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Instanton-induced contributions of fractional twist to the cross section
of hard gluon-gluon scattering in QCD
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We study the instanton-induced cross section of hard gluon scattering in deep-inelastic kinematics.
We find that the structure functions may possess numerically large nonperturbative contributions, which
are related to Ringwald-type processes with the violation of chirality, and correspond to the exponential
correction to the coefficient function in front of the parton distribution of the leading twist. Instanton-
induced contributions are well defined for the structure function at the fixed value of the Bjorken scaling
variable, and are probably absent in the moments. At intermediate virtualities of the order of
Q —(30-50 GeV) these essentially nonperturbative contributions of fractional twist reach large values,
of order 10 —10 of the perturbative cross section, and remain at the same time under theoretical con-
trol.
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I. INTRODUCTION

~BNV F(e)

where F(e) is a certain function of energy, F.=E/E, „,in
units of the so-call sphaleron mass E»h =m~/au. . This
"holy grail" of functions is calculable at small energies
and has the form F(e)=1—

—,'( —,'e) +, so that the
cross section grows exponentially with energy. The main
disputed question is whether F(e) falls to zero at energies

'On leave of absence from St. Petersburg Nuclear Physics In-
stitute, 188350 Gatchina, Russia.

The exciting possibility of observing baryon-number
violation has generated a lot of recent discussion of
instanton-induced cross sections at high energies in elec-
troweak theory and beyond. The possibility of
instanton-induced baryon-number violation has been
mentioned already by 't Hooft [1],but was not taken seri-
ously at that time because of the huge semiclassical
suppression factor accompanying such a transition:
exp( —16m /g~) —10 ' . The present interest in this
problem has been triggered by the observation [2] that
strong semiclassical suppression can be compensated in
high-energy collisions by the large probability of emission
of accompanying gauge 8'bosons. The point is that the
amplitude of the emission of each additional 8' in the
presence of a strong nonperturbative instanton field is
enhanced by the large factor 1/g. As a result, the total
cross section of baryon-number violation is written to ex-
ponential accuracy as

of order of the sphaleron mass or the decrease stops at a
certain finite value F(e)~const) 0 [3,4], and baryon-
number violation remains exponentially suppressed.

Much of this discussion has direct relevance to instan-
ton effects in QCD, in which case the Ringwald-type con-
tribution would correspond to processes with a violation
of chirality. Although violation of chirality is not so in-
teresting by itself as the change in the 8 —L, number,
instanton-induced contributions might have a clear ex-
perimental signature, since they are expected to produce
peculiar events with a large number of particles in the
final state produced by a pointlike classical source. In
any case, the possibility of having well-defined and large
nonperturbative contributions to hard-scattering cross
sections in QCD deserves serious study. Since the value
of the strong coupling is much larger than that of the
weak coupling, instanton-induced effects may show up at
much smaller energies and may be observable even in the
case that they are exponentially suppressed.

A remarkable property of electroweak theory is that
integrations over the instanton size turn out to be conver-
gent because of the Higgs component of the instanton
field. In the case of QCD, the situation is more compli-
cated, and the fate of the integral over the instanton size
depends on the particular problem in question. In this
paper we consider the instanton-induced contribution to
the cross section of hard gluon-gluon scattering, which is
dominated by the distances close to the light cone x =0.
As is well known, the cross sections of "hard" processes,
and of deep-inelastic scattering in particular, can be writ-
ten in a factorized form as the product of coefficient func-
tions, which include all the singularities at x ~0, and
parton distribution functions. The coefficient functions
can be evaluated order by order in perturbation theory,
while the parton distributions accumulate all information
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about the dynamics of large distances and can be taken
from experiment. The dependence of the parton dis-
tribution functions on the virtuality is governed by
renormalization-group equations. Contributions of par-
ton distributions of leading twist determine the asymptot-
ical behavior of the cross sections at Q ~~, resulting in
Bjorken-scaling-law modulo logarithmic corrections,
~hereas the distributions of higher twists produce power
corrections, which are down by integer powers of Q .

Instantons in QCD may contribute to parton distribu-
tions in a similar way as they contribute to the vacuum
energy. Such contributions are generically given by
divergent integrals over the instanton size, so that instan-
tons tend to overlap strongly and to be "melted. " The
actual importance of instanton-induced contributions of
this type has been disputed for more than a decade [5].
We have nothing to add to this discussion.

