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A new method of deriving the commutation relations for Gauss law operators is studied in anomalous
gauge theories. We use the method of coadjoint orbits extensively. Instead of dealing with the Gauss
law operators explicitly, we consider the Becchi-Rouet-Stora-Tyutin (BRST) operator on a coadjoint or-
bit associated with anomalous gauge theories. We derive a basic equation satisfied by the BRST opera-
tor. The equation for the BRST operator plays a fundamental role in our formulation and it precisely
reproduces the Schwinger terms in commutation relations for the Gauss law operators.

PACS number(s): 11.15.Kc, 02.40.—k, 03.65.Fd, 11.30.Rd

I. INTRODUCTION

In recent years there have been increased attempts to
study quantum field theories from a geometric point of
view. In 1970, Kostant [1] and Souriau [2] found out the
method of geometric quantization, which allows us to
quantize classical fields without referring to any particu-
lar coordinate system. As a consequence, the method en-
ables us to describe quantum field theories in coordinate-
free, geometric language.

Bowick and Rajeev [3] formulated a classical nonper-
turbative bosonic string field theory on the basis of a gen-
eral symplectic geometry. They succeeded in quantizing
closed bosonic strings by application of geometric quanti-
zation, showing that DiffS!/S! is a homogeneous Kihler
manifold, which is one of the typical symplectic mani-
folds [4].

A symplectic manifold [5] is an even-dimensional man-
ifold M with a symplectic structure @ which is a nonde-
generate and closed two-form on M. In particular, if a
field theory has a symmetry governed by a Lie group,
then the field theory is constructed on the basis of a
group manifold, which is endowed with a symplectic
structure.

As is well known, typical symplectic manifolds are the
Kihler manifold, adjoint and coadjoint orbits [1,5,6], as
well as cotangent bundles. Among others, coadjoint or-
bits have been studied [7,8] recently in dealing with some
kind of field theories such as quantized string theories,
the nonlinear 0 model with the Wess-Zumino-Witten
term and two-dimensional (2D) gravity theory, which are
strongly subject to infinite-dimensional Lie groups.

On the other hand, we have also gained important
geometrical insight into quantum field theories from the
study of anomalies [9]. Zumino [10] and Stora [11] have
revealed anomalies inherent in chiral gauge theories from
the point of view of the cohomology theory of Lie groups.
Faddeev and Shatashvili [12] studied the commutation
relations of Gauss law operators in non-Albelian gauge
theories by making use of the geometrically expedient
property of the Chern-Pontryagin density and obtained
anomalous Schwinger terms in the commutation rela-
tions.

A perturbative derivation of Schwinger terms in the
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commutation relations of Gauss law operators has been
carried out in Refs. [13,14] for Yang-Mills theory with
chiral fermions. A derivation by means of path integrals
has been done in Ref. [15]. Anomalous Gauss law com-
mutators in the chirally gauged Wess-Zumino-Witten
model have been evaluated in Refs. [16,17]. There have
been proposed some other interesting ways of deriving
the Gauss law commutators such as those based on the
quantum phase holonomy [18], current algebras [19], and
on a more unified framework [20-22].

In this work we present a new method of deriving the
commutation relations for Gauss law operators in anom-
alous gauge theories. The aim of this work is to explore
some other possible ways of studying quantum field
theories geometrically. We use the method of coadjoint
orbits extensively. Instead of dealing with the Gauss law
operators explicitly, we consider the Becchi-Rouet-
Stora-Tyutin (BRST) operator [23] on a coadjoint orbit
associated with anomalous gauge theories. We derive a
basic equation satisfied by the BRST operator. We will
see that the equation for the BRST operator precisely
reproduces the commutation relations for the Gauss law
operators and that the BRST transformation [24] of field
variables plays an important role in our formalism.

