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Angular distribution and CP effects in rare decays of vector mesons
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We calculate the difFerential decay rate for the semileptonic decay V—+Rl+l when R is a scalar, a
pseudoscalar, and a vector as a function of the invariant mass of the l+I pair and the scattering angle
in the l l center-of-mass frame. We obtain the helicity dependence of the decays and calculate the
asymmetry factor a(s) and the ratio of the contributions from the CP-odd and CP-even channels. We re-
peat the calculations for the nonleptonic decay V~RR'. In the calculations we use the heavy-quark
and factorization approximations.

PACS number(s): 13.20.Jf, 11.30.Er, 13.20.Gd, 14.40.Jz

I. INTRODUCTION II. KINEMATICS

In this paper our aim is to calculate the differential de-
cay rate for the semileptonic decay V~Rl l, where
the relevant operator is b~ql+l, and the nonleptonic
decay V—+RR ', where the relevant operator is b —+qq, q2.
R represents the bound state of the bq pair, and R'
represents the bound state of the q, q2 pair. We do the
calculations for a scalar, a pseudoscalar, and a vector res-
onance. In the calculations we use the heavy-quark and
factorization approximations; therefore, we expect our
results to be more reliable when the quarks involved are
heavy. These decay channels are important because of
their dependence on the top-quark mass as well as their
providing an opportunity to study CP violations. Even
though we do the calculations for b-quark decay, the re-
sults can be applied to rare decays of other heavy-quark
mesons.

The main purpose of our work is to obtain the angular
distribution of these decays for different helicity and CP
channels in the l+l rest frame. After obtaining these
contributions, we calculate the asymmetry factor ct(s),
which we define to be the ratio of the cos 6 term to the
flat term where 8 is the scattering angle in the l+l rest
frame, the configuration for which is shown in Fig. 1.
The information on the angular distribution is important
because of the fact that one can use Monte Carlo simula-
tion for the experimental setup to obtain the efficiency
and to eliminate the background effects. '

In Sec. IV we repeat the calculations for V~RR'.
In doing the calculations mentioned above, we use the

heavy-quark and factorization approximations [2—4].
These works should provide a reference mark for experi-
ments and, as a result, should provide information on
how well these approximations work for these decays.

The three-body differential decay rate for an unstable
particle is given by

p 3dr= Q, (2 )5 P —&p;2Mv;=i (2m. ) 2E,

Here P is the four-momentum of the decaying particle
and p, are the four-momenta of the final-state particles;
we choose p, and p2 to be the four-momenta of l+ and
l and p3 —=P~ to be the four-momentum of the remain-
ing particle. At is the matrix element for the decay. By
introducing the invariant mass s =(p&+p2) of the l+l
pair via

1 = f ds 5(s —p )d p 6' '(p —p, —pz)

p (4)= fds 6' (p pt p2)
P

we obtain

[A(s, m, , m2)]2 ]y2
dsd cos6

X[A(M' M', )s]'"~Ai~'

P

'Electronic address: cakir physics. rutgers. edu

'See, for example, Ref. [1].
FICr. 1. Momentum configuration for the V decay in the

l+ l center-of-mass frame.
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where

A( a, b, c ) =a +b +c 2a—b —2ac —2bc .

For the two-body decay, we have

r = ' [A(M' M' M') ]'"~JR ~'
V& R& R

We define the ratio of contribution to the differential de-
cay rate from the different helicity states by

dr
d I /ds dsd cos8

FR

and the ratio of the contribution to the differential decay
rate from the CP-odd channel by

1 dl
dI /ds dsd cosB

In the l+ l center-of-mass frame p &

= —p2,
P v

=Pz =P (the configuration is as shown in Fig. 1),

Pv=(EV, O, O, P), P~ =(E~,O, O, P),
pl =(E p) Jzz =(E p)

P v 'P PR+ cosdc m

F

and the helicity eigenstates are given by

ev(A, V=O)= (P, O, O, Ev),1

e~(A~ =0)= (P, O, O, E~ ),1

FIG. 2. Decay diagrams for V—+Rl I

with

s (Jzi+Jzz) =(Pv Pz)
=«i +Ez )'= «v E~)'—

and

s,„=(m, +m, )',
s,„=(M,—M, )',

V2
—~R2+

V ~ )

M —m —
&

2 2
V R

R

ev(A, V=+)=@~(A~ =+)= —(0, 1, +i, O) .
+1

2
The invariant mass of the l+l is

(10)

(12)

III. V —+R I + I

In the calculations of this section, we model the decay
processes on the b-quark decay, and we consider only the
diagrams shown in Fig. 2. In the V decay diagrams, we
have introduced the factors 9 at each vertex. In general,
the V's are functions of the masses and the decay rates of
the mesons as well as the invariant mass of the l+l pair.
They can be taken, approximately, to be V=2&M g(0),
where g(0) is the wave function of the resonance at the
origin at the relevant vertex. However, since our pur-
pose is to obtain the angular distribution up to an overall
factor, we leave them as parts of an overall factor.

We can write the matrix element for the decay in Fig. 2
in the form

. . =~,+~~, +At/, ,+u&~, +W&~, ,

A(Mv, M&, s) .
S

where, fori =u, c, t,

4
g (yt ~ )

V K d k ' ~ tjpv9 4

4MVM~ (2~)' (k' —m')(k' —m')(k' —M' )(k' —Mz )
'

See [5,6] f« the relation between the wave function at the origin and the decay constant.
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Tg =—Tr[Ftt(gtt+M~ )yr (1—ys)k+m;)y (1 y—s)(gv+Mv)gatv],

=2k Tr[Ftt(P/+Mt' )y"(1—ys)y y (Pv+Mv)/v],

tP, —:[q y (1—y )(k, +m)y"(1 —y )q, ]=2k„[q y y"y"(1 y—)q, ],
2

(14)

2&2 4 ~' '"
4MvMtt (2~) (k —m; )(k )

—M~)(k q
—M~)(s —Mz)

