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Adiabatic regularization of the quantum stress-energy tensor in curved spacetimes:
Path-integral quantization method
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A possible way to obtain the adiabatic regularized quantum stress-energy tensor in a background
curved spacetime is developed within the method of path-integral quantization. As an illustration, we
study the mode of a massive scalar field with arbitrary curvature coupling to the inhomogeneous confor-
mally flat spacetime. The results so obtained are useful to investigate the back-reaction effects of a quan-
tized field in the early Universe with an inhomogeneity.
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I. INTRODUCTION

This is the third of a series of papers in which we study
the adiabatic regularized quantum stress-energy tensor
[1] in inhomogeneous spacetime. For a complete discus-
sion of the motivation and related references, we refer the
reader to Refs. [2] and [3]. In this section we only briefly
mention the motivation for the present work.

In the theory of quantum fields in curved spacetime
[4], one treats the gravitational field as a classical back-
ground field and the expectation values of some matter
stress tensors, T;w ), are regarded as the sources of the
generalized Einstein equation. Although (T, ) is for-
mally divergent, it can be made finite by the renormaliza-
tion procedure in the DeWitt-Schwinger formalism and
point-splitting method [5]. However, in this approach the
finite part of the stress tensor is rather difficult to evalu-
ate. On the other hand, the adiabatic regularization
method (ARM) [1-3], which can be used to find the finite
parts of the quantum stress tensor, is a particularly
efficient method in the numerical study of the dynamics
of quantum fields in curved spacetime [6]. As noted by
Parker and Fulling [1] in their original work, the ARM is
applicable to any spacetime which has sufficient symme-
try to allow a decomposition of the quantized field into
modes. Therefore, when one wants to extend the ARM
to the more general spacetime with an inhomogeneity,
then one will immediately suffer the difficulty of mode-
mixing behavior and the adiabatic approximation of the
mode function cannot be straightforwardly obtained.

In a previous paper [2], we made a small step toward
obtaining the adiabatic regularized quantum stress tensor
(ARQST) in the spacetime with a small inhomogeneity
which has a spatial reflection symmetry. In that paper
we adopted the early-time approximation. In a recent pa-
per [3], we used the stochastic quantization method [7] to
obtain the ARQST in the general spacetime which is con-
formally flat. In that paper we invented some algorithms
to simplify the tremendous work of integrating the sto-
chastic time to obtain the desired results. However, the
remaining task is still very lengthy. Therefore it appears
worthwhile to find a more simple method to evaluate the
ARQST for matter in curved spacetime, and in this paper
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we will report our work on this. This time we will use a
more traditional method: the path-integral quantization
method. We will show how the path-integral quantiza-
tion method can be used to obtain the ARQST. Our re-
sults are useful to investigate the back-reaction effects of
a quantized field in the early Universe with an inhomo-
geneity [8].

This paper is organized as follows. In Sec. II we define
the mode and calculate the associated classical stress ten-
sors. In Sec. IIT we present our method to evaluate the
adiabatic expansion of quantum stress-energy tensors.
The results are collected in Sec. IV. Finally, Sec. V is de-
voted to a discussion of the results of this paper.

II. MODE

We consider the action describing a massive scalar field
(¢) coupled arbitrarily (§) to the curvature (R) of a grav-
itational background:

o= [d'xv=g |J8P0,4 03— T m F— SRS,
(2.1)

where R is the Ricci scalar. The scalar wave equation,
obtained by varying S with respect to ¢, is
O¢+m2p+ER$=0,

where O¢=g""V, V. 6=g""¢ ..

(2.2)

The stress tensor is

defined by
154 \/—_—g Sghv

:(Zg— 1 )¢,y¢,v+(%_zg)gyvgab¢,a¢,b
—268,,$00¢+266¢.,,— 18,,m 6’ +EG,, 87 .
(2.3)

Using the wave equation (2.2), the stress tensor can be
written as
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T,uvz(zg_— 1 )¢,y¢,v+(%—zg)gyvgab(ﬁ,a(ﬁ,b
+28¢¢,,,— (3 —2£)8,,m*$*+£G ¢
+26%,, R ¢ .

