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This paper describes analytical simplifications which make feasible the numerical calculation of the
second-order news function, which gives partial information about the angular distribution of gravita-
tional radiation emitted in the axisymmetric collision of two black holes at the speed of light. In the
preceding paper, paper I, the curved radiative region of the space-time, produced after the collision of
the two incoming plane-fronted shock waves, was treated using perturbation theory by making a large
Lorentz boost to a frame in which a weak shock of energy A scatters off a strong shock of energy v>>A.
Calculations of gravitational radiation at first, second, . . . order in (A/v) translate, when boosted back
to the center-of-mass frame, into calculations of the coefficients ao(7/u), a,(£/u), . . . in the convergent
series expansion co(7,0 )=2;‘,°=Oaz,,(7’>/y)sin2"é\ expected for the news function ¢y, where 7 is a retarded
time coordinate, 8 is the angle from the symmetry axis, and u is the energy of each incoming black hole
in the center-of-mass frame. In paper I, ao(7#/u) was computed and a,(#/u) was obtained as an integral
expression too complicated to be tractable numerically. In the present paper a simpler expression for
a,(#/u) is derived, using the property that the perturbative field equations may all be reduced to equa-
tions in only two independent variables, because of a conformal symmetry at each order in perturbation
theory. The Green’s function for the perturbative field equations is found by reduction from the retard-
ed flat-space Green’s function in four dimensions, leading to expressions in terms of two variables for the
second-order radiative metric components. From these, a,(#/u) can be extracted after removing, by a
gauge transformation, the (Inr)/r terms present in the second-order metric in the harmonic gauge used
here (r being a radial coordinate). Numerical results are presented in the following paper, paper III,
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which discusses the implications for the energy emitted and the nature of the radiative space-time.

PACS number(s): 04.30.+x, 97.60.Lf

I. INTRODUCTION

This is the second in a series of three papers concerned
with gravitational radiation emitted in the axisymmetric
collision of two black holes at the speed of light. The
preceding paper, paper I [1], was concerned with describ-
ing the problem and with setting up an analytical treat-
ment using a perturbation approach. The present paper
describes analytical simplifications which make feasible
the numerical calculation of the second-order news func-
tion, which gives partial information about the angular
distribution of gravitational radiation. Results and con-
clusions concerning the radiation emitted and consequent
mass loss are presented in the following paper, paper III
[2].

In paper I the axisymmetric collision of two black
holes traveling at the speed of light, each described in the
center-of-mass frame before the collision by an impulsive
plane-fronted shock wave with energy u, was investigated
in a new frame to which a large Lorentz boost had been
applied. There the energy v=pe® of the incoming shock
1, which initially lies on the hyperplane z +¢ =0 between
two portions of Minkowski space, obeys v>>A, where
A=pe ~“is the energy of the incoming shock 2, which in-
itially lies on the hypersurface z —¢t =0. In the boosted
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frame, to the future of the strong shock 1, the metric
possesses the perturbation expansion

N+ 3, %]héi’, , (1.1)

i=1

gab’vv2

(I3.18")

with respect to suitable coordinates, where 7,, is the
Minkowski metric. The problem of solving the Einstein
field equations becomes a (singular) perturbation problem
of finding h\})hZ, . .. by successively solving the linear-
ized field equations at first, second, ... order in A/v,
given characteristic initial data on the surface u =0 just
to the future of the strong shock 1.

On boosting back to the center-of-mass frame, one
finds that the perturbation series (1.1) gives an accurate
description of the space-time geometry in the region in
which gravitational radiation propagates at small angles
away from the forward symmetry axis §=0. By
reflection symmetry, an analogous series also give a good
description near the backward axis §=m. The news func-
tion [3] cy(7,0), which describes the gravitational radia-
tion arriving at future null infinity J© in the center-of-

675 ©1992 The American Physical Society



676 P. D. D’EATH AND P. N. PAYNE 46

mass frame, is expected to have the convergent series ex-
pansion

o7 0)= z @y, (#/p)sin?"9 (1.2)
(I1.3")
where 7 is a suitable retarded time coordinate. [The

series of Eq. (I.13) has been modified here by making the
replacement a,,(7)—a,,(7F/u), since 7 will always ap-
pear as an argument in the dimensionless combination
(£/u) (see Sec. V of paper I).] The first-order perturba-
tion calculation of k)’ in Sec. IV of paper I, on boosting
back to the center-of-mass frame, yielded ay(7/u), in
agreement with the expression found in Ref. [4] by study-
ing the collision of two black holes at large but finite in-
coming Lorentz factor y. This is such that, if the radia-
tion were isotropic [i.e., if a,,(7/u) were zero for n = 1],
25% of the initial energy 2u would be emitted in gravita-
tional waves. The second-order calculation of 4.2’ in Sec.
V of paper I, on boosting back to the center-of-mass
frame, gave an integral expression for the next coefficient
a,(#/u) which unfortunately was so complicated as to be
intractable numerically. In the present paper we shall
show how the calculation of a,(#/u) can be simplified
analytically so as to enable us to compute this function
numerically. As was shown in Sec. VI of paper 1, if all
the gravitational radiation in the space-time is (in a cer-
tain precise sense) accurately described by Eq. (1.2), then
the mass of the (assumed) final static Schwarzschild black
hole remaining after the collision can be determined from
knowledge only of a,(7/u) and a,(7/u). Further, Pen-
rose [5] has found an apparent horizon on the union of
the two null planes on which the incoming shocks lie; if
the cosmic censorship hypothesis [6] is correct, this gives
a lower bound of V'2u for the energy of the final black
hole (or holes). The computation of a,(7/u) is thus
linked to an interesting test of cosmic censorship.

In Sec. II of this paper we begin the process of finding
a simpler form for a,(#/u) by noting that, because of a
conformal symmetry at each order in perturbation
theory, the field equations obeyed by the metric perturba-
tions hlp,hlZ), ... in Eq. (1.1) may all be reduced to
equations in only two independent variables. The result-
ing reduced differential equations are studied in Sec. III;
the equations are shown to be hyperbolic, and their
characteristics are found. The retarded Green’s function
for the reduced differential operator is found in Sec. IV
by reduction from the retarded flat-space Green’s func-
tion in four dimensions. This allows the transverse com-
ponents of the second-order metric perturbation A}’
[from which a,(7/u) can be found] to be expressed in
two-dimensional form (Sec. V). The resulting integral ex-
pressions are considerably simpler than those found from
a four-dimensional approach in Sec. V of paper I, thus
making feasible the numerical computation of a,(7/u),
of which the results will be presented in paper III.

In order to extract a,(#/u) from the metric perturba-
tions, one has to deal with certain terms introduced in the
metric as a result of the choice of the harmonic gauge,

employed in the calculation of A}’ and A}. As is well
known [7], this gauge leads to the appearance of (Inr)/r
terms in the metric tensor at second and higher orders in
perturbation theory, where r is a radial coordinate. In
Sec. VI of this paper we calculate the (Inr)/r term in the
transverse part of 4.2, and show how to eliminate this
term by finding an explicit coordinate transformation to a
Bondi coordinate system [3] at first order in perturbation
theory. In Sec. VII we show that, while the construction
of this coordinate transformation can be carried on to
second order, knowledge of the full second-order gauge
transformation is not needed in order to calculate the
second-order news function, which describes the gravita-
tional radiation at this order. Section VIII discusses the
ambiguity in the second-order news function caused by
the freedom to make supertranslations [3]; use of this
freedom is in fact essential in order to put the news func-
tion in a form which is square integrable at each order in
perturbation theory. (The complete news function must
be square-integrable, in order that the mass loss in gravi-
tational waves be finite.) Some comments are included in
Sec. IX.

II. REDUCTION TO TWO DIMENSIONS

We shall now show that the (four-dimensional) field
equatlons satisfied by the metric perturbations
DAY, .. in Eq. (1.1) may all be reduced to two-
dimensional form.

Consider the C° form of the infinitely boosted black
hole metric:

ds’=di dd+[1+4ud 6(1 )p ~*1%dp?

