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Angular distribution and CP effects in rare decays of vector mesons
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We calculate the differential decay rate for the semileptonic decay V—RI

*1~ when R is a scalar, a

pseudoscalar, and a vector as a function of the invariant mass of the / ¥/~ pair and the scattering angle
in the /]~ center-of-mass frame. We obtain the helicity dependence of the decays and calculate the
asymmetry factor a(s) and the ratio of the contributions from the CP-odd and CP-even channels. We re-
peat the calculations for the nonleptonic decay ¥—RR’. In the calculations we use the heavy-quark

and factorization approximations.

PACS number(s): 13.20.Jf, 11.30.Er, 13.20.Gd, 14.40.Jz

I. INTRODUCTION

In this paper our aim is to calculate the differential de-
cay rate for the semileptonic decay V—RI 1™, where
the relevant operator is b—¢ql 71—, and the nonleptonic
decay ¥V —RR’, where the relevant operator is b -—qqg,.
R represents the bound state of the bg pair, and R’
represents the bound state of the g,g, pair. We do the
calculations for a scalar, a pseudoscalar, and a vector res-
onance. In the calculations we use the heavy-quark and
factorization approximations; therefore, we expect our
results to be more reliable when the quarks involved are
heavy. These decay channels are important because of
their dependence on the top-quark mass as well as their
providing an opportunity to study CP violations. Even
though we do the calculations for b-quark decay, the re-
sults can be applied to rare decays of other heavy-quark
mesons.

The main purpose of our work is to obtain the angular
distribution of these decays for different helicity and CP
channels in the /7~ rest frame. After obtaining these
contributions, we calculate the asymmetry factor a(s),
which we define to be the ratio of the cos?s term to the
flat term where ¢ is the scattering angle in the / T/~ rest
frame, the configuration for which is shown in Fig. 1.
The information on the angular distribution is important
because of the fact that one can use Monte Carlo simula-
tion for the experimental setup to obtain the efficiency
and to eliminate the background effects.!

In Sec. IV we repeat the calculations for ¥ —RR".

In doing the calculations mentioned above, we use the
heavy-quark and factorization approximations [2-4].
These works should provide a reference mark for experi-
ments and, as a result, should provide information on
how well these approximations work for these decays.

*Electronic address: cakir @ physics.rutgers.edu

ISee, for example, Ref. [1].
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II. KINEMATICS

The three-body differential decay rate for an unstable
particle is given by
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Here P is the four-momentum of the decaying particle
and p; are the four-momenta of the final-state particles;
we choose p, and p, to be the four-momenta of /™ and
!™ and p3; =Py to be the four-momentum of the remain-
ing particle. J/ is the matrix element for the decay. By
introducing the invariant mass s =(p, +p,)?* of the I 71~
pair via

1= fds 8(s —pHd*p 8(p —p,—p,)

= _‘ﬁllw o
deZEpS (p—P1—p2) 2)
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dr = 1 2 .2y11/72
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FIG. 1. Momentum configuration for the ¥V decay in the
11~ center-of-mass frame.
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where
Ala,b,c)=a*+b%+c?—2ab—2ac —2bc . 4)
For the two-body decay, we have

1
r= AME ME M2)]2m|? . (5)
87TM;3/[ |4 R R ]

We define the ratio of contribution to the differential de-
cay rate from the different helicity states by

dr
dsd cos

1

R =T /ds

(6)

AN

and the ratio of the contribution to the differential decay
rate from the CP-odd channel by

1 dr’
R odd= . 7
74T /ds | dsd cosd | cp oug @
In the /%I~ center-of-mass frame p;=—p,,

P, =Pz =P (the configuration is as shown in Fig. 1),
P,=(E,,0,0,P), Pgr=(EgR,0,0,P),
p1=(E,p), p,=(E,—p), (8)
Py, -p=Pypcosd,,, ,

and the helicity eigenstates are given by

€V()\4V:O)=7‘41_"(Py0’07EV) ’

Vv
1
€r(Ag =0)=——(P,0,0,Ey) , 9)
R R MR R
o L TF1 .
evlhy=H)=eg(Ag =£)=~=(0,1,%,0) .

The invariant mass of the / 7/~ is

s=(p, +p2)2=(PV—PR )2

2797

FIG. 2. Decay diagrams for V—RI*]".

III. V>RItI™

In the calculations of this section, we model the decay
processes on the b-quark decay, and we consider only the
diagrams shown in Fig. 2. In the V decay diagrams, we
have introduced the factors F at each vertex. In general,
the s are functions of the masses and the decay rates of
the mesons as well as the invariant mass of the / ¥/~ pair.
They can be taken, approximately, to be F~2V M 1(0),
where (0) is the wave function of the resonance at the
origin at the relevant vertex.? However, since our pur-
pose is to obtain the angular distribution up to an overall
factor, we leave them as parts of an overall factor.

We can write the matrix element for the decay in Fig. 2
in the form

M =M+ ME  +MZ,+ MY+ M, (13)

VvKItIT

where, for i =u,c,t,

TE]VtD,uv

=(E,+E,?*=(E,—Eg)?, (10
with
s =(m;+m,)?,
min 1 2 (11)
Smaxz(MV_MR )? ’
and
_ My —Mi+s
V 2‘/; )
M} —ME—s
ER=‘V—2‘/TR~— 5 (12)
P%/ZP%:iA(M,Z,,Mﬁ,s) )
J
) FyF d*k
0= vz | eVl 4M, M, (

2m)t (kKP—mP) ki —m?) ki —-ME )k —M})

2See [5,6] for the relation between the wave function at the origin and the decay constant.
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TE =Tr[Vr(Pr + M)y (1 =y K +m)y (1 =y )Py +My)éy ],
=2k°‘Tr[FR(PR +MR )7’“(1—7/5)’}/a7/V(PV+MV)tV] ’

