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In a general three-family Hermitian quark mass matrix model (M, My), if we take a quark basis on
which M, takes a diagonal form D,,, the structure of My = M is almost determined by three down-
quark masses (ma, ms, mp) and three Kobayashi-Maskawa matrix parameters (|Vus|, |Ves|, |Vus|), ex-
cept for phases of the matrix elements Mij- By using the experimental facts |Vis| ~ A, [Ves| ~ A2,
[Vus| ~ A%, and mg/ms ~ ms/ms ~ A%, the mass matrices (Du,ﬁ) are presented in terms of a

power series in A.
PACS number(s): 12.15.Ff.,11.50.Li

Recent remarkable progress in Z and B decay exper-
iments has provided rich and fruitful data for studying
quark mass matrices, at least, as far as the three families
are concerned. At present, we roughly know the values
of their masses and Kobayashi-Maskawa (KM) matrix
(1] parameters except for the top-quark mass and CP-
violation phase parameter. If we can find out more beau-
tiful and simpler relations behind the observed quark
mass spectra and family mixing, they will offer us a fruit-
ful clue to the origin of quark mass generation, to the ori-
gin of families, and so on. At present, the investigation
of the quark mass matrix structure from the phenomeno-
logical point of view is a timely endeavor.

In such a phenomenological study of quark mass matri-
ces, we know that any model (M, M) which is related to
amodel (M, My) by M, = Ul MUy and M}y = Ul MU,
with an arbitrary unitary matrix Uy provides the same

]

predictions as the model (M, M), as far as physically
observable quantities are concerned. In general, the num-
ber of independent parameters in up- and down-quark
mass matrices M, and Mj is bigger than that of indepen-
dent observable quantities. For example, the 3 x 3 Hermi-
tian quark mass matrices (M,, Mg) have, in general, 18
independent parameters (however, two of 18 can easily
be seen as these are phase parameters with no physical
meaning), while the number of independent observable
quantities is 10. However, the number 18 is the maximal
number in the most general case. If we choose a special
quark basis, we can decrease this number [2].

In this paper, we choose a quark basis where M,, takes
a diagonal form D,. Then, we have seven independent
parameters in My whose number is the same as the ob-
servable quantities (for simplicity, we consider a Hermi-
tian quark mass matrix model):

. ]’\{[\11 I]’\/I\lzleitbn |]\731|e—i¢31
Mg=M=VDyV! = | |Mylei¢n My, |Masle®dss | . 1)
|M31[€i¢31 |M23|e‘i¢23 M33

The seven independent parameters in the down-quark mass matrix M can completely be determined by the values
of the three down-quark masses and four independent parameters of the KM matrix V. At present, of the seven
parameters, we do not yet know the value of the C'P-violation phase parameter. Nevertheless, as we show later,
without knowing the value of the C P-violation phase parameter, we can almost determine the structure of the mass
matrix M, (1), except for the phases ¢;;.

The updated values of running quark masses at the energy scale 1 GeV are

m,, = 0.0056 £ 0.0011 GeV, my = 0.0099 + 0.0011 GeV,
me = 1.45 + 0.02 GeV, ms = 0.199 + 0.033 GeV, (2)
m; = 349158 GeV, mp = 7.07 £ 0.08 GeV.
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Here, the values of light-quark masses m.,,, mq, and mg,
have been quoted from the estimates of Dominguez and
de Rafael [3]. The present experimental value [4] of Aygrg

is A(th)g = 260755 MeV, where MS denotes the modified
minimal subtraction scheme. The heavy-quark masses
m. and m; have been evaluated from m.(m.) = 1.27 +
0.02 GeV and mp(myp) = 4.20 + 0.05 GeV, according to
the prescription of Gasser and Leutwyler [5] and Narison

[6], but by using the new value A(M% = 0.26 GeV. The top-
quark mass m; has been obtained from m;(m;) = 124*_’%3
GeV, by using A](&)g = 0.26 GeV and the physical top-

quark mass value [7] mP™® = 130725 GeV, which has
been estimated from the radiative corrections based on
the standard electroweak theory (assuming a Higgs-boson
mass my ~ mz). [The error values in (2) do not include

the error from A%)S- [8].] Note that these heavy-quark
mass values at 4 = 1 GeV are highly dependent on the
value of Agfg, and, in addition, the value of m; relies on
the validity of the standard minimal Higgs model.