+p2 1 —4un o )p ~*)%de? @2.1)

(12.4")

where (1) is the Heaviside step function. On using the
discontinuous coordinate transformation

x =% —4uu6@)xp %,
=p —4un 0@ )9p
O 2.2)
u=u,
=7 +8ub(@ )Inp— 16p*46(1)p ~*,
(12.3)

where x =p cosd, y =psing, X =pcosd, y =p'sing, this
may be put in the form

ds’=du dv+dx*+dy’—4pIn(x>+y2)8(u)du?, (2.3

describing an impulsive plane-fronted wave between two
portions of Minkowski space-time.
Let L denote the Lorentz transformation
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L A ¢ A — -Ba _,—Ba
(%,0,p,8)——(0",0",p,¢")=(e Pii,ePD, p,¢) Q4  (@,9,p¢)— (0", 0",5,¢")=(e Pu,e7Pb,e " Pp,¢)
(2.5)
[using Eq. (2.2) it can be shown that L is a Lorentz trans-  Then under CL,
formation, even though the careted coordinates are not ~ Lt A v (=288 A . —BA 6
Minkowskian in % > 0], and let C denote the conformal (#,9,p,6)——(u'",0",p,¢")=(e " "u,D,e 7P, ¢) (2.6)
transformation and
J
du db+[1+4un 60 )p “2Pdp+p*[1—4un 0(n )p ~21d ¢*
cL
——e?P{ai " db '+ [144ud '0(0 )p T2 Pdp 51 —4un 00 )p T2 Pd e} . (2.7

Thus the transformation CL is a conformal symmetry of (2.1). (This is easy to understand physically: the Lorentz
transformation L increases the apparent energy of the wave from p to ue®?; but this energy provides the only length
scale present in the metric. If, therefore, using C, we scale down all lengths by a factor e”, then the apparent energy of

the wave is reduced to u again.) For a wave traveling in the opposite direction the effect of CL is

du dv+[1—4ud0(—9)p “21Pdpi+p21+4ud0(—D)p ~21%d ¢*

CL

——e?P{di’ db'+[1—4ue ~2p'0(—0")p T21Pdp P+ p [ 1 +4ue ~H'0(—0")p T Pd ) .

Now consider the axisymmetric collision of two such
waves, viewed in the “boosted frame” in which the waves
have energies v=pe® and A=pe” % and in which the
precollision metric is given by

ds’=dii db +[1+4vi 6(2 )p ~*2dp*
+[—8ADO(—D)p "2+ 16A% 20(—D)p ~*1dp?
+p 21— 4w b(n )p ~2)d ¢*

+p2[8ADO(—D)p “2+16A% 20(—D)p ~*]d ¢’ .

(2.9)
(I3.5")

Let us denote by gab(v,)\,f ) this explicit form (2.9) of the
precollision metric in the boosted frame (X =(4,9,p,¢)]
From Egs. (2.7) and (2.8), we see that g, (v,A,X) (and
hence also the initial data on # =07 ) transforms as

CL
8as (Vi A, X)——ePg (v, he "#, R ") (2.10)

under CL. The map CL has a natural continuation into
the region in % >0 where the weak shock appears a small
perturbation to the flat background of the strong shock:
namely, (2.6) with the coordinates being those of the
strong shock background. In the uncareted coordinate
system, which is related to the careted system through
Eq. (2.2) with u replaced by v, the metric possesses the
perturbation expansion (1.1):

T+ 3, |2 | mG00

i=1

8ap(X)~1? . (2.11)

(The coordinates have been rendered dimensionless, us-
ing X —X /v [Eq. (I3.11)], to obtain Eq. (2.11).) Since
the metric to the future of the strong shock is determined

(2.8)

solely by the initial data on % =07, and since this initial
data transforms as (2.10), the effect of CL on (2.11) is

i
e+ 3 %]h,ﬁ{,’(k’)
i=1
CL © -2B i X :
— e g+ S “v h;;:(x')] (2.12)
i=1

(where the explicit forms of the A} are identical in the
two expansions). Hence the transformation CL does not
effect the intrinsic nature of the perturbation problem: it
merely alters the value of the perturbation parameter. In
other words, the space-time possesses a conformal sym-
metry at each order in perturbation theory:

A CL . .
hi(X)——eX " VBp{J(X")
cL
(where of course, X ——X').
We can use Eq. (2.13) to determine something of the
behavior of the 4)(X). From Eq. (2.6) we deduce

(2.13)

8aar ™€ 8up> BapT € &y
= 2B
Sggy ¢ Bun

8 (2.14)
8y =€ 8yp s glgg;} —gﬁg} .

Using the coordinate transformation of Eq. (2.2) with u
replaced by v, we can show that identical relationships
hold between the uncareted coordinate systems:

— 4 —,3
8uyw ™€ Bguu > gu’p’—e Bgup )

ng'pll=e23gi%] ’ (215)

u'v’

gv'p'zeﬁgupy g{ ‘v’

s 8

W



678 P. D. D’EATH AND P. N. PAYNE 46

Combining Eq. (2.15) with Eq. (2.13), we deduce
hi(X)=e PR D(X)
h(i)(Xl)___e(2i+l)ﬁh(i)(X) ,

h;})p (X; Zﬁlh(l (X) ,

1283

(2.16)

h 1)(X/):e(2i—1)ﬂh(x)(X) ,

h (X')= 21 Z)ﬂh(x (X).
l {6e)

From Eq. (2.6) we note that the values of ﬁ,ﬁﬁ‘z and
¢ are left unchanged by the map CL. Using Eq. (2.2)
with u replaced by v we can show that the corresponding
combinations of uncareted coordinates that are left in-
variant by CL are
Vo,

g=up *,$ (2.17)

r=8In(vp)—
[where we have removed a factor of v from the coordi-
nates, as_in Eq. (I3.11), and redefined u and v by
u=(1/V2)z+1t) and v =(1/V2)(z —1)]. The lines on
which ¢, r, and ¢ are constant may be interpreted geome-
trically as the orbits of the conformal symmetry CL.
If we express each A)) as h')(qg,r,p) (¢ is ignorable)
then the only coordinate that changes in value when CL

is applied is p(p —C—L->p’ =e Pp). Used in conjunction
with Eq. (2.16) this tells us that

hl(‘fl):fn(q’r)p—(li+2) ,
h(i) =fn(q r)p4(2i+1)
up ’ ’

hip) =fnig,rp™, (2.18)
hv;[) =fn(q,r)p_(2i_1),
I”"l = fn(g,rp %2

Thus each metric perturbation has a very simple depen-
dence on p.

¥ 18 8|, 1@ 1|5
dudv pdp | 0 p? 3p?  p? dqar
Thus y is the solution to
=~ & 9 d
=|—2v —n—2q—+8— | |—
L, X 2 zaq8r+ n anq 86r] n

where the boundary condition is x|, —o=f ().

Of course, for the homogeneous wave equation (2.19),
where the solution has the simple integral form given in
Eq. (I4.5) [8,9], there is really no point in eliminating p
and ¢ from the differential equation. However, consider
the field equation for any one of the higher-order metric

In an appropriate gauge the field equatlons for the A{)
are all of the form Oh)=S\), where S} is a function of
hii—D ,h!) and their derlvatlves (S{)’=0). Since
each h; is of the form fn(q,r)p %, its corresponding S}
must be of the form fn(q,r)p™ (k”). This indicates that
we can eliminate p from the field equations by separation
of variables, thereby reducing them to two-dimensional
differential equations.

Let us now perform the reduction to two dimensions
explicitly, starting with the first-order perturbations A} .
Consider the flat-space wave equation

2
Oyp=2 Y 18 | 20| 13 _
oudv p dp | dp p? 9¢?
where the boundary condition is
Y, —o=e™p "f[8In(vp)— V20 ],
f(x)=0, ¥x<0 (2.20)

[here m and n are integers and apart from the above re-
striction f(x) is arbitrary]. The field equations for A}’
are special cases of the general system (2.19) and (2.20).
We know from our preceding arguments that 1 must be
of the form e™% ~"y(q,r) in u >0 [where g and r are
defined in Eq. (2.17)]. From Eq. (2.17) we find

9 119
2 b
du 0opr dq rprd
d V5 d
—_— 2 _
dv ] or ]
8| _|a| _2|3] _s8la J
ap u,v,¢ a q,r¢ p aq r‘Pv¢ p ar q,P,d’
(2.21)
and therefore
0 d d d d 3?
= —2g——+8— | [pa-—2¢——+8— |+
Pap “9aq “or [[Pap “T3g “ar | a4
(2.22)
d 5} 2
39 +8 3 m-|x ,

coefficients (i.e., k., i >2). It is an inhomogeneous flat-

space wave equation
Oy=S ,

in which the source term is S =e™%p " "2 H (g,r). [The
boundary condition may be taken to be ¥|,_,=0, since

(2.24)
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any contribution to the solution from nonzero boundary
conditions can be evaluated separately using Eq. (I4.5).]
In contrast with the homogeneous case, the benefits to be
gained by reducing Eq. (2.24) to

L, x=H, (2.25)

(where, of course, y=e™%~"y) are not insignificant.
First, the geometrical configuration of the problem is
now much easier to visualize. Previously, to calculate the
solution at some space-time point P we would have had
to integrate the source term S (suitably weighted) over
the past null cone of P. Now we need simply to integrate
the product of H and the Green’s function for the
differential operator .£,, , over some two-dimensional re-
gion in the (q,r) plane. This makes it much easier to esti-
mate the various contributions to the solution from
different parts of the integration region. Second, al-
though we must now find and calculate the Green’s func-
tion for £, ,, it turns out that there is a considerable
computational gain which makes the numerical calcula-
tion of the solution practicable, whereas before it would
have required a prohibitive amount of computer time.

