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The dynamics of partons in ultrarelativistic Au+ Au collisions in the future collider exper-
iments at the BNL Relativistic Heavy Ion Collider and the CERN Large Hadron Collider during
the first 3 fm/c is simulated in full six-dimensional phase space within a parton cascade model to
compute the entropy production and the space-time-dependent energy densities, temperatures, etc. ,
in the central collision region. The partons' evolution from preequilibrium towards the formation of
a thermalized quark-gluon plasma is investigated and compared to the Bjorken scenario. Moreover,
an equation of state is extracted together with initial conditions for the further hydrodynamical
space-time evolution of the matter. For central ' Au+' Au collisions with ~s = 200—6300A GeV
the predictions for the energy densities and associated temperatures at t = 3 fm/c after the first
instant of the collisions are e =15—31 GeV/fm and T =297—343 MeV, respectively. The multiplicity
of final pions from the plasma is estimated from the amount of entropy produced, yielding a huge
dN /dy —1900 3400

PACS number(s): 25 75 +r, .12.3. 8.Bx, 12.38.Mh, 24.85.+p

I. INTRODUCTION

The production and observation of quark-gluon plas-
mas in ultrarelativistic heavy-ion collisions is one of the
most ambitious goals of the experimental program of the
Relativistic Heavy Ion Collider (RHIC) at Brookhaven
and the Large Hadron Collider (LAC) at CERN. It
is expected that very shortly (within a fraction of a
fm/c) after the nuclei begin to overlap a large number
of quarks and gluons are "freed" through frequent scat-
terings, eventually forming a hot, dense plasma of uncon-
fined partons during the first few fm/c. Two of the most
crucial questions in this context are the following: First,
does the system reach a state of thermal (and chemical)
equilibrium with sufficiently large volume and lifetime
so that it may leave characteristic marks which survive
the complex evolution from the deconfined quark-gluon
phase to the hadronization yielding the final observed
particles'? Second, what are the signals that enable one
to observe the formation of quark-gluon plasmas during
the first 2—3 fm/c or so in the final particle spectra?
Numerous theoretical papers addressing the properties
and possible unambiguous signatures of this new form
of matter have been published [1—3]. The most promi-
nent proposed characteristic features are the spectra of
photons [4—9] and dileptons [4,10—13] produced during
the early stage of the collisions as w'ell as the amount
of strangeness [14—16] and charm [17—19) in the observed
hadronic fragments. In studying the space-time evolu-
tion of a quark-gluon plasma, once it has been formed, it
is usually assumed that relativistic hydrodynamics is ap-
plicable [20—26]. However, the validity of this convenient
assumption remains to be checked. Puthermore, even if a
hydrodynamical description is appropriate, one faces the
problem of fixing the boundary and initial conditions as
well as the equation of state. The major uncertainties are

the initial conditions, since these depend on the poorly
understood preequilibrium stage of the collision, that is,
the space-time evolution of the collisions from the mo-
ment of nuclear overlap to the actual establishment of an
equilibrated quark-gluon plasma.

The purpose of this paper is to examine these ques-
tions systematically within a realistic model, the parton
cascade model presented in Refs. [27,28]. This model is
based on the parton picture of hadronic interactions. It
describes the preequilibrium dynamics of high-energy nu-
clear collisions in terms of the time evolution of the par-
ton distributions in six-dimensional phase space by solv-
ing an appropriate transport equation in which the quark
and gluon interactions are included within renormaliza-
tion group improved perturbative /CD. A nuclear colli-
sion is described as a sequence of multiple hard and soft
parton-parton scatterings and associated parton emission
and absorption processes. In Ref. [28] I studied the mi-
croscopic characteristics of the space-time evolution of
the partons during the preequilibrium stage of A+ A col-
lisions with center-of-mass energy v s = 200A GeV (A=
mass number of the nuclei) and investigated the approach
to an equilibrated quark-gluon plasma state in the cen-
tral collision region. As a continuation, I will focus in
the present paper on the macroscopic, thermodynamic
properties of the parton system and discuss the observ-
able implications. I will report on the results of sim-
ulations of central 9 Au+ Au collisions with various
beam energies from RHIC (~s = 200A GeV) up to LHC
(~s = 6300A GeV). The time evolution of the energy,
particle, and entropy densities is analyzed as the par-
tons thermalize, from which the corresponding equation
of state is extracted. In particular, I find for ~s = 200—
6300A GeV, at t = 3 fm/c after the nuclei have touched,
energy densities e = 15—31 GeV fm 3, particle densities
n =17.5—28 fm 3, specific entropies s/n =3.9—4.3, cor-
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responding to temperatures of T =297—343 MeV. The
extracted effective equation of state can be represented
as p(T) = a(T) T, interrelating the pressure and the
beam energy-dependent temperature T = T(~s). This
equation of state includes the bulk of effects associated
with parton interactions, finite quark masses, and a non-
vanishing baryon-number density residing in the central
collision region, important points which are generally ne-
glected due to great complexity. To the best of my knowl-

edge, this is the first attempt to rigorously extract real-
istic initial conditions for a hydrodynamical description
of the further space-time evolution.