The rest of this paper is organized as follows. In Sec.
II, we give a brief review of the method of coadjoint or-
bits, by introducing a canonical coordinate system on a
coadjoint orbit. We lay special emphasis upon the role of
the BRST operator which is obtained as a solution of the
fundamental equation on the coadjoint orbit. In Sec. III,
we apply the method to an effective chiral gauge theory
and derive anomalous commutation relations for Gauss
law operators. We consider the chirally gauged Wess-
Zumino-Witten model in Sec. IV, where we also derive
the Schwinger terms in the Gauss law commutators. Sec-
tion V is devoted to clarifying remarks, in which we dis-
cuss the difference between a similar work studied in Ref.
[25] and ours.

II. SYMPLECTIC GEOMETRY
OF COADJOINT ORBITS

In this section, we make a brief survey of the theory of
coadjoint orbits in the symplectic geometry of Lie
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groups, laying special emphasis upon the fundamental
equation (2.23) and its solution, which we will use in sub-
sequent sections. A coadjoint orbit is a manifold con-
structed by a coadjoint action of a connected Lie group
on a dual space of the Lie algebra. Every orbit of the
coadjoint action of a Lie group possesses a symplectic
structure, and the orbit is even dimensional. In fact, a
coadjoint orbit is a symplectic manifold on which one can
define a nondegenerate, closed symplectic two-form .

Let G be a connected finite-dimensional Lie group,
§=T,G its Lie algebra, and §* the dual space of the Lie
algebra. The adjoint action of G and that of § on § are
defined, respectively, by

Ad(g)Y=gYg !, (2.1a)

ad(X)Y=[X,Y], (2.1b)

where X,YE 9, g €G, and [.,. ] is the commutator in the
Lie algebra. We define the coadjoint action of G on
G*,Ad*:G X §* - 8* and the coadjoint action of § on
g*, ad*:¢ X §* — @*, respectively, by

[Ad*(x)a](Y)=a[Ad(x) " 'Y]=al(x "'Yx), (2.2a)

[ad*(X)al(Y)=—ca[ad(X)Y]=—a([X,Y]) . (2.2b)
It should be noted that ad* is a representation, the coad-
joint representation, of the Lie algebra and satisfies the
commutation relation

[ad*(X),ad*(Y)]=ad*([X,Y]), (2.3)

which immediately follows from (2.2b).

The coadjoint orbit M, through a fixed point o/® € ¢*
is a symplectic manifold which is given by
M,={Ad*(g)a'”|gEG] with a definite symplectic
structure. The coadjoint orbit is isomorphic to the coset
space G /H, where H is the isotropy subgroup of the fixed
point a'®. The tangent space to M, at a is given by a set
of vector fields (X} |XE€9}. Let {X,X;,....} be a basis
of the Lie algebra ¢ with commutation relations

(X, X;1=CkX, (i,j,kEZ), (2.4)

where C,-’j‘- are structure constants, and let {e’,e’,... } be
a basis of the dual space. The relation between the two
bases is given by the orthogonality condition
e'(X;)=8} , (2.5)
implying the duality of the two bases.
It should be noted that a point on a coadjoint orbit is

expressed in terms of coordinates {a;,a;,...} with
respect to the dual basis as

a= S ae’. (2.6)
It follows from (2.5) and (2.6) that

alX;)=a; . 2.7

It is worthwhile to note that the tangent vector field X*
is expressed in terms of the coordinates on the coadjoint
orbit as
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)

ak?% N (2.8)

- k
Xr=3C;
Jk
which satisfies the commutation relations (2.4) and the
tangent vector on the coadjoint orbit is given by
X*a=3 Cloyel. 2.9)
j'k
A natural G-invariant symplectic structure on M, is

defined by introducing the symplectic two-form w, at a
as

o X5, YE)=i(YE (X o,

=a([X,Y]) (2.10)

with X,Y mod&, which is nothing but the definition of
the symplectic structure given by Kirillov and Kostant
[1,7]. Here, i(X)w denotes an interior product between X
and o. The symplectic structure w, can be explicitly
written in terms of the one-forms {y’,y/,. ..} dual to the

vector fields {X,-*,Xj"‘,. .. } as follows:

w,=ta;y' Ny’ , (2.11)
where

a;=al[X;,X;])=Clay . 2.12)
The one-forms y- satisfy the equations

da;=a;y’, (2.13)

dy*=—1Cky'Ayl, 2.14)

owing to the fact that the symplectic form (2.11) is
closed; dw,=0.
Substituting (2.14) back into (2.11), one obtains a sim-

ple expression for (2.11):
we=—a,dy*=—1lda, Ny* . (2.15)