679

II1. THE REDUCED DIFFERENTIAL EQUATION

We shall now demonstrate that the differential opera-
tor L, , is hyperbolic and find its characteristics. Define
new coordinates

E=E&(q,r), n=nlq,r). (3.1)

Now,

9? , 8 9?
——t+4q"—+64—+ - - -
dgor q 64 ’

L, ,=—(2V2+32)
’ 1 9q? ar?

(3.2)

where the terms omitted are first and zeroth order in
3/9q and 3/0r. We wish to choose £ and 7 so that £, ,
is transformed to normal hyperbolic form [10], in which

aZ
9£3n
where the terms omitted are now of first and zeroth order

in /3§ and 0/d7n. Expressing £,, , in terms of 3/9¢
and d/97 we find that

L, ,=f(&n) +-., (3.3)

2 27
=|—(v3 95 | |88 2|98 88 | |8
Loy @2+329) |55 | |5 |4 | T o | |32
3
2 2y,
— (V3 On | 181 | 42|81 9y | | 8%
+ | —(2v2+4329) 2 | |ar 4q % +64 158 |57
n
) a3 9 [ |d 9 | |3 9 | |9 92
+1—2v2+32 9 | |91 + on 2 o9 o |9
I ( 7) dq l [ar l or dq +8g dq 0 +128 or or onoé
(3.4)
[
In order that Eq. (3.3) be satisfied, we muszt have 3 |_ [1 +8V2g +‘/(1—+m ] [ 3 67
~(2v3+329) |31 | |20 | 44,2 |22 % 2v2g? o
dq or dq
and
2
+64 |90 | =0, 9 |_ | 1+8V2g—V(1+16V2q) | |3y
ar 2 | = = , (3.3
(3.5) q 2V'2q or
5 a | [a % |’ '
—(2V2+329) % | | or +4q° 3 where we have arbitrarily assigned the plus sign to £ and
the minus sign to 7. For ease of calculation we now
& 2 choose
+64 ar =0. 3 3
&y, Sn_y, (3.9)
ar or

In other words, (35/3q)/(3&/8r) and (dn/3dq)/(d7n/0r)
must be the two real roots of the quadratic equation Solving Egs. (3.7) and (3.8), subject to Eq. (3.9), we find

49%x?—(2v2+32¢)x +64=0 . (3.6) V(1+16V2¢)—1

2

&E=r+8In

The discriminant of this quadratic is positive, so .£,, , is
hyperbolic, and its characteristic coordinates £ and 7 — 8 -
satisfy [V(1+16V29)—1]

(3.10)
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and
a=r+8ln \/(1+l62\/2q)+1
N B—— (3.11)
[V(1+16V2¢)+1]

where the constants of integration have been chosen for
future convenience. The characteristics of £, , are the
two families of lines

£=const, m=const . (3.12)
They play the usual role of limiting the speed of propaga-
tion of information, so that a point A4 cannot be
influenced by another point B, if B lies outside the region
bounded by the two past characteristics through A.

The explicit forms (3.10) and (3.11) for £ and 7 have
the following simple geometrical interpretations. In our
dimensionless coordinates (u,v,p,¢), the null geodesic
generators of the weak shock have the parametric repre-
sentation (I3.20). That is,

u=V2A,
_ V7
v=4\/21n(vp0)—-l‘§—zTA
(p())
(3.13)
0 (po) |’
y=o [1— 2
0 (po)z )
(I3.20')

where x and y are the usual Cartesian coordinates, so that
p=(x2+y%"2 and A>0 is an affine parameter along
each of the null geodesics. Let us now find the locus of
intersection of these null geodesics with a surface S of
constant p and ¢, on which

p=k, ¢6=¢,. (3.14)
Consider a geodesic which comes through the collision
surface at p=p,, ¢=w+¢, This geodesic will pass
through the caustic at p=0 before hitting S (¢ jumps
from 7+ ¢, at p=0" to ¢, at p=07"). Hence, at its inter-
section with S,

Po 8A2—1 =k, ¢=4d,. (3.15)
(po)
Solving for A we find
(po)?
A= |14 K |2 (3.16)
Po

Substituting this into Eq. (3.13), we find that, at the point
of intersection,

p=k, ¢=¢,,
(po)?
u=" |4k (3.17)
4‘/2 Po
-~ = k
v=4V2In(vpy)—2V2 |1+— | .
Po
Expressing Eq. (3.17) in terms of r and g one finds
2
g=— L&y ||
42 | po k|’
(3.18)
r=8In LS +4 L-Fl .
Po Po

Now by eliminating p,/k from Eq. (3.18) it is easy to
show that

r+8In
2

V(1+16V2g)—1 ]

— ___ﬁ_g —4=0
[(V(1+16V2g)—1]

at the geodesic’s intersection with S (here g > 0).

Now consider a geodesic generator which originates at

p=po2k, d=¢, A geodesic of this type will hit S be-

fore passing through the caustic. By following a similar

argument to that of Eqgs. (3.15)—(3.19) it is easy to show
that, at the point of intersection,

(3.19)

V(1+16V2g)+1
2

r+8lnl

8
[V(1+16V2g)+1)

where again g >0.

—4=0, (3.20)

Caustic

Collision
surface

Intersection
of S with u=0

FIG. 1. The curved shock 2 is depicted, as viewed from the
Minkowskian region III to its past, which lies above the incom-
ing plane shock 1 (u =0). The heavy black lines all lie in the
surface S(p=k, =¢,). The lines £=0 and =0 mark the in-
tersection of the null geodesic generators of shock 2 with S.
The generators are drawn bold on the near side of S, and dashed
on the far side.
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FIG. 2. Characteristics £=const and 7=const are shown in the (g,7) plane. The lines £=0 and =0 represent the curved surface
of the weak shock 2. The caustic region has been mapped to their “intersection” at infinite g. In %7 <0, which corresponds to the flat
space-time region III underneath the curved shock, all the metric perturbations vanish. Nonzero initial data are set on the charac-
teristic surface ¢ =0 for r >0. The gravitational radiation is found from the metric perturbations in the region immediately sur-

rounding £=0, in the limit r — oo.

Thus in the near-field region, before it passes through
the caustic, the weak shock intersects S at the line =0
(see Fig. 1). This line also marks the boundary of the re-
gion between the weak shock and the collision surface,
underneath the caustic, in which space-time is flat and all
the metric perturbations are zero.

The line £=0, though, marks the intersection of the
weak shock with the surface S after it has passed through
the caustic and is propagating out towards null infinity
(again see Fig. 1). However, we saw in Secs. III and IV of
paper I that where the null geodesic generators of the
weak shock intersect ™ the first-order news function has
a logarithmic singularity, and that the news function is
only significantly nonzero in the region immediately sur-
rounding the weak shock. In our two-dimensional (q,r)
plane this region is that in which |£| is small and »— o,
q —0 (see Fig. 2). Thus out near null infinity the pulse of
gravitational radiation is centered around £=0, and dies
away asymptotically as we go far away on either side of
this line. & is therefore a measure of retarded time.

The other characteristics (3.12) are obtained from £=0
and 7=0 simply by translating these lines parallel to the
q axis. The line g =0 is itself a characteristic, and so the
boundary condition y|,—o=f(r) is sufficient to deter-
mine the solution uniquely in g > 0.

IV. THE GREEN’S FUNCTION
FOR THE REDUCED EQUATION

Let us now find the Green’s function for the differential
operator .L,, . It is defined by [10]

Lm,nGm,n(q’r;qO:ro)zs(q ‘—qo)S(r —ro) , 4.1)

where L, , acts on the (g,7) part of G, ,. Expressed in
terms of the Green’s function G,, ,, the explicit solution
to Eq. (2.25) at a point (g,r) is

X(g,1)= [ [ Gpna7390,70)H (g0,79)dqodry , 4.2)

subject to suitable boundary conditions.