On the other hand, experimental values of the KM
matrix elements are [4]

|Vius| = 0.2205 £ 0.0018
|Ves| = 0.043 £ 0.007 3)
[Vb/Vep| = 0.10 £ 0.03 .

Note that the values of |Ve| and |V,s| are dependent [9]
on the choices of models and quark mass values.

At present, the values (2) and (3) should not be taken
rigidly. Therefore, althou’_g\h we can numerically evaluate
each matrix element of M, (1), by using the values (2)
and (3), it will not be so useful. Rather, we think that
it is useful to express M in terms of my, Mg, Mp, |Vusl,
|Vep|, and |Vip|, but not numerically.

In the present paper, by assuming that |V, ~ A,
1‘/cb1 ~ /\2, IVub| ~ )‘37 and md/ms "’lns/mb ~ >\21
we express the down-quark mass matrix M in terms of a
power series expansion in A£‘ he present data can deter-
mine all matrix elements of M except for the phases ¢;; of
J\/Z-j, where only the phase parameter ¢ = ¢12 + 23 + @31
can affect CP violation effects. Then, the general form

My =dy +0?(dz — d1) +7%(ds — d1) ,

My, =dy — 0*(dy — dy) + 5%(d3 — da) —w(dy — dy) ,
Maz =dz — f*(d3 — d2) — ¥*(d3 — d1) + w(d2 — d1) ,
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of the phenomenologically favorable mass matrix form
(M, My) is given by (U3 D Us, Ui MUp) . With the help
of the resultant mass matrix form (Du,J’\.J\ ), we will give
an example of phenomenological study of (M, My).

First, let us express the seven parameters of M in terms
of three down-quark masses (dy, d2, d3) and four KM ma-
trix parameters. We take ]\711, 1\722, 1\733, ]M\12|, |1/\4\23|,
|7\4\31|, and

¢ = ¢12 + P23 + 031 , (4)

as the seven mass matrix parameters in (1). Note that
the phase parameter ¢ is observable, but two of the three
phase factors ¢;; are not observable quantities; i.e., CP-
nonconservation effects appear only through the phase
parameter ¢. On the other hand, as four independent pa-
rameters of the KM matrix V, it is convenient to choose
[10]

a = |Vus‘ 3 /B = IVCbl y Y= |Vub| , W= chd|2_|Vu812 3
(5)

because we can confine present experimentally unknown
quantities on the KM matrix into the only one parameter
w. Then, by putting

1—a2—~2 a2 ~2
Vi1 = 4w 1-a?-p%—w B2
¥ -w B? 4+ w 1-6%2—42
(6)
into the formulas
My = |Via[2dy + [Via|2da + |Vis|ds (7)

|M; 12 = V||V 12(dy — d2)(d1 — da)
+|Viz|?|Vj2|*(d2 — d3)(dz — d1)
+|Visl?|Vjsl*(ds — di)(ds —d2) (i#3), (8)

we can completely determine all matrix elements J/\l\ij of

M except for the phases ¢;; in terms of the observable
parameters, down-quark masses (dy,d2,ds) and the four
KM matrix parameters a, 3, v, and w:

(9)

|M1al? = a2(1 — a®)(dz — d1)? + a28%(ds — da)(dz — d1) — a®y*(ds — d1)(d2 — d1)
+8%7%(dg — d1)(dz — d2) + [(1 — ¥?)(d3 — d1)(d2 — d1) — &®(d2 — d1)*] w ,

|Mas|? = B2(1 — %) (ds — da)? + a®B2(d3 — da)(da — d1) + a?v?(ds — d1)(d2 — d1) — B°7*(da — d1)(d3 — d2)
- [(1 - 2ﬁ2)(d3 — dz)(dz — dl) + 02(d2 - d1)2 — ’72(d3 - dl)(dg — dl)] w — (d2 — d1)2w2 ’

|Ma1|? = v2(1 = 7*)(ds — d1)* — o?B%(da — d2)(d2 — d1) — &y*(d3 — d1)(d2 — d1)
—ﬂz’)’z(da —_ dl)(d;; — d2) — [(1 - ’72)(d3 b dl)(dg - dl) — az(dz — d1)2] w .
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As suggested from Wolfenstein’s parametrization [11]
the present data (3) roughly show a ~ A, 8 ~ A2, and
v ~ A3, Therefore, it is convenient to define the following
parameters with values of the order of one:

v1—=—a/’\a v2EIB/A21 'U3E7/’\35 "UE“J/’\6

(10)
On the other hand, the present data (2) roughly show
mg/ms ~ ms/mp ~ A2. In fact, the Weinberg-Fritzsch
empirical relation [12,13] |Vys| ~ +/m4/m, is well satis-
fied with the exprimental values. Therefore, it is conve-

nient to define the following parameters with values of
the order of one:

r1q = (d1/d3) /At , Toq = (da/d3) /A% . (11)
By using these parameters with the order 9_{ one, which
are defined by (10) and (11), we can express M as a power
series expansion with respect to A:
(Tld + 7'2{1’()%)/\4 T24V1 eth12)\3 1)36_.14’31 3
rzdvle"d’"/\e‘ 7‘sz2 vge’¢23 A2
V3 gi#s1 )3 vze_id”a A2 1

Hﬁ d3
(12)

Here, we have shown only the first leading term of the
A-power series in each matrix element. Each matrix ele-

ment of M up to A is
M\u = (Tld + T2,{U%)A4 + (‘Ug - 1‘1,11)%)/\6 + O(Alo) y

My,

7‘2,1/\2 + ('Ug - ’I"gd'l)%)A‘1 + (T‘ld’l)f - ’I‘2dvg))\6
+0(2%)
Ha:; =1- 'U%/\4 + (ngvg - v§)A6 + O()\s) y

(13)

= 1
|Mia| = raqviX® — '%;[(27”14 +r2qv})v} — a]A®

+O(\T)

— 1
IM31| = 1)3/\3 ad 2—1)37‘2,10,/\5 + O()\7) ,

|Mas| =222 — roquadi+ 2%)2[(27“24 —v? — v2)v2— ryga]\8
+0(»%)
where the parameter a is defined by
a=vii+w, (14)

and as seen from (15) below, the limit of a ~ 0 corre-
sponds to a case of “maximal” C'P violation (|sin¢| = 1).

The terms which include the deviation parameter from
the symmetric KM matrix [14] w appear in A% in M,
and Mz, and in A8 in Mas. Since det M = didads, the
phase parameter ¢ and the parameter w must satisfy the
relation
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vvitw  a
2’01'021.73 - 2'[)1’02’03 )

cos ¢ ~ (15)

Then, the rephasing-invariant quantity [15] J, which is a
measure of C' P nonconservation, is given by
| Mi12|| Ma3|| M3 |

I = (ds — d1)(d3 — d2)(d2 — d1)

sin¢ ~ ASv1vqv5 sin ¢ .

(16)

From (15), the limit of a = 0 means ¢ = £7/2, so that
the case provides a maximal J for vy, vo, and v3 fixed.

