still believe that it might be useful for
an analysis of the structure of the dominant terms. The
expressions arising for the functions ¢; and m; in this
limit can readily be obtained from the general formulas
given in Appendix A.

E. Summary

Using the heavy-quark effective theory, we have per-
formed the expansion of matrix elements of heavy-quark
currents between pseudoscalar or vector mesons up to
second order in inverse powers of the heavy-quark masses.
The general description of the power corrections arising
at order 1/m? involves a set of 34 Isgur-Wise form fac-
tors, which are universal, mg-independent functions of
the kinematic variable w = v - v’. These form factors are
defined in terms of matrix elements of higher-dimensional
operators in the effective theory.

Apart from some normalization conditions imposed by
vector current conservation, the universal functions are
hadronic quantities which cannot yet be predicted from
first principles. Nevertheless, we have argued that in
certain cases of phenomenological interest the 1/m? cor-
rections are parametrically suppressed. In particular, the
corrections to the semileptonic decay rates for B — D fv
and B — D*{v at zero recoil are estimated to be small,
not exceeding a few percent. Our results thus support
the usefulness of the heavy-quark symmetries for an ac-
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curate determination of the weak mixing parameter V,,;
from these decay modes.

Although the structure of second-order corrections to
various decay rates is quite complex, we believe that a
classification in terms of universal form factors is still
a useful concept. In particular, this might provide a
framework in which to analyze various models. For in-
stance, we have shown that the second-order corrections
to elastic form factors arising from the mg dependence
of the reduced mass of the light constituent quark in
a nonrelativistic quark model are accounted for by our
functions ¢; and ¢35, and an estimate of the effect gives
£1(1) =~ £5(1) =~ —0.75 GeV2. This information can
then be used to predict corrections to other form factors,
whose dependence on £; and #3 is known from heavy-
quark symmetry. We have also suggested that, for an
estimate of the dominant corrections, one might con-
sider the limit of vanishing chromomagnetic interaction,
in which only 5 of the 34 universal form factors remain.
The usefulness of such an approximation is supported by
QCD sum rule calculations of the form factors appearing
at order 1/m in the heavy-quark expansion.

The analysis presented here for mesons can straightfor-
wardly be extended to other hadrons containing a single
heavy quark. The particularly interesting case of the A
baryons is discussed in the following paper [27].
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APPENDIX A: COMPUTATION
OF THE MODIFIED WAVE FUNCTIONS

According to (3.13), the general structure of the mod-
ified wave functions £} introduced in (4.34) is

e =VM () 1,

ZK =vM [ﬂz + e-v’Eg] ,
=VM (—7s) la,

E‘_/ = \/M [¢€5 + E'leG] .

(A1)

J
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The coefficients ¢; are functions of w = v - v'. Similarly,
we choose the following decomposition for m#M":

m++— VM ml( 75)75 \/]W—]M—Imla
mEY = VMM [ma (—35) ¢" +ma (—5) €™0]
(A2)
m¥? =vVMM [m'z ¢vs + mjg e-v"ys] =mtY,
m¥Y =vVMM [m4¢¢'* +mse-€* +mgde™v

+mg ¢™* ev' +mye- e’*-v] .

An identical decomposmon with functions mg to miq
applies for mMM’ . Finally, we define

iP —-VMM' mis,

mLY =vVMM' ['mw (—7s) ¢ +maz (—7s) 6'*"0] )
(A3)
m¥P =V MM [m1s g5 + mige-v' 75] )

KV VMM’ [mzogigl'* + moy €-€™* + moade*v

+mgz ¢ v’ +moger e'*-v] ,

., . .
and mMM’ is described by a set of related functions m},
— ’ .
since mMM' = mM M, In these expressions a “bar”

means Dirac conjugation combined with an exchange of
velocities, polarizations, and meson masses. Also, be-
cause of radiative corrections the functions ¢; and m; de-
pend logarithmically on the heavy-quark masses, and m/
are related to m; by an interchange of mg and mg- in the
renormalization factors. At the tree level there is no such
difference, and £; and m; are universal, mg-independent
functions.