To solve Eq. (4.1) we use a method of reduction. Be-
cause .L,, , is derived from the flat space d’Alembertian
O in the manner described in Sec. II, it is clear that Gon
will satisfy

Ole™%p™"G,, ,(q,73q0,70)]

=e™pTntD5(q —q)8(r —ry) . (4.3)

We can solve Eq. (4.3) using the flat-space Green’s is
function G(t,x;¢y,x,), whose explicit form is

_—1 8t —ty—[x—xy|)
G(t,x;5t9,Xg)= o x—xy]

, (4.4)

where ¢ and x have their usual meanings as time and posi-
tion vector, respectively. [In choosing the retarded flat-
space Green’s function, we ensure that G will be the
retarded Green’s function of £,, , ]. Thus ‘

m,n
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\/(2 —z, Y +p>—2pp cos(¢—¢,)+pi]

™G, 1 (q,7390570)= —fff J

u; >0

iméy

Xe' P

217

n +2)5(ql

z))*+p*—2pp,cos(¢—a,)+p]

—qo)8(ry—ry)pdt dz,dp,d ¢,

\/(z —z,)2+p?—2pp,cosw+p?]

u; >0

Xcos(mw)pl_("+l)8(q1 —qo)8(r,—ry)dt\dz dpdw .

There is no sin(mw) term present in the second multiple
integral of Eq. (4.5) because such a term clearly integrates
to zero

If f(w) is a function with n simple zeros w, . . .
then

2ry

Vdw= é glw)/|f ()] . (4.6)

[7 8lf(0)glw

et i=1
In Eq. (4.5) let us first integrate over w. This involves
evaluating an integral of the form (4.6). For the particu-
lar case (4.5),

—z,)2+p?—2pp,cosw+p?
(4.5)

cos(mw)

glw)= (4.8)

Viz—z, F+p? —2pp,cosw+p? '

As a convenient shorthand, and for reasons which will
become apparent, define cosQ2, by
(z—2z ) +p*+pi—(t —1,)?

2pp,
If the space-time coordinates (¢,z,p) and (t,,2,,p,) in Eq.
(4.9) are such that |cosQ;|>1 then f(w) will have no

zero. On the other hand, if |cosQ,| <1 then f(w) will
have zeros at

cos{), = 4.9)

flo)=t —t,—V (z —z,)*+p*—2pp cosw+p} @.7) = tarccos(cos,) . (4.10)
and We deduce that
J
im¢ — o COS le) —(n+1)
e "G, ,(q,r;q0,70)= 1 i, 0(1—|cosQ, | )p; 8(q, —qo)8(r, —ry)dt dz,dp, , 4.11)
[
where cos(m ;) and sinQ), are related to cos{2; through _ p?
the standard trigonometric formulae and 6(x) is the dtldzl'?‘;dqld’ L - (4.14)
Heaviside function, defined by
1. x>0 Integrating out the two remaining delta functions in Eq.
={’> """ (4.11), we find
o(x) lo, %<0 . (4.12) .
. "™ "G,, n(4,7390,70)
Now reexpressing cos{};, first in terms of (u,v,p) and (mL)
—eimé L, cos(m _
then (gq,7,p), we find that _ 2‘/e_ f - 0 (1= |cosy) o, ~"dp, |
2w —uy)w—v)+p’+p] 2mp smito
cos{}, = 200, (4.15)
1 P 2 where cos{), is defined as in Eq. (4.9), except that
e Ara s (,,21,p) is replaced by (fo,2,p). Making the substitu-
P1 p tion p; =yp in Eq. (4.15) we find that
L= +1lle P . —_—1 re=cosime) . dy
81n o ‘ (r=r) |+ o T G n(4:7390,70) e f e 01 |cose|)

(4.13)
Also

(4.16)

where now
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1
cose=5;[l+y2-—\/§(q —qoy*)8lny +r—ry)] .
(4.17)

One can show that G, , does vanish outside the region
bounded by the past-directed characteristics through
(g,r), as it should.

V. THE SECOND-ORDER TRANSVERSE METRIC
FUNCTIONS IN TWO-DIMENSIONAL FORM

Let

e=p’E, b=p°’B, a=p*4, (5.1

where E, B and A are the first-order metric functions
defined by

mb=4, =0,
h)(ol()= —h}‘,}})=(y2—x2)p—2E ,

hiy=0, hil=0, (5.2)

h;)l,’=—2xyp_2E R h,(‘;)-:xp_lB ,

h'=0, h'=yp~'B .
(I3.13)

When the first-order field equations are solved in har-
monic (de Donder) gauge, subject to the characteristic in-
itial data (I3.14) on u =07, one finds from Eq. (I4.18) and
its obvious analogues for B and A that e, b, and a are
functions only of (g,r), given by

|

e= _:;/2 [ f02"cos(2¢’)9(Arg)%d¢’ ,

b=:’r—(2]fo°o fozvcos¢’0(Arg)%d¢’ ,

g = 128V2 fwfzﬂa(Arg)Qd(p, 3

mq “o Jo y3
_% ow fOZVArgO(Arg)%drb' ,

where 0(x) is Heaviside’s function and

Arg=V2¢(81Iny +r)—(1+y2)+2y cos¢’ . (5.4)
Also define d'® and e'? by

dP=p*D? (D=ptg@ (5.5)

where D¥ and E‘® are the second-order transverse
metric functions introduced in Eq. (15.16):

h’(‘i)=D(2)+(y2__x2)p—2E(2) ,
h;§)=D(2)+(x2—y2)p_2E(2) ,
h,(qz,)=—2xyp”2E(2) .

(5.6)

(I5.16")

Here d'? and e'? are functions of g and 7 only. We recall
that the second-order news function in the boosted frame
is defined in terms of D'?’ and E ‘% through

A

cP= —% = | lim

|r|—

|:|%(D‘2>+E‘2’>} , (5.7

(I5.18")

once the spurious gauge terms contributing to this equa-
tion are eliminated by transforming to Bondi coordinates
(Secs. VI and VII). In harmonic gauge, the second-order
metric functions D® and E'® obey the inhomogeneous
flat-space wave equations (I5.19) and (I5.20). On reduc-
tion, these imply that

Lo,4d?'=4V2be , +2V2gbe , —8V2gbe ,, —(b ,)*+2V2gb je ,—8V2e b ,—2V e ce,

2 _ _ 2 2 2—
t4e”+4gee , —16ee ,—32qge je ,+4q°(e ) +64(e )"=S(q,r)

and

(5.8)

L, P =2ae ,, —2V2be ,+2V2gbe ,, —8V2be ,, —2V2qe b ,+8V2e b+ (b, )

—12gee ,+32ee , —4qzee,qq +32gee ,, —64ee ,, =Tl(q,r) .

From Eq. (I5.17) we find that the boundary conditions on
d'? and e are
dP|,_o=16r20(r), e?|,_,=0. (5.10)

It is not difficult to show that the contribution to d‘?
from this surface term is

(5.9

2 16 =27 a .,
2= p_ fo fo Arge(Arg>Fd¢ , (5.11)

where Arg is as in Eq. (5.4).

The Green function for d'? is, from Eq. (4.16),
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Gi(g,r;q0,79)= 01— _
1(9,7390,70 2‘/2 f lcosel)y " (5.12)
and that for e'?
2¢)dy
Gulg,r;q,,rg)= a(1— cos(2e)dy ,
w73 eaTo 2\/2 f lcosel) y*sine
(5.13)

where, from Eq. (4.17),

cose=—21y—[1+y2—\/§(q —goy*)(8lIny +r —ry)] .

(5.14)

We saw in Sec. III that to calculate the news function we
must take the field point (g,7) out to the region where r is
very large and |£| is of order 1 (and so g is small). From
the definition (3.10) for £ we find

E=r+8In(4v2g)—

—8+0(q) . (5.15)

‘/ 2q
Now let x =y /4V2q. Then when x, g, and r are of or-
der 1 and ris very large,

1 ~ 1
— hl 1+ 2,2/ _ 4 2
cose 8V 2gx 32g°x 2(g —32x°q°q,) |8Inx + 7 q+8+§ ro+0(q)
16V2gox2—(81Inx +£—ry+8)
= 2 40l (5.16)
8x
" [
and thus
. . ff (G1(g,7390,70)S(gq,70)
G=—=——r—— [ T0(1—|cose|)—=—+0(g 2) S0 <&Mo <Ma >0
Y 2var (4v2g) fo loose] x *sine 9
+Gn<4»"§‘]o,ro)T(QO,ro)]dquro (520)
(5.17)
to be added to this, where the source functions S and T
and are defined in Eqgs. (5.8) and (5.9).
G, = —__1 _.I__Iwg(l_kosle‘)m
11 N2 ( 4‘/2q )3 x4sine VI. ELIMINATING LOGARITHMIC TERMS
., FROM THE SECOND-ORDER
+0(¢g™ "), (5.18) TRANSVERSE METRIC COEFFICIENTS

where cose is equal to the first term on the right-hand
side of Eq. (5.16). We can in fact ignore the O (g ?)
terms in Egs. (5.17), (5.18) since they do not contribute to
the news function.