In this context the invariant total entropy produced
during a nuclear collision plays an especially important
role for several reasons.

(i) The entropy is a measure of equilibration. Its spe-
cific time development, as it approaches its asymptotic
value during the nuclear collision, determines the equi-
libration time scale. It is an extensive quantity that
is conserved throughout the subsequent hydrodynamical
expansion [20].

(ii) In equilibrium the entropy density is simply re-
lated, via Gibb's law, to the energy density or particle
density and the temperature of the system. Thus by
calculating the local entropy density and the associated
energy density, the corresponding temperatures can be
extracted.

(iii) Most important for experimental detection, the
entropy is a powerful tool for diagnosing quark-gluon
matter. The amount of entropy produced can be inde-
pendently determined by measuring the multiplicity of
final pions dN+++ ~/dy, thereby providing a quantita-
tive method for analyzing quark-gluon plasmas [20,21].
Furthermore, the amount of entropy produced is also re-
flected in the photon and dilepton emission rates from a
plasma [10,11].

The outline of the paper is as follows. In Sec. II the
general framework for calculating entropy, energy densi-
ties and number densities from the parton distributions
is introduced. I will briefly review the widely employed
Bjorken model [21) of the early space-time evolution in
order to set the stage for a quantitative comparison with
the results of the parton cascade model calculations.
Also, it is pointed out how the total produced entropy
is related to the observable multiplicity of pions. In Sec.
III the actual details of the entropy computation with
statistical methods are presented. It will be examined
how the necessary discretization of phase space into cells
affects the accuracy of the results and what the require-

l

ments for an appropriate cell configuration are. Section
IV is devoted to the results of the model calculations
for i Au+ Au collisions over a range of beam ener-
gies ~s =200—6300A GeV. The time evolution of the
entropy, energy, and particle densities as the partons in
the central region thermalize, as well as the beam energy
dependence, will be shown. An effective equation of state
plus initial conditions for a Quid dynamical expansion of
the plasma will be extracted which are compared to the
case of an ideal gas of noninteracting massless quarks
and gluons —one of the approximations of the Bjorken
picture. Finally, I will discuss the implications for the
multiplicity of secondary hadrons (pions) produced from
quark-gluon plasmas, which is observable in the experi-
ments.

II. PARTON DYNAMICS AND ENTROPY
PRODUCTION

A. Kinetic framework

In the kinetic framework of the parton cascade model
[27,28) the time evolution of nuclear collisions is described
by time-dependent single-particle distributions for the
various parton species in the six-dimensional phase space:
E~(r, p). Here r = r" = (t, r) and p:—p)' = (po, p) where
po = E = gp + )7i + Mz with m~ denoting the flavor-
dependent quark rest mass and M a possible invariant
virtual mass for partons that are off mass shell. The sub-
script a specifies the type of parton, a = qy, qf, g (quarks,
antiquarks of flavor f, and gluons). The time evolution
of the distribution functions is governed by a relativistic
transport equation of the form (8„—= 8/Br)'):

p"B„F(r, p) =
processes A;

The collision term on the right-hand side of the equation
balances the various mechanisms by which partons may
be gained or lost in an infinitesimal phase-space volume
around r and p at time t through mutual interactions
among the quanta. It is a sum of Lorentz-invariant colli-
sion integrals I corresponding to the contributing in-
teraction processes in which at least one parton of type
a is involved.

The local space-time-dependent particle four-flow, en-
tropy four-flow and energy-momentum tensor of the total
system of partons are given by [29] (5 = c = 1)

~"()=
a=g, qf, qf

d3
ss(r) = —7s s s p" (Fs(r p)(n[ps(r p)) [i+ ps(r p)[In[i+ ps(r, p)f}2~ 'p'

d3) p p" ( p' (rp)ln[p (rp)[+ [I —F (r, )[l [1p—pn(r, )[}, p
a=qf, qf

):
a=g, qf, qf

(2)
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The factors p~ are the products of spin and color degen-
eracy, p~ = 2 x 8 for gluons and p~ = p~ = 2 x 3 for quarks
and antiquarks. In the expression for s~, the first term
is the gluon contribution, taking into account the Bose-
Einstein statistics, whereas the second term is a sum over
all quark and antiquark flavors with Fermi-Dirac statis-
tics. Prom these equations the invariant scalars of num-
ber density, entropy density, and energy density, respec-
tively, are obtained by contracting with the local flow
velocity

u"(r) = n"(r)/v'n„n

so that

(3)

n(r) = n„(r)u" (r),
()= () "()

s(r) = T&-(r) u"(r)u"(r)
(4)

Here p„is the four-momentum of the particle and the
upper sign refers to fermions (quarks) and the lower sign
to bosons (gluons). A„(r)and P~(r) are space-time de-
pendent four-vectors constructed from the local flow ve-

I

These quantities can be measured in the local rest frame
of the matter where ui' = (1,0). The total number, en-

tropy, and energy of particles at a given time can there-
from be obtained by integrating over coordinate space.
As will be explained in Sec. III, the practical computa-
tion of these densities within the parton cascade model
proceeds by dividing phase space in cells and estimating
the parton distributions by counting the number of par-
tons in each cell, from which the densities are computed
in the local rest frame of the individual cells.