Y =gy (A —y )k +m)y (1 —y5)g 1=2k, [@7 v r*(1—7v5)q, ] , (14)
M= |8 2 _g* Vv, FyFk f d‘k Do TR1tH
A 2v2 4 e aMo My, |Y m)t (K2—m2) (k2 —ME) (k3 —ME)(s—M32)
Ak#v=[(k3—k2);\gm+(k2-—k1 )pgkv+(kl _ks)vgm] >
TR\ =TH , th=[g,y"a+bys)q,], (15)
2
D g 2[ viv. ] FyFx f d*k T'hat py
A2 12v2 | |4costy | T ETR aM My | 2m)t (k2—ME (kI —m2) k3 —m2)s —M3)
Thy =Tr[Fr(Pr + Mgy (1 —y ) Ky +m;)yH(c +dy )y +mp)y (1—y )Py +My)éy]
=Tr[FPr(Pr + Mg )X 1+ys)y¥{(c —di,+(c +d)m; }yH (K +m;)y (1—ys) (P, +Myp)Ey], (16)
[
where m; is the mass of the internal quark and m is the There is also a contribution when the internal quark
mass of the internal lepton. To obtain the Z contribu- lines form a resonance. This contribution is small and
tion, we substitute would produce a kink at s =M % We do the calculations
_ . 5 _ for the resonance contribution in Sec. IV of this paper.
a=—1+4sin"0y, b=1, After using the equations in the Appendix, we obtain
c=1—1sin’6y, d=1, (17) s I
- TEM — —4k" R gy, (1—vs)q, ],
d —c=23sin“0y, , '
.3 W o By, TRy — —6K>R,, 21
and to obtain the y contribution we use TH, —{(c —d)k2—2(c +d)m?} R* ,
a=c=1, b=d=0,
(18)
M, —0, cosOy—1, where we defined?
together with RE=Tr[V g (Pr +Mg)yH(1—ys) (P, +My)éy] . (22)
g’ 2
4 ¢ (19) The matrix element for ¥—RI "]~ can be written in the
form
in M, and
, M=R{V[q,7,9,1+A[Gv,759: 1} » (23)
ﬁ LY (20) (1£ys)ys=(ystl)==x(1%y5) . (24)
cos
u Therefore, after defining g, =1(1%y5)g, we have*
in M p,, where Q; is the charge of the internal quark line. M=RV+A}qs v, q,4+], (25)
The dominant term is the ¢ contribution since ThEETE
Smax = (My — My > <My, M7. where YV and A are as given in the Appendix, and®

3In the following subsections, in order to keep the expressions more general, we introduce the factors &;£,77. Here we have
§=f=n=1

4See [7] for more detailed applications of this method in calculating matrix elements.

SHere we used

1 0
=g V=1 (26)
and
d .0
COS— ) —Ssin—
[19)= g | 9= s |- 27
sin— cos—

2 2
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yE=[UDCHHID LD, D CH I D iD= LD, 2D =10 LD .

(28)
The spinors are given by®
1 1 _
=—(V +VE — =—— —
IR S VETm£VE=—m)|19), ql. s VE=m FVE+m)19),
1 1 (29)
=V FVE — —_1 -
qL ‘/2( E+m FVE—m)|l9), QL \/2(\/E m+VE +m)l3),
[‘1&7”%‘1L]=im(Tl"?"i—JTt‘}>=m(i‘1,sim9,0,cosﬂ) ,
[g)ivtqli 1=+m (Lolys | 19) =m(+1, —sind,0, —cosd) ,
(30)
(¢ v4 g b 1=2(p£E) (1914 | 19 ) =(E+p)(0,c088, — i, —sind) ,
(el v ali 1=—(p FE)(I9Iy |18 = —(E Fp)(0,cosd,i, —sind) .
A. V—-»R0+I+I_
In this case R is a scalar and ¥ ; =1; thus,
RE=Tr[(Pr + Mgy (1—y )Py +My)éy ], a1
31
R =4{Es[MyMp —(Pg-Py)]el +Ls( Py €y )Py} _4i7ls9aBU”PRaPVBGVa .
After some algebra we obtain
2 .
g |2=2%E? |<\/12+~}’i_;|04|2] [—A—;;[gs[MRMV—(PR-PV)]EV+§SP2(ER —E)}2(1—cos®d)
14
+{EX[My Mg —(Pg-Py) P+n3PUE, —Eg }(1+cos’d) | . (32)
The asymmetry factor is given by
AZ_BZ
asls)=——>, (33)
As+B;§
where
AG=Mp{ES[MyMyp —(Pg “Py)P+n5PUE, —Eg ?},
(34)
Bgz{gs[MRMV_(PR “Py)]Ey+EsPAEg —Ey)}?.
The ratio of the contribution from the A =0 helicity states to the overall contribution is given by
BZ
RS o= —zi——z«]u—cosza) (35)
v 4 245+ B¢
and the ratio of the contribution from the CP-odd channels is given by
s 3 1 2 202 2 2242 p2 2
== My —(Pg-P + - .
odd ™ ‘2A§+B§ {Es[MyMy —(Pg-Py)])"Eycosd+nsMyP(Ey,—Eg)} (36)

We plot ﬁfyzo,ﬁgdd,as in Figs. 3-5 for B*(5325)—K (1430)! "1~ and in Figs. 6-8 for Y—B .l "I~ assuming
that there is a scalar B, resonance around 5400 MeV.

6See, for example, [8].
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FIG. 3. Plot of R o for B*(5325)—K *(1430) "1~

FIG. 5. Plot of as for B*(5325)— K *(1430)I "1 ~.
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B. V>R _ 1t1-
In this case R is a pseudoscalar and ¥ g =7 s; thus,
RE=Tr[(—Pr +Mp)y'(1—v)(Py+My)Ey],
sRp=4{Ep[MyMg +(Pg-Py)]el, —{p(Pg €y )P} +4i”7P5aB"“PRaPVB‘5w : 37
It is sufficient to substitute M, Mz — — M My in the results for the scalar resonance. Hence
2
[Mp|2=28E? |w12+1};_—2|3412] [#{gP[MRMVHPR-PV)}EV+;,,P2(ER —Ey)}H(1—cos’?)
v
X {EL[My My +(Pg-Py)*—n3PHE,—Eg)*}(1+cos’?) (38)
and the asymmetry factor is
A 2 _B2
apls)=———L1, (39)
Ap+Bjp
where
Ap=Mp{ER[MyMpg +(Pg-Py)P+npPHEy—ER )} , (40)

BEi={Ep[MgMy,+(Pg-Py)E,+(pPUE,—Eg)}? .