In Sec. VI of paper I we derived a mass-loss formula
[Eq. (I6.27)], which showed that if the gravitational radi-
ation obeyed certain uniformity conditions, then the mass
Mg, of the final black hole (assumed to be a static
Schwarzschild geometry) produced by the speed-of-light
collision must be mg,,; = 2,u+4f »32(T/p)d . Since it
is the time integral of the news function which is required
in this formula, and not the news function itself, the
quantity that we shall compute directly (as described fur-
ther in paper III) will be the combination d'?’+e'? of
metric components, and not its time derivative. When
we require the news function in paper III, we shall
differentiate numerically.

The surface term (5.11) contributes

\/5 © 2
e +EF8+8 '
3f0 fo (81Inx +& x cos¢d’)
X 0(8 Inx +£+8+8x cos’) -ﬂ (5.19)
x3
(plus irrelevant higher-order terms) to d‘*’+e® when

r— o with £ constant. There is, of course, also the
source term

It has been known for a long time (see Fock [7]) that
harmonic gauges are complicated by the appearance of
(In|r|)/|r| terms in the metric tensor at second and
higher orders in perturbation theory (|r| is the radial
coordinate). Initially it was not clear what, if any, physi-
cal significance these terms had, nor if gravitational radi-
ation theory could be properly defined in such coordinate
systems. [Naive calculations, using dE/ddt
=rk. /32w(hTh}T),, (see Ref. [11]), of the power radi-
ated per unit solid angle predict an infinite quantity of
gravitational radiation.] However, it has been shown by
Winicour and Isacacson [12] in the axisymmetric case,
and by Madore [13] for the general case, that these
(In|r])/|r| terms are coordinate artifacts which can be el-
iminated by transforming to a Bondi gauge, so that the
news function is still well defined. In this section we cal-
culate the (In|r|)/|r| term in the transverse part of the
second-order metric perturbation 4.7, and then show
how to eliminate it by finding an explicit coordinate
transformation to a Bondi gauge. The (In|r|)/|r| terms
in the metric are produced, in the source integral (5.20),
by the region of (g,,r,) space corresponding to a source
point near future null infinity J*, where (in particular)
go <<1. It is thus necessary to estimate the magnitudes
of the Green’s functions G{,Gy; and of the source func-
tions S(q,,74), T(gy,r) when (gg,7,) lies in this region.

From Eqgs. (5.17) and (5.18):
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Simy(@r390:70)=

plus corrections negligible in the radiation zone, where

16V2gox2—(81Inx +£—ry+8)

Ccose= x (6.2)
If g, is small then
1
r=£,—8In(4v2g,)+—=—+8+0(q,) . (6.3)
0 0 V240 0

Define y by y =4V 2g,x. Then

3
=1 |90} regq— 1 dy
G“'IU—Z'\/E” q fo 0(1 |COS€|)[COSZG};4—SE
0(q?)
+ =2 (6.4)
q
where now
14+y2—V2g,(81ny +£—&;)
cose= (6.5)

2y
Now assume that (£ —§&;) is of order 1 (so that we are re-

stricting attention to the region immediately surrounding
the weak shock). Lety=1+[V2g,(§—&,)]'/*z. Then

cose:1+%(g—goxzz—1>+q3/2f(z>+0(qg) ,
(6.6)
where f(z)=—f(—2z) [the explicit form of f(z) may be
easily found, but it is not important here]. Using Eq.

(6.6) it is not difficult to show that
~1 |9 |, 0(qd)

G =Gyp=—+~ |— (6.7
I 1=505 g e )

if 3 <&, while if £, > £ then they both vanish [there is no
q3/? /q® term in Eq. (6.7) because f (z) is odd].

Let us now examine the behavior of the source func-
tions S(qg,r9) and T(qy,ry) in this region [where &, is
O(1) and g, <<1] of the (gy,ry) plane. From Eq. (5.4)

we have
Arg=V2g,(81Iny +ry)—(1+y2)+2p cos¢’ .  (6.8)

Define K@=Arg/2q0 and x =y /4V2 g, then using Eq.
(6.3) we find

Arg=8lnx +£,+8+8x cosp' — 16V 2go(x>—1),  (6.9)

T(qo,r0)=(q0)—4{201(§0)e'1'(§0)+2b1(§o)e'1'(§o)

—1 1 dx
2V2n (4\/2q)3f o 'COSGI)[COSZGJ i

—2b1(&ple(&9)+[b1(50)]

(6.1)
x *sine
[
and, to lowest order in g
—8\/—2 © r — dxd¢’
= ! A s
fo fo cos(2¢4")0(Arg) .
8‘/2 cosd! O(Arg)ﬂ (6.10)
8\/2 0(Ats 2) dx oiQ
x

(where in each case the terms that have been neglected
are of order gylng, times the leading term). Each of the
functions in Eq. (6.10) will possess a series expansion in
qo- Thatis

e=%[el(§o>+qoln(qo)e2(§o)+ ], (6.11a)
0

— L (b€ FaolnlglbsE)+ -+ 1, (6.11b)
qd0

a=‘17[01<§o)+401n(qo>a2(§0)+ e ] (6.11c)

90

[Among the functions a;(&,), only a,(&,) will be used in
this section, and the notation of Eq. (6.11c) will not be
used in any other section. There is thus no risk of con-

fusion with the functions ay(7/u),a,(#/u), . . . appear-
ing in the series (1.2).]
Now
9 9 9 | |8
dq dg dq |, |9 |,
(6.12)

ilzi
arq 8§q

and when g is small (3¢/8q),=1/V24%+0(1/g). Sub-
stituting Eqgs. (6.11,12) into Egs. (5.8,9) we find that in the
region of interest

S(g0,70)=(q0) ™ *{2b(£pdey (6)—[b](&)T?

’ ’ ln(qo)
+2b1(§0)31(§0)}+0 3
(qO)
(6.13)
and
In(qq)
2—2e,(Ege? ()} + (q;’3 . 6.14)
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and therefore
S +T:(qO)44{2[01(§0)+2b1(§0)"’€l(§0)]€1,(§0)}

In(g,)
(qO )3

(6.15)

This expression may be simplified using the harmonic
(de Donder) gauge conditions (I4.2) relating the first-
order metric functions E, B, A defined in Eq. (5.2). These
conditions give

1 2

AU+—B+Bp=O, BU——E—EP=O. (6.16)
vy , A ,
Written in terms of e, b, and a, Eq. (6.16) becomes
~V2a,—2b—2gb ,+8b ,=0,
(6.17)

—V2b ,+2ge ,—8e ,=0 .

r

Substituting Egs. (6.11), (6.12) into the above we find
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and hence
a (&) +2b,(§y)—e(§y)=A (const) . (6.19)

We can find A most easily by examining the behavior of
e, b, and a in Eq. (6.10) as §;— — . Now if {y<<—1
then Arg will be zero unless x is large. This implies that
limg | by(§p)=lim, _a,(§,)=0, since there are
factors of x 2 and x 3 in the integrands of b and e, re-
spectively. From Eq. (6.10),

_ —4V2
e=
mqg

where cose=(1/8x)[16V2gy(x>—1)—(81Inx +&,+8)].
We recall here that the standard notation g (z)=o(f(z))
as z—0 means that g(z)/f (z)—0 as z—0. In Eq. (6.20),
the o(qy ') term refers to the limit g,—0. When
§o << —1 the lower bound on x is x; =~ —(£,+8)/8 and
the upper bound is x, ~1/2V'2q,. Hence

sin(ze)ix’i+o<q0") , (6.20)