The tree level expressions for these functions can be
obtained by evaluating the various traces, as explained
in Sec. IV. We find

6= (A1 +3X) €+ By +2(w — 1)By + 3Bs + Cy + 2(w — 1)C, + 3C3

—3C4 — 9C5 — 6C6 + 2(w? — 1)(2C7 + Cg)

— 4(w — 1)(C9 + 012),

162:()\1——)\2)5-}-31-—B3+01—‘03—304-—05+206+2(w—1)[(w+1)08—09—Clo+3011+012],

f3=—2By — 2Cy + 4(w + 1)07 + 2Cg — 2C19 — 10C1; — 10C1 2,

(’UJ -+ 1)¢1 + 4¢o + 3¢p3 — 2E3 — 4(U) + 1)E6 — 6E9 + 2(111 + 1)E10 —4F,,

— (w+ 1)¢1 + 22 + ¢3 + 2(w + 1) E19 — 2E11,

—aT {-’_\L2 + 8w —1)Ls + w(do — @) + (w+ 1)¢1 — ¢2 — Es + 2(w + 1)Eg + Eo — 2(w + 1) Eyo + En];

£y =—ALy — w(o + 383) —
ls=—ALy — w(q?o — ¢3)
lg =

(A4)
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mi1=D; + 2(11) - 1)D2 +3D3 — (2'!1) + 1)D4 —9Ds — 6Dg — 2(11) - 1) [(w + 1)(2D7 -+ Dg) —4Dg — 8D10],

mg =Dy + (w—1)Dy + D3 + Dy + 3D5 + 2Dg — 2(w — 1)(Dg + D1o),
m3=—2Dy + 2Dy + 2(w + 1)(2D7 + Ds) — 2Dg — 10D,

mq = Di — D + (2w — 1) Dy — Ds — 2(2w — 1) Dg + 2(w — 1)[(w + 1) Ds — 2D + 2D1] (A5)
ms = —4wDy + 4(2w — 1)Dg — 4(w — 1) [(w +1)Ds — 2Dg + 2D10],

me = —2Dy — 2D4 + 4Dg — 2(w + 1) Dg + 6Dg — 2Dy,
mqe =4D4 — 8Dg — 4Dy + 4wDg — 8Dg + 8D1;

mg = o + Sy s + Lt [(w +1)¢1 — 66 — 2[\L4],
mg:;-_l'_—l-[-— (w+ 1)1 + 2(2 — w)2 + 363 — A(w _1)L4],
mio =+ iy [3(;52 + 303+ .K.L4],
my1 = —¢o — (w+ 1)d1 + 22 + 2¢3, (A6)
mis = 260 + 2wy — =21 [2w¢2 + (2w + 1)gs + A(w — 1)L5],
Mz = —¢ + oi [452 + 14+ A(Ls — st)],
mig = —24 ¢+ (CE= [4(w + 1)¢1 — 2(3w + 4)¢p2 + (w + 2)¢p3 + 4ALs — 2A(4 — w)Ls];
mis = —AL; + ¢o + 33 — 2¢5 — 2F3 — 4(w + 1)Eg — 6Eg + 2(w + 1) E1g — 4E11,
mie=—ALa + o — 3 — 2F3 + 2Eg + 2E11,
mir = -4 [%(w —1)L3 — ¢2 — 2(w + 1) Es + (w + 1) E1o + Ell] ,
mig = —AL1 + do + 343 — 262,
mag = =27 [AL1 = Go — 383 + 262 — By — 2(w + 1)Be — 3Bo + (w + 1) Byo — 2B,

mao = —ALa + o — 3 — 2(w +1)E10 + 2B, n
mo1 = 4(w + 1)Eyo — 4E11,
maa =~z [Aw ~ DLs — 292 — 3w + ) Bro + 2Bu,

m23=70—3,—1[—1—\L2+$0—$3+E3—Eg—(w+1)E10],

Moy = —524__—1 [%(w —1)Lg — 2+ (w+1)Es + (w2 —1)Ey — "-UEII] .

Equation (4.32) ensures that there is no pole in mg4 as w — 1. Note that the first terms in £; and £, compensate the
mass renormalization performed in (4.34).