Relativistic kinetic theory [29] states that if the dis-
tribution functions F of the particles tend to a definite
limit as time progresses, the system develops into an equi-
librium state. In this steady state the entropy of the sys-
tem attains its maximum value. Therefore a necessary
condition for equilibrium is that the entropy production
vanishes in space-time. This condition together with the
requirement that the distribution functions must be a so-
lution of the transport equation (1) uniquely determines
their form:

1

exp [P„(p"—A")] + 1

locity u„(r),the local chemical potentials p (r) (one for
each quark species) and the inverse local temperature
P(r) = 1/T(r):

~:(r) = V-(r)u"(r)

& (r) = &(r)u"(r)
(6)

B„n"(r)=0

Whereas the first equation is a consequence of energy-
momentum conservation, the second equation follows
from (1) by integrating over dsp and the fact that the
collision term vanishes, if the system is in a thermal and
chemical equilibrium state with the distribution func-
tions taking the form (5). In the absence of dissipation
the energy-momentum tensor can be written in terms of
the proper energy density s(r), the pressure p(r) and the
local flow velocity u" (r), Eq. (3):

T""(r) = —g"' p(r) + ( r(r) + p(r)) u, "(r}u."(r) .

(8)

The details of the space-time development of the sys-
tem will depend on its equation of state s(p), or equiva-
lently, p(T), interrelating the local energy density s, pres-
sure p, and temperature T. For an ideal quark-gluon
plasma consisting of massless partons with chemical po-
tentials p for the (anti)quarks and the inclusion of par-
ton interactions up to order gsT4 within perturbative
@CD the equation of state may be derived from the ther-
modynamic potential [30,31]

A(T, V, p,~) = —V a(T, p~, g) T (9)

where

Whereas the gluon chemical potential necessarily is zero
[28,16], the quark chemical potentials p~ measure the
number of quarks minus antiquarks, i.e. , the baryon den-
sity and electric charge.

Once the system of partons has reached an equilibrium
state, its further evolution can be described within the
framework of relativistic hydrodynamics according to the
hydrodynamic equations:

o)„T""(r)= 0,

a(T, p, g) = —8+ 21 45 '. (p' tu4,
Af + I

4 2m~ - I T'2 2~2T4)a=1 a=i

2 3
g

377'
(10)

with T the temperature, V the volume, and g the
strong coupling strength taken at a typical momentum
max(T, y, ). The sums run over the quark flavors a up to
ny, the total number of contributing Qavors. The pres-
sure p = (dA/dV)~, „,the —entropy 9 = (dA/dT)v»—
etc. , follow from the standard thermodynamic relations.

The initial conditions for the hydrodynamic descrip-
tion E'o = E(to, r) or p(to, r), at a specified time t = to
when the Quid dynamical expansion of the plasma starts,
depend sensitively on the preceding space-time evolu-
tion during the preequilibrium stage. They are usually
guessed on the basis of intuitive estimates.
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s = 3p
i
1+

i
= 3 a(T) T,T Ba(T) l

s= = 4a(T)T,E+p

n =b(T) T,
(12)

In contrast with the ideal gas approximation, in this
paper the equation of state will be established for which
the initial conditions for fluid dynamics will be computed
from the characteristics of the preequilibrium dynamics
by performing realistic simulations of A+ A collisions on
the basis of the transport equation (1).

B. Space-time evolution in the Bjorken picture
versus the parton cascade model

For the purpose of illustration and to compare the
model calculations of this work with the common under-
standing of the space-time evolution of highly relativistic
nuclear collisions, recall the standard picture of a central
nuclear collision in the center-of-mass frame during the
first few fm/c [21,16,28]. The two Lorentz-contracted
nuclei, which may be imagined as two pancake-shaped
parton clouds, interpenetrate and deposit a consider-
able amount of their initial kinetic energy in interactions
among the quanta. A short time ( 1—2 fm/c) after the
maximum nuclear overlap at t = 0 fm/c and z = 0 fm
(the center of mass), the two pancakes will recede from
the collision point with the speed of light, containing a
considerable but reduced amount of the baryon number
of the initial nuclei. The central region between the pan-
cakes will quickly materialize into individual excitations
of quarks and gluons. This produced quark-gluon matter
is almost at rest and eventually develops into an equi-
librium state, forming a hot plasma which further on
expands and cools until it freezes out to yield the final
hadrons [32].