Icosel <1

— 271172
lim e= —8v2 lim foo —(§o+8) | | Et8 dx
fg— — TGy [&—— ¥ (188 8x 8x X
1/2V2g _ R
—l-fo 02\/2q0x\/1—(2\/2q0x)2‘i—x +olgo ")
_ =82 [f""y*\/(yz—l)dyﬁuf‘\/(l—zz)dz +o(gg ")
Tq, 1 0 0
—4vH
=2 g 6.21)
90

Thus limgo_,_wel(go)=-_4\/§, giving A=4V2 in Eq.
(6.19), and

S(go,70)+ T (go,ro)=8V2e} (£0)g0 *
+0[In(gy)/(qy)] .
The source term contribution to d'¥'+e? is

(G S +GyTdgydry .
99 >0’710<7lv§0<§

(6.22)

In this integral dgqy,dr, may be replaced by
[0(qqg,ro)/3(&p, 1) 1dEd g, where the characteristic
coordinates &,7 are defined in_Egs. (3.10), (3.11). When
qo <<1, d(qq,7o)/d(Egme)=V"2¢3.  Substituting Eqgs.
(6.7), (6.22), into the source integral, we find the contribu-
tion to d®+e? from the region where 7, is large and &,
is of order 1 to be
1 n & A ”"

?IA f_m[—4\/2q(,e1 (Eg)+0(go)1dEdmg - (6.23)
Here & and 7 are the coordinates of the field point and A

is a lower cut-off which is O (1) (with respect to 1) but is
sufficiently large that the series expansions derived earlier

[

are valid at 9,=A. Since V2g,=1/m,+0(1n, ") in the
region of interest, (6.23) reduces to

—ime'l(g)+terms of O(g3) and less .

: (6.24)

The contribution to D'?’+ E? from the logarithmic term
is therefore

4Inny ,
- q3pf]e1(§). (6.25)
Now
—~ 1
- Vig)— — —
E=r+8In4VIg)— 5 —8+0(g),
n=r+0(lnq) ,
r=8In(v, )—\/Ev, =up?,
P 7 P (6.26)
p=|r|sinf ,
v=%(—2lr1sin2g—7) :
1 , 60
= —— __.+
u ‘/2(2|rlcos 5 ),
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where 7=t —|r| is a retarded time coordinate. Hence
(6.25) equals

_ in2
43 In|r| +1n(2sin%0/2) tanzgseczge’l(T)
|| 2 2
1
+o|—1, (6.27)
|r|
where
T=Tsec2g—8ln ZLI:’GQ +81n8—8 .

(Note that we are still using dimensionless coordinates

i

2M

ds’=v*!1— |1—-=—+0 €1
?

=7 |47 -2

1
1+0 | =

2

+#2[1+=<+0
?

L ] ]d§2+? %in20
?2

We shall endeavor to put our metric in this form, to first
order in e 2%, by searching for an explicit coordinate
transformation from our harmonic gauge to a Bondi
gauge.

The first-order metric perturbation h}}’ is given by
Eq. (5.2) in terms of the metric functions E =p~2e, B
=p~3b and 4=p ‘a [Eq. (5.1)]. In the asymptotic re-
gion of space-time “near” J*, e=e,(£)/q]+o(g™ ),
b={le,(£)—eo1/g*} +o(q ™) and a=—{[e,(£)—eo]/
g’} +o(g™?), where eo=limg_, _,e,(§)=—4V2. Hence
[using Eq. (6.26)]

sec?6/2 —1
=S8/ + )
E \/ir eI(T) O(r )
2
B=w[e,(ﬂ“eo]+°(’_l)’ (6.29)
2 2
4= v2tan%6/2 sec’0/2 [e,(T)—eg]+o(r ),

r

where T was defined after Eq. (6.27). Now transforming
Eq. (5.2) to coordinates (7,r,6,¢) in which the back-
ground metric is flat space-time in the Bondi form (6.28),

ds*=+v[—d7?—2drdr+rid6*+sin’0d¢>)],  (6.30)

we find

d?d’r’—2[

2 0|1 2
1 ?+0[?2Hd¢ ]

here.)

It is easy to see that the contribution to D‘*+E®@
from the source region in which g, and r, are O(1) is
O(1/]r]); while that from the region where 7, is large
and &, is O(1/q,) (i.e., between the weak-shock region
and the initial surface) is o(1/|r|). The contribution
from the surface term (5.19) is also O(1/|r|). Hence
(6.27) contains the only Inr/r term in D'P+E? (from
here on write r instead of |r| since there will be no danger
of confusion with the two-dimensional (2D) coordinate of
that name).

We shall now show that this Inr /r term is eliminated
from h %) when we transform to a Bondi coordinate sys-
tem. In such a coordinate system the metric has the form

(3]

(8c/86+2cc0t9)+0 % »d?db

(6.28)

—tan®@ /2sec’6/2 -
h)= Var [e)(T)—eo]+o(r 1),
hl=o0(r"1,

tand /2 sec’6/2 -
B =y s [e,(T)—egl+ol(r l)l )
hyY=0,

—2v7sin2
hD= 2\/2:1n 6/2 eg+o(r),

(6.31)
rY=r [__—\/itanOr/Z cos6 eg+o(r™h) ] )
1 —
h’¢ “‘0 )
—sec?0/2 2V25in’6/2
pl) —=,2 | Z8€C Y972, ()4 e
00 — T Var r °
+o(r_')] )
) —
h(git _0 »
2
_ 2. 2| 8€c”0/2 -1
h'yy =r?sin’0 v e (T)+o(r )]-
If we make a gauge transformation
r=~Ff+e 2%, r=t+e %, 9=§+e—2a§§ (6.32)

of the flat background metric (6.30), then (6.30) trans-
forms to



688 P. D. D’EATH AND P. N. PAYNE 46

ds’=—d#2—2d7d? +7 Ad O +sin’Hd ¢?)
+e-2a[ —2(§?’?+§?,?)d

2=UE,, HE, , tE, AP AR =26, AP = 2E, 4 E, g 17, NdPdO

—2E, 5=y, AP dO+2(PE, +7 2, A0 +2(PE,sin?0+7 sind cosbE)d 2] +O(e H) (6.33)
f

If £, is to transform the metric into Bondi form then §,,  explicitly,
&,, and &, must all possess series expansions in 7. That is, f1(‘7'\:§) B —V/3sin2(6 /2 o ot

E=F1(A0IP +f,(7,0)+0(1), P olr

o —V2sin%(6/2)e
£,=g,(A0)InP +g,(5,8)+0 (1), (6.34) = - 0 L0o(e 2, (6.35)
N A . 7
§g=h(7.0) # + rh 2(7,0) o7 ) and so f(#,6)=—V2e,sin¥(6/2). [The O (e 2%) term is

Let i/}’8 denote the Bondi metric perturbatlons and k¥
the harmomc ones. Clearly, h,""—2¢, . =h". More

A

— éseczgel(TH-Z\/a”r‘ sinzge0+2

A v 9
‘/2 gl(T,9)+

The corresponding ¢¢ equation is

V2

The 7 In? terms must vamsh in both these equations, and
so 0h, (7,6)/89 cotBh (% 9) which when mtegratEd
yields h (T,O)-k(f smO [whence g.(5 8)=—k(#)cosd).
Multlplymg Eq. (6.36) by sin®d and adding it to Eq. (6.37)
leads to

~ 50 R N
V2sin’ e, +2g,(7,0)+ — +cotbh,(F,6)=0,
2 a6
(6.38)
while subtracting yields
A~ 2é\ A zé\
—V2sec 5e,(T)+2\/25m ¢
3h,(7,6) A A 2a. ()
——— —cotbh,(5,0) | =4e“%c""’ . (6.39)
The most general form that ¢ (7,0 0) can take is
e | —sec?8/2 6
c=e ? [—72— (T)+ ‘/Esmzieo
—[a B)cotd—a’"(9)] | +0(e %) . (6.40)

[The 78 equation, E.0T8;, 9—" de ,=0(1), implies that
the time-varying part of £,is o ( ~1). Then Eq. (6.38) en-
sures that the time-dependent part of £, is o(1). Hence

h (%
30

T in2Bsec? %e,(TH—Zssz{ [g,(7,0)+coth, (#,0) ] In® +[g,(#,0)+cotdh,(£,0)1p] = — 27 sin?he2%c V).

irrelevant here since it affects only the second- and
higher- order metric perturbations.] Also, k% +2(P€,

+7 %65 5)=h'yy”, which when written out in full is
o Omy(£,0) ra (1)
?InP+ (g,(F,0)+ 20 ?l=2Pe %" . (6.36)

(6.37)
[
lim ? ~(sind) 20k )P /37= lim r ~'(sin6) " 23h Y, /37 ,
P— r— oo
which  proves  rigorously that the formula
cg)=—1te *lim,_ r '(sin@) " Adh YY" /37) used in

Sec. IV of paper I to derive the first-order news function
is correct, and leads directly to Eq. (6.40). In Eq. (6.40)
the derivative of the first term is the news function found
previously, the second term is included for convenience,
and the third term incorporates the supertranslation free-
dom [3].]