= [(k, —k2 )~g„+(k2 —k, )„g~ + (k, —k, )~z„],
T~&, ——Tp, t~& =[q2yr (a +by, )q, ],

2 2

2&2 4 cosOgr 4MvMtt (2~)4 (k~ —M~~)(k2, —m, )(k~ —m; )(s —Mz)

T~g2 —Tr[Ftt(ptt+M~ )y (1—ys)(k'2+m, . )y"(c+dys)(k~+'m;)y, (1 ys)(+v+Mv)fv]
=Tr[Ftt (Ptt +Mit )(1+ys)y" [ (c —d)k'z+ (c +d )rn; ] y"(k', +m, )y (1—ys)(gv+Mv)E'v],

I

(16)

where m, - is the mass of the internal quark and I is the
mass of the internal lepton. To obtain the Z contribu-
tion, we substitute

a = —1+4sin 0~, b =1,

There is also a contribution when the internal quark
lines form a resonance. This contribution is small and
would produce a kink at s =M&. We do the calculations
for the resonance contribution in Sec. IV of this paper.

After using the equations in the Appendix, we obtain

c =1——'sin 0 d=1,
c =

3
sin Op

and to obtain the y contribution we use

a =c=1, b=d=O,
Mz ~0, cosO~ ~1,

together with

(18)

T$ t$"~ 4k %"[q—~y„(1 ys)q, ],—
&g„,Tt, ) ~—6k %„,
T~~q ~ I (c d)k 2(c—+d)m—,2]%",

where we defined

%"—:Tr[Ftt(P~+Mtt )y"(I ys)(gv+Mv)gv] . (22)

2

4 The matrix element for V~Rl+l can be written in the
form

in Sf~i and

4 cosOgr

2

—+e Q,

~=&"
I &[q~y„q i ]+~[q2y„y sq i ] I

(1+y )y, =(y,+1)=+(1+y, )

Therefore, after defining q+ ———,'(1+ys)q, we have4

(24)

in At~2, where Q, is the charge of the internal quark line.
The dominant term is the y contribution sinces,„=(Mv Mtt ) (&Mw, Mz.

~=&"
I &+~ I [q2+ y„qi+ ],

where V and A are as given in the Appendix, and

(25)

sin the following subsections, in order to keep the expressions more general, we introduce the factors g, g, q. Here we have
k=k=n= l.

~See [7] for more detailed applications of this method in calculating matrix elements.
5Here we used

0
1

(26)

3,11d

COS
2

It~) =
SIIl

2 .

S1D
2

cos
2

I,'27)
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y" =[(Il && 1'I+I & && ll), +(I& && &

+IT�

&& &I),+~(I & && 1'I —I1&& &I), +(Il && &I
—Il && 1I)] .

The spinors are given by

q)+= -(«+m+« —m )l)a&, q)+= — -(&E m++E+m )lye&,— 1 1
V'2 +

q |I+ =——(«+m + &E —m ) I & & & q II+ = —(« —m +«+m ) I l~ &

I
+ v'2

[qIl~ty~+q II+ ] =+m & 18lyi+ I 18 & =m(+ l, sin8, 0, cos8),

[q )+ y + q II+ ]=+m & J 8 I yI+ I 1 8 &
=m (+ 1, —sin8 0, —cos8 ),

[q)+y~+qII+ ]=2(p+E)& 1'BIy+
I $8& =(E+p)(0,cosd, i, ——sin8),

[q)+y~+qII+ ]=—(p+E) & $8ly~+ I)8 &
= (E+—p)(0, cos8, i, —sin8) .

(28)

(29)

Z. V~R,+I+I

In this case R is a scalar and F z = 1; thus,

W~s=—Tr[(gz+Mz )y"(1 y5)(Pv+Mv)~v]

+s 4[ks[MvM~ —(Pz Pv)]tv+ps(Pz ev)Pv] 4'VsE "—Pz Pvpev

After some algebra we obtain

(31)

2

&I'+s E2 q [Es[M~Mv (P~ Pv)]—Ev+gsP (E~ Ev)] (1—co—s'6)
M~

+[/~~[MvM~ —(P~.Pv)] +r)sP (Ev Ez) j(1+cos—8) ' . (32)

The asymmetry factor is given by

~s —Bs
as(s) =

~s+Bs

where

As=Mv[g's[MvM~ (P~ Pv)] +rlsP (—Ev E~) ], —

Bs = [Ps [My Mv (Pg Pv ) ]Ev+ ksP (Ez Ev )I— (34)

The ratio of the contribution from the X=0 helicity states to the overall contribution is given by
2

s 3 Bs 2+x =o (1—cos 8)
4 2W2+B2

and the ratio of the contribution from the CP-odd channels is given by

s 3 1
odd '

2 '[ks[MVMg (Pg 'Pv)] Evcos 8+risMvP (Ev4 2 ~s2+ Bs2

(35)

(36)

We Plot %z ~,A,dd, as in Figs. 3 —5 for B"(5325)~K(1430)1+l and in Figs. 6—8 for Y~B +/+I assuming
V

that there is a scalar B resonance around 5400 MeV.

6See, for example, [8].
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FIG. 3. Plot of Az =& for B*(5325)~E*(1430)1+1
V

FIG. 5. Plot of a& for B (5325)~E (1430)l+l

0.0 0.1 0.2 0.3 0.00 0.03
I

0.06 0.09 0.12 0.15 0.18

FIG. 4. Plot of%',« for B (5325)~K (1430)l+I FIG. 6. Plot of%'q 0 for f~B +l l
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C)

XO

0.00 0.03 0.06
I

0.09 0.18 0.15

C)
C)

I

0.00 0.03 0.06 g.09
I

0.1P. 0.15 0.18

FIG. 7. Plot of%,~d for f~B +I+I FIG. 8. Plot of a& for 'Y~& +

B. V~R I+I

In this case R is a pseudoscalar and F~ =y5; thus,

AIp—:Tr[( —P'a+Md }yP'(1 ys)(Pv+Mv)gv]