Within this picture, the Bjorken model [21] presumes
that from the point of time when equilibration is at-
tained, the expansion of the system proceeds exclu-
sively in longitudinal direction along the beam (z) axis
and is invariant under Lorentz boosts along this axis.
This implies that all local thermodynamic quantities are
functions of the proper time w = gtz —zz only, i.e.,

s(t, r~, z) = s(7), T(t, rg, z) = T(7), etc. The fluid four-
velocity is taken to be ui'(r)—:(p, pv) = (t/r, 0, 0, z/7),
so that u, = z/t Another a. ssumption of the Bjorken
scenario is that the baryon number of the initial nuclei is
assumed to reside completely in the receding beam fronts
and that the central region is ideally baryon-free. More-
over, residual interactions between the partons are ne-
glected and the particles are treated as massless, so that
the system can be treated within the ideal-gas approxi-
mation. Hence, if one concentrates on the central region
and sets in Eq. (10) g = 0 and p, = 0, one obtains, from
(9) with a(T, p, = 0, g = 0) =—a(T) the equation of state
for an ideal gas of noninteracting, massless quarks and
gluons,

p = a(T) T4

and, for the energy density, entropy density and particle-
number density, respectively,

where

( 21 ) 4.06 (ny = 2),
a(T) = —

(
16+ —nf )

=
& 5.20 (ny = 3),
, 6.36 (ng = 4),

((3) 4.14(nf = 2),
b(T) =, (16+9nf) = ~ 5.24(n& =3),

6.33 (nf = 4).

In (].3) nf = ny(T) is the effective number of quark fla-
vor degrees of freedom in the deconfined phase at high
temperatures T )200 MeV.

The equation of state (ll) is to be supplemented by
initial conditions for a hydrodynamical expansion, which
in the Bjorken scenario are crudely estimated as so =
s(Tp) 1 —10 GeV/fm and pp = p(sp) sp/3 at a
proper time rg 1 fm/c after the moment of maximum
nuclear overlap at 7 = 0 fm/c and z = 0 fm.

The aim of this work is to test these assumptions and
to check how realistic is the Bjorken scenario for the early
space-time evolution of ultrarelativistic nuclear collisions.
I will examine these questions by presenting results ob-
tained from simulations of Au + Au collsions on the ba-
sis of the parton cascade model. In particular, the model
calculations account (among many other features) for (i)
finite, flavor-dependent quark masses, (ii) interactions
among the quarks and gluons within the framework of
perturbative /CD, (iii) chemical potentials for the light
quarks which are effectively represented by the valence
quark distributions, resulting in a decreasing (with time),
but nonvanishing baryon density in the central region,
(iv) the dynamically determined, space-time-dependent
momentum distributions and the relative admixtures of
the gluons and the various quark flavors.

For the remainder of this section, I would like to recall
the important role of the entropy production in the con-
text of quantitatively observing the formation of quark-
gluon plasmas at the end of the preequilibrium stage of
nuclear collisions. First of all, the entropy is independent
of the equation of state and the initial conditions for hy-
drodynamics, because it is produced during the preequi-
librium stage and reaches its final value when the system
equilibrates, i.e. , before the conditions for hydrodynam-
ical description are satisfied. The amount of entropy is
conserved through the subsequent hydrodynamical evolu-
tion [21). Introducing the natural variables for the space-
time evoLution, namely, the momentum rapidity,

1, (Z+p, &
y = —ln

(14)
p" = (p~ coshy, p~, p~ sinhy),

and the space-time rapidity

(t+ zi
g = —ln

2 it —z)
r" = (~ cosh g, r~, ~ sinh g)

the total entropy produced by the partons contained in
an interval Ly around y = 0 at a given time is obtained



KLAUS GEIGER

by integrating the local entropy density s(r) from Eq. (4)
over position space:

S(t) = dz d r~ u" s„
= ~a~A der s(r)

—Ay/t'2

= Ay vrR~ 4a T (16)

d (dS) (17)

In order to relate S to observables, one has to assume that
the further evolution following the quark-gluon phase
proceeds adiabatically through the mixed parton-hadron
phase and that the decoupling of final hadrons is also
adiabatic [10,11,15]. If there is a first-order phase transi-
tion at a critical temperature T„the ratio of the entropy
density in the pion plasma, s~ ~, to that of the quark-
gluon plasma, s~~», can be estimated from the effective
number of degrees of freedom in the two phases as [21]

Under these assumptions the total produced entropy can
be measured by

dS ( )
(dN(«) l

!
= c(q&)

!

dy ( dy ) b=o

c( ) (dN( )l
r E dy ) b=o

where, for the case of an ideal gas of partons, respectively,
pions,

( )
f'16+ z'

45((3) q 16+9nf )
3.92 (nf = 2),
3.98(nf = 3),
4.02 (ny = 4),

4
c~ ~= = 360.