APPENDIX B: MESON FORM FACTORS

Let us set g = 1/2mq. Then to second order in the heavy-quark expansion the meson form factors h; defined in
(8.17) are given by

hy =€+ (ec+ ) L1 + (€2 + €2) £1 + c8p (M1 — mg),

(B1)
h_ = (. —ep) Ly + (€2 — €2) Ly;
hy =&+ ec(Ly — Ls) + ey (L1 — La) + €2 (bg — £5) + €7 (€1 — £4) + £cep [(m2 + mg) — (M6 + mas)]; (B2)

ha, =€ +ec(La = 253 Ls) + e (L1 — 271 La)
+e2(ba — 25385) + €3 (01 — 25304 + ecen [z + mo) — B5h (s + mas)]

ha, =¢€c (L3 + Le) + €2 (€3 + £g) + £cep [(Mma — m1o) — (M7 — mi9)], (B3)
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has = €+¢&c(La — Ly — Ls + Lg) + €y (L1 — Lg) + €2 (b — £3 — L5 + Lg) + €3 (61 — £4)
+ecep (M2 + mg) — (m3 — m1o) — (e + mis) — (M17 — m1g)];

hi =&+ (ec +b) L2 + (2 + €}) £z + £c8p [(ma — ma1) + (ms — m12)],
ho = (ec — &) Ls + (€2 — €3) £s,
hs=¢&+¢ec [La+ (w—1)Lg + Ls — (w + 1) Lg] + € (L2 — Ls) + &2 [la + (w — 1)€3 + €5 — (w + 1)€e] + &2 (€2 — £5)
+ecgp [(Mma — ma1) + (ms — mi2) — (w — 1)(me — muaz) — (w + 1)(maz + mas)],
hg = h3(ec < &),
hs =€ (Ls — Lg) + &2 (€3 — £6) + &cep [(me — maz) + (mr — mag) — (Maz + mas)],
(B4)
h5 = hs(&‘c «— €b),
hy =& + (ec + €p) Lo + (€2 + €7) £y + €cp (Mg — may),
hg = (€c — &) Ls + (€2 — €3) £s,
hg =¢c (L3 — Lg) + €2 (€3 — £6) + €ceb [(me + mi3) — (Mma2 + mas)],
hio = hg(ec <« €p)-

These relations are valid at tree level. The radiative corrections to the leading and subleading terms in the heavy-quark
expansion have been calculated in Refs. [3, 38, 39].

APPENDIX C: MODIFIED WARD IDENTITIES

Here we derive Ward identities which relate the derivative of the matrix elements in (3.10) to the matrix elements
in (4.24), in which a derivative acts on the current. These identities are needed in Sec. IV C to express the universal
functions E! in terms of F; and other form factors. Let us consider the matrix element

(M| J(2) |M + 6M) = (M'| J () |M) + 2—;(5 | i/da: T{J(2), L1(2) } |M). (1)

J(z) is a heavy-quark current in the effective theory, |M) is an eigenstate of LuqeT, and |M + §M) denotes an
eigenstate of LyqeT + §;n1—qL'1. In contrast to (2.7), we have

2
Am3,

2mqg

|M—+—6M)z=exp[—i<.7\+ )vz] |M + 6M)g. (C2)

Using this fact, we find to order 1/mgq

107 (M| J (2) |M + 6M) = i0Z (M'| J (2) |M) + Az—zﬂi vy (M| J(2) | M)
+5 ﬂj’\LQ (v =)y (M]3 [daT{I(), £2(0) } ). (C3)
Collecting terms of order 1/mg, we thus obtain
[i62 = A (v = v),] (M) / dz T{J(2), L1(z) } |M) = Am3, vy (M| J(2) | M) . (C4)

On the other hand, carrying out the derivative acting on the time-ordered product gives
0% (M| / de T{J(2), L1(z) } |M) = (M| / de T{i0,J(2), L1(z) } | M)
—u, (M'|K'T P, [(z‘D)2 1 saﬁaaﬁ] h|M). (C5)

Combining (C4) and (C5), we find for the universal form factors the relations given in (4.29).
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