$%p =4 [ gp [My' + (Pg Py ) ]Ey gp(Pg 'Ey )PP I +4i ripE "P+~Pype, ~

It is sufhcient to substitute M~M„~ —M~M+ in the results for the scalar resonance. Hence

2

I~pl'=2'E' I&l'+ P, ~I', [gp[Mg My+(Pg Py )]Ey+gpP (Ez —Ey) I (I —cos 8)
F M~

(37)

X [gp[MyM~ +(P~'Py)] 'gpP (Ey E~ ) I(l+cos 8—) (38)

and the asymmetry factor is

Ap —Bp
up(s)=

Ap+Bp

where

Ap=MyIgp[MyM~+(P~'Py)] +qpP (Ey E~)

&p = [4 [Mz Mv+(PR Pv ) ]Ev+kpP'«v Ez ) ]
' . —

The ratio of the contribution from the X=O helicity states to the overall contribution is given by

(39)

(40)
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2
s 3 BI

+A. =0 (1—cos 8)
4 2A +B (41)

and the ratio of the contribution from the CP-odd channels is given by

s .[g, [MvM~+(Pz'Pv)] cos &+'QsP (Ev E
2 As+ Bs

(42)

As should be, these results are equivalent to the results in [9]. We plot J7z o,&,dd, a~ in Figs. 9—11 for
B*(5325)—+K(494)l+l and in Figs. 12—14 for Y +B —l+l

C. V~R, I+I

In this case R is a vector and Fz =gz', thus,

&v =Tr[E'P && +M~ )y"(1 rs)(—&v+Mv )~v ],
+v 4[tv[(PR '~v)Mv~R +(~R 'Pv)MR~vl Pv(~R '~vl™vPE™RPv)

&rlv& —"&za(MVPzp™~PV@v.)! .

(43,

After some algebra we obtain

2I~I'='
I
&I'+

E2 2[(v(MV+M~) P +gv(MVE~+M~Ev) ]

Ev ER 1 1+ g (E E) —— +g (E E P) +-
Mv MR V R

2

P .(1—cos 8)

2

+ gv(EV E~ ) P + — [(Mv+M~ )P Ev(MvE~+—M~Ev)) .(1+cos 6)

2

+ ~ g~~(EV E~ ) P + —[(Mv+Mz )P E~(MVE~+—M+EV)) .(1+cos 6)
MR

+2 Re(V A g'vrlv(EV Elt ) ~ [(Mv+M~ )P E~(MvE~+M~EV))
P 2

E R

The asymmetry factor is given by

A —B
av(s) =

A2+B2

where

P
[(Mv+Mz )P Ev(MVE~+M—+Ev)) .cos8 .2

V

(44)

(45)

ER

M gv(EREV, ) M +M
R V R

2 2

Av=2$vsP + [('Mv+M~ )P Ev(MvE~+M„EV)] +
q [(Mv+M~ )P E„(MvE~+M~EV)]

Mv

Bv = —2[&v(MV+ M~ )'P'+ n'v(M VEz +M~ Ev )') fv+— p2

The ratio of the contribution from the kv, A.R =0 channel is given by

v 3 1 (E E)—00 4
'

2A2+B2
' v v R

1
+gv(P E~Ev) +-

v V R

and the ratio of the contribution from the CP-odd channel is given by

P (1—cos 8') (46)
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FIG. 9. Plot of Aq o for B*(5325)—+E (494)l+I
V

FIG. 11. Plot of a~ for B*(5325)~E (494)I+ l
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I
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FIG. 10. Plot of%,« for B {5325)~E(494)l l FIG. 12. Plot of%&—o for Y—+B l+I
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I+IIFIG- &4

I

p.i.5
I

p.1S

I+I~~
d fpr+~

o
] 3 p]ot of pdd

M Ev)]
2

2 Ev(MVER™VE )2+ [ v
gv

(M +MR ), . 2~ v v Rz(M E +MR v
Mv

pdd 4 2Q V+ V

z MER[(Mv+ )pz E (Mv2
MR

2 2)~]cos ~E )P 2 ~(M ER™v+ [2g v(Ev

Fj s. 1 I+I8—2O for &~B*(892)l+l and 1n g
'

s 15—17 for B"(5325)—+K 2, av in Figs.dd& V

lg
2&2 k —M~

)t'b]]I:qr (1 r~ t—~(1 y, )t q, —
=1

t 1 —y5)b ]+2 g [q~y

h Fierz identityUsing t e

"(1—r5)qi ]I:qr„

or '
s ives

(1—rs )q 1=—,'[q~r

ste
'

lor-sing e sste
' or- '

1 t states only) giv

"(1 r~)b ]I:qr-„q2'V S

e we are interestethe color-octe p't e co - t iece (since we aand dropping t e co

(49)

We plot Az

a te of the

R Rq

a bound state o

IV. V~

h'b ""kqpR isa
i . 21.

n V—+
1

2qass
cus our attention o

(48

p o
decay v

qz "1—rs
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0.0 0.1 0.2 0.3 0.4 0.5 0.6

CD
CD

I
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FIG. 15. Plot of %~ o for B*(5325)~K*(892)/+l FIG. 17. Plot of av for B*(5325)~E (892}l+l
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FIG. 16. Plot of A,« for B*(5325)~K*(892)l+l FIG. 18. Plot of%'q=o for f—+B, l+l
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Oh

O
'v

FIG. 21. Decay diagram for V~R &R2.