We consider the model spacetime with the inhomogene-
ous conformally flat metric form

(2.4)

ds?=CXxq,x)(dx}j—dx?) . (2.5)
After introducing a modified wave function
¢=Cy, (2.6)
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the wave equation of Eq. (2.2) becomes

¥—ViX+C*(E—LR+m?]xy=0, 2.7
where the Riemann-Christoffel curvature is
R=6C7?(Cp—3C, (2.8)

Note that Eq. (2.7) cannot be solved by splitting it into
separated ordinary differential equations, as the space-
time is inhomogeneous.

The stress tensors in this metric are given by

Too= [(65—%)C‘4(C,0)2+(4§-—%)C_42(C_j)2—(%—2§)m2+§C‘2G00+2§2R x?
J

+(1—68)CT3C gXX 0+ (1—6E)C ™33 C jxx,;—+C 2x,0)*+2EC XX 00— (£ —286)C 23 (x;)*,
J j
T,= [(45—%)0*4(c,0)2+<10§—1)c—4(c,1)2+(%—4§

+(26—L)C Ay 0)*+[(2—8£)C3C +4£CTHC,
+(66—1)C 33 C jxx;+26C  xx ;i +(26—1)C Xy ;) P+ (L —26)C 23 (x,;)°,
j J

where the Einstein tensor G, =R, —3—g,,R is

-2
Goo=—2C"HC™ ot ~5— [(cz),m—z(cz),jj]
J
-3c7! [C,m—z c,,j] , (2.11)
J

c? 2 2
2 [(C )’OO—Z(C ),jj ]
J

+3Cc! [c,m—zc,ﬂ.
i

Gii: —2C_1(C_1),[,‘”'

(2.12)

In the quantum theory, T, is divergent and needs to be
renormalized. In the next section, we will show how the
path-integral quantization method can be used to obtain
the adiabatic regularized quantum stress tensor. Using
this, we can then begin to investigate the back-reaction
effects of quantized fields in the early Universe with an
inhomogeneity.

III. METHOD

The basic idea of our method is from the following ar-
gument. It is known that the infinity of a quantum ex-
pectation value comes from the large value of k, the wave
vector of a quantum field. We also know that a large &
corresponds to short-wavelength modes, and short-
wavelength modes only probe the local behavior of the
background spacetime. Therefore it is natural to conjec-
ture that the ultraviolet divergence of a quantum observ-
able may be made softer by taking into account more
terms with a higher spacetime derivative. With this
guide we have, in previous papers [2,3] and this paper,
found the regularized quantum stress tensor.

2.9

)ICTH3(C ;P +H(L—26)m?+EC TG, —28°R | x*
j

D Ixx,; —(66—1)C 7C,0xx o

(2.10)

[

It should be mentioned that the above ideal has been
used by Bunch and Parker [9] to study the renormaliza-
tion of an interacting field in curved spacetime. Al-
though Bunch and Parker had obtained the so-called
“adiabatic expansion” of the Feynman propagator, their
result is different from ours. The reason is that they use
the Riemann normal coordinate, while our coordinate
system [Eq. (2.5)] is not normal. Of course, both coordi-
nates will have a similar divergent behavior. Discussions
of this point have been detailed in Appendix A of their
paper [9].

Furthermore, it is well known that to obtain the finite
part of <T;w> one should subtract, mode by mode, the
analytically divergent part (i.e., the adiabatic expansion
term) from the numerically exact part. However, the ex-
act part shall be examined (see the discussion in Sec. V)
from the mode solution of Eq. (2.7), which is solved in a
specified coordinate [Eq. (2.5)] and not in the Riemann
normal coordinate frame. Therefore the adiabatic expan-
sion of the quantum stress tensor evaluated in this paper
is essential to obtain the finite part of ¢ T, ).