The symplectic two-form w,, is closed and nondegenerate
at all points of the coadjoint orbit and (2.11) is, in fact, G
invariant, since owing to the Jacobi identity one has, for
arbitrary £€ G,

8e0o(X 5, Y5 )=[ad*(5)a]([X, YD +a([[§,X], Y]
+a([X,[£Y]])
=al[[X, Y], +a([[£X], Y]

+a([[Y,£],X])=0. (2.16)

Here 8, denotes infinitesimal transformation on the or-
bit by £&. As a matter of fact 8, (X € &) is nothing but
the Lie derivative with respect to X:

Sya=Lya=ad*(X)a ,
Sy Y=LyY=ad(X)Y=[X,Y] .

(2.17)

Now it is worthwhile to consider the situation where
the infinitesimal transformation on a coadjoint orbit is
generated by an underlying generator (), which takes
values in . For simplicity, we denote §,=98. Our basic
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equations are

Sa=ad*(Q)a ,

8X=ad(Q)X=[Q,Y], (2.18)
dyk=—1Cky'nyl,

and
da;=al[Q, X, =ap’ . (2.19)

Here one should note the differences between 8¢;, 8(a;)
and (8a);, i.e.,

8((1,):0 )
da; =a(8X;)=a([Q,X;]) ,
(8a),=[ad*(Q)a](X;)=a([X,,Q])=—ba, .

(2.20)

One notices from (2.19) that Q is a one-form taking the
value in & and, in fact, the solution to (2.19) is found to

be
Q=X,y’. (2.21)

Taking infinitesimal transformations of both sides of this
expression, one obtains

80 =8X,y'+ X8y’

=[0,X;y'—1CiX, ¥y Ayl , (2.22)
and we finally arrive at the equation for Q:
30=0’=1{0,0}, (2.23)

which we will use in subsequent sections. This is the fun-
damental equation for (), so that the equation should
hold even if there exist central extensions in the algebra.
Expression (2.21) is the simplest form for ; namely, we
can take any representation for generators of the Lie
algebra § instead of generators X; themselves. In fact,
we will take Gauss law operators in place of the X;’s in
subsequent sections. Also, it should be noted that solu-
tion (2.21) is not unique, since we may add terms which
commute with generators and/or their representations.

III. ANOMALOUS GAUSS LAW COMMUTATORS

In this section, we apply the method of coadjoint orbits
to deriving the Gauss law commutators in anomalous
gauge theories. We will make extensive use of the BRST
operator {) and show that Q plays an essential role even
for BRST noninvariant actions.

Let us start with an elementary consideration of the
variational principle applied to the action functional

S= [ d*x L($%3,6%) (a=1,...,n, p=0,...,3),
| 3.1

where .L is the Lagrangian describing our dynamical sys-
tem and ¢“ are localized fields. Taking account of the
Euler-Lagrange equations

2593
M aL | oL =0 (3.2)
d9,¢“ aP“
for ¢%, one obtains the variation of .S to be
oL
8S= | d*xd 5¢¢ (3.3)
f x a4 aauqsa ¢

Here we have taken 6xV=0 (v=0,...,3). Also taking
the boundary conditions appropriately we are lead to a
descent equation

86S=—dQ, (3.4)
where
0=— [ d’ 754" (3.5

with 77,=03.L /3¢* being the canonical momentum conju-
gate to ¢“.