O
b~qi q2q

V V b

(5O)

O
O

I

0.00 0.03
I

0.06 0.09 0.12 0.15 0.18

This is similar to the leptonic decays of mesons. Thus
in the following calculations we treat these decays as lep-
tonic decays and assume that the factorization approxi-
mation is valid. Now the matrix element for the decay
V~R )R2 is given by

~v R R I ]1,2TrI F2(~2+~2)y (I ys)]

FIG. 19. Plot of %odd for Y~B l+I
xTrI FI(P, +M~ )y„(1—y, )(Pv+Mv)/v],

where

LA

O

1 ig
'~V V

qq& q&b Pv9I92
k 2 —~W2 8MVM, M2

(52)

O

O A. V~R1R + Or V~R1R

Cg

O

We have Fz= 1,y& and

TrI (~~ ™2)r"(U2—~2r &) ]=4U2&2 (53)

~ O
XO

for the scalar and

TrI. (~2+~2 )y"(Uz —~2y5) ]=4&2~2 (54)

O
LA

O

LA

O
]

O
O

0.00 0.0 3
I

0.06
I

0.09
S

0.1P.
I

0.15 0.18

for the pseudoscalar. Hence

V~R ) R2

(55)

FIG. 20. Plot of a~ for Y~B, I+l For a discussion of this approach, see Ref. [2].
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(i) R, =R +. I,= 1 and only the A, v =0 term contributes:

~ V~A)R~ I ]s),R~ [PM)Mv i v)( 2 ev)+0[( i 2)( v ~v)+(P2 v ( i ev) l 9e la 2p vpevv]

P=16[ ]s i, I([M)Mv —(Pi Pv)]M~+gM~Ev(E) Ev)I (56)

(ii) R, =R: I,=y5 and it is sufficient to substitute M, —+ —M, in the equation above:

P
JKv ~ i(

——16[ ] p ~ {g(M)My+Pi Pv)M~+(MqEv(Ev E, )—} . (57)

+M, [ —g(e) Pv)(P~ ev)+g(e*, ev)(P~ Pv) —ice e)~P~pPv„ev„]j

E1 EV
+g(P EvE, —) +

1 V

1=16[ iv z)~Me k(Ev E, )P— &~,=a~~, =o

(iii) R, =R, : I,=g) and

ii =16[ ] v ii [Mv[ g—(e).P&)(P) ev)+g(ei ev)('P) Pz)+irje "ei~P)pPz„ev~]

+g[(MvE, +M, Ev)+(Mv+M, )P]5g ~5g

VI, R2 1 1
&~,=o —M(v, , z, ) PEv —Ei }P

1

Mv

E1 Ev
+g(P EvE, )

— +
M, M

2

Jk,dd '=M(y' ~ ) [g [(MyE, +M)Ev)+(My+Mi)P] ], (60)

1
M(v ~ )

—— g(Ev E,)P—1

Mv
+g(P EyE, ) —+

1 V

2

+g [(MvE, +M, Ev)+(Mv+Mi }P]

We have Fz=gz and

Tr[g~(P'~+M~ )y"(1—ys) ]=4M~a(~ .

B. V~R IR,

(60)

(i) R, =R +. I,= 1 and

~v R R [ ]s,v [PM)Mv i v)(e& v) ~[( i & v v ( & v i v ] 1 )~ z*p vP

=16[ ]s, , v, [ g(M)Mv P)'Pv)+ri Ev Ei P]5i =+5~,=+

+ [g(M)Mv Pi Pv)Ey+C'(Ev Ei)P ]5m =o5z =o '1 2 (61)

S), V~'=M, ', [g(M, M P, P )E +g(E— E, )P ]—
S), V~ —M(s v ) [g (Ey Ei) P ]],

M(s y )
=—. [g (M, Mv P, .Pv} +g (Ev —Ei } P ]+ [g—(M)Mv P, Pv)Ev+g(Ev—E, )P ]—1

(62)

(ii) R, =R: I,=y 5 and it is sufficient to substitute M, ~—M, in the equation above:

JÃ y g g = 16[ ] p y Mp ~ [g(M)Mv+P) 'Py) + g(Ev Ei )P ]5g ~5)„

+ [ g(M)Mv+P) Pv)Ev+g(Ev Ei)P ]5m =o5x, =o '
~

P 2 (63)
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+x,=o M(r, , v, ) [PMiMv+Pi Py)Ev+g(Ev E&)P ]

+ltd ™(r,, v, ) {'rj (Ev E—i) P ]],
M(p y )

——[g (M)My+P, Py) +q (Ey E,—) P ]+ [g(M)Mv+P, .pv)Ev+g(Ev E,—)p2]2 .1

1' 2 Mv

(iii) R, =R: I,=g, and
1

~v R, R { ] v, v M2{Mv[ P&) '&P(p[ &y)+g(&) '&y)(p)'&2)+E/E "E,e P/pe2 ey„]

+M& [ g(E( Py )(Ez 'Ey )+g(E& Ey )(E'2 Pv) l 178 ~ E)~62ppv ev ]]

(64)

1 1=16{] v, , v, Mz Mv P (g k)(EvE P ) + +~(My+Mr ) 5x =o5x, =o5x =o

+[+ (Ey E) )+g(EyE~ P +MyM) )]$~

+ [P'(Ey —E ) ) + ri(EyE) P+M—yM, ) ]5q

+ [gp(My+M) )+g(EyM) +MyE) ) ]$~ (65)

&~,';~,', ~,=o™(v',, v, ) P'[(4 k)«vEi——P') + +g(My+Mi )]

1 + 1
M( v, v )

=—P' (0 k)«vEi —P')
M

+
1' 2

V 1

%Odd '=M~y' v ~{g [2(EvE, P+MyM—i) +(EvMj+MvE&) ]] ~

r 2

+g(My+M~) +g [2P (Ey E~) +P (My+M, )~]

+rI [2(EyE, P+MyM—, ) +(EvM)+MvE, )2] .

In Tables I—IV we apply our results to rare decays of
8* and Y.

V. CONCLUSION

In this paper we calculated the matrix elements and
the differential decay rates for rare decays of vector
mesons, V~Rl+l and V~R &R2 when R's are sca-
lars, pseudoscalars, and vectors. We extracted the ratios
of the contributions from the zero helicity states and the
ratios the contributions from the CP-odd and CP-even
channels. We also obtained the asymmetry factor a„(s)
for each case. Our calculations show that for
V~R + l+l, the decay is dominated by the A, =O chan-
nel and the even CP channel for the small s values and by
the odd CP channel for large s values. The asymmetry
factor is negative for s ((Mv —M~ ) /2 and positive for
s ) (My —M„) /2. For V—+R /+I, the decay is X

TABLE II. Same as Table I for B*—+K *(892)X.