The objective of this paper is rather to study
instanton-induced contributions to the coefficient func-
tions. It has been noted [6,7] that instantons may give
rise to contributions which have a peculiar behavior at
short distances and are absent within the operator-
product expansion. They change the analytical structure
of the light-cone expansion, producing terms offractional
twist:

2 ( b /4m )so-exp[ —So/a, (x )] —(x )

In this paper we demonstrate that Ringwald-type instan-
ton contributions indeed lead to well-defined nonpertur-
bative contributions of fractional twist to structure func-
tions of the deep-inelastic scattering at the fixed values of
the Bjorken x (but not to the moments). An explicit cal-
culation suggests that at not very large values of
Q —(20—50 GeV) and at x- —,

' the instanton-induced
contributions are large, of the same order as the pertur-
bative ones, and remain at the same time under theoreti-
cal control. These contributions are given by convergent
integrals over the instanton size and correspond to the
exponential correction to the coefficient function in front
of the parton distribution of the leading twist.

The presentation is organized as follows. In Sec. II we
calculate the instanton contribution to the cross section
of deep-inelastic gluon-gluon scattering, taking into ac-
count all the preexponential factors, and argue that this
cross section may become large in the region where the
calculation seems to be under control. In Sec. III we
rederive the same result in coordinate space and
show that the Ringwald-type cross section corresponds
to the nonperturbative exponential correction
-exp [

—S/a, (x )] to the coefficient function in front of
the gluon distribution. Section IV contains a summary
and several concluding remarks concerning possible gen-
eralizations to more practical cases of deep-inelastic lep-
ton scattering, jet production, etc. We note that one
should be very careful in the separation of the instanton
e6'ects in question, since at least in certain cases they turn
out to be completely canceled.

XTr[A (p)A&( —p)]e' (2.1)

and amputate the four gluon legs at the very end of the
calculation. As noted by Zakharov [8], because of the
optical theorem, we can first evaluate the amplitude in
(2.1) in the Euclidean region and then calculate the cross
section by continuing the result analytically to positive
energies E = (p +q ) and taking the imaginary part. We
are interested in the contribution to the functional in-
tegral in (2.1) coming from the vicinity of the
instanton —anti-instanton configuration and, to semiclas-
sical accuracy, can write it as

A = f dU f d(p, )f d(p2)

X fd R Tr[ 3„(q)A ( —q )]

XTr[A (p)Aii( —p)]Z f

16mXexp — S

(2.2)

Here we denote by A the instanton of size p2 located at
the origin and by A the anti-instanton of size p& stand-
ing at the point R. The integrations go over the sizes of I
and I, their separation R, and their relative orientation
U. The explicit expression for the instanton density is

2N
Ci 8md(p)=

(N 1)!(N 2)! g (p)

Xexp[ N, C2+nf C3— (2.3)

where C, =0.466, C2 = 1.54, and C3 =0.153 in the
modified minimal substraction (MS) scheme. Note that
for convenience we do not write down the exponential
factor exp[8' /g (p) j in Eq. (2.3), but rather include it
in the action evaluated on the II configuration. If the II
separation is large compared to instanton sizes, the action
S is equal to the sum of individual actions of the instan-
ton and anti-instanton. In our normalization,
S (R ~ oo ) =1. As the separation decreases, the instan-
tons begin to interact, and the II configuration no longer
satisfies the classical equations of motion. Thus the ex-
pansion around such a field should be done with care. A

tual gluon with momentum q, Q = —
q &0, from a (al-

most) real gluon with momentum p, p ~—0 (see Fig. 1).
To this purpose we concentrate on the Green's function

A TrA„q A —
q

1

II. HARD GLUTEN-GLUTEN SCA'I I'KRING

We consider the simplest possible example, namely, the
total cross section of the deep-inelastic scattering of a vir-

FICr. 1. Instanton-induced contribution to the cross section
of hard gluon-gluon scattering.
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systematical approach to the semiclassical expansion of
the functional integral around the II configuration is pro-
vided by the valley method [9]. The main idea is that by
choosing a specific "valley" form of the field one is able
to minimize the violation of equations of motion to an ex-
tent that a saddle-point evaluation of the functional in-
tegral becomes possible. We do not dwell here on the
motivation and technics of the valley method. A detailed
discussion can be found in [10—12].