Since the time-dependent parts of £, and &, are o(1)
and o7 respectively,  g;(F, 6) Zg,-(é\) and
h,(#,8)=h,(8); whence k(#)=K. Now combining Egs.
(6.39) and (6.40) we find

oh, (A 0) (6.41)

—cot@hz(§)=a’(§)cot§—a”(§) .

Therefore h,(8)=L sind—a'(9), whence from Eq. (6.38),

82(9):72'81

8,
2

—L cosb+ %a"(§)+ %coté\a’( 9).

The #7 equation, bV =hVH_—2(&, A+§? .), now im-
plies that 3f;(%,8) /af 0, and so f,(%,0 f(9). Mak-
ing the appropriate substitutions, the ?0 equatxon is
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5o 8 s ~1_ 5 o8 . o A
—\/2tan5c059e0—2 ‘/—Esmeeoln’t’-i- ~— —K sinf(1—In?)+Lsinf—a'(§) | =0 . (6.42)
Therefore K =e,/V'2, and
3f,(8) 9 AL A
fazé =V%e0tan§—Lsme+a'<o). (6.43)

Hence f 2(0)— —\/Zeoln[cos(e/ 2)] +L cos0+a(0) where the constant of integration has been absorbed into a(8). If
we now examine the forms of f 2(0) g5l (8), and h, (9), we find that all the terms in L may be eliminated by redefining
a(9). In sum,

A A

§?=—\/§sin2—g—eoln’?—\/§eoln cosg +a(@)+o(1),
—1 €9 i) 1 d .. A, A
=— P — —=sin’ ~—= (@)]+o(1),
A 7 —=e,cos In 75 sin 2+Zsin9 de[sm@a( )]+o(1)
1 Aln?  a'(6) -
s=——=eysinf—————+o(? ') . (6.44)
56~ v2° ? ?

(It is obvious that the 78 and 77 equations are satisfied to the appropriate order in 7.)
In our harmonic gauge

secz(6/2)e1(T)
V2r

If we now apply the transformation given by (6.44), then the new g, is

844 =V'r’sin’0[1+e > +e *H(DP+E)+0(e*)+o(r )] . (6.45)
b4

152 L | (1/V2)sec?(0/2)e (T)—V 2sin*(8/2)ey —[a'()cotd—a (D))
84 =V sin?d {1+e 5
+e *YDP+E?)+0(e ) +0(?7") ] : (6.46)
Let
T=rsec? |— |—8In 2—@“—?@—) +8In8—8 .
Then
T=T+e? sec; —V/2sin? —o—eoln? V2e4ln cosg +a(d) |+o(1)+0(e %) . (6.47)

Hence

(1/V2)secX(8/2)e,(T)—V 2sin%(8/2)ey—[a'(B)cotd—a"(H)]

1+e*2“(

g¢¢ = Vzr ZSin2§

?
4 ~ _ ~ _ ~ ~
+e 4 lD(2)+E‘2’+ 71_2—&(;9—/—21[ —1/2sin2geoln?—\/2eoln cosg +a(8)]e i (T)
+O(e_6“)+o(?_1)‘. (6.48)
I
The logarithmic term in D'+ E? is [from (6.27)] (6.48). There is also a term of the form “e( T) times an
8 lnr arbitrary function of 8” in the e ~*® term in Eq. (6.48).
eotanzzsec WT— (6.49)  We postpone to Sec. VIII any discussion of this term,

which at first sight seems to make the second-order news
which is clearly canceled by the other (In?)/? term in Eq.  function ill-defined.
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VII. TRANSFORMING TO A BONDI GAUGE
AT SECOND ORDER

We shall now investigate the relationship between the
harmonic and Bondi gauges at second order in e 2% In
other words, we shall consider gauge transformations of
the form

P4e *2a§?+e *4(15(?2) ,

-
— -2 —4ag(2)
r=?+e “§?+e “§? s

—n -2 —dag(2)
0=0+e 2%, +e 4L

and examine some of the properties that §(2 must have if

of é‘m and g(}) are o(1) and o (? 1) respectively, so that
the effect of é‘m on the time-varying part of 4 ¢ iso (7).
If we apply (7.1) to the flat-space metric (6.30), then the
e ~** term in the transformed metric in the hatted coordi-
nate system will consist of two terms. The first will be
identical to the e ~2® term in Eq. (6.33), except that [
will be replaced by gﬁf’. The second term will have sub-
terms that are each quadratic in §, and its first deriva-
tives. Using Eq. (6.44) one can show that it has the form
e *o(r "Hd?2+o(® NdFdP+o0(1)d7dO
+o(? “Nd? 240 (1)d? dB+o0(r)dB2+0(?)d4] .

(7.2)

(7,7, 9 ¢) is to be a Bondi coordinate system. More
specifically, we shall show that the time-dependent parts The first-order metric e ~ 2%} H#(x ) transforms to
I
e T2 RHR e T2nHR DE)(82+e 2L )(Bh +e 2D )+ 0 (e ) . (7.3)
If we write out the e ~** term in Eq. (7.3) in full, we find that it has the form
e ([ fn(%,8) @+f 7, ; +o(® YR+ [ fn(£,0n? + fn(£,0)+0(1)]d7dO+0(? ~Nd7d?
+o(? “\)dP 240 (1)dP d+[ A(%,8)? In? +B(7,8)p +0(?)]d >
+5in%0] — A(#,0)7 InP — B (£,07 + fn(8PIn? + fn (9% +0(?)1d¢*} , (7.4)
I
where the explicit forms of each fn and of 4 and Bcan 0  _ ) 4 6in@ E?—cos F2'+ 1sin6 G2
be calculated using Egs. (6.31) and (6.44). or (=8 s cos 2
There is, of course, also a contribution to the second- i (2)y— —1 (7.6b)
order hatted metric from APH itself. Clearly 78in6 A7) =o(r 1),
e“‘“h(Z’Hab(x”) transforms to e **hPH (%) 3 @) e 2) 1 2) 2)
a 9 (_ — —1L +cos6 D
+0(e %). The second-order metric perturbations 81'( ¢ sinf F 16080 G cos
h'PH | may be written as — Icosh A =0(rY) . (1.60)
B PH= 4 p2H= ;" 1xB? Now
h (2)H — B2 pWH=CQ) h,(f’H=A(2)+2cosGC(2)+2sin9B(2)+cos29Gm
Y - ’ +5in(20)F ' +sin*0(D P —E'?) (1.7
ROH=G2) pOH— =1y p® (1.5) s :
zz ’ zZX

(y2_x2)p-2E(2) ,
h;}%)H:D(Z)+(x2_y2)p—2E(2) .
(I5.16")

hz‘yz’H=p"yF‘2’,

hg)ﬂz —2xpp2EW),

RDH=D® 4

Each of the functions 4%, ..., G? in Eq. (7.5) will pos-
sess a series expansion of the form
fn(#,0 [lnr /P14 fn( 1', /r]+o (*~1).  When ex-
pressed in terms of A .,G?, the second-order
gauge conditions & mab,b=0 are

BE)—(%A(2’+D‘2’+%G(2’+sin93(2)+cos9 C®)=o(r71,
-

(7.6a)

Multiplying Eq. (7.6b) by sinf and adding it to cosf
times Eq. (7.6¢), we find that

h(Z)H_

T

o(r Y. (7.8)

Similarly one can show that

h§=o0(1), h;@ff-FsinZOh(oZg’f—o( r .

£2) must be of the form

(7.9)

£ = fn( (£,0)(In? )2+ fn(£,0)InP + fn(£,0)+0(1),

5? =fn(1’>,9)(1nr)2+fn(r,9)ln?+fn(7“,9)+o(1)
(7.10)

A~

gg’=-;—[fn(?,ﬁ)(ln?)2+fn($,§)1n?+fn(ae)+o(1)] .
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Collecting together all the contributions to the second-
order hatted metric, we find that if the hat/t\ed coordinate
system is to be Bondi then the e “**d#d term implies
that

(7.11)

lim ? ~!(sin®)~%h }2 = lim [r ~'(sin0) "2h 3" + terms which can be calculated using only h},¥ and £,] .