B ~E *(892)X
Ro odd

dominated by the even CP channel accounting for close
to 80%%uo of the decay rate. For V—+R, l+I, both the
even and odd CP channels have substantial contributions.
It is important to know the behavior of the asymmetry
factor as a function of the invariant mass of the l+I
pair for experimental reasons. For example, for
A~Xi+I, in the case of the Collider Detector at Fer-
milab Collaboration (CDF) the efficiency for a =+ 1 is
about 75% of the efBciency for e= —1. We do not ex-
pect the QCD corrections to affect A,d~ since QCD con-
serves CP, but we do expect them to effect Rz o since
only the total angular momentum is conserved in QCD in
general.

X
B* I( *(1430)X

Ro Rodd

B*—+K(494)X
Ro R,qd

TABLE I. Our results applied to the rare decays ofB*.

0.228
0.208
0.243
0.683
0.411

0.772
0.792
0.757
0.033
0.079

ogD 2010 0.003
0.018

0.997
0.982

0.048
0.037

0.952
0.9623 Private conversation with J. Mueller.



ANGULAR DISTRIBUTION AND CI' EFFECTS IN RARE. . . 2809

TABLE III. Our results applied to the rare decay of Y.

X
Y—+B +{=5400)X

RQ R,dd

Y~B ( =5400)X

RQ

Y—+B ( =5400)X

RQ R,dd

0.017 0.983 0.049 0.951 0.2739 0.166

APPENDIX

~p~p g p~p+g ppV gvpXp ~vppaV57

—«Xsz =& "r.Xpr„.
(A1)

When calculating the matrix elements, we used the fol-
lowing relations for the Dirac y matrices:

[r.re„(1—r~) } [y"r~y (U —ay&) }

= [y„(1—r»}[»[r"( U a—y~)] 6—[r"(a —Ur5)]},

p d'k
(2n. ) +,. [k —a, ]

dk k"
(2n) +,. [k —a; ]

=0,

d k k"k
(277) g, [k' —a ]

1 „dk k
4 (2m) +[k —a ]

(A3)

1. Loop integrals
In the text we also used the definitions for the loop in-
tegrals

d'kP=
(2m)4 +,.[k; —a; ]

d 4k kI"k

. k —a.

(A2)

d4k k

(2~) (k —M~) (k —mi )(k —m~)

d4k k
(2 )4 (k2 M2 )2(k2 2)

d 4k (c —d)k —2(c +d)mI
(2') (k —M~)(k —mi )

(A4)

In the limit where the external momenta are negligible
with respect to the internal mornenta, k;~k up to an
overall sign, and these integrals reduce to, up to an
overall sign,

We also used the fact that, after using the limit where the
external rnomenta are negligible compared to the internal
momenta, we have

d ~
4 ~v

vd k
(2~)'

2. Intermediate steps for the matrix elements in V —+RI+l

Thus

v', v,„
2 7 v

2vZ [ " "] 4M,M,
~E2

62~1+
4 cos Op

q2r"(a +by5)q i —22~[q~y„(1 —y$)q, ] .A" . (A6)
s —Mz

R 4
V

2&2

g
R 4

2
V K

9'
q~ Eb] 4M MV 4

~V~K
[&q, ~b]

4MvMR

a SQ2
6S~, +

s —Mz 4 cos Opr

b E262~)+
s —Mz 4 cos Ogr

22+

+22~ . .

TABLE IV. Same as Table III for Y B X.

X
DQQ

X
DQ

DQQ

Y~B X
0

0

0.037

Y~B) X
RQ

0.672
0.629

Rodd

0.963

0.041
0.044
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a. Scalar

&$4Iks[MvMz (Pz—.pv)]ev+Cs(pz ev)PP j 4—i9$E "PRapvp vcr

&~=o
%$ [q.)+y q)+ ]=4m [$$[M+Mv (P—z Pv)](P —Evcosd) $$(Ez E—v)P(E„Pe—os')j

V

&~=++ f+($[MvM~ (P—~.Pv)]+g$P(ER Ev) j—sin8
2

T

&~=0
%$ [q . y+q ]=4m f $$[M+Mv (Pz—Pv)]( P —Evc—os' )+$$(Ev Ez )—P(Ev+P cos8) j

Mv

~~=++ f+$$[MvMz —(Pz.Pv))+q$P(Ez —Ev~ jsin8
2

&~=0
%$ [q + y q + ]=4m I $$[M+Mv (P~.p—v)](P=Evcos8) $$(Ev Ez )P—(Ev Peosd—) j

(A8)

&~=++ I $$[MvMz (Pz.pv—)]+sin8) 71$P(E—+ —Evsind j 2

&~=o
[qV y qi' —]=4m Ik [MzMv (p Pv)]( p+Ev—cosa)+($(Ev ER)p(Ev pcosg) j M~

&~=++ [$$[MvM~ —(P~.Pv)](+sin8) q$P(E~ ——Evsinbj
2

&~=o
%$ [q +y q. + ]=4(E+p) [g$[M~Mv (P„.pv—)]Ev+($(E~ —Ev) jsin8

V

&a=++ [$$[MvM~ (P~ Pv)](1—+cos8)+g$P(Ev E~ )(cos8+—1)j 2

%$ [q]~ y+q ]=4(E—p) ~ [$$[M+Mv (Pz Pv)]—Ev+$$P (Ez —Ev) jsinB
~~=0

&~=++ [($[MvMz (Pz Pv ) ](1+—cos8)+ g$P(Ev Ez )(cos8+ 1—) j 2

&~=0
%$ [q +y q ]= 4(E —p) ~ [$$—[M„Mv (P~ Pv)]Ev —($P (E~ —Ev) jsin8

&~=++ [$$[MvM~ (Pz Pv)]( —1+—cos8)+g$P(Ev Ez )(cos8+1)j-v'2

+s'I q J—y+q —]= (E+&) ' [k$[MzMv (Pz Pv)]Ev+(—$P (E~ Ev) jsln8-
My

+ [k$[MvMz —(P~ P„)](—1 cos8)+g$P(Ev E~ )(cos8+1)j-~~=+
v'2

~
—8M [4[M.Mv (p~ pv)](~p &Eve»&—)+g$(E, Ev)p—(~Ev Vp cosa) j,— —

—m V[ ($ f MvMz (Pg 'Pv ) ]+5$P(Eg —Ev) j»np,tl= 8
v'2

4$ [M vs ( z Pv ) ]+&$P (Ez —Ev) j sin8,
2

(A9)
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H)" =8
I gs[M+Mv (—P P )](AP+VEv cos8)+ps(Ez E—v)P(AEv+VP cos8) j,My