45((3)

(2o)

where a = a(T) from Eq. (13), T = T(r), R~
1.14 Ai~s is the nuclear radius and the range of rr is given
by —6y/2 & r) & +b,y/2. Note that the approximate
equality on the right-hand side of (16) holds only under
the assumptions of ideal longitudinal Bow and of a homo-
geneous density in transverse direction up to Rg, that is,
s(r) = s(r, g, r~) -+ s(r). I emphasize here that in the
model calculations within the parton cascade model, the
quantity S will be calculated exactly instead.

An important consequence of the thermodynamic
equations (4) is the conservation of the total entropy:

In (19) and (21) b = 0 indicates zero impact parame-
ter and dN(q&)/dy refers to the number of partons per
unit rapidity whereas dN( )/dy is the pion multiplic-
ity at b = 0. For the case of variable impact param-
eter, the multiplicity averaged over all impact parame-
ters, N( )(b), has a geometrical factor (n.R&2)2/vr(2B~)z,
whereas the multiplicity at b = 0 is proportional to xR&.
Therefore the height of the observed rapidity plateau,
averaged over all b, is

dy 4 dy )bo
(22)

To summarize the essential points: The total pro-
duced entropy contained in an interval dy around y = 0
is effectively related to the observable pion multiplicity
dN( )/dy via Eqs. (21) and (22). Therefore the multi-
plicity of pions from the plasma can be predicted by com-
puting the entropy produced by the partons in the cen-
tral collision region, which in turn can be independently
measured. However, the assumption of a quasiadiabatic
expansion of quark-gluon plasma and pion gas and the
neglect of further produced entropy in the hadronization
process are clearly approximations. Nevertheless, if the
amount of entropy produced in the central region is large,
and in this work it turns out to be enormous, then these
effects should be comparably insignificant.

III. PRACTICAL DETAILS OF THE
PHASE-SPACE ANALYSIS

1 n (k) )
~r.(a)! (23)

where v, is the number of collision events accumulated
and

Before presenting the results of the model calculations,
I would like to explain the methods I used to analyze the
nuclear collisions in terms of the time evolution of the
parton distributions in six-dimensional phase space. The
statistical description of the reaction dynamics in phase
space is based on a discretization of the latter and the
extraction of the parton distributions. The concept is
similar in spirit to earlier phase-space analyses within
microscopic models of nuclear dynamics [33,34). To cal-
culate the distribution functions F~(r, p) of the partons,
the six-dimensional phase-space volume is divided into
cells labeled by an index k. The number of partons of
type a, n (k), in each cell is found at some fixed time
in the total center-of-mass frame of the colliding nuclei.
Statistics are improved by summing n (k) over several
collision events of the parton cascade simulation. The
distribution functions F (r, p) are then estimated as

(0.19 + 0.06)
dy )b o dy

(21)

Conversely, if the amount of entropy produced per unit
rapidity is known, then from (18)—(20) the multiplicity
of final pions can be predicted:

(24)

is the phase-space volume of cell k in natural units (h =
c = 1) of the elementary volume hs = (27rh)s = (2~) for
partons of species a with degeneracy factors pz ——16 for
gluons and p&

——pq
——6 for each quark fiavor.
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s" r z 0 p" P(r, p) ( ln E(r, p) —1)
I p

(26)

the total entropy per particle S/N for the phase-space
distribution (25) is

S jdsr s„(r)u~(r)
N f d rn„(r)uI'(r) (27)

where u~ is the How velocity and n~ the particle four-How
as defined in Eqs. (3) and (2), respectively.

This result is to be compared with the estimate ob-
tained by dividing phase space into cells of volume
AI'(k) = (AsrEsp)1, /(2m) . Choosing 6r = KV and
6p = (a the estimated entropy per particle is

As has been pointed out in Ref. [33], the division
of phase space into cells must be done with some care.
There are two essential requirements for an appropriate
phase-space discretization.

(i) The cell size must be small enough so that F(k)
is approximately uniform within the six-dimensional vol-
ume of the cells. A too large cell size underestimates the
particle density and overestimates the entropy.

(ii) In the average the cells must include enough par-
ticles so that the statistical errors in the particle num-
bers n(k) are not significant. If, for a given cell size,
the number of particles is too small such that most cells
are empty and the occupied cells contain only very few
particles, then the density in cells containing particles
overestimates the true density. Since only the occupied
cells contribute in the calculation of the entropy, the com-
puted value of the latter would be too low.

To choose a phase-space division that satisfies these
two conflicting requirements such that the computed en-
tropy is estimated with sufficient accuracy, it is important
to quantitatively understand the errors associated with a
certain cell configuration and the number of particles in-
volved in the analysis. The effect of the nonuniformity of
F within the cells and the error due to counting statistics
with a finite number of particles can be examined with
a simple model problem. Consider a spatially uniform,
nondegenerate system of N classical particles in a volume
V with an isotropic momentum distribution, such that,
at a fixed point of time,

F(r, p) = f() e " '
where fo (x N/V and p =

~p[ = gE —rn . Since for
a classical nondegenerate system of particles the entropy
four-flow given in (2) reduces to

g(k) = e "~ (1 —e ~) k ( +2k(+2

—(e ~ (2k+1)/+2
) (29)