On the other hand, correspondingly to (12), we denote
the up-quark mass matrix D,, as

Tlu/\s 0 0
Dy=uz| 0 7m2,A%20] . (17)
0 0 1

Here, although the up-quark mass ratio m; : m¢ : my
is nearer to 1 : o® : o7 rather than 1 : o2 : af, we
have defined the up-quark mass ratio parameters ri,
and 7o, by T1u = (u1/u3)/A® and ro, = (u2/u3)/A?
because, as seen later, it is convenient to express the
diagonal elements in terms of even powers of A for a
model which requires (M,)11 = (Mg)1; = 0 [otherwise
we have half-integer powers of A for the rotation angles
62 and 63 defined in (21)]. Hereafter, in the demonstra-

tive discussion of the usefulness of using (D,, M ), we use
the definition 71, = (u1/u3)/A\8 and roy = (u2/u3)/A?
in consideration of the correspondence between M, and
M,. However, another definition 71, = (u1/u3)/A® and
Tou = (u2/uz)/A* is also attractive because of the empir-
ical relation ujusz ~ ug.

Now, a general quark mass matrix form which is con-
sistent with experiments is given by

M, =UlDUy, My=UIMU,, (18)

where Up is an arbitrary unitary matrix. Parameters
included in Uy and two of three phase parameters ¢12,
¢31, and ¢a3 (for example, §; and &2 defined by ¢12 =
61+02, p31 = 61—682, and ¢23 = ¢ —26;) are unobservable
quantities.

Our next task is to seek for the quark basis (in other
words, Up) by which we can obtain a beautiful description
of mass matrices. We do not need to pay attention to
what Uy we should choose as far as we are interested in
the observable quantities, but the choice of Uj is essential
for model building of mass matrices.

In general, matrix elements of D, and M are mixed by
choosing a mixing matrix Uy with sizable mixing angles.
Then, it should be noted that in the resultant matrix
elements of M, and M,, for example, the value ri,\8
from L];)“)u cannot be neglected, while the term —'u§/\4
from M33 is not so essential. Our prescription of the mass
matrix phenomenology is useful for careful treatment of
such small terms. If we were to express (D,, M) with
numerical values, we would not be able to distinguish
whether a numerical value comes from (D,)11 or from a
higher A™ term of JTZ;;;;.
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The resultant mass matrix structure (D,,, M ) readily
suggests the following empirical sum rule: If we suppose
that the matrix elements M;; must, at least, be smaller
than the order of A® since the corresponding (Dy)11 is of
the order of A%, we obtain a sum rule
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we also require (M,);; = 0. For example, a model in
which M, and My have a similar structure is provided
by a rotation R = R(dy,6,,03) with 8; ~ A%, 6, ~ A4,
and 83 ~ A%, where R(6;, 63, 83) is defined by

, C3Co 83C2 S2
T1d + r2qv7 = 0, (19)  R(6:1,62,63) = [ —ssc1 — c3s182 cac1 — 838182 sicp |
i.e., the Weinberg-Fritzsch sum rule [12,13] 5381 7 CaC182 —C381 — $3€152 €102
21
o = |Vys| > v/|d1/d2| = 0.223 . (20) @)
When we require that (My);; = 0, it is natural that (ci = cosf; and s; = sin 6;). Then, we obtain
|
0 —routsA? (—ta + tat) A
M, =R'D,R= —routad? 12 —t;1 A2 , (22)
(—ta +tat1)A? —t1A2 1
- 0 T2dvlei¢12/\3 Uae—ws‘ A3
Mg = R'MR = | rogvie¢12)3 T2dA? (va€*®2 —1)A2 | | (23)
v3ei1 )3 (vpe™i923 — ¢))\2 1

where t1 = 01/)\?, to = 62/)%, and t3 = 63/)2%, and we
have shown only the first leading term in each matrix
element of M, and My. The more detailed expressions
of (Mu)ll and (Md)ll are

(My)11 = (T1u + T2utP)A® + (—t2 + tat)2AE + -+

(24)
(Mg)11 = (114 + T2av?)A* + 2 cos P1araqvitad® + - - - .
(25)
The requirement (M, )11 = 0 leads to
t3 > v/ —T1y/Tou (26)