Following the valley approach, we take into account
the II interaction and the distortion of instantons caused
by it using the particular form of the action S =S(g, U),
which corresponds to the conforrnal instanton-anti-
instanton valley [10]. Because of the conformal invari-
ance of QCD (on the tree level), the action on such a
configuration depends on one dimensionless parameter
only g, which is called the conformal parameter:

Z =a a = Tr6 Tr64
3

(2.7)

the II separation and varies from zero at /= 1 to unity at
g —+ oo. As it should be, the classical action does not de-
pend on the common scale of I and I; this dependence re-
veals itself on the quantum level only and comes from the
argument of g . In what follows we assume for simplicity
that the dependence of the II interaction on the relative
orientation follows that of the dipole-dipole interaction:

S(g, U) = 1 — (2 Tr6Tr6 —Tr66t)+ . , (2.6)
1

g2

where 6 is the 2X2 matrix standing in the upper left
corner of the X, XX, matrix of the relative II orienta-
tion. Finally, the factor Z in (2.2) comes from the convo-
lution integral of quark zero modes:

g 2+p2+p2

P]P2
(2.4)

To semiclassical accuracy we can neglect the distortion of
instanton fields in front of the exponent in (2.2). The re-
quired Fourier transforms equal, respectively,

6 —14S(g)=3
, (il —1/il)

17
3

(5/il —r) )(i)+ 1/il )

(r) —1/i) )

The explicit expression for the action for the case of the
maximum attractive II orientation has been found in

[13,14]:
(
—q)= —— (o.,q —

q )
g 4

X [2+p',q'K, [p,(
—q')' ']j,

A'(q)= —
4 U(o'„q q„)—

g q

X U[2+p&q K2[p~( —
q ) ] j .

(2.8)

, +O(ln(g)/g )

(2.5)

The action in (2.5) is a monotonously rising function of

We use the standard notation o "=(l, io'), o' "=(1,—&'o ),

and x =x op, x =x o ". At large values of p( —q')' ',
one can replace the Bessel functions in (2.8) by their
asymptotical expressions at large values of the argument,
which yields, e.g. ,

8 2 2
( 2)1/2

v 4 2q
(2.9)

Now comes the central point. The two terms in (2.9) cor-
respond to two distinct types of contributions to the
deep-inelastic scattering. The first term leads to a diver-
gent integra1 over the instanton size, and its low-
momentum part gives rise to the instanton contribution
to matrix elements of local operators, which determine
moments of the corresponding structure function. Since
the integral over p in this case is cut off at a certain IR
scale, the dependence of this contribution on Q is
standard —a power of Q, accompanied by logarithms
of Q . The second term potentially gives rise to quite a
different behavior. Because of the exponential suppres-
sion of the large instantons, this contribution is well
defined and can be evaluated by the saddle-point method
(see below). The saddle-point value of p& -p2 turns out to
be of the order of P~Q -4m /g (p~) ))1, so that the ap-
proximation in Eq. (2.9) is justified. The corresponding
cross section is of the order of

exp — S, —(Q )
4~ 2

—bs~

a, (p, )

(2.10)

where b = —", X, 32nf and—S—, =S(g, ) is the II action (2.5)

evaluated in the saddle point. Thus small-size instantons
potentially produce terms of fractional power in Q
which are absent within the operator expansion. The
presence of convergent contributions in the integrals over
the instanton size has been discussed in a similar context
in [13].

In what follows we shall only be interested in these
nontrivial contributions of fractional twist and, to this
end, substitute in (2.2):

Tr[A„(q)A (
—q)]

2 2

(2~)5( 2 2Q4) —1/4 '& &1+&2 ~
2 4Q4

~ Ptp2Q

XTr[(o q
—q, )U(o„q —

q )Uj .
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A similar factor coming from the soft gluons in (2.2)
equals

Tr[A (p)A&( —p)]
2 2

(2~) e'~ Tr[( ops p&—)U(a~ —p )U]
1 P1P2

a' 4s'
(2.11)

The remaining calculation is a routine repetition of
tricks, well known in the context of calculations of
instanton-induced cross sections of baryon-number viola-
tion in electroweak theory. However, in contrast to that
practice, we keep trace of all the preexponential factors.

The key observation is that analytical continuation to
Minkowski space and calculation of the imaginary part in
(p+q) actually reduce to the substitution of the oscillat-

+ )R ERO
ing factor e'~+ ' in (2.10) and (2.11) by e' + ' =e
(in the c.m. frame). After this rotation all the integrals
are done by the repeated application of the saddle-point
method.