IV [ks I
M vMR ( PR Pv ) j + 'Qs P ( Ez —Ev )j»»

2

ksIMVMR (PR Pv)]+gsP(Ez Ev) js'»
2

V+ EA [ks[M~Mv (Pz Pv)]Ev+gsP (Ez —Ev) j»»8E 2

V

H I " = — V+~A Igs[MvMz (Pz—Pv)](1+cosg) qsP—(Ev Ez )—(1—cos8) j,8E
2

H = — V+ A I gs[MvM~ (P+.Pv)—j(l cos8—)+gsP(Ev Ez )(—1+cos8)j,8E
2

(A10)

Hy = V— A [gs[M~Mv (Pz Pv)—]Ev+gsP (ER —Ev) jsi»,

HI " = V—~A jgs[MvM~ —(P„Pv)](.1 cos8) —qsP(Ev—Ez )(1+—cos8') j,8E

H II " = V—~A [gs[MvM~ —(P„.Pv)](1+cos8)+gsP(Ev Ez )(1—c—os') j,8E
2

$7E2 2IHol'=, IVI'+ P, IA I' I&s[M&Mv (P&.Pv)—]Ev+gsP (E~ —Ev) j (1 —cos 8)~v E2

7 m 2 2+2
~ I g[M~Mv (P~ Pv)j (—IAI P +IVI Evcos 8)+ps(E~ Ev) P (IA—

I Ev+ IVI P cos 8)
V

+2gsgs[M gMv (P~ Pv) j(—Eg —Ev)P'Ev(IA I'+ IVI'cos'a) j,
2

IH+ I'=2'E' IVI'+ P, IA I' ([g~s[MvM~ —(P~ Pv)]'+g~sP'(Ev —Eg )'j(1+cos'~)

2gs[Mv—M„(P~.Pv)]ps—P(Ev E~ )(1—cos—8))

+2 E ~Re( V A ) I gs [MvM„—(P~ Pv ) j j cos8

2

+2 IV I q [ks[MvMz (PR Pv)]+gsP(Ez Ev) j sio +
M~

2
IH-I'=2'E' IVI'+, IAI' ([4s[MvM~ (Pg Pv)j'+vs—P'«v E~)'j(1+cos'—&)

+2gs [Mvs —(Pz Pv ) ] psP (Ev E~ )( 1 —cos 8)—)

2E ~Re(V A—) jgs[MvMz —(P~ Pv)] jcos8

NZ+2 IVI q jks[MvMg (Pz 'Pv)] nsP(Ea Ev) j sm &
~v

l~sl'=2'E' IVI'+ ~, IAI', [gs[M&Mv (P& Pv)]Ev+gsP'(E& ——Ev) j'(1—cos'&)
~v

(A11)

+ [g [MvM~ (P~ Pv)] +gsP (Ev E~ ) j(1+cos 8)
r

+2 [g [M„Mv=(P~.Pv)] (IA. I
P +IVI Evcos 8)+ps(E~ Ev) P (IAI Ev+I—VI P cos 8)
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+24gs[MRMV (PR Pv)](ER E—v)P'Ev( Al'+ IVI cos'8) '

2

+IVI {g[MvMR (P—„.Pv)] +qsP (ER —Ev) jsin~8j .S V R R V (A12)

In the limit m —+0,

{ps[MVMR (PR 'Pv ) ] +qsP (Ev ER ) j (1/Mv ) {ps [MR MV (PR 'Pv ) ]Ev+ gsP (ER Ev ) j

{Ps[MVMR —(PR Pv)] +'fIsP (Ev ER)j +(1/Mv){ks[MRMV (PR'Pv)]EV+ksP (ER Ev—)j
—,'{gs[MVMR (P„.P—v)] cos 8+gsP (Ev E„)—I

(1/Mv){5s[MRMV (PR.PV)]EV+CsP (ER Ev—) j +2{ks[MVMR (PR'Pv)] +ps (Ev

b. I'seudoscalar

4{kRI MvMR + (PR 'Pv) ]&v kp(PR '&v)PI' }+4'nRE "PRaPV@v~

It is suScient to substitute MvMz —+ —MvM& in the results for the scalar resonance. Hence

I~pl'=2'E' IVI'+ p, I~I', {gs[MRMV+(PR Pv)]EV+gsP'(ER —Ev) j'(1—co~'~)

(A13)

+{g[MvMR+(PR.Pv)] gsP (Ev—ER ) j(1—+cos 6) '

+2', {ks[MRMV+(PR Pv)]'(l~ I'P'+ IVI2Ev2cos'&)+ps(ER Ev) P (IA I

E—v+ IVI P cos 8)
V

ksksl MRMv+(PR Pv)](ER —Ev)P'Ev(l~ I'+ IVI'cos'a)

2

+IVI 2 {ks[MVMR+(PR Pv)] +gsP (ER Ev) js'n &j
MV2

{ks[MvMR+(PR Pv)]'+qsP'(Ev ER ) j'—(1—/Mv){ gs[MRMV+(PR Pv)]Ev —gsp2(ER —E ) }2

{gs[MVMR+(PR Pv)] + lsP (Ev ER ) j +(1/M—v){4[MRMV+(PR''Pv)]EV ksP (ER Ev)I—
—
4 {gs [MVMR + (PR Pv ) ] cos 8+qsP (Ev ER ) j—