The simplest nontrivial Lagrangian for Yang-Mills
fields without spinor fields is given by

Lyy=—+TrF, FF'+L, . (3.6)

Here F,,=F,T, with Fj,=0,47—0,4,
+8&f abe A,’jA ¢, and the gauge group is taken to be SU(N),
generators of which satisfy the commutation relations

[Ta’Tb]:lfabcTc (37)

with f,,. being structure constants and Tr(T, T, )=
The Lagrangian (3.6) is invariant under the BRST trans-
formation by virtue of the fact that the first term on the
right-hand side of (3.6) is BRST closed whereas the ghost
term L, is BRST exact. In this case we have

Qo=i [ d’x (7?8 47 —i8(£n")} ,

1
3045+

(3.8)

where 8 is the BRST transformation and the exact term
on the right-hand side of this expression comes from the
ghost part of (3.6): 7° is the ghost field and £° is the an-
tighost field both of which are Grassmann variables and
the Poisson brackets among them read

(een®y=—5.
We have not taken account of the gauge-fixing term,
which might give additional exact terms to (3.8). As a
matter of fact, we have taken the noncovariant gauge
Ay,=0. However, the gauge-fixing term does not play an
essential role in the present formulation and we take

8£°=0 for the sake of simplicity.
By virtue of the BRST transformation

SAZ(x)Zi[D”n(x)]“ R

(3.9

) (3.10)
87 (x)= = g/ eI (x) ,
(3.8) is rewritten as
Q= f d3x |(D;m;)*n°+8&°
+ 8 e’ (3.11)
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This is nothing but the BRST operator without spinor
fields. One finds from 8, =0 the BRST transformation

8GUX)=gf 1po Go(x)M(x) , (3.12)

where G%x)=(D;m;)% and G%x)=0 is the Gauss law
constraint. It follows from {Qg, Q] =0 that

[GUx),Gbx")]=igf . G(x)83(x —x') . (3.13)

It is known that the chiral SU(N) gauge theory is
anomalous for N = 3. Similar anomalous features are ob-
served in the gauged nonlinear o model with the Wess-
Zumino-Witten term Ly,w. By making use of the coho-
mology theory of Lie groups, Faddeev [12] pointed out
that the infinitesimal one-cocycle w; descending from the
Chern-Pontryagin density is the Lagrangian density L,
which makes the theory anomalous. The BRST transfor-
mation of L gives rise to a two-cocycle of the gauge
group on R3: explicitly one obtains

8 [ Lyad? =—1&e"fkfd3x N°Tr[ T, (4,3, 4,
+0,4; 4,
+4;4;4,)] .
(3.14)
Consequently one has

o= [d G“n"+i5§“n“+égfabc§“nbnc

——ée"jkfzﬂx Tr[n( 4,8, 4, +3;4; 4,
A A, 4]

(3.15)

(H%x), Ho (D)), =y =18 aoe H(x)8(x —p)

2
4+ 8
4872

€M {Tr[T,0,(A; Ty Ap) ) +if o Tr[T, (4,0, A +3; 4; Ay + A, 4; 4)1}83(x —y)
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Evidently 8Q does not vanish; in other words, the BRST
operator is not left invariant under the BRST transforma-
tion. However, the BRST operator () is the generator of
the BRST transformation; in fact, one obtains

i
677“: { "7“»9} = —z_gfabcnbnc )

(3.16)
BAI={ AL, Q)=i(Dyn)* .
Also one finds from
8&°={£%,0}=0 (3.17)
that
GOtigf .. En°= 48g#2 €*Tr[n( 4,8, A, +8, 4, A4,
+A4,4;4)] . (3.18)

The Poisson brackets of () with itself is to give the BRST
transformation of () itself. Precisely, one has

80=1{Q,0} . (3.19)

The Poisson brackets of the BRST operator with itself is
evaluated as

(Q,0)= [ d’xd’ ([H),H" D) Iy

—igf ap H (X" (x — )} ,

(3.20)
where

H”ZG“—ZiieUkTr[ T,(A;3; A, +3; 4, 4,

+4,4,4,)] . (3.21)

As a consequence, one obtains from (3.19) and (3.20) that

(3.22)

which is nothing but the anomalous Gauss law commutation relations obtained in [13-17].

