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New test of the equivalence principle for the antiproton
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New tests of the weak equivalence principle for the antiproton and other hadrons are derived from a
recent test of CPT symmetry in the E It: system using the MIT bag model.
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The question of how to test the weak equivalence prin-
ciple (WEP) for antiparticles [1—3] has recently been the
subject of revived attention [4—8], but the measurement
of the gravitational acceleration of an elementary particle
such as the antiproton is very difficult [4]. However, an
anomalous gravitational acceleration of the antiproton
would be caused by different gravitational couplings to
quarks and antiquarks, which might also be apparent in
the neutral kaon system because of its remarkable sensi-
tivity to small energy differences between the K and E .
Indeed, the action of gravity on this system has been
studied by Good [9], Bell and Perring [10],Thirring [11],
Kenyon [12], and others [13], although not from the
point of view of relating it to the gravitational coupling
of the antiproton. In this paper an improved test of the
WEP for the antiproton will be deduced from a recent
test of CPT for the masses of the neutral kaons [14].

We start by reviewing the influence of a possibly anom-
alous gravitational interaction on neutral kaons [9—13).
In the absence of gravity, the neutral kaon wave function
at time t, corresponding to a K created at t=0, may be
described by [11]

h&„= 2 diag(1, 1, 1,1),2U
C

(5)

T""=M
dt dt

where x"=(ct,x) are the space-time coordinates along
the kaon's world line, so a generalization of (6) to this
system is

and the system's energy-momentum tensor TI'". In Eq.
(5) U is the Newtonian gravitational potential and we use
the Minkowski metric rl„„=diag(1, —1, —1, —1). For a
system for which we wish to derive a test of the WEP, an
adjustable coupling parameter a may be introduced be-
tween its energy-momentum tensor and the gravitational
field (5), by using the interaction Lagrangian

2~pgT

so that the WEP is obeyed when a= 1 [2,6,7].
The matrix analogue of the energy-momentum tensor

for the neutral kaons is

g(t) =exp[iS,&(t)/A]1b, ,
L;„,(K)= ,'h„„T"",—— (8)

where the K wave function is 1b,=(o'), the K 's is

P—0=( &), and the action is

S,i(t)= —f dt'Mc'/y . (2)

In Eq. (2) y =(1—v /c ) '~, where v is the speed of the
kaon, the mass matrix is

m

hm /2 (3)

L;„,= —
—,'hpvT" (4)

between the (weak) background tensor gravitational field

where m is themass of the K and K [m, =m+6, m/2
are the masses of the K& 2=2 '~ (K +K ) propagation
eigenstates, respectively], and the integration is per-
formed along the particle's trajectory. We ignore the
possible CP- or CPT-violating terms, and the imaginary
parts in M because these will not be relevant in what fol-
lows.

The influence of gravity on a system that obeys WEP
can be introduced through the interaction Lagrangian

where

am km /2 dxP
b, m /2 am dt dt

and hence gravity can be introduced into Eq. (1) with the
replacement

S,i~S=Sd+ fdt L;„,(K) .

The parameters a, o, allow one possible violation of
WEP, which corresponds to giving the E and I( gravi-
tational accelerations of ag and ag, respectively, in a
gravitational field where matter experiences an accelera-
tion g = IVUI [6]. This model does not allow a violation
of the WEP in the off-diagonal elements of M, but this
omission will not affect our results because the experi-
mental data that we shall use relate to the diagonal ele-
ments alone.

For a horizontally directed kaon beam the potential U
can be regarded as constant because the change in gravi-
tational potential energy during one XL lifetime is very
much smaller than the off-diagonal terms in the mass ma-
trix M. Hence, the gravitational terms can be absorbed
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into redefinitions of the elements of the mass matrix,
which then, apparently, become potential and velocity
dependent. However, the inhuence of gravity on the
units of length and time must be included before physical
inferences can be drawn [15—17]. We shall assume that
physical length and time measurements are made by in-
struments that obey the WEP.

From Eq. (4} the effect of gravity on a time standard
("clock" ) with the Hamiltonian H„„„is given by [16]

duce local (physical) time units 7=(1+U/c )T to re-
place the flat space-time ones, T [15].

Local length units can be obtained from the local time
unit and the local speed of light, the inhuence of gravity
on which is obtained from the gravitationally modified
action for the electromagnetic field [15]

S, = J d x[(1—2U/c )E —(1+2U/c )B ] .
1

8~c

cl k~Hcl k+ p pv Jd x clock (10)

where we have assumed that the gravitational potential
does not vary significantly over the dimensions of the
clock. From (10) and von Laue's relativistic virial
theorem [18] f d x T =0 for a closed system; we obtain

H„„k~(1+U/c )H„„„[16,17], and so the clock fre-

quency, based on transitions between different energy lev-
els of H„„„,is redshifted [16]. Therefore, we may intro-

Treating the potential U as constant over the propagation
distances of interest, we find that the speed of light be-
comes c ~c (1+2U/c ), and so local length units
X=(1—U/c )L can be introduced to replace the flat
space-time ones L [15].