First of all, we integrate over the II orientations. To
this end we note that an arbitrary matrix UESU(3)
(X, = 3) can be parametrized as

i aA4 i pals

where A and 8 are 3 X 3 matrices of the form

(2.12)

A 0 B 0
A =

0 1, B=
0 1, A, BESU(2), (2.13)

and k4, k8 are the usual Gell-Mann matrices. The mea-
sure dU takes the form

dU=constXdA dB dPda sin a cosa, (2.14)

where the constant is fixed by the condition fd U = l.
The action on the II configuration depends on the prod-
uct AB only, which we parametrize in a usual way as
AB =a„o„, fd( AB) =fd a5(a 1)—. Thus the
orientation-dependent factor in (2.2) becomes

d U A, (2 Tr8 Tr6 —Tr68 )

=—f daoda38(1 —ao —a3)2f da~cosa~sin aexp —2A, (1—4ao)cos —+(1—4a3)sin—

( 2g )
—7/2e 6k

(2.15)

(for large values of A, ), and the saddle point corresponds
to the most attractive II orientation. Taking
A, =(4m/a, )[gS'(g)/12], where the prime stands for the
derivative over g, we end up with

f dU e
—(16m /g )S(g, r/)

It is convenient to use the size of the instanton p and the
conformal parameter /=2+Ra/p as the two indepen-
dent variables. The saddle-point equations take the form

2Qp, = (g, —2)S'(g, )+2bS(g„),
~s Pe

(2.18)
3'

9v'm. 2rrgS'(g)

7/2

e
—(16m /g )S(g) (2.16)

Ep, = — Qg —2S'(g„),
~, (p, )

Hereafter we drop the caret from the notation of the II
action in the most attractive orientation (2.5).

The saddle-point evaluation of integrals over R and
over 5 =p, —

p2 is elementary and produces the factors
3/2

and the determinant of the matrix of second derivatives
equals

2

p, D = +2b [S'(g, )]
(z, (p)

and

~sp 1P2

4S'(g) S'(, )

a(p )
' 2(g, —2)

S(g, ) +S"(g, ) (2.19)

S'(g)(/+2)

respectively. The saddle points are R=O and 5=0. The
remaining integral over the common size of the instan-
tons p and over their separation Ro reads (apart from the
factors listed above)

fpdp f dRoexp. —2gp+ERO — S(g) . . (2.17)
a, (p)

Note that we take into account the running of the QCD
coupling, which is important numerically, but strictly
speaking is beyond our semiclassical accuracy, since the
corresponding corrections are formally of the order of
O(ba, ). Thus the second term in the first of the saddle-
point equations in (2.18), which is proportional to the
first coefFicient b of the Gell-Mann —Low function, should
only provide a moderate correction to the first term,
which is proportional to the derivative of the II action.
Since S'(g)=12/g' at large values of the conformal pa-
rameter, this means that our calculation is valid for not
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too small values g»
~ 4.5, i.e., for large enough energies

only.
Collecting everything, averaging over transverse polar-

izations of the hard gluons and over polarizations of the

soft gluons, and adding a factor of 2 in order to take into
account a symmetrical contribution with the instanton
replaced by the anti-instanton, we obtain the final answer
(nf =3)

2E20 +2e 3 26(c —c )

1

X exp

3
( )

—17/2 16

( g2 4 )
1/2 g25/2S i( g )11/2

47r + b S(g) 1 1 (E+Q)
a, (p„) Q 16 E'

223( 2 D )
—1/2

E4+ Q4
E2 (2.20)

expressed in terms of the saddle-point values p» and g».
The saddle-point equations in (2.18) are easily solved nu-
merically. Before we proceed to the results, several re-
marks are in order, concerning the region of validity of
the above derivation.

The first restriction comes from the requirement that
the saddle-point value of the instanton size should be
suSciently small in order that the instanton density in
(2.3) is not distorted by presence of large-scale nonpertur-
bative fiuctuations in the QCD vacuum. The eff'ect of the
latter has been estimated in [15], with the result that the
interaction with large-scale fluctuations is controlled by
the parameter

(2.21)

E (2.22)

Expressing the right-hand side (RHS) in terms of the

which should be suKciently less than unity in order that
the results in (2.3) is justified: d,a(p) =d(p)[1+5]. Here
((a, /7r)G ) =0.012 GeV is the gluon condensate. In
practice, this means that the instanton in the QCD vacu-
um is well defined starting from p '«1 GeV, and for
p «2 GeV the interaction with large-scale fluctuations
(instantons) can already be neglected. From the saddle-
point equations in (2.18), it follows readily that
Qp»-47r/a, (p»), and starting from the virtualities Q of
order 10—20 GeV, our derivation is from this side
justified.