The ratio of the contribution from the A =0 helicity states to the overall contribution is given by
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B}
2A%+B}

3
7{§V=0=—

4 (1—cos?3) 41)

and the ratio of the contribution from the CP-odd channels is given by

1
242%+B2

s =3
odd 4

}{gf[M,,MR +(Pg-Py)]*cos?d+n2PUE, —Eg )*} . (42)

As should be, these results are equivalent to the results in [9]. We plot ﬁfv=o,7{§dd,ap in Figs. 9-11 for
B*(5325)—K (494)] "1~ and in Figs. 1214 for Y—>B_1"1".

C. V—>R1_1+I_
In this case R is a vector and ¥’ =#£; thus,
Ry =Tr[€ g (Pr + M)y (1—ys)(Py+My)éy], 43
R, =4{&y[(Pr-€y)Myert+(ex -Py)Mgety 1 —§y(ek €y )(My PR +MpPy)
—inye®teq(MyPrg+MpgPygey,)} .

After some algebra we obtain

2
lo |2=2 |W12+§71A|2] llz[gzy(MV+MR)2P2+n%,<MVER+MREV>2]
Ey Eg 1 1 2
+ |EY(Ey—EgR) | — ——— | +Ep(EREy—P?) | —+—— | | P? l(1—cos?3)
§V | 4 R MV MR V\&=REYV MV MR
ny
+ {g%/(EV——ER )2P2+F[(MV+MR )P2—E,(MyEg +MgE,))? H(1+cos*?)
| 4
ny
+ %,(EV—ER)2P2+F[(MV+MR)Pz—ER(MVER+MREV)]2 (1+cos*¥)
R
+29%Re( VA (Ey—Eg) [—ME;[(MV+MR )P2—Ep(MyEgp +MREy)]
—_Af—[(MV“‘MR )PZ_EV(MVER +MREV)] cost . (44)
| 4
The asymmetry factor is given by
AZ_BZ
apls)=——, (45)
AL+B}2
where
2 2
A,2,=2§2,,sP2+%[(MV+MR )P2—E, (M Ey +MREV)]2+%[(M,,+MR )P2—Ex(MyEr +MgE,))?,
| 4 R
Bl=—2[(M,+Mg P+ (MyEx + MrE,)?]— |£,Vs Ly _Er +E (EREy—P?) |[——+ -1 2PZ.
| 4 | 4 1 4 R | 4 V&R R*™=V | 4 MV MR VVEREY MV MR
The ratio of the contribution from the A,,A; =0 channel is given by
7%0'2,=3 — 1 Ey(Ey,—Eg) Ev _Er +&y(PP—EREy) R 2P2(1—coszz‘}) (46)
4 |242+B} M; M, M, Mg

and the ratio of the contribution from the CP-odd channel is given by
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R dd=—3— 1 2935 (MyEgr +MgE,)*+ n, (M, +Mg)P?—E,(MyEgr+MpE,)]?
[o] 4 2A;2/+B;2/ V V&~R R&=V M;Z/ | 4 R vV V&R R&=V
ny
+ M2 [(M,+Mg)P*—Er(MyEg +MgE,)]?
+[28(Ey —Eg *P?— 0% (MyEg +MgE,)*]cos?d | . 47)

We plot 72} _o, R gqq- @y in Figs. 15-17 for B*(5325)— K *(892)! "1~ and in Figs. 18-20 for Y—B _I*]".

IV. V—>R,R,

Now we focus our attention on ¥—R,R,, where R is a bound state of the bg pair and R, is a bound state of the
g4, pair. This process takes place via the decay b —¢,§,9 as shown in Fig. 21. The matrix element for the b-quark
decay via the exchange of a W boson is given by

+
2 quz Vqlb

k*—M3,

ig
2V2

b—a,dy0 [@v*(1—ys)b 1y (1—7s)g,] . (48)

Using the Fierz identity

8
(@27*(1—=v5)b [Ty (1—75)q, 1= 3 [G2 v (1 —¥s)g 1[Gy (1—ys)b ]+2 3 (G, (1—ys5)t%q, 1[qy  (1—ys)t?D] (49)

a=1

and dropping the color-octet piece (since we are interested in the color-singlet states only) gives
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FIG. 21. Decay diagram for ¥ —R R,.
RN 24
b—q,yq 255 kzq_zj‘;;/ %[‘727’“(1_‘7’5)‘]1]
X[gy(1=ys)b]. (50)

This is similar to the leptonic decays of mesons. Thus
in the following calculations we treat these decays as lep-
tonic decays and assume that the factorization approxi-
mation is valid.” Now the matrix element for the decay
V—R R, is given by

‘/’/tV—»RlRZZ{ J1,.Te[ V(P + My )y (1 —y5)]

XTI’[Fl(Pl +MR )')/#(1—'}/5)(PV+MV)E‘V] ,

(51)
where
t
() _1| ig ’ Vaa,Varo FvF (52)
23 2v2 | k2—ME | SM MM, |
A.V>RR or V—>R\R _
We have V',= 1,75 and
Tr[(Py,+M,)yH (v, —a,ys)]=4v, P4 (53)
for the scalar and
Tr[(Py+M,)y* (v, —a,vs)|=4a,Ph (54)

for the pseudoscalar. Hence

My g R,
={}sTr[V (P, +MP,(1—ys)(Py+My)ey] .
(55)

"For a discussion of this approach, see Ref. [2].
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(i) Ry =R +: I';=1 and only the A, =0 term contributes:

MV%R1R2=16{ }sl,Rzig(MlMV_Pl'PV)(Pz'EVH”g[(Pl'Pz)(PV'fVH'(Pz'PV)(Pl'fV)]—i"lsaﬁwplapzﬁpmfw}

P
=16{ }SI,RZ M, {§[M My, —(P,-Py)IM,+{M,Ey(E,_Ey)} . (56)
(ii) Ry =R ,-: I'|=ysand it is sufficient to substitute M| — —M, in the equation above:
P
J”LVHRIRz:‘lé{ }P,,Rz M {§(M My, +P,-Py)M, +{M,Ey(Ey—E,)} . (57)
14

(ii)) R, =R -: I'|=¢ and
‘/’/LV—>R1R2:16{ }VI,RZ[MV[_§(€T'Pz)(P1'GV)’*'.C(ET'EV)(Pl'Pz)+i”15aﬁ“V6TaPmP2p€Vv}

+M1{_§(€f'PV)(Pz'eVH‘g(f?'GV)(Pz'PV)"inﬁaﬁyvffapzﬁpmfw]}

~16 ) e, — P2 |2 L | repr—E E ) | B+ E | s, s
{Yv r,My{ |E(Ey—E, M, M, 4 vEO 3 T A, =001, =0
In[(MyE,+MEy)+(My+M, )P]SAV=i8A1=i] , (58)
2

ViR, ooy _papr| L 2 B Ev
R =M, ) | | 6By —EDP? | 3= 3 | +EPP=EyEy) | 3+ 3 ,

V. R —
Roda 2=M(V11,R2){772[(MVE1+M1EV)+(MV+M1 PP, (60)
My p = |&E,~E)P? |-L—- 1 | +eP—E,E)) £ Er 2+772[(M,,E,+M1EV)+(MV+M,)P]2.