O
O

0

Z

~m
O
O

and PI, g(k) = 2. Since only occupied cells contribute
to the cellular entropy and a spatially uniform distribu-
tion is assumed, the expression (28) does not depend on
the spatial cell size bsr, whereas the momentum space
division leads to the infinite sum in the last term which
explicitly depends on the resolution parameter ( = b,p/a.
The difference between Eqs. (27) and (28) gives the abso-
lute error 6(S/N) = ((S/N (S/N—)es& ~

due to the cellular
phase space. Its magnitude is displayed in Fig. 1 as a
function of (. The behavior of b, (S/N) with increasing

( and its small magnitude show that the entropy is a
rather smooth function of F. For example, for ( = 1,
corresponding to a ratio of particles e in adjacent cells,
the absolute error per particle is only 0.04. Aiming at
computing the entropy to an accuracy of 0.1 per parti-
cle one therefore can permit cell configurations that have
F varying by about a factor of 2.5 between neighboring
cells. It is worth noting that this behavior agrees with
the result of a similar investigation for the simplified case
of a one-dimensional phase space [33] as opposed to the
six-dimensional example considered here.

The next point is the fact that in practice one deals
with a finite number of particles, so that the number of
occupied cells is generally smaller than the total number
of cells of the covered phase-space, depending on the in-
terplay between the density of particles and the chosen
cell size. There is a systematic bias in estimates based on
Eq. (23) with n(k) being small. This error, due to count-
ing statistics with a finite number of particles, results in
underestimating the entropy. The statistical fluctuations

with

Q„EI'(k)F(k) ln F(k)
P„~r(k)F(k)

= 1 —ln (fp) + 3 ln(()

g(k)
2 &-'"""(k +k+1/3~

0.5

FIG. 1. Absolute error E(S/N) in the entropy per parti-
cle due to discretizing phase space in the case of a spatially
uniform system of classical particles with momentum distri-
bution (25). The cell size in momentum space depends on the
resolution parameter (' = Ap/a via Ap and a was chosen to
be l GeV/c.
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associated with too few particles lead to a too high den-
sity in cells containing particles. Since only these cells
contribute to g& EI' F(k) ln F(k), the entropy would be
estimated too low from Eq. (23). This error is straight-
forward to determine by treating the fiuctuations in n(k)
about the mean (n(k)) with Poisson statistics. Following
Ref. [33], the average deviation of the statistical estimate
from the true cellular entropy is

( $' & ( Q& ( (n(k)) ln(n(k)) —n(k) inn(k)) )
Qq n(k)

(2 Q„n(k)in[1+ b'n(k)/(n(k))])
Q„n(k)
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R o™
4

LD
C)
O

~ I
~ ~

~ ~ ~ ~

~ ~ ~ ~ ~ ~ ~

~ y ~
g ~
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~ \~.~ ~ ~
'

\
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h(S/N) = S/N - (S/N)

(30)

where 6'n(k) = n(k) —(n(k)). Expanding the logarithm
to second order and using (bn(k) ) = (n(k)) gives

(31)
i,N)„„2QA, n(k) 2 v, N

Here n«, stands for the number of occupied cells and
v„Nis the total number of particles accumulated in v,

„

events. This implies that, in order to compute the en-
tropy to a reasonable accuracy, the requirement of a suf-
ficiently large number of particles to have good statistics
is very moderate. For example, to achieve an accuracy
of 0.1 per particle, one needs only an average of five par-
ticles in each occupied cell.

To check whether or not these considerations of errors
associated with the cellular phase space and the number
of particles distributed over it are also true for the prac-
tical computation of the entropy of partons in heavy-ion
collisions, I studied the previously considered system of
particles with the phase-space distribution (25) numeri-

cally. The particles were confined inside a cylindrical vol-
ume of length 2 fm and radius 4 fm, i.e. , Vb~„100fm,
and distributed homogeneously throughout this volume.
The parameter a in the distribution (25) was chosen to
be 1 GeV/c. Figure 2 shows the absolute error in the
entropy per particle for this system as a function of the
cell size (in units of Planck's volume hs) for various num-

bers of particles N =200—50000. In accordance with the
above considerations, the effect of the number density on
the error is far less important than the choice of the cell
size. Obviously an accuracy of 0.1 per particle can be
achieved with a cell size of 4hs and a total number of
particles N & 2500/v, , accumulated in v„events, or,
an average particle density of N/Vb, „&25/v, fm s.

Aside from this statistical bias, there will be an addi-
tional uncertainty due to fluctuations of the computed
S about the mean. For the Monte Carlo simulation of
nuclear collisions within the parton cascade model this
error can be determined only "experimentally" by sim-
ulating a number of collision events and generating an
ensemble of computed entropies. It turns out that this
error is of the order of 10 per particle and hence is
neglectable. The statistics of the simulations is so good,
because in the Au + Au collisions considered in Sec. IV
the numbers of particles that contribute to the entropy
production are between about 9000 and 20000 per colli-
sion event for v s = 200A—6300A GeV.

i l

3 4 5

cell volume / h

FIG. 2. Absolute error in the entropy per particle as a
function of phase-space cell size (in units of h ), resulting
from counting statistics with a Bnite number of particles. The
curves correspond to a system with a total number of N =
200—50 000 classical particles with the momentum distribution
(25), spatially confined in a cylinder of 2 fm in length and 4
fm in radius, i.e., a volume of 100 fm .