IV. THE GAUGED WESS-ZUMINO-WITTEN MODEL

In this section, we consider the chirally gauged Wess-Zumino-Witten (WZW) model in order to reinforce the formal-
ism developed in the preceding section. The Lagrangian density .L of the gauged WZW model is given by [16,21]

L=L, +Lyy+Lyrw 4.1)
where
L(,:—%Tr[(W#—f— A WE+AM], 4.2)
Lyzw=— 48"#2 €PoTr[(A4,3,4,+3,4,4,+ A, A, 4,— LA W A,— AW W, \W,]
S €°99,,0°9,670,673 ,6°7 45,5 (4.3)

4872
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with W, =9, UU " '=WH.T,, and Ly, is defined by (3.6).
Here f is a constant and the local field U= U(x) is a map
from space-time into the Lie group G. The T,’s are gen-
erators of G satisfying the commutation relations (3.7).
The local coordinate ¢“ is defined by

3,6°=WIKXS), (4.4)

where K (¢) is a component of the Killing vectors
defined by V,=K/(¢)d/9¢% which satisfy the commuta-
tion relations

[Vme]:—fachc .

We can define a set of one-forms W*° dual to the Killing
vectors by

We=d¢Ka(s) . 4.6)

The duality condition WV, =8¢ implies that K2K 2 =8>
and K;Kg=383. The one-forms W4, wb ... satisfy the
Maurer-Cartan equations

(4.5)

dWe=—1fuw WPAW®. 4.7)
It follows from (4.5) and (4.7) that

K3,Kf —K{3,KE=—fu K, 4.8)

0K —0pK e =fancKoKj , 4.9)

where d,=93/9¢°.
The Lagrangian density (4.2) can be rewritten in terms
of the local coordinates as

1 a
L,= Fhaﬁvﬂqs VHeP (4.10)
where
V,$°=0,4"+ ALK (4.11)

and h,3=K ;K is the metric tensor.

The skew-symmetric tensor 7,5,5 in the last term on
the right-hand side of (4.3) satisfies the differential equa-
tion

aaTByﬁe + aBT'yéea + ayTﬁeaB + aSTeaBy + aeTaBVB

=iTr[T,T,T.T,T,]K.K}KSKEKE . (4.12)

Evidently, .L, and Ly, are invariant under gauge
transformations

J

S| L dix=— g
J Lwzw 4872

FT (W3, A+, A, W, — W, W, A — A, W, Wi, — W, W, W) .

Consequently, one has

Q= fd3x G"n“-&-iﬁé‘ana‘*‘égfabcé‘a’?bnc

Aﬂ—>A;‘=g_]A#g+g_]8“g ,

W,—>W,=¢g 'W,g—g '3,g, (4.13)

U-U=g 'U (geq),
whereas, as is well known, .Lyw is not gauge invariant.
At first, we restrict our consideration to the gauge-
invariant system given by the Lagrangian density

Lo=Lyy+L,. The canonical momenta conjugate to
A}, and ¢“ are given, respectively, by

= 4.14)

Op
and

1
f2
The Gauss law operators are written in terms of the
canonical momenta as

hopl$P+ 43K . (4.15)

o=

=3, 11¢+gf e AN +KSIm, . (4.16)
The equal-time commutation relations read
[ A%x),T18(y)]=i5,;6"8(x —y) , (4.17)
[¢%(x),mp(y)]=i838(x —y) . (4.18)
The BRST operator (, is defined as in (3.11):
Q= [ d’x |Gn*+86m + égfabc§“nbnc (4.19)

Then, one finds again the BRST transformation (3.12)
from 6Q;,=0 and the commutation relations (3.13) from
{Q¢,Q} =0. One also finds from (3.12) the BRST trans-
formation for 7, =K m,, which is explicitly written as

87, (X)=gf apemp(XIM(x) . (4.20)

One can extract the commutation relations for

Ty Tpy- « - » from (3.13):
[ﬂa(x)977b(y)]:igfabcﬂ-c(x)s(x -¥) . (4.21)
We next take into account the WZW term and derive
anomalous commutation relations for the Gauss law

operators. The BRST transformation of .Lyw is evalu-
ated to be

€ [ d3x qTr[T,(A,3; Ay +3; A; A+ A; A; A})

(4.22)

~_£ eijkfd3xTr[n(AiajAk+a,~AjAk+A,-AjAk+W,-ajAk+a,-AjWk

48772

—WIW_[Ak—AtW_]Wk_WIW_]Wk)] .