The second requirement is that the instantons be dis-
torted not too strongly by the interaction with each oth-
er, so that the valley approach for the construction of the
distorted II configuration still makes sense. It is natural
to assume that one can trust the expression in (2.5) for
the valley action, until S(g» ) decreases not more than by
one-half compared to the value S=1 for infinitely large
II separations. In other words, we demand that the ac-
tion on the II valley should be larger than the action of a
single instanton. From the explicit expression in (2.5), we
find that the value S(g» ) = —,

' corresponds to the value of
the conformal parameter g»=R /p +2=2.95, i.e., to
R =p. On the other hand, neglecting the running of the
coupling (which only produces a small correction), one
easily obtains, from the saddle-point equations,

I

Bjorken scaling variable

Q2 Q2

2pq E2+ Q2
(2.23)

10—

-640— Q= t00 80

I

().3 0.5

FIG. 2. Cross section in (2.20) as a function of Bjorken
x =Q2/(2pq) for different values of Q (solid curves). The
dashed curves show the lines with the constant saddle-point
value of the conformal parameter g».

we see that the overlapping of instantons increases with
the decrease in x, and we are allowed to consider
sufticiently large values only, x «0.2.

With these preliminary remarks in mind, we now turn
to the numerical results. The cross section in (2.20) is
plotted in Fig. 2 as a function of the Bjorken variable x
for diff'erent values of Q in the interval 20—100 GeV
(solid curves). The dashed curves show the lines with
constant g». The corresponding values of the action are
S($» =3)=0.516 and S(g'» =3.4) =0.609, so that rough-
ly one half of the II action is absorbed by the interaction.
The same results are shown in Fig. 3 at the two-
dimensional plane in the variables E and Q. The solid
curves show the lines with a constant cross section, and
the shaded area corresponds to the region g» (3, where
the calculation is not reliable. The saddle-point values of
the instanton size p, are shown in Fig. 4 in dependence
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FIG. 3. Cross section in (2.20) as a function of E and Q. The
solid curves show the lines with the constant cross section. The
dashed area denotes the region of parameters where S(g~) & —,

'

and the calculation is not reliable.

on Q. The dependence on the energy, that is, on the
saddle-point value of g„ is very weak, and the given
values ofp, correspond to the interval 3 & g„&4.

The main conclusion which we would like to draw
from the above calculation is that in the interval of virtu-
alities, Q -20—50 GeV, and at the values x -0.3 —0.4 the
instanton-induced cross section becomes large, of the or-
der of 10 —10 of the cross section in perturbation
theory (e.g., induced by the four-gluon vertex). At the
same time, the size of the relevant instantons is small,

p, & 1 GeV ', and they overlap (interact) not too strong-
ly, R ~

~ p~. The typical value of the coupling at the sad-
dle point is a, (p, )=0.2, so that at S(g, )=—,

' the semi-
classical factor exp I [ 4/ rr(ap,—)]S(g, ) J amounts
10 ' . What happens is that this smallness is compensat-

4N
ed by the large factor (2m. /a, ) ', which is due to a large
number of instanton zero modes. The light-cone struc-
ture of this contribution is analyzed in the following sec-

l l

I O Ico

C) (GeV)

FICx. 4. Saddle-point value of the instanton size p+ as a func-
tion of Q and for g~ —3—4. The dependence on g„ is actually
very weak.

tion. We find that it corresponds to the contribution of a
2 (4m. /a, )S(g~)fractional twist —(x )

' *,which is formally miss-
ing within the operator-product expansion, but can be in-
corporated in this framework as the nonperturbative—exp[ —1/a, (x )] contribution to the coefficient func-
tion in front of the contribution of the gluon distribution
function of the leading twist.