Finally there is the question of how the time evolution
of the produced entropy is affected by the cell division
and the particle configuration. This is of interest because
the time span for the relaxation of the entropy production
determines the equilibration time scale. In the case of nu-
clear collisions as studied in Sec. IV, the initially sparsely
populated phase space will be rapidly filled with partons
that are "freed" during the collisions. Therefore one may
expect that the statistical error in computing the entropy
at given time steps is relatively large in the beginning
and decreases as more and more particles are produced,
improving the statistics. Thus, the entropy would be un-
derestimated most drastically in the early stage and con-
sequently the rise of produced entropy with time would
be too steep. As far as the choice of the cell size is con-
cerned, one would expect that with a too coarse grained
phase space it appears to take longer for the system to
thermalize. Fortunately, these eKects are not very signif-
icant, as can be examined quantitatively from the simple
system of particles in the cylindrical box considered be-
fore. To study the time evolution of the entropy, at time
t = 0 fm/c the particles were initially distributed inside a
very small volume Vo ——0.01 fm (( Vb

„

localized in the
center of the box. The momentum distribution was sam-
pled from the distribution (25) with a = 1 GeV/c as be-
fore. The direction of the particles momenta was chosen
isotropically. As time proceeds the particles spread out in
random directions until they collide with the wal. ls of the
box and are reflected. No collisions between the particles
are considered. The highly compressed initial particle
configuration expands and, after some time, approaches
a thermal equilibrium of an ideal gas. The time scale for
this equilibration can be estimated from the relaxation
of the entropy production as computed from Eqs. (26)
and (27). In Fig. 3 the time evolution of the estimated
specific entropy (8/N)„~(t) for this toy model is shown
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Time evoiution of (S/N).
„

~A~a e~ ~ ~ ~ a e e ~ z aPvero ~
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«... =3.2i'
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O '„'
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FIG. 3. Time evolution of the entropy production of N =
10000 noninteracting particles, expanding isotropically from
the center of a cylindrical volume 100 6n . The particles,
initially distributed according to the distribution (25), pro-
gressively populate phase-space with time to finally fill out
uniformly the volume of the cylinder.

for a total of N = 10000 particles and various cell sizes
b,l' = 1hs —8hs. The entropy per particle is initially
zero (because all the particles are assigned to reside in
the central cell), rises steeply as the particles spread out
to occupy the phase space, and finally reaches its equi-
librium value. The curves corresponding to the various
phase-space divisions difFer insignificantly, except around
t = 1—2 fm/c, where the curvature is the largest. The re-
laxation times range from 0.5 fm/c (61' = 1 hs) to 0.6
(EI' = 8hs), implying a rather small variation of 0.1
fm/c compared to the total equilibration time of about 6
fm/c, that is, a relative error of 1—2 percent.

IV. CENTRAL Au+Au COLLISIONS
AT vts=200A —6300A GeV

To study the space-time evolution of the partons and
their thermodynamics in ultrarelativistic A + A col-
lisions during the. first few fm/c, I performed a se-
ries of Monte Carlo simulations of Au + Au colli-
sions (A = 197) with various beam energies i/s
200A, 1000A, 2000A, 4000A, 6300A GeV, using the par
ton cascade model described in Refs. [27,28]. All simula-
tions were carried out with zero impact parameter. The
following analysis focuses on the dissipative dynamics of
partons in the central collision region during the preequi-
librium stage and the eventual formation of a thermal-
ized quark-gluon plasma state. The frame of reference
is the center of mass of the colliding nuclei. The system
of partons is followed in real time as measured with re-
spect to the center of mass, from the moment the nuclei

begin to overlap, t,; =0 fm/c, until a time ty = 3 fm/c
when the calculations have been stopped. The micro-
scopic kinetics of the partons during this early time have
been studied in detail in Ref. [28], where it was found
that the general features of the collisions can be sum-
marized as follows: It takes about a time of ts(y s) 1—
0.4 fm/c (for vs = 200A—6300A GeV) from the first
touch of the projectiles until the nuclei are practically
on top of each other [35]. At t = 2.5—3 fm/c the reac-
tions among the partons have essentially faded out, as
can be concluded from the number of interactions and
the negligible further time variation of the partons' mo-
mentum distributions [28]. At tf =3 fm/c the system
looks very much like the picture sketched in Sec. II B.
The two beam fronts, which recede from the center of
mass with ultrarelativistic speed, contain still a consid-
erable fraction of the baryon number (valence quarks) of
the initial nuclei as well as the majority of primary glu-
ons and sea quarks that have not interacted but remained
spectators throughout. On the other hand, the region in
between these beam fronts is strongly populated by "pro-
duced" matter, that is, by secondary partons that have
been set "free" due to scatterings or have been newly
created in particle production processes. The produced
quark-gluon matter in this central region is essentially at
rest. The partons have slowed down considerably from
their initially large longitudinal momenta, due to mutual
interactions and gluon bremsstrahlung. Although parts
of their momenta are redirected in transverse direction,
there is no significant global side splash observable dur-
ing the first 3 fm/c. The system as a whole expands
exclusively in longitudinal direction and is characterized
by a global one-dimensional fiow along the collision axis.