(V),Ry) 1 M, M, vEO 13 T,

B. VR,R,

We have ¥',=¢, and
Tr[€y(Py+M,)y*(1—ys5)]|=4M,€; . (60)
() Ry=R,+: I''=1and
'/M'VHRIR2:16{ }SI,VZ{E(MIMV_PI'PV)(G;'EV)+§[(P1'6; )(PV'GV)+(6;'PV)(P1'eV)]_ineaﬁﬂvplaeg*gPVuer]

=16{ }s,,v, [[—g(MlMV_P1'PV)¢"I(EV_E1)P]SA,,=¢512=¢

+ML[§(M1MV_P1'PV)EV+§(EV_E])P2]81V=08A2=0] ) (61)
v

1
2 ’

S,V _ 1
Ry =02:M(S:sz) l M'z'[g(MlMV_Pl'PV)EV+§(EV_E1)P2]2
v

SLV. _
Roda *=M(s! v, (n"(Ey—E,\ )P} , (62)

1
1‘4(51,V2)E l[gz(MlMV’“Pl'PV)2+772(EV”“E1)2P2]+ M2 [g(MlMV_Pl'PV)EV+§(EV_E1)P2]2
v
(ii) Ry =R ,-: I';=7v;and it is sufficient to substitute M, ——M, in the equation above:

My _r,r,=16{ }p v,M;, [[§(M1MV+P1‘PV)J_F77(EV“E1)PZ)SAVzisxfi

+—MP_[_§(M1MV+P1'PV)EV+§(EV_E1)Pz]aky=08k2=0] , (63)
v
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P,V
ﬁx —02 M(P v,) 2 [§(M1MV+P1'PV)EV+§(EV_E1)P2]2
7
=M AE,—E,)*P* 64)
odd (P v, y{n(Ey 1 I, (
1
M(PI,VZ)E[gz(MlMV+P1'PV)2+772(EV—E1)2P2]+TMT[§(M1MV+P1'PV)EV+§(EV-E1)P2]2 .
7
(iii) R, =R _: [',=¢, and
My _ g, r,=16{ bv, v, M2 {My[ —&(ef €] )(Px'GV)+§(€f'€V)(P1'6;)+i"78a3’wfl*aplﬁefpfw]
+M1[_§(GT'PV)(6;'GV)+§(GT'eV)(6;"PV)—insaﬁ‘welaeiﬁPVﬁteVV]}
1 1
=16{}y, v,M, |My P |(E—ENEVE,—P?) M—V""“AZ &My +M,) |8, —08y =081,-0
+[EP(Ey —E\)En(EyE, —P*+MyM )18, -od) =18, =+
+[EP(Ey—E)F(EyE,—P>+MyM,)18; — .8 =By ==+
+[EP(My+M, ) En(EyM, +MyE)1S, - 48, _ 8, o ’ l : (65)
A a0 =M o |PLE—ENE B, —P?) | T+~ |+ &My +M)P |
Ayidppd, =0 Vv 1 M, M,
ViV,
Rodd *=MH v (P[2EvE;—P*+MyM,?+(E,M,+MyE, Y]} ,
2
My, v, =P |(t—ENEyE,—P?) ML+ML1’+§(MV+M1) +E2PUE, —E, 2 +PAM,+M,)]
v
+n2EyE, —P*+M, M, ?+(E,M,+MyE,)*] . (66)

In Tables I-IV we apply our results to rare decays of
B*and Y.

V. CONCLUSION

In this paper we calculated the matrix elements and
the differential decay rates for rare decays of vector
mesons, ¥—RI*]~ and ¥—R,R,, when R’s are sca-
lars, pseudoscalars, and vectors. We extracted the ratios
of the contributions from the zero helicity states and the
ratios the contributions from the CP-odd and CP-even
channels. We also obtained the asymmetry factor ag(s)
for each case. Our calculations show that for
V—R+1717, the decay is dominated by the A=0 chan-
nel and the even CP channel for the small s values and by
the odd CP channel for large s values. The asymmetry
factor is negative for s <(M, —Mp)?/2 and positive for
s>(M,—Mg )2/2. For V—>R0_I+I', the decay is

TABLE 1. Our results applied to the rare decays of B *.

B* >K*(1430)X B* K (494)X

X R, R 44 R, R 44

D%, 0.003 0.997 0.048 0.952
J/Y 0.018 0.982 0.037 0.9623

dominated by the even CP channel accounting for close
to 80% of the decay rate. For V—»RIJJ“I_, both the

even and odd CP channels have substantial contributions.
It is important to know the behavior of the asymmetry
factor as a function of the invariant mass of the I/~
pair for experimental reasons. For example, for
B —XI1%17, in the case of the Collider Detector at Fer-
milab Collaboration (CDF) the efficiency for a=+1 is
about 75% of the efficiency for a=—1.% We do not ex-
pect the QCD corrections to affect 7R 44 since QCD con-
serves CP, but we do expect them to effect iR, _, since
only the total angular momentum is conserved in QCD in
general.

TABLE II. Same as Table I for B* —K *(892)X.