(4.23)
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The Poisson brackets of the BRST operator is simply written as

(Q,Q}= f d3x d3y {[T%x),1%) 1n°n° —igf e T (xS (x —p)} , (4.24)
where
I1°=G°— 4;5;2 €NTr[T,(A;0; Ay +0,4; Ay + A, A; Ay + W3, Ay +3, A, W, — W, W, Ay — A, W, W, — W, W, W, )].
(4.25)
As a consequence, one finally arrives at the result [21]
[(9x), 1) 1 =y, =18 aped “(x)8%(x —)
+ é; €M Tr[T,3;( A, T, Ay + W, T, W;)]
i Tr[T (A;0; A +3; A; A+ A; A; Ay,
+20, A; W, +2W,0; A, — A,;0,W, —3,W; A,
——W,-WjAk—A,-WjWk—W,-WjWk)]}83(x —y) . (4.26)
The last term on the right-hand side of this expression is | w}‘=%Tr[d'r]( AdA+dAA+ 4%)]. (5.4)

derived from 8Q [21] and obviously this reduces to (3.22)
if one takes W =0.

V. CONCLUDING REMARKS

We have introduced the BRST operator € through re-
lation (3.4), which is a descent equation appearing in the
system given by the diagram

5 8
Q - o — 0
ld ld , (5.1)
8 8

S —- 868§ —- O

where o is the symplectic structure defined in the phase
space constructed in terms of the BRST transformation.
If the action S is invariant under the BRST transforma-
tion, then @ =380 =0; namely the nilpotency of the BRST
operator is preserved.

As is well known, non-Abelian anomalies appear in
field theories containing Weyl fermions interacting with
Yang-Mills fields in themselves. From the point of view
of path integrals, anomalies originate from the fact that
the path-integral measure for Weyl fermions interacting
with external gauge fields is not invariant under gauge
transformations. Anomalies are observed effectively as
cocycle terms appearing in quantum action functionals as
a consequence of gauge transformations. Corresponding
to the system (5.1) we have the following diagram for a
descending system of cocycles:

8 )
wy — vl — 0

ld ld , (5.2)
)
0} — 80? — 0
where
@S=Tr[A(dAY+314°+34%dA] (5.3)

and

On the other hand, we have shown that the BRST
operator ) can be defined on a coadjoint orbit and it
satisfies the Maurer-Cartan equation:

30=1{Q,0} . (5.5)
If the action S is not invariant under the BRST transfor-
mation, then 8Q) does not vanish and it gives us the
Schwinger terms in the anomalous Gauss law commuta-
tors. It should be emphasized that the derivation of the
Schwinger terms is extremely simplified by extensive use
of the BRST technique, as we have shown in this work.

Similar consideration as ours has been made by Bar-
Moshe, Marinov, and Oz [25] from a different point of
view. They started from the anomalous commutation re-
lations for the Gauss law constraints, and they construct-
ed bosonized actions for anomalous gauge theories by
making use of the coadjoint-orbit method. Their con-
sideration is based on the descending system of cocycles
given by the diagram

w§—>8w§—>0

id ld , (5.6)
w} —5> dw} — 0
where
0}=Tr[(dn)*4] . (5.7
The BRST operator (2 in this case is written as
Q= [ d’ |Gon°+ 186" + g furekn"
—sez [ ot (5.8)

If follows from the descent equation (5.6) that
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2
so=—-5—
241

€ [ d’x Tr[3;md,mA,] . (5.9)

Consequently, one arrives at the Gauss law commutation
relations in the following form:

2597

[FUx), FYy)]1=igf . F(x)8%*(x —y)

2 P
+ 2§ T[T, T, T, |€7%3; 453, 8%(x —y) ,

)
(5.10)
which was originally given by Faddeev [12].
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