We also remark here that the results obtained in this
paper can be, in principle, gotten by the method of Bunch
and Parker [9] if the short-distance expansion is per-
formed in a specified coordinate instead of the Riemann
normal coordinate. However, our prescription for work-
ing within the path-integral quantization method, which
need not solve the Green’s function equation associated
with the Feynman propagator, is of value, specifically
when one wants to deal with the non-Abelian gauge
theory and/or a more complex spacetime.

To proceed, let us adopt the path-integral quantization
method to evaluate the ARQST at x#=0. (We change
the coordinate to get the interesting position at the origi-
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nal point.) Using the Taylor expansion
CHX)[(E—LIR (x)+m?]
=B +B#x“+BMx"x"+BW;\x”xvxk
+B X x " x x4 - - (3.1)

J

Z[J]Efi)d)exp

ilot [[d* x(xI (x)] |

and Fourier transform
x(x,)= [d*k xpe™*, J(x,)= [dk e %, (3.2)

the generating functional Z [J] becomes

2 AR AT E+TE B, | (3.3)

3’8(k +1

)
# d(k +1),3(k +1),3(k +1),

= [ D¢ exp | —iCHx¥—x VX +CU(E— DR +m?]x?) ]
. —1i 47 14 5 &
- L[ adk d® k)2
exp | — [ d*k a1 74 J)M 57, | [P
where
o 384k +1) I8k +1) -
I)=iB,— N
D=8y 305, B s+, +0, B
3*8(k +1)

"B 3k 1,80k + 10,00k + D00k + Dy

in which a summation shall always be taken on the same
index in an equation. In Eq. (3.1) we have retained only
terms with coefficients involving four derivatives or
fewer. This will prove sufficient for dealing with all ultra-
violet divergences.

From Eq. (3.3) we can straightforwardly evaluate the
adiabatic expansions of (x*), (x3,x), and (xd,3,x)
[see Egs. (4.7)-(4.9)] by just the functional derivative
with respective to J(x) and thus from Egs. (2.9) and
(2.10) obtain the ARQST. During the calculation, we use
integration by parts to get rid of the derivative to 6(k +1)
for each term in #(k,l) and we only have to do some
mathematical derivatives.

IV. RESULTS

As our result is mainly applied to the numerical inves-
tigation, we will present our results in a form which is
more suitable to be written into a computer.

Defining

H"=iB,, H"'=B

uv 2
H*A = —iB,ma H#A8 = _me ) @.1)
Q=—(*-B)"', Q,=I1"Q%,
Q,, =27 Q>+ 811707,
Qn =8 I*+ MY+ Q3+ 4814114
Q,uvk& =g 77’”77}"8 + nyxnvs + ,rlv)»nyB Q3
+48( MO+ I+ T 4.2)
R M AR M L A s i L RO To
+38411171M°Q°

, (3.4)

(QHM),=Q H", (QH"),=Q,H*
(QHM),,=Q, H*, (QH"),,=Q,,H"

4.3)
(QH* )‘uv}uS:quMSH# ,
(QHM)=QH™, (QHM),=QH"
(QHy =0 1, (QHD g = QB
(QH™ )yv}»5=Q,uv7uSHHv ’

Ay — A vA — vA

(QHMY),=QH™, (QHFM), =0, H*

(4.5)

(QHM™),, =Q  H*, (QHM), =0, H*
(QHP™) 25 =QunsHM™

we then have

S, =(QH"), ,

S11=(QH"),(QH")+S7 ,

S =(QH"), W (QHY)+(QH*), (QH"Y),
+2(QH*),(QHY),, ,

S =si(QHM+S,,S; ,

S1ias =(QHH), 3 s(QHY)+2(QHH),,,,(QH)s
+(QHY), (QH);5+2S(QHH) 55
+2(QH#),,(QH )5,

51111:[5111A(QH}L)‘*‘Sux(QH}‘)s‘*‘Sussl
+S1(QHM),s(QH®)+5,,,S, ,

S, =(QH")