Using the physical time and length units, the kaon ac-
tion in the presence of gravity can be written as

Uy(1+v /c ),a —1 m
(12)

where v is now the kaon's speed in physical units. In par-
ticular, note that when the WEP is obeyed (a=a=1)
physical quantities have their flat space-time values )15].
However, if WEP is violated there would be a E -K en-
ergy difference, which can equivalently be regarded as
giving the K and K effective (CPT-violating [16])
masses of

m, s(K )=m 1+(a—1)y (1+v /c )
c

(13)

and

m, it(K )=m 1+(a—1)y (1+v /c )
2U

C
(14)

respectively, in the mass matrix.
This potential dependence of physical quantities

convicts with the freedom to shift the potential by a con-
stant that is implied by a linear, massless field equation
for U, but it is an inescapable consequence of a violation
of WEP and the conservation of energy [7,9,19]. There-
fore, we must augment the field equation with the physi-
cally motivated boundary condition that the potential
vanishes at "infinity" (far from all sources of gravitation-
al field), so that special relativistic results are recovered in

the absence of gravity [20]. The value of the potential in-

creases with increasing distance scale [9,16], and recently
Kenyon has pointed out [12] that the largest value of the

potential that can be reliably estimated is that of our su-

percluster: I U,„„,i„„„/c I
=3X10

In a recent CERN experiment (NA31), with kaons of
energies —100 GeV, a test of CPT for the real parts of
the diagonal terms in the neutral kaon mass matrix was

obtained that can be expressed as [14]

I[m(K ) —m(K )]/m(K )I ~5X10

So, following Kenyon [12], and applying this constraint
to the masses (13) and (14) and using the potential of the
supercluster, we obtain the constraint

Ia —aI 2. 5X10 (15)

T"„„„;,„,„„=g P;y"8"g;, and T—g =g""B . (16)cons I uents

In Eq. (16} the summation extends over the wave func-
tions 1(|,. of the color-singlet combination of valence

quarks and antiquarks inside the bag, which for mass m, -

obey the Dirac equation (i tl m, c/A)f, =0,—and. the
boundary condition ir yg, =P; on the surface, which has

outwards unit normal r. The constant B in Eq. (16) is the
confinement energy density. We shall assume CPT sym-

metry for the quark and antiquark masses.

However, this constraint is stronger than Kenyon's [12]
because we have included the large velocity-dependent
enhancement of gravity that is present with a tensor in-

teraction [10,11,13,16]. [Note that (15) does not dernon-

strate WEP for neutral kaons, because it only shows that
gravity couples with essentially equal strength to the I(

and K [11],not that the strength is the same as for ordi-

nary matter [2].]
We shall now relate the constraint (15) to the gravita-

tional acceleration of the antiproton by using a quark
model, with the additional input of the tests of WEP for
matter from the Eotvos-Dicke experiments [20], from
which we can infer that the proton and neutron obey
WEP [8]. We shall use the cavity approximation [21] to
the MIT bag model [22], in which a hadron at rest is
modeled as a spherical volume with the energy-
momentum tensor TI,',"d„„=T"„"„„;,„,„„+TQ where
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In the low-mass hadrons the quarks or antiquarks oc-

cupy the lowest cavity mode wave function, which for ra-
dius R is characterized by a dimensionless frequency ~;
that satisfies the equation [21]

kR
tan(kR )=

1+m, 'R +R Qk +m

A'c /co, / 4E(R)=g ' +—~R 8,
R 3

(18)

with respect to the radius, giving

where k =+co;/R m;c—/fi, and m =m;c/A. For
the u and d quarks, which we take to be massless [21],the
frequency is coo=2.04, and for a strange quark mass of
m, =300 MeV/c it is cps =2.60 [21]. The rest energy Eo
of the hadron is determined by minimizing the total ener-

gy [21]

E =—4n8 gfic~co;~
l

(19)

i8 m—;c/R+ —a h„y"8" 1(;=0l

inside the bag, and so the effect of gravity on the quark
frequency is given by co;~co;(I+2a~U/c ), where we
have treated U as a constant over the bag dimensions.
Similarly, the antiquark (negative energy) wave functions
and frequencies are obtained by the replacement a ~ca&
in the above expressions. The total energy of a hadron at
rest in a gravitational field is now given by

We shall assume for definiteness that gravity couples to
all quarks with the common strength a, to antiquarks
with a common strength a, and to the bag energy
momentum with a possibly different coupling parameter
a . Hence, a positive energy (quark) wave function of
type i now satisfies the equation

U
Eo—+Eo 1+

C

3 a, g co, +a, g ~co,
~'

quarks antiquarks

2 g co+ g ~co~
quarks antiquarks

2
(20}

in this model, where we see that, if quarks, antiquarks,
and the confinement energy obey the WEP,
a =a =as=1, then so do hadrons, because (20) be-
comes Ep~Eo(1+ U/c ).