B* 5>K*(892)X
X Ro Rodd
7.(07) 0.228 0.772
D2(07) 0.208 0.792
£.0(07) 0.243 0.757
D3yo(17) 0.683 0.033
J/P(17) 0.411 0.079

8Private conversation with J. Mueller.
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TABLE III. Our results applied to the rare decay of Y.
Y—»BS0+(z54OO)X T—»Bso_(z5400)X T—»lea ~5400)X
X R, R aq Ry R 44 R, R 44
J/Y 0.017 0.983 0.049 0.951 0.2739 0.166
APPENDIX g= d*k 1
_f (217_)4 H [k2_a2] ’
When calculating the matrix elements, we used the fol- i !
lowing relations for the Dirac ¥ matrices: 4 u
g Y =4k __K____,, (A3)
gy (1= )} (¥*rPr¥(o —ays)) @m* ILlk"~a/]
={r 1=y} {10[y*(v —ays)]—6[y*(a —vys)]} , juvzf d*k ktk”
. . « (2m)* H,.[kz—a,-z]
‘VV’VBYH_gvﬁy‘u+g‘uﬁyv—gvp73*levﬁya?S'y ’
—6i a— vBua (A1) :lg#"f d4k kZ
LYsYy —€ ’)/v‘}’B’y# . 4 (277_)4 I_I[[kZ_aiz] .
In the text we also used the definitions for the loop in-
1. Loop integrals tegrals
d*k k?
d*k 1 Io=[
J= , o 4 (L2 A2 VUE2— o 2V B2 2)
J o ik =a] 2m)* (k2—ME)k>—mP)(k*—m?)
d*k k?
4 k# Ta = , (A4)
= d k4 el (A2) m=J Qm* (k2—M2% ) (k:*—m}?)
m* I1,[ki—ai]
d*k (¢ —d)k*—2(c +d)m}
d4k kly'kv IAZE f
. Qm)* (k2—M})(k*—m})?

gv= [

2m* [I,[k}—a?]

In the limit where the external momenta are negligible
with respect to the internal momenta, k;—k up to an

We also used the fact that, after using the limit where the
external momenta are negligible compared to the internal
momenta, we have

4
overall sign, and these integrals reduce to, up to an f _d’k_ Ay Ky —— 3k2ym (A5)
overall sign, (2m)* ™

2. Intermediate steps for the matrix elementsin ¥ —RI*1~
2 2 FF J g,y"a +bys)g
m=8_|—8&_|pyty 1|2k A2 2 s)9, _ _ .
4 2‘/2 [ qi lb] 4MVMR 67A1 400529W S—M% 2..7|_—_\[q2)/”(1 ys)ql] RE . (A6)
Thus
2 2 F,F T A2
Y 8 8 viv. vJK a A _
R | 2va | eVl aMy M, | |s—M2 6Tt 4 cos?0, 2To 1
(A7)
2 2 Fy F b g
Ap=2- || vl v-x 69 22\ 4ag, ).
R 4 % [ qi lb] 4MVMR s _Mé Al 400829W [}

TABLE IV. Same as Table III for Y—»BO_X.

Y—B,_X

X Ry Road

D°* 0.037 0.963
Y>BEX

X R, Roaa

D° 0.672 0.041

D* 0.629 0.044
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a. Scalar

R =4{&,[MyMg —(Pg-Py)]ely +{,(Pg-€y)PY} —4inse® Pr Pygey, »

6=
ﬁs-[qjl‘y_qL ]=4m [{gS[MRMV—-(PR-PV)](P—EVcosﬂH-gS(ER —E,)P(E,—P cos?)} AA{ 0

Vv

8=
+ {+E[My Mg —(Pg-Py)]+nsP(Eg —Ey)}sind ‘*/; }

810

ﬁs-[qﬁ'y_kq J‘_ ]=4m [{é’s[MRMV—-(PR ‘P, )(—P—Eycos?)+{s(Ey,—Eg)P(Ey,+P cosd)} M

vV

By
+{£Es[MyMg —(Pg-Py)]+nsP(Eg “EV)}Sim?‘AV—Z£ ’
8y
Rs-(adlv_ql1=4m [{gs[MRMV—(PR Py)(P=Eycos®)+{s(Ey —Eg )P(Ey—P cosd)} — =
| 4
_ . . 87L=i
+{Es[MyMy —(Pg-Py)]Fsind)—ngP(Eg — Epsind} s |
8r
ﬁs~[qJ_*y+qL]=4m[{gS[MRMV—wR-PV)]<—P+Eycosa)+§s(EV—ER )P(E,—P cosd)} ;4 2
| 4
S
+{£s[M, Mg —(Pg-P,))( Fsin®)—ngP(Eg — Eysind) “/; ,
. 8
Rsladly-qh 1=4(E +p) 1 £5[MaMy —(Pr-Py)IEy +Es( Ex —Ey)lsind
B
+{Es[My Mg — (Pg -P}))(12cos?) +ngP(Ey— Eg Y(cosd F 1)} “/{“ ]
7{ Jf ‘u _ 2 . 8A=0
s'1g3ly gt 1=4E —p) {{Es[MrMy, —(Pg -Py)]Ey +{sPY(Eg —Ey)}sind M,
By
+{E5[My My —(Pg-P,)|(14cosd)+ngP(E, — Eg cosd F 1)}A—; ] )
t 2 . 8}»=0
Rsladly-ali 1= —4(E —p) |{6s[MxMy —(Pr-Py))Ey +EsPHER —Ey)sind =
Sr=1

+{E[MyMyg —(Pg-Py)](—1xcos?)+ngP(E, —Eg )cosd+t1)}

&)=
Rslgdl v gl 1=—4E+p) {{gs[MRMV—wR Py)IEy+EsPXEg —Ey))sind =2
Vv

+{&s[MyMg —(Pg-Py))(—1xcosd)+ngP(E,—Eg Ncosdt1)}
H{! =8—A2;—{§S[MRMV—(PR -Py) AP —VE,cosd)+Es(Ex —Ey)P(AE, —VP cosd)} ,
| 4
I =%m‘\/{§S[MVMR —(Pg-Py)]+nsP(Ex —Ey)}sind ,

all =%2m‘\/{ —Eg[MyMg —(Pg-Py)]+7sP(Ex —Ey)}sind ,

V2

(A8)
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HY V=8 £ Mg My — (Pp Py (AP +VEy cosd)+Es( Ex — By )P(AEy +VP cos?)] ,