Taken at face value, our result in (2.20) yields an ex-
ponentially large cross section, which violates the unitari-
ty bound if continued to sufficiently small values of g, & 3
(higher energies). An obvious correction, which has,
however to, be taken into account in this region, is that
the instanton (anti-instanton) fields in (2.2) and
(2.8)—(2.11) must be replaced by the II valley [10]. In ad-
dition, there are quantum "soft-hard" and "hard-hard"
corrections [16] to the semiclassical amplitude in (2.2).
We expect that the answer will become explicitly unitary
if all these corrections are taken into account. The situa-
tion may be quite different in this respect from that in
electro weak theory, in which case the unitarization
corrections due to multi-instantons [3] probably stop the
exponential growth of the instanton-induced cross section
at about one half of the 't Hooft suppression. The reason
is that the pointlike instanton-induced vertex is only sup-
ported in QCD by the external virtually, so that the gen-
eral arguments for the "premature unitarization'* given
in [3] may be not applicable. The multi-instanton contri-
butions of the Magiorre-Shifman type are absent in our
situation, since the virtuality of external gluons will cut
off the integration over the size of the first and last in-
stantons in the chain only. The remaining ones will tend
to become large, and the interaction with them will be-
come negligible. The question obviously deserves further
study. We note, however, that in any case the effect of
multi-instantons is expected to become important at
S(g) &

—,', i.e., in the region which we do not consider
here.

III. LIGHT-CANE EXPANSION

The successful application of QCD to "hard" processes
is based on a set of factorization theorems [17], which
provide the possibility of separating contributions of
quarks and gluons with small momenta in a finite number
of parton distribution functions, which can be taken from
experiment. Divergences that arise because of the extrac-
tion of the asymptotic behavior give rise to renormaliza-
tion of parton distributions.

In coordinate space this subtraction procedure corre-
sponds to picking up the leading singularity of the ampli-
tude at x ~0. All singularities on the light cone are in-
cluded in coei%cient functions in front of nonlocal opera-
tors, the matrix elements of which define the parton dis-
tribution functions. To illustrate the general structure
and the factorization of singular and analytical contribu-
tions on the light cone, let us consider for a moment a
simple example of scalar gP theory in d =6 dimensions
and calculate the O(g ) contribution to the matrix ele-
ment of the T product of two scalar fields P(x)P(0),
shown in Fig. 5. A straightforward calculation yields
[18]
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2

&p P(x)P(0)lp &
= f u du e'"~'

4(2~)"" —X +lE

(d —6) /4

Kd q~ 3 [ [m„( x—+i e) ]'~ ], (3.1)

where m„=m (1—uu ). The expansion of Kdzz 3 in powers of the deviation from light cone produces a series of terms
of the form

1(d/2 —3)
( x + ie )d/2 —3

I (4—d/2)
p n!I (n+4 —d/2)

(3.2)

The two types of contributions in (3.2) correspond to the two distinct regions of momentum flow in the diagram in Fig.
5. Contributions of high virtualities k )p are included in the "hard" part, which is singular at x ~0, while the ana-
lytic in the x part contains contributions of low momenta k ()tt . Note that each series in (3.2) contains pole singular-
ities at d ~6, which cancel in their sum. We apply the minimal subtraction (MS) to separate singular and analytic parts
at d =6 with the result

&pl&(x)P(o)lp & = &pl(t(x)P(0)lp &.";.,+ &p l(t(x)P(0)lp &".„.),
g~ ) . " ( —mx /4)"

&pl&(x)p(0)lp &"„„s= 3 f 'u du e'" "g "
ln

64m' „=p (n!)
4 —+P(n +1)—C

X P

(3.3)

(3.4)

g' t,.„„"( —m„'x'/4)"
&pl(t(x)p(0)lp &".„.,=,f u due'"'"g ", » ",+y(n+1)+c

64~' (n!) m„
(3.5)

where g(z)=(d/dz)lnl (z) and C is the Euler constant.
With certain reservations the analytic part (3.5) can be in-
terpreted as the O(g ) contribution to the parton distri-
bution functions of increasing twist (multiplied by the
tree-level coefficient function), while the singular part
gives one-loop corrections to the coefficient functions,
multiplied by the tree-level contributions to the parton
distributions.

The aim of this section is to find a proper place for the
instanton-induced cross section in (2.20) in the context of
a similar expansion on the light cone of the matrix ele-
ment over the one-gluon states of the product of two
gluon fields near the light cone, & p T[ A „(x) A (0) ] lp &.