( 1/Mv ) {ks [MR Mv+ (PR Pv)]Ev gsP (ER Ev) j +2 {Ps [MvMR + (PR Pv)] + fsP (Ev ER ) j

(A14)

Ev E.[q y q ]=4(E+P) . Cv(EV ER ) — — +gv(ERE P') +-
Mv M~ MV M~

P sin86& O5&

c. Vector

In this section, because of the length of the expressions, we do the calculations in the limit m& ~0:
+ v {kvl (PR ~v)Mv~R +(~R Pv)MR~v) kv(ER ~v)(MvPR ™RP'P) 9vE Ra™vRPP™PRvP vcr) j

(A15)

+g v(Ev ER ) —[(1+cos—8)5& +5& p+ (1+cos8)5g =p5g —+ ) ]

P2
+gv (Mv+MR )

2Mv

Ev
&2MV (MvER+MREv) ( —cos8+1)5& p5& +

V R

P'+q, (M, +M, ) — (M,E„+M„E,) ( o y
2MR &2MR V R

+[/V(MV+MR )P+gv(MvER+MREv)]sin85& &5&
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Ev ER 1 1
&v [e. ) r-+e -=4(E p) kv(Ev ER) M +kv(EREv P ) M +MMv MR V R

P sin85» p5»

P+gv(Ev E—„) [(1kcos8)5» —y5» —p+(1 W cosB)5» p5» = ) ]

Ev
+gv (Mv+M~) — — — (MvEg+M~Ev) ( —cos8+1)5» =p5»

2Mv &2Mv V R

ER
+gv (Mv+M„) — — (MvEz +M+ Ev) (cos8+1)5» =+5»

2M~ 2M~ V R

ER 1 1

R V R

+ [gv(Mv+Mz )Pkgv(MvEz+M+Ev)]sin85» +5»
T

Wv [0)+ Y 9)+ ]=—4(E P)— kv(EV ER)
v

P sin86k o&x o

P+gv(Ev Ez ) —[(—1+cos8)5» —+5» —p+( 1 T cos8)5» =p5» +) ]

p2
+gv (Mv+M~ ) ~ 2Mv

p2
+gv (Mv+M~ )

2MR

2Mv
(MvEz+M„Ev) ( —cos8+1)5» =p5»

V R

E
(MvEz+M+Ev)

(costs%

1)5» +5»
2M~

+ [~v(Mv+Mz )P+'gu(MvEz +Me Ev)]sin85» +5» +,

&v [et 1+0)'-]=——4«+P) fv(Ev E) —— +g (E E P) +—Ev
~v P sin85» p5»

P+gv(Ev Ez ) —[(—1+—cos8)5» +5» p+( —1 T cos8)5» p5» +)]2 V R V R

Ev
+gv (Mv+Mz ) — (MvEz+MzEv) (

—cos8+ 1)5» p5» +2Mv ~2Mv V R

+qv (Mv+Mz ) — — (MvE~+M~Ev) (cos8+ 1)5» +5»
2M~ &2M~ V R

+ [gv(Mv+Mz )P+gv(MvEz+M+Ev)]sin85» +5» (A16)

H Jp" =SE V+ ~A g v(Ev E~)— 1 1+gv(E„Ev P) +-
R V R

Psind . ,

H j+ =SE V+ A gv(Ev Ez ) + —— [(Mv+Mz )P~ Ev(MvEz +M—+ Ev )] (1 cos6), —
2 2Mv

T

H) =SE V+ A ~ gv(Ev E~ ) — '— [(Mv+M~ )P Ev(MvE~ +MgEv)] (1+cos8')'

H =SE V+ A =' gv(Ev Eg ) —+ [(Mv+M~ )P Eq(MvE~+M~Ev)] (1+cos8)'
2 2M~

H =SE V+ A ' gv(Ev E~ ) —+ — [(Mv+M~ )P E~ (MvEq +M~ Ev ) ] (1 cos8)'
H + =SE V+ A +[gv(Mv+M„)P+gv(MvE„+M~Ev)]sin8,Jll =
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HELL LL =8E V+ A +[/V(MV+MR)P g—v(MVER+MREV)]sin8, (A17)

r

HE'LL
= —8 v —~A). g,(E,—E, )

V MR V R

I' sin6

HII+ = 8 V A 'gv(Ev ER) —+ — [(Mv+MR)P Ev(MVER+MREV)] (1+cos8)

HII =8E V——A gv(EV ER ) — — [(Mv+MR )P Ev(M—VER+MREV)] (1 co—s8),

H ) =8E V——A gv(Ev E„)——+ — [(Mv+MR )P ER(M—VER+MREV) j .(1 co—sB),

HLL =8E V——A g' (E E)—V V R [(Mv+MR )P ER(M—VER +MREV) j (1+cos8),
2MR

H + = —8 V——A +[gv(Mv+MR)P+gv(MvER+MREv)]sin8,E

H = —8 V——A +[gv(Mv+MR)P gv(MvE—R+MREv)]sin8, (A18)

r

IHool'=2' IVI'+, IA I' 4V«v ER &-
E2 V

ER 1 1
+Pv«REV P') —+

M.
+

Mv MR

2

P (1—cos 8),
2

+ IAI 'g'v(Ev ER) P +
~ [(Mv+MR)P Ev(MVER+MREV)] '(1+cos ~)

Re(v A )gvVv ' (Ev ER ) [(Mv™R)P Ev™vER™REv)]cos~
Mv

2

IHD I'=2' IVI'+ P, IAI' g'v(Ev ER) P +
~ [(Mv+MR)P Ev(MVER—+MREV)] .(1+cos 6)

—2 —Re(V~A)gvgv (Ev ER ) [(M—V+MR )P Ev(MVER+—MREv))cosB ~,E Mv

2

+ IAI 'g(Ev ER& P +
~ [(Mv+MR)P ER(MVER+MREV)] '(1+cos &)

+2 —Re(V A)gvgv (Ev ER ) [(Mv—+M„)P ER(MVER+MR—EV) jcos8 . ,

2

+ P IA I

' g''v(Ev ER & P + [(Mv+MR &P ER(MvER+MREV) ] '(1+cos &)