My
il = —%2 mV{Es[MyMg —(Pg-Py)]+nsP(Eg —Ey)}sind ,

mll =_%m¢v{ —&s[MyMg —(Pg-Py)]+ngP(Eg —Ey)}sind ,
H(BIJ=:4E Vet LA | (£5[ MMy~ (Py-Py) By +EsPHER — Eysind
| 4

8E
HUz—E °v+§—04 {(Es[MyMg —(Pg-Py)](1+cosd) —ngP(Ey—Eg (1 —cosd)} ,

Vv
8E
HIl= el ‘cv+%¢4 ’{gs[MVMR—(PR~PV)](l—cos6)+nsP(EV—ER )(14cosd)} , (A10)
Hyl == M V- P—ﬂ {Es[MrMy—(Pg-Py)]E, +(sPUER —Ey)}sing
4
Hil= ‘/2 V—L 4 | {(£5[My Mg —(Pg-Py))(1—cos®)—ngP(Ey— Ex)(1+cosd)} ,
Hﬂ 8E oy — L.ﬂ
Rz (Es[My Mg —(Pg-Py)|(1+cos®) +qsP(E,— Eg X(1—cosd)} ,
2’E?
|Ho|*= ~ |‘V|2+L|.>4]2 {Es[MgM, —(Pg-P,))E, +EPUER —E,)}2(1—cos?d)
V

+27A”; {E3[MgMy—(Pg-P,)1(|A|*P?+|V|2E}cos’) + E4(Eg — Eyy *PY(|A |2EE + | V|2Pcos>3)
+28s8s[MrMy—(Pg -Py))(Eg _EV)PZEV( A |2+ |°V|2005219)} ’

|H, |>?=2"E?

2
WIZ+§—2MP

({E5[MyMgr —(Pg-Py) >+ 03P E, —Eg )*}(1+cos?d)
—2£5[MyMg —(Pg-Py)InsP(E,—Eg )(1—cos’))

+27E2%Re( VIA)(EL[M, My —(Pg-P),)]*}cosd

2
+2"’I‘V2l—1‘";2 {Es[MyMg —(Pg-Py)]+1sP(Eg —E,)}sin2d
14

2
|H_|*=2"E? II‘VIZ+§—2M|2 ({E3[MyMg —(Pg-Py)P+n3PXE,—Eg)*}(1+cos’d)

+2£5[MyMg —(Pg-Py)nsP(E, —Eg )(1—cos’3))

—27E2%Re( VA ) EL My My —(Pg -Py) ]} cosd

2
+26|‘V|2%{§S[MVMR —(Pg-Py)]—nsP(Eg —E)}%in’d , (A11)
| 4
2
|Mg|*=2"E? [W12+€:;|04|2J ‘ﬁ—z—{gs[MRMV—(PR -Py)]Ey+EgPUER —Ey)}X(1—cos?d)
| 4

+{E3[My Mg —(Pg-Py) P+ 0iPUE,—Eg)*}(1+cos*?)

+27 {M2 {EL[MrM,=(Pg-P,) 1A |A2P2+|V|2E}cos®d) + EE(Egr —Ey 2P| A |2EL + |V |2P2cos?3)
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+28565s[Mr My, —(Pg-Py)[(Egr —E)P?E (| A |*+|V|*cos?d)
2
+ IC\/IZ—A";—Z{gfg[M,,MR —(Pg-Py) P+m2PUE, —E, )?}sin9)} . (A12)
vV

In the limit m —0,

_ {§§[MVMR"‘(PR 'PV)]2+17§P2(EV—ER)}2_(1/M12/)[§S[MRMV_(PR 'PV)]EV+§SP2(ER _EV)}Z

( )— ’
O €L My My — (Pr-Py ) P mEPHE, —Ep) ) >+ (1/M2) (€5 Mg M, —(Pg-Py)|Ey + s PHEg —Ey )
5 = 2{E§[MyMy —(Pg -Py)Pcos®+niPHE, —Eg )
* T (1/MP) EsIMpMy, — (Pg-Py)Ey +EsPAEg —Ey )} 2+ 2{E2[My Mg —(Pp-P,) P+m2PAE, —Eg)?]
b. Pseudoscalar
Re=4{Ep[MyMy +(Pg Py)]el, —Cp(Pr-€y)P}} +4i77P€aBa”PRaPVB€Vo . (A13)

It is sufficient to substitute M, My — — M M in the results for the scalar resonance. Hence

2
|Mp|2=28E2 |<\/l2+—§—zlmzl lMngs[MRM,,HpR ‘Py)E,+(gPUER —Ep)} (1 —cos?d)

2
v

+{E:[MyMg +(Pg-Py)—niPHE, —Eg )} (1+cos?d) ]
m?
M

+27 EX[Mg My +(Pg-Py) T (|AIPP*+|V|*E}cos?3) + EL(Eg — Ey )*PY|A PEL + | V|2P2cos®d)
N | 4 R | 4 S

—2&5E5[MrMy+(Pg-Py)[(Eg —Ey)P?E (| A|*+ |V |*cos’?) ]

2
+ Wv%{gg[MVMR +(Pg-Py) P +m2PXEg —E;)*}sin?8} , (A14)
| 4
{g.ZS'[MVMR +(PR'PV)]2+77§P2(EV—"ER)]2_(1/M12/){§S[MRMV+(PR'PV)]EV—§SP2(ER _EV)IZ
{E5[My Mg +(Pgr-Py ) P+niPUE, —Eg)})2+(1/M2){EgIMg My +(Pg-Py)E, —EgPAEgR —Ep))?
{EL[My Mg + (P -Py)Pcos’d+n3 PUE, —Eg )?}
(I/M%’){gs[MRMV"’(PR'PV)]EV_Q'SPZ(ER ”EV)}2+2{§§[MVMR+(PR 'PV)]2+77.29P2(EV"ER )2} '

ap(s)=

’

) J—
ﬁodd—

c. Vector
In this section, because of the length of the expressions, we do the calculations in the limit m; —0:
R, =4{Ey[(Pg-€y)IMyer+(ek -Py)Mpe 1 —§p(€k €y My Pk + Mg PY) —in el ek o( My Prg+ Mg Pygey,)}

(A15)

1 1
_t
My Mg

E, Eg
My, My

Ry-ladly_ali 1=4E +p) l £y(Ey—Eg) Psin®®, o8, —

]+§V(EREV-P2)

+E4(Ey— Eg )~ [ (108918, - 18, —o+(1F cosd)8y, —oby, —+)]

V2
oy My + M)~ — BV (M B+ MRE,) |(—cos9 108, o5, s
VaM, VM, y =00
oy |(My M) —E — _Er (MyEg +MgEy) |(cosd+1)8, _.8, :Ol
V2M,  V2M, v R

+[Ey(My+Mg)PEn, (MyEg +MgEy)sind8, - .8, — ,
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1
—_—
MV Mp

Ey

2
7 MR +&,(EREy—P?)