(4.6)

uv
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Sy =(QH"),,(QH")+S,8, ,

S =(QH™), 2s(QH®)+2(QHM),,,,(QHM); +53 |

Sy =L QH) ;s QHM) +(QH™),,,(QH™ )

+(QHM) 68, +8,(QHY),s (QH®)+S,,S

Sy =(QH""),; ,

Sy =(QH"™), )5 QH®)+S,S, ,

S, =(QH") .,

S1,=(QH"), (QH"M)+2(QH") ,(QH™)+5,S, ,

S13 =(QH"), 25 QH ") +3(QHF),,,,(QH ),
+3(QH"), (QH"™),s+S,8; ,

5112:[Slms(QH}LS)+2311A(QHA8)5+31152 )

S =[(QH"),.;5( QH" )+ (QHH), 2 (QH ™)
+2(QH*),,,o(QH); +(QH™™) ;55
+2(QHH), (QH™),5+(QH!), s(QH™),, (QH®)
+S5,8; .

Using the above definition, we have the adiabatic expan-
sions

(X)) 4= —i [d*US,+5,+8,, +53+5
+831+8112+8121 T8
+Snm—HaQ, 4.7)
(X8,x) 4= [d*1(S,+85+5,+5, +851,),Q,  4.8)
(X3,8,X) 4=i [d*(S,+8,+8,,+S53+5,
+S31 +S112+S121+S211
+S1111_1)l#lv9 > (49)

and we can then from Egs. (2.9) and (2.10) obtain the
ARQST.

It can be easily checked that in the case of homogene-
ous spacetime the leading term in Eq. (4.7) will produce
that in Ref. [1].

V. DISCUSSION

We shall make some remarks about our method.

(1) From the above results, we see that the ultraviolet
divergence coming from the terms containing more
spacetime derivatives is softer. Thus, to regularize the
divergence appearing in the quantum stress tensor, we
only need to subtract the terms with a small power of the
spacetime derivative and this will be sufficient to find the
exact form of the ARQST.

(2) We have presented the calculations containing the
terms up to the fourth spacetime derivative, although in
evaluating the ARQST not all the terms in Egs.
(4.7)-(4.9) will appear as ultraviolet divergence. The
reason will be like that discussed in the original paper of
Fulling, Parker, and Hu [1], in which it has been shown
that the original mode sum can be renormalized by sub-
tracting from it the quantity calculated to fourth adiabat-
ic order. We leave this to the future a more detailed dis-
cussion and an explicit proof.

(3) To study the back-reaction problem, it is necessary
to solve numerically the Einstein and Klein-Gordon
equations. Although, taking the Fourier transform,
defined in Eq. (3.2), of the wave equation [Eq. (2.7)] the
mode functions will mix with each other, this will, how-
ever, not cause much difficulty. The reason is that for the
large-k model the mode-mixing behavior will disappear
asymptotically [10] and a conventional method [1]
(neglect the mixing term) can be used to find the ARQST.
Such a value of k is determined at the point in which the
ARQST (the mode value before mode integration) is
equal in both methods. Thus the numerical work of solv-
ing the mode-mixing wave equation and mode integration
is only performed to this determined value of k.

(4) Finally, it can be seen that our method can be ap-
plied to the model with other matter fields including the
gauge field and in more general spacetimes. This is a
more realistic model to be studied.

In conclusion, we have succeeded in using the path-
integral method to find the adiabatic regularized quan-
tum stress-energy tensor in a general spacetime. Using
this, one can then begin to analyze the problems of the
back reaction of a quantum field in general spacetime,
which will be studied in a future paper.
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