On the other hand, since the second term (A% term) in
(25) cannot be neglected, the requirement (Mg)1; = 0
leads to [13]

d
[Vas| =~ \/—21 :tcosqhz‘/—ﬂ ,
2 u2

instead of (19) [(20)]. Since the experimental val-
ues of quark masses, (2), give v/—d;/d; ~ 0.223 and

v/ —u1/ug = 0.062, the factor cos ¢12 must be vanishingly
small, i.e., ¢1o ~ +m/2, in this model. If we consider a
model with ¢3; + ¢23 = 0 (and also = %), the model
gives

(27)

]sin ¢l = |sin(¢>12 + ¢31 + ¢23)| = |sin¢12| ~1, (28)

which provides the “maximal” CP violation in the mean-
ing stated in the sentence after (16) and is in reasonable
agreement [16] with experiment.

If we require a further condition (My)s; = (Mg)s1 =
0 according to Fritzsch’s ansatz [13], from the relations
(Mu)gl = (—tz + t;;tl))\4 + O()\s) and

|
(Ma)31 = v3€*®*1 X% — (vae™**23¢t3 + ty — tat)A* + O(N®)

(29)
we obtain
sin(¢ — ¢12) = sin(da1 + ¢23) =0 (30)
and [17]
[Vus/Veo| = v/ ~u1/uz . (31)

The relation (30) is favorable to the case of “maximal”
CP violation, (28), because (30) means sin ¢ = sin ¢;2.
However, the prediction v/8 = /—u1/uz ~ 0.062 is
somewhat small compared with the experimental value
0.10 £ 0.03.

Concerning the prediction of |V,|, an alternative
model, where (M, )12 = (My)3; = 0 instead of (M,)3; =
(Mg)31 = 0, is also interesting: In order to give (M,)12 =
0, we consider a rotation R(f;,82,0) with §; ~ t;A? and
62 ~ t2A3. Then (M,);; and (My);; are given by replac-
ing t2A? and t3A2 in (23)—(26) with t2A3 and t3 = 0, re-
spectively. The requirements (M, )11 = 0and (My);; =0
lead to tg ~ /=71, and |V,,| ~ y/—d1/d2, (20). The
requirement (My)3; = (v3e?®® —t3)A3 + ... =0 leads to
sin ¢31 = 0 and

|[Vub| = v/ —u1/usz . (32)

The predicted value y/—u; /us ~ 0.0040 is in good agree-
ment with the experimental value |V,;| = 0.0043+0.0019.

Thus, the matrix form (D, M ) is very useful for seek-
ing empirical sum rules on quark masses and mixings.
Although here we have discussed only an “extended”
form of the Fritzsch-type mass matrix [13], the form
(D, M ) will also be useful for a phenomenological study
of the “democratic”-type mass matrices [18]. However,
the study of the democratic-type mass matrices with the
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help of the mass matrix form (D, M) is too specialized
to be treated in the present paper, so it will be given
elsewhere.

In conclusion, we have given the down-quark mass ma-
trix My = M at the M, = D, frame by using only
seven observable quantities (mg, ms, mb, |Vus|, |Vesl,
|Vus|, and w), and have determined the mass matrix
structure (Du,ﬁ ) by expressing in terms of A power
series expansion. The general form of the experimen-
tally favorable quark mass matrix (My, My) is given by
M, = UgDqu and My = UgMUo. In other words, a
mass matrix model (M,,, My) inconsistent with the mass
matrix form (Du,J\/f ) will be ruled out. The mass ma-
trix form (D,,, M ) is also useful for seeking empirical sum
rules on quark masses and mixings. Thus the mass ma-
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trix form (D,,M) given by (12) and (17) can offer a
useful tool for model building of the mass matrices from
the phenomenological point of view.
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