P r—o

Thus, when calculating the second-order news function,
(az) need not be found explicitly, which is what we set out

to prove.

VIII. THE AMBIGUITY IN THE SECOND-ORDER
NEWS FUNCTION CAUSED
BY THE SUPERTRANSITION FREEDOM

We saw earlier that in addition to the (In?)/# term
(6.49), the In7 /¢ °p* term (6.25) contributes

_ .2 A P
—4v/3 102510 (0/2)) tanz—qseczge; (T
to hZ? [see Eq. (6.27)]. Also, in addition to the (In?)/?

term in Eq. (6.48), the gauge transformation (6.44) intro-
duces a term

and so £§.=0(? ~'). In addition, the e ~**d¢? term add-
ed to sin’f times the e ~*d§? term implies that
2£Psind+7(sinbEP)) ;= fn(O)np + fn()+o(1)
(7.12)
and thus £/?)=0(1). Therefore

(7.13)

—

1 sec*(6/2) _é\_

e(T)
V2

81n |cos +a(d)

(8]

into hfﬁ;”. There is also a contribution to hfﬁb’B from the

surface integral (5.19): it is of the form
tan2 2 gec2 & 1)
2 2 %
The rest of the source integral [ [(G S+ Gy T)dgydr,
of Eq. (5.20) also contributes a term of the form

nz—e—seczg————fn( ) .

ta2 > >

In total, the 1/? term in h {3)® has the form

2 A 2A ' A A h
?zsinze[tan (B/2)5ec*0/2) {B(G)cot@ B0
» »
4 P o~ ~ _ ~ ~
+ 802 | 43 Zin |25 2 | +4V21n cos2 | +a(d) e;(?)}. (8.1)
r

The angular dependence of the first term is expected
from the analysis in Sec. V of paper I, where we found
the form which the sin®d series (1.2) for the news function
would take in the boosted frame. The second term,
which is time independent, incorporates the standard su-
pertranslation freedom. The additional terms, however,
are somewhat unexpected. The In(2sin%(8/2)) and
In(cos(6/2)) terms, when transformed to the center-of-
mass frame, do not have an angular dependence of sin?8.
There is, as well, the term

PP
5ec1972) e (1)
?
where a(8) is arbitrary, which seems to make the
second-order news function ambiguous.

Moreover, there is an additional problem. We recall
from Sec. IV of paper I that e (T) diverges as In| 7’| near

T'=0. In addition, one can show that the function fn(T)
in the first term in (8.1) contains a certain (and calculable
[14]) amount of In|7| singularity. Hence the second-
order news function, which is related directly to the time
derivative of (8.1), will contain 1/7 singular terms, which
are not square integrable. And yet the news function
must be square integrable, in order that the mass loss be
finite.

It is, in fact, not difficult to resolve these puzzles. Con-
sider any Bondi metric in which the various metric func-
tions all have series expansions in powers of some pertur-
bation parameter €. In particular, the function ¢ in Eq.
(6.28) will have the form

c(1,0)=Ay(1,0)+€4,(1,0)+€*4,(1,0)+ - -- . (8.2)
Now suppose we make a supertranslation
r=7+€f1(0)+EXf,(0)+ - - - (8.3)
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(note that 7~r, and that =6 on J*'). Then ¢ is un-
changed, apart from the addition of a time-independent
term [3]:

= S A, |7+ 30,0 +g(6), (8.4
=0 i=1
where
g(9)=% S €lf1(8)cotf—£1(6)] .
i=1

But if we now expand out each 4; we find

T(T,0)= Ao(T,0)+e[ 4,(7,0)+f,(8) 45(7,0)]
+ €[ A,(7,0)+L(f,(0))* 45 (7,6)
+£2(0) A(F,0)+f1(0) A1 (F,0)]+ - - +g(6),
(8.5)
where '=09/9r.

The barred and unbarred coordinate systems are physi-
cally indistinguishable, since it is impossible to tell what
supertranslation state one is in. Owing to this complete
freedom in the choice of origin of retarded time, only the
leading term in the perturbation expansion for ¢ (and the
news function ¢;) is unambiguously determined —all the
higher-order terms being uncertain to the extent shown
in Eq. (8.5). Of course the magnitude of the total news
function, given by the sum of the series, remains un-
changed; thus the amplitude of the gravitational radia-
tion, which is the physically 51gn1ﬁcant quantity, is well
defined. We also note that f * (co)’dT remains invari-
ant at each order in €.

Such behavior is not limited just to perturbative news

functions. A general news function cy(7,6) ‘“‘super-
translates” to co(7+ f(8),0). We can then (at least for-
mally) expand out in powers of f(8), to obtain

0)+ f(0)cy(7,0)+Lf(0)cy (7,0)+ - -

(In this way an isotropic distribution of radiation could
be made to look nonisotropic.) However, as in the pertur-
bative case, the magnitude of the news function at any
given point on J* remains unchanged and none of the
additional terms contribute to [ _(c)’dr.

We see from Eq. (8.5) that the second order g,, may
contain an arbitrary multiple of the time derivative of the
first-order g4,. This explams the origin of all the el(f)
terms in Eq. (8.1). The In( T) term in fn(T) must also be
due to an e}(T) term that has been introduced by the

“wrong” choice of supertranslation state. All these terms
may therefore be eliminated by making an appropriate
supertranslation. In fact, since it is the center-of-mass
news function that we would like to be manifestly square
integrable, we shall choose a(8) in Eq. (8.1) [and Eq.
(6.44)] to ensure that, on matching back to the center-of-
mass frame, the coefficient a,(#/u) of sin’d in Eq. (1.2)
contains no 1/7 term near T'=0.

In a way, it is fortunate that our news function is
singular, for otherwise we would have no way of telling

how much of ag is contained in a,. The correct amount
can be given in analytic form as an integral [14], but here
we simply quote a numerical value. Let us describe the
radiative part of the second-order grav1tatlonal field in
terms of the quantity (d 2+2?)=g3d?+¢?). We
assume that the logarithmic (gauge) part of this quantity
near null mﬁmty has been subtracted off, and denote by

d P(€)+2 ?(£) the remaining O(1) part near J*. This
1s related to the second-order asymptotic metric function

? by

A

0

_ , 6
2= Y 404,29 @ )1, (8.6)
c ‘/2 tan? 2sec [d (&)+ §]
where
§=7A'seczg—8ln 2tan(0/2) | L g1ng—3 .
v

The integral expression in Ref. §14] shows that the nu-
merical coefficient of In|£| in d'2(£)+2 P(£) is 4.21867.
Further, the coefficient of In|£| in e} (£) may be shown to
be V2 /7. In the numerical calculation we therefore sub-
tract (7/V'2)X4.21867X e} (£) from d 2/(€)+2¢ (&) be-
fore differentiating to find the news function.

IX. COMMENTS

In this paper we have seen how the second-order per-
turbation problem in the axisymmetric speed-of-light col-
lision can be reduced to a problem in two independent
variables, by exploiting the conformal symmetry (2.10) at
each order of perturbation theory. The second-order
metric coefficients can then be expressed in terms of two-
dimensional integrals of a Green function multiplying a
source function, plus surface contributions. Although
the resulting metric is not in a Bondi gauge at null
infinity, gauge transformations can be found which put it
into Bondi gauge. This allows one to read off the
second-order news function, which gives the sin8 part of
the strong-field gravitational radiation pattern (1.2), in
addition to allowing a further investigation of the new
mass-loss formula described in Sec. VI of paper I. These
results are presented and discussed in the following paper
IIL.

Clearly a large amount of numerical work is involved
in the computation of the integrals giving the O (1) radia-
tive part of d ®'+2 ? at null infinity, as a function of &
or 7. We do not discuss this numerical work here; a
somewhat detailed treatment is given in Ref. [14]. Never-
theless we should remark on two of the difficulties which
must be overcome numerically. First, the logarithmic
terms in d ¥ +2 @ near null infinity must be carefully
subtracted off numerically, leaving the O (1) part which
carries the information about gravitational waves.
Second, the separate contributions from the surface term
(dP+e?) ¢ of Eq. (5.19) and from the volume contri-
bution to d ¥ +e? grow exponentially at late times, the
exponential terms canceling each other in the complete
d®+e'?. This requires very high accuracy in the com-



putation when £ is only moderately large and positive.
This possibility for exponential behavior, already men-
tioned in Sec. III of paper I, may actually be realized in
some of the higher-order metric perturbations, as will be
discussed in paper III.
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