+2 Re(V A)g'vgv (Ev ER ) [(Mv+—MR )P ER(MVER+MRE—v)]cos8 . ,
MR

IH I'=2' IVI'+ ~ IA I' +[(V(MV+MR»+nv(MvER ™REv)](' cos
E2

I'=2' IVI'+ ~, IA I' +[gv(Mv+MR» —gv(MvER+MREv)]'(I —cos'&),E2 (A19)
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2
/W'=2' [V/2+ P

E2
~ 2[(v(My+MR ) P +rly(MVEz+M&EV) ]

,—,) — +g,(, ,— ')Ev E~ 2 1 1

Mv

2

P -(1—cos 6)

2

+ 'gy(EV E~) P + [(My+M~ )P Ey(MVE~+M~Ey)] '(1+cos 0)

2

+ gy(EV E~ )—P + [(Mv+M~ )P E~(—MVE~+M~EV)] .(1+cos 6)
M~

+2 —Re(V A )(VIIV(EV E„)—. [(Mv+Mz )P Ez(M—VE++MREV)]

P
[(Mv+M~ )P Ev(M—VEz+M~EV)) cosa2

Mv
(A20)

cos8=0 v

2

+ gy(EV E~ ) P +— [(My+M~ )P E~(MV—E~+M~EV)]
M~

—. 2[gy(My+My ) P +qy(MVEg+MREV) ]

1 1+ gy(EV —Eg ) — +gv(E~ Ev P) +-
Mv MR Mv

2

p2

3. Intermediate steps for the matrix elements in V~R &R2

{ ]12Tr[1 2(~2 ™2)l"( 1 —r5)]Tr(F1(~1™g)Yp( 1 Y5)(~y™y)~y]

where

(A22)

lg
' 1'qt, Vq, b gyp, p2

8MvMI Mq
(A23)

We have F'2 = 1,y 5 and

Tr[(72+M2)y~(U2 —a2y5)] =4U2P~z

for the scalar and

a. V~R&R + or V~R, R +

(A24)

Tr[(g2+M2)y"(U2 a2y5)]=4a2P2
for the pseudoscalar. Hence

~v ~, R,
= { ]1,sTr[F1(~1™1)~2(1—75)(~v™y)~v].

(i) R1=R +. 1 1= 1 and only the A, v =0 term contributes:

Tr[(P, +M1)P'2(1 y5)(By+My)ZV]—=Tr[g, g2gvgv(1 —y5)]+M, MVTr[J'2gv]

=4{g(M1MV P1 Py)(P2 ey)+g—[(P1 P2)(Py e) y(+P 2 P)(vP e1)]y.
1 9E PlaP2PPV ~vv]

4P
{g[M1My (P1'Pv)]M2+gM2Ev(E1 Ev)]

Mv

(A25)

(A26)

(A27)



MESUT BAHADIR FAKIR

(ii) R ] =R: I ]=y s and it is sufficient to substitute M] ~—M] in the equation above:

—4PTr[(P] —M] )P2(1 —Ys)(gy+My )f'y] =
I g(M]My+P] Py)M2+gM/Ey(Ey E—] ))

M~

(iii) R, =R, : I,=8] and

Trl ~ ] (~]™])~2( 1 Ys)(~v™v)~v)™VTrl~ ] ~]~2~v(1+ Ys)]™]Tr[~] ~2~v~v(1 ) s))

(A28)

=4IMv[ g—(e] P2)(P, ey)+g(e] Ey)(P] P2)+igE P" e] P]pP2„ey ]

+M] [ g(E*—].Py)(P2 Ey. )+g(&] &y. )(P/. Py) ]rl&—" ~] PppPyp~y ))

1=4M2 g(Ey E, )P—
1

1

Mv

+g(P EvE,—) +
1 V

&~ =o&~ =o
V 1

q[(Mv—Ei +M, Ev )+(Mv +M] )P]5~,=+5~,=+ (A29)

b. V~R gR
~

We have F2=82 and

Tr[gz(+2+M@)y"(1 —Xs)) M2~z .

(i) R, =R +. I,=1 and

Tr[(g]+M, )&2 (1—Ys)(tv+My )~v] =Tr[g]82~v&v( Ys)]+M]MvTr[g zgy]

=4I g(M]Mv P, Py)(E2—Ey)+([(.P].E~ )(Py.Ey)+(E2 Py)(P, Ev)]

] 7)E P] E ggy~E y~)

=4 I g(M] My —P, .Pv ) + q—(Ey E, )P j 5i —+5i

+ [g(M]My P, Py)Ey+—g(Ey E])P )5], o5—$ o .4 2

(A30)

(A31)

(ii) R, =R: I,=
Ys and it is sufficient to substitute M, ~—M, in the equation above:

Tr[(g] —M])Ez(l Ys)(gv+Mv)gv] 4tk(M]Mv+P]'Pv)+g(Ev E])P J5i =+5i =+

+ [ g(M]Mv+P] —Pv)Ev+g(Ev E] )P I 5~,=o5—~, =o .4P 2

(iii) R ] =R, : I ] =8] and

Tr[& ] (&]™])& 2 ( 1 ys)(&y ™y)]s'y]™yTr[& ] &]&2 &y( I +ys) )™]Tr[& ] & 2 +y& y( I ys) ]

=4IMv[ g(e].e2)—(P, ey)+g(e] ey)(P] e~ )+]gcP" e, ~ P, ]pe2„ey ]

+M, [ —g(e] Py)(E~ ey)+g(e]" ey)(e2 Pv) ]gE "e]~e2pPv„—ey„])

=4 P (g g')(E E P) +— —1

M~
+g(Mv+M] ) 5~,=o5~, =o5~, =o

+ [(P(Ev E] )+q(EyE] P +MyM] )]5i —o5]„—+5]

+ [gP(Ey E] ) + g(EyE] P+—MyM, )]5] —+5], o5q

+ [gP(My+E] )+g(EyM']+MvM, )]5& +5& +5/ —
Q (A33)
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