From Eq. (20) the WEP-violating neutral kaon parame-
ters satisfy

3 (a~ —a~)(coo cos)
a —a=—

2 coo+~s

in this model, and so we find

~a, —a, ~

&1.SX10-",

(21)

(22)

from (15) and (22). Therefore, gravity is required to cou-
ple to quarks and antiquarks with essentially equal
strength.

The total energy of a nucleon at rest in the gravitation-
al field is

3&q A'g UE (N) =Eo(N} 1+
C

(23}

whereas an antiproton's is

3' cxg
E(p ) =Eo(N) 1+

2
(24)

by virtue of (20). [In Eqs. (23) and (24) Eo(N) is the
nucleon's rest energy in the absence of gravity. ] Hence,
the gravitational accelerations of the nucleon and an-
tiproton are given by g(N)/g =(3a —a )/2, and
g(P)/g =(3a~ —ag )/2, respectively. The Eotvos-Dicke
experiments provide the constraint

~ [g(N) —g]/

g~ & 2 X 10,from which we may deduce that

I(3a~ —ag )/2 —
11 & 2 X 10 (25)

(Note that there is no requirement that the quarks and
confinement energy actually obey WEP.} Therefore, from
(22) and (25) the gravitational acceleration of the antipro-
ton satisfies the constraint

Ig(p) —gl/g &2X10 '. (26)

Hence, we conclude that, on the basis of the assumptions
that we have made, the antiproton obeys WEP to the
same precision as the neutron or proton. The constraint
(26) is four orders of magnitude better than the previous
limit [6], and exceeds the precision of a 1% measurement
of the antiproton's gravitational acceleration [4] by 6 or-
ders of magnitude.

The test of WEP, (26), that we have derived for the an-
tiproton is based on the conventional gravitational in-
teraction that is mediated by a single, essentially infinite-
range tensor field, which couples to the energy-
momentum tensor. Although this is the simplest model
that is consistent with other weak-field tests of gravity,
the possibility that an anomalous gravitational accelera-
tion of the antiproton might be caused by hypothetical
vector and scalar interactions [23] has also been suggest-
ed. However, such an anomaly is now constrained to be
much smaller than a one percent effect on antiprotons,
and a single vector field coupled to baryon number
(which would have no effect on kaons) is even more
strongly constrained (less than 2 X 10 g} [5,8].

We have assumed CPT symmetry for the quark and an-
tiquark masses. But even if CPT violation was present, it
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would not provide a plausible exception to the limit (26},
because it would have to be fine-tuned to 17 significant
figures to cancel the effects of a larger quark-antiquark
gravitational coupling difference at precisely the kaon en-
ergies in the NA31 measurement, and in the particular
gravitational environment of the Earth.

Another assumption in our argument was that there
are only two gravitational couplings: one for quarks, and
another for antiquarks. A more general scheme would al-
low different couplings for each quark and antiquark.
However, unless these couplings are fine-tuned to 17
significant figures, the phenomenological considerations
in this paper require equal gravitational couplings to the
u, d, d, s, and s quarks (but no constraint on the gravita-
tional coupling to the u antiquark). On symmetry
grounds we expect that gravity couples with the same
strength to the u and d, which is supported at the level of
five parts in ten thousand when the existing test of WEP
for the antiproton [6] is included. [Even if fine-tuning of
the couphngs to evade (22) and (26) did occur, a 1% mea-
surement of the gravitational acceleration of the antipro-
ton would still be a factor of 20 less sensitive than the ex-

isting limit [6].] Therefore, rejecting fine-tuning, our im-

proved test of WEP, (26), for the antiproton holds in even

this more general scenario. (Also, all hadrons that con-
tain u, d, and s quarks obey WEP to the same precision. )

The strength of the constraint (22) would be reduced in
quark models in which less of a hadron's energy is carried
by the valence quarks. Some reduction is likely because,
in the infinite-momentum frame, all of the nucleon's
momentum is carried by the valence quarks in this ver-
sion of the bag model [24], whereas experimentally one-
half is carried by the "sea." Nevertheless, this change
would be unlikely to alter the constraint (26) because of
the corresponding reduction in the antiproton's energy
fraction carried by the valence antiquarks.

The hadronic mass fractions carried by confinement
energy (25%), and in valence quark energy (75%) are the
same for a11 hadrons in the quark model that we have
used. If the split should be difFerent for different hadrons
we would still be able to derive the test (26) of WEP for
the antinucleon, because the confinement-kinetic energy
division is required to be the same as the nucleon's by
CPT symmetry.

We conclude that, although a 1% measurement of the
antiproton s gravitational acceleration would be a direct,
assumption-free test of WEP, it would not be competitive
with the tests inferred here, elsewhere [5,6], or those po-
tentially possible with antihydrogen [7,25], if the gravita-
tional force is mediated by a single, essentially infinite-
range tensor interaction.
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