The calculation turns out to be more difficult than in
momentum space, and to its end we take into account
the dipole-dipole interaction term in the action only:
S =1—6pfpz/R +. . . We tacitly assume that the in-
tegration over the relative II orientations is done by the
saddle-point method, and we can consider the II pair in
the most attractive configuration. It turns out to be con-
venient to expand the interaction term as

FIG. 5. Typical contribution to the matrix element of the
nonlocal operator P(x)g(0) in scalar theory.

oo 2 2
24vr Ptp2 "

1 „pip2
exp ln

Pip2A

n

(3.6)

Replacing n ~n+e, we can take into account the loga-
rithmic factors coming from the running of the coupling,
if we pick up the nth term of the expansion in e at the
very end of the calculation. In each separate term in the
expansion, the dependences on pi and p2 factorize from
each other, and the corresponding integrals are under-
stood in the sense of analytical continuation. For exam-
ple, we write

( 2)IX

dp P =—(x )
t I(—+a)l( ——a) .

O X +P
(3.7)

Here the denominator comes from the (anti-)instanton
Geld, which we take to be in the regular gauge. As above,
the justification for taking the convergent pieces of the in-
tegrals in p is that these terms produce a di6'erent struc-
ture of singularities on the light cone. The integrals over
the total translation of the II configuration and over their
separation are elementary. Finally, we note that the sum
over n in (3.6) is dominated by contributions of large
n -4m. /a, (x ), so that we can replace the summation by
the integration and evaluate the integral by the saddle-
point method. After some algebra we get the final result,
in which we keep the trace on the singular on the light-
cone factors only:
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15/2 —b[1—(3/8)Q /0 ]4'7T

a, (x )

4m.
Xexp '

a, (x )

3 u
1 ——

8 u

(plT[A„(x)A (0)]lp)

du e'"~ [g„x F, (u)+x x F2(u)](px)

(3.8)

ments of the T product of gluon currents, one introduces
extra powers of x (extra powers of 1/Q in momentum
space), just because the instanton field is explicitly pro-
portional to the square of the instanton size p -x .
Thus the calculated II contribution is related to the two-
particle gluon distribution of the leading twist. Its inter-
pretation in the context of the light-cone expansion in
(3.2) —(3.5) can be done as follows. To the leading-twist
accuracy, one arrives within perturbation theory at a fac-
torized expression, which we write schematically as

The particular form of the functions F, (u) and F2(u) is
not important for our purposes. The expression in (3.8)
can be rewritten in a form resembling the answer for the
cross section in (2.20) by introducing the variables

(plT[�~„'(x)
~'.(0)]lp )

=1 C [px, a, (x ) ] FG(px,p, p = 1/x ) . (3.11)

$„=4u /u,
24 4m

p~ =ux
g'„a, (p', )

'

(3.9)

An overall factor of 1/x may be written from dimen-
sional arguments. What happens is that instantons in-
duce nonperturbative contributions to the coefficient
functions in front of the leading-twist parton distribu-
tions:

in terms of which the x -dependent factor in (3.8) be-
comes

[4ir/a, (p„)]' exp — S(g, )
as pe

Note that the e6'ective value for the instanton radius p, is
di6'erent from the saddle-point value in momentum space.

Thus the instantons indeed induce contributions of
2 bS((~ )

fractional twist —(x )
* to the light-cone expansion

of the cross section of gluon-gluon scattering, and the
power of x depends on the value of the Bjorken variable
u. Note that our calculation is only valid for sufficiently
small values of u where the running factor 3u /8u in
the exponent in (3.8) is sufficiently smaller than unity.
This means that moments of the structure functions can-
not be calculated in this way and presumably are free
from the contributions of fractional twist. On the other
hand, making the Fourier transformation and taking the
imaginary part, we obtain

Imi Jd'«"—"(plT[a (x)~ (o)]lp)

—f du F(u)
1 4~
B a, (p, )

15/2

X exp
4~ sin[bS(g'„)]

bS(g„)
(u —xs )

(3.10)

where the integral should be understood as the principal
value and xii is the Bjorken variable Q /(2pq). We see
that the cross section at the fixed value of the Bjorken x
receives a contribution from the region of large u only,
where our derivation is justified.

Returning to Eq. (3.8), we note that this expression
defines a singular (on the light cone) contribution to the
amplitude to gluon-gluon scattering, which is infrared
stable. It is easy to demonstrate that by adding soft
gluons, e.g. , calculating three-or four-gluon matrix ele-

—S/a (x )C-co+c,a, (x )+c2a, (x )+ . +e

Cpert +Cnonpert (3.12)

IV. CONCLUSIONS

We have calculated in this paper the instanton-induced
cross section of hard gluon-gluon scattering and found
that it is rather large. This calculation suggests that the
coefficient function in front of the gluon distribution of

The separation of powers and logarithms in x becomes
meaningless beyond perturbation theory, and the relation
between the twist and power asymptotics at Q ~ oo is
lost.