Ev(Ey—EgR)

Ryla)lyia)=4E—p) Psin®, —ob1 =

+E(Ey—ER) —[(licosﬂ)&;L =40y, =0t (1Fcos?)dy o8, =+)]

P? Ey
Tty | (My+Mp) 70— o (My Ex + My By) | (—cosd 218, by,
Eg
+7, (MV+MR)‘/2MR T, MyEr tMaEy) |(cos9£ D8, .8, —

+(y(My+ Mg )Py (MyEg + My E,)sind8, _.8, . ,

1

gV(EV_-ER) MV MR

Ryladly_qli 1=—4E _,,): Psind8,  —o8;, —o

P
+§V(EV_ER )7—2—[( - licosa)Sly=i8AR =0+( —1 $COS0)8AV=OSA'R =:t)]

p? Ey

My+M S
(My R)VEM,, VM,

+7’V (MVER+MREV)

( _COS‘!?$ 1 )SAV=08AR =+

M+ My —F LR
VOTRIVIAME VM,

+7ny (MyEgr +MREy)

(cos?F1)8, —+8y —o ]

+[§V(MV+MR )Pi’f]v(MyER +MREV)]Sim95A,,=i5AR =+ >
Ey

Ryladlyql 1= —4E +p) | 6By —Ep) | 27— 2 | +E,(EEy—P?) +——
vV R

MR P Sin’l?SAV=08AR =0

P
+§V(EV_ER )-_\/_5'[( - licosﬁ)(sky:iSAR =0+( —1 :}:cosﬂ)a;\V:oSAR =i)]

P? E
+ny (MV+MR)‘/_2.MV—‘/§;‘;V (MyEg +MgEy) [(—cosd F 1)8, —ob ~+
P? Eg
+1]y (MV+MR)\/§MR —'\/EMR (MVER+MREV) (Cos’l?:Fl)SAV::tSAR:O
+[gV(MV+MR )P:t'l']V(MVER +MREV)]Sin'95A,,=j:5AR=i N (A16)
E
I = +2 - v 2R )| L 1 .
H}l =8E |v 5| |6V Ey—En) | 31— 37 | +6v(Ex By —PY) MV+MR P sind
H))=8E |v+£Z4 (E Y (M, +Mg)P*—E,(MyEg +MgE 1—cos#
+ £ Sv(Ey— \/5 VoM [(V R v(MyEg rEy)] ((1—cosd) ,
H)l =8E ¢v+§—ﬂ §V(EV—ER)‘/§ ‘/ZM [(My~+Mg)P*—Ey(MyEg +MgE,)] {(14cosd) ,
vV
Hl| =8 |v+ £ - i 2
- E §V(EV ER)\/E 1/5 [(MV+MR)P *ER(MVER—*—MREV)] (1+COS‘0),
R
Hlf =38 |v+ 24 §V(EV—ER)~§_—2—+7%7;l—[(MV+MR)P2——ER(MVER +MRE,)] {(1—cosd) ,
R

HIl =sE [Cv+ %.;4 ] +[Ey(My+Mg)P+,(MyEg +MgEy)lsin® ,
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HIl =3£ [w+ L 4 ] +[Ep(My+Mg )P~y (MyEg + Mg Ey)lsind

E
H&”z—s[‘v—%dl) E,(E,—Epg) EVV MR e (EREy— )X/[l—,,-'_ﬂl: Psim?],
Hyl =—s |v—La | \e (5, - ;Lz+ v ~[(My M P2 By (MyEq + Mg Ey )] (1+cos)
HJl =sE ‘V—%.ﬂ §V(EV—ER)52 VZMV[(MV+MR )P2—E, (M, Ey +MREV)]](1—cosm,
Hl]=3E ‘V——E—A §V(EV—ER)%+‘/;‘7LR (M, +Mg)P?—Ep(MyEpg +MREV)]](1——COS19),
HI] =s8E |v— % §V(EV—ER)T/%—-‘/127;4R [(My+ Mg )P2—Eg(M,Eg +MzE})] (14cosd) ,
= l % ]+{§V My+Mg)P+1,(MyEg +MzE,)]sind ,

HIl = [ % +Ep(My+Mg)P—n,(MyEx +MzE,)]sind ,

|Hool2=27 ||V[2+ 22|94|2 £ (Ey—Eg) AEJ—VV““M}T +E (EREy—P?) Ml?“LMlR P —costs)
|H,, [*=2¢ |Cv|2+{7|04|2 [gZ E,—Ey)*P*+ IZZV[(MV+MR)P Ey(MyEgx+MzE},)]? {(1+cos?d)

—27%Re(‘\fT.>4 Eyny (Ey—Epg )ML;[(MV-FMR )P2—E,(M,Ep +MgE,)]cosd ’ ,

|H,_|?=2° |°v|2+%22—|.>4|2 L(Ey— ER)2P2+;:V[(MV+MR)P2 V(MVER+MRE,,)]2](1+cos219)

P
(Ey—Eg)——[(M,+Mg)P>—E,(M,Eg +MgE,)]cosd

—21 P g
2 ERC(C\[A)gy'T]V MV

|H+012:26

(My+Mg)P*—Eg(MyEgr +MzE,)}? (1+cos®3)

VLA
E2

lgz E,—Eg)*P

R

+27ERe(VA)E 7y [(EV—ER oo [(My + M P> = Eg (My Eg +My Ey)]cos? l ,
R

|H_y|*=2°

2
V£l

{5%/(EV—ER 2P

—Ex(MyEgx+MzE,)*] J(1+cos20)

+27€:Re( VviA)E n,

(Ey—Eg )—A;L[(MV—FMR )P2—Eg(MyEg +MREV)]cos0] )
R

2
|H, . |*=27 []ﬂ/l%%lﬂlz } +[Ep(My+Mg)P+n,(MyEg +MgE,)1{1—cos’?) ,

IH——- |2=27

2
|°V|2'+'JI£T7—2|~>‘”2 } +[Ey(My+Mg)P—ny(MyEp +MgEy)*(1—cos’d) ,

(A17)

(A18)

(A19)
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lm2=2" ||V|*+ |04|2 2[5} (My +Mg PP+ 03 (MyEg + Mg Ey )]
E, Eg 11 P
Ey(Ey—Eg) M—V__A-l: +§V(EREV—P2) M, +ﬁ; P? (1 —cos’3)
2
{ 2(Ey— ER)ZPZ—!-——-[ My +Mg)P?—E,(MyEgr +MzE,)]? {(1+cos’?)