As is well known, the separation of perturbative and
nonperturbative pieces in the amplitudes is ambiguous
because of the asymptotical nature of the perturbation
series [19]. However, the contribution calculated in this
paper seems to be well defined, at least to semiclassical
accuracy. We would like to note that the instanton-
induced [20] asymptotics of the coefficients in front of
high powers of a, is related to the II contribution of a
difFerent type [21], in which both instanton and anti-
instanton appear to be to one and the same side of the cut
(i.e., either both in the initial or both in the final ampli-
tude) and which produces a singularity in the complex
plane of the Borel transform of the coupling at the value
of the Borel parameter corresponding to the doubled in-
stanton action. In addition, the usual contributions of in-
creasing twist create a series of (infrared) renormalon
singularities. The Ringwald-type subprocess considered
in this paper is not related to the asymptotics of
coefficients of perturbation theory, but probably reAects
the uncertainty in the summation of perturbation series
[22]. It produces a purely real contribution to the cross
section which must somehow be reproduced by the
dispersion relation in the coupling constant. We do not
see in our calculation the shift with the energy of the
instanton-induced singularity in the Borel plane of the
coupling, as suggested in [23].
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the leading twist may possess significant nonperturbative
contributions coming from instantons of sufficiently small
size. These contributions seem to be well defined for the
structure function at the fixed value of the Bjorken scal-
ing variable and are probably absent in the moments.
The key point is in the separation of finite contributions
from the divergent integral over the instanton size, which
is justified by producing in this way the terms with a new
analytical structure on the light cone. This singularity
actually corresponds to a saddle-point evaluation of the
contributions of p -x in the functional integral. The
uncertainties in the separation of finite and divergent
contributions, which would arise beyond the saddle-point
approximation, are likely to be related to the uncertain-
ties in the summation of the perturbation series.

These conclusions most likely are not an artifact of
working with a "bad" object which is gauge variant.
Indeed, the gauge invariance may be restored by adding
the gauge exponential factors or, equally, by going over
to the light-cone gauge. The expressions for the relevant
gauge factors are rather cumbersome (see [12]), and we
have not succeeded in obtaining a closed expression tak-
ing them into account. The exponential terms in the in-
stanton field in momentum space, which have been cru-
cial for the present analysis, are due to the pole singulari-
ty of the field in coordinate space I/(p +x ). The efFect
of the gauge factors is that the pole is replaced by the cut,
but its position is not changed. Thus we believe that add-
ing the gauge factors will not change the qualitative
features of the results.

However, the generalization to deep-inelastic lepton
scattering may turn out to be not immediate. The s&m-

plest way to produce a hard gluon is by a large-angle
scattering of a quark [see Fig. 6(a)]. However, in this
case the Ringwald-type contribution considered in this
paper turns out to be exactly canceled by multiple gluon
exchanges. Indeed, the cross section of the type shown in
Fig. 6(a) is proportional to the propagator of the quark
on mass shell at the instanton background. By an explicit
calculation, one can verify that this propagator is propor-
tional to a power of (p&

—pz) =q and does not contain
any exponential terms of the type (2.9). This cancellation
is probably accidental, since the gluon propagator does
contain exponential terms in the same kinematics. Thus
the cross section for the production of the gluon jet with
large p~ may contain nonperturbative contributions in

FIG. 6. Instanton-induced cross section (a) for the produc-
tion of the quark jet and (b) for deep-inelastic lepton-gluon
scattering.

question. The cross section for deep-inelastic lepton
scattering may possess the nonperturbative contributions
shown in Fig. 6(b). We have checked that the quark
propagators indeed contain necessary exponential correc-
tions in the required kinematics and that the nonpertur-
bative contribution comes from the subprocess with small
momenta of outgoing quarks. This study is in progress,
and the results will be considered in a separate publica-
tion.

Another possibility for obtaining a well-defined and
non-negligible effect due to small instantons might be to
consider a cross section with a fixed number of jets in the
final state at high energy [24]. It may also be interesting
to consider the contributions of instantons to the parton
distributions, which in a general situation are given by
divergent integrals over the instanton size. However, if
multi-instantons are absent and if the instanton-induced
cross section is only restricted by the unitary bound at
high energies, this process should be considered as the
main source of the large transverse energy events, which
seem to disagree with the experiment [24].
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