+ 1E2(E,—Eg )2P2+ [ My, +Mg)P?—Er(MyEp +MgE,))? l(1+cos26)

+23 L Re( VA my (Ey —Ey) i[(MﬁMR>P2-ER(MVER+MREV>1
R

w%[(M,ﬁFMR \P2—E,(MyEg +MzE,)] 'cosﬁ , (A20)
ay(s)= VP [p /B AL) ‘ EV(Ey—Ep )2P2+—2[(MV+MR )P>—Ey(MyEg +MREV)]2|
[ )eos9=0 M
+ ngV(EV—ER 2P+ L—E-[(M,/%-MR )P2—Eg(MyEg +MgE},)]?
- [2[§2v(Mv+MR VP> +n3(MyEg +MgEy)?)
Ey 1,1 |
+ |Ev(Ey —Eg) *A};_E +Ey(EREy— P?) M_V‘*'M—R p?
(A21)
3. Intermediate steps for the matrix elements in ¥ —R R,
MV—)RIR2={ JaTr[ PPy + M) yH(1—y ) ITr(V (P + Mg )y (1 =y s)(Py+My)Ey ], (A22)
where
{ }nzl B qu2 o Ivh 7 ] (A23)
3 |12v2 | k*—M} | SMy M M,
a. V—«»R,Ro+ or V>R ,R0+
We have ¥,=1,y5 and
Tr[(P,+M,)y* (v, —a,ys)]=4v,Ph (A24)
for the scalar and
Tr[(P,+M,)y*(v,_a,vs)]=4a,Py (A25)
for the pseudoscalar. Hence
My g g, =}, sTHV (P +M )P, (1=y5)(Py+My)ey] . (A26)
(i) R;=R+: T';=1 and only the A, =0 term contributes:
Tr[(Py +M )P, (1 =y )Py +My )y 1=Tr[ PP, Py, (1—y5) |+ M M, Tr[P,£,]
=4{&(M My —P-Py)(Py-€y)+L[(Py-P,)(Py-€y)+(Py-Py)(Py-€y)]
—ine® P PysPy €y}
= (LM My = (PP My +EMEY(Ey —Ey) (a27)
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(ii) Ry =R -: I'|=y; and it is sufficient to substitute M, — — M, in the equation above:

—4pP

Tr[(Pl _Ml )PZ(I_YS)(PV+MV)£V]= M
V

{EM M, +P,-Py)M,+EMLE(Ey,—E;)} . (A28)
(iii)R1=Rl-: r1=£1 and
Tr[é’f‘(l’l +M1 )Pz(l""‘]/5)(PV+MV)£V]=MVTI'[£ ’1"}’1}’26‘;/(1+7/5)]+M1Tr[£ TPZPVéV(l_'}/S)]
=4{M,[ (el P, )(Pn'GV)+§(€T'6V)(P1'Pz)+i77€aﬂuvffaP1ﬁP2,4€Vv]
+M1[—g(ff'PV)(Pz'GV)+§(€T'GV)(Pz‘PV)“ineaﬁpvefa}’zﬁpmfw]}

1 1
= — P2l
4M, | |E(E,—E;) .,
2 El EV
+§(P —EVEI) E+—E SLVZOS)»"—‘O
—n[(MVEl+M1EV)+(MV+M1)P]6;LV=¢8;\1=4_(] . (A29)

b. V>R,R,_
We have V', =¢, and
Tr[€,(Py,+M,)y*"(1—ys)]=4M, €5 . (A30)
@ R;=R,+: I''=1and
Tr[(Py+M €51 —ys) Py +Mp )y |=Tr[ P €SPy, (1—ys5) ]+ M M, Tr[£5€)]
=4{&(M M, —P,-Py)(€;-€y)+L[(P-€3)(Py-€y)+(€3-Py)(P;-€y)]
—ine®PP €4 Py, E )
=4{—&§(M My, —P,-Py) Tn(Ey—E|)P}8, -8, 1

Vv 2

+—i—{é(MlMV——PI-PV)EV+§(EV—E‘ )P2}8, —o85 =0 - (A31)
M, v 2

@ii) R, =R -: I'i=y; and it is sufficient to substitute M, — — M in the equation above:
Tr[(P,—M )51 —ys)(Py+My)éy1=4{E(M My, +P,-P,)Fy(E,—E, )P2}51V=i512=i
+—{—&M My+P-P,)E,+{(E,—E, )le‘sxyzoﬁxzzo . (A32)
(iii) Ry =R -: T';=¢ and
Tr[é (P +M)ES(1—ys)(Py+My)ey =M, Tr[£ 1P £€5€,(1+y5) ]+ M Tr[€1£€3P € (1—75)]
=4{M,[—&(e} €] )(Px'GV)+§(6=1*'€V)(P1‘6;)+i7I£aB“V€1*aP1ﬁ€;y€VV]

+M1[—g(ET'Pv)(q'€V)+§(€r'6V)(ei‘PV)_iﬂﬁaﬁwflae’z*aPVerv]}

=4.P (({—ENEyE,—P?)

My M,

1 1
2 T l +E(My,+M,) }SAV=087L1=0812=0

+[EP(Ey—E | )tn(EyE,—P*+ M M, )18, =083, =481, = =

+[EP(Ey—E ) F(EyE,—P*+ M M, )83, =483 =odr, =+

+[EP(My+E | )Eq(E,M+MyM, )]Sxy=i‘5x]=isxz=oJ . (A33)
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