It is this spatial central region on which I will focus in
the following; that is, I will be concerned with the time
evolution of the secondary partons in a cylindrical central
phase-space volume specified below.

A. The phase-space distributions of partons

—1fm & z & +1fm,
Ofm & rg & 6.7fm

0 &Q„&4vr

(= RA„),

and a cylinder in momentum space such that

—5GeV/c & p, & +5GeV/c,
OGeV/c & p~ & 4.5GeV/c,

0 &Q„&4ir .
(33)

The distribution functions F,(r, p, t) for the partons
species a = g, qf, qf depend on the six phase-space vari-
ables and time. Exploiting the cylindrical symmetry of
the dynamical evolution, the spatial coordinates are cho-
sen to be the longitudinal (beam) axis, the transverse
direction, and the azimuthal angle, i.e., r = (z, r~, P„).
Similarly, the momentum variables are p = (p„p~,P„).
I will consider a central phase-apace volume which is de-
fined as the composite volume of a cylinder in position
space with
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pg with (pi) 0.65 GeV/c compared to the (pi) 0.38
GeV/c of the initial partons [28]. Also, a large extent of
the initial momentum is harnessed for the production of
new partons.

To examine the correlation between the partons' posi-
tions and momenta, in Fig. 5 the projected distributions

J d rgd pg F(r, p, t)
jd rd p F(r, p, t)

J dz dp, dP„dQ„F(r,p, t)
(37)

are displayed corresponding again to the two points of
time tp ——1 fm/c and ty =3 fm/c. At tp =1 fm/c, Fjj [Fig.
5(a)] refiects the localized spatial distribution along the
z direction with a spread of about 1 fm, correlated with
a relative broad distribution in p, . In strong contrast
to that, at ty =3 fm/c, the occupation probability in z
direction is very homogeneous when integrated over p„
whereas about 75 percent of the partons have longitudi-
nal momentum of less than 0.5 GeV/c. The "V" struc-
ture in the range ]z] &0.5 fm arises from the view angle
of the three-dimensional plot. In fact, the distribution is
scissor shaped, separating the partons with positive and
negative longitudinal momentum. The transverse distri-
bution F~ [Fig. 5(b)] remains almost unafFected along
r~ in between tp =1 fm/c and ty =3 fm/c. Along p~,
the distribution indicates a moderate amount of trans-
verse momentum production corresponding to the shape
of F„in Fig. 4(b). Actually, between tp ——1 fm/c and
ty =3 fm/c, the initial Gaussian p~ distribution bends
out rather drastically, develops a power-law tail, and then
relaxes back to an exponential form [27,28].

B. Time evolution of energy, particle,
and entropy densities

Having found an appropriate cell configuration for the
central phase-space volume defined by (32)—(34), I turn
now to the variation of the energy densities, particle den-
sities, and entropy densities produced by secondary par-
tons. For the practical computation of these space-time-
dependent quantities certain points of time were selected
at which snapshots were taken during the nuclear col-
lisions. At the chosen time steps the spatial profiles of
the scalar, invariant local energy density e(r, t), the lo-
cal particle density n(r, t), and the local entropy den-
sity s(r, t) were obtained as follows: For each "experi-
ment, " the distributions F (r, p, t) of gluons (a = g) and
(anti)quarks (a = qy, qy) of five fiavors f were estimated
from the corresponding cellular functions F~ according to
Eqs. (23) and (24) on the basis of accumulated statistics
from a number of collision events. In addition the four-
momentum of each individual spatial cell k (the sum of
four-momenta of the particles in the cell) with respect to
the total center-of-mass was computed. In order to calcu-
late the densities e, n, and s in an invariant manner, the
local cellular densities e(k), n(k), and s(k) were obtained
by boosting from the nuclear center-of-mass to the rest
frame of each cell and evaluating these quantities along

—0.2 f'm & z & +0.2 fm,

0 fm & rg & 6.7 fm,

(38)

which is the middle slice of the central volume defined
in (31). As is obvious from Figs. 4—6, in this central
slab the densities will reach their absolute maximum and
will decrease the fastest as the particles move apart, so
that a local equilibration in the central slab serves as an
indicator for the degree and the time scale of a global
thermalization. Also note that at ty =3 fm/c the local
energy density in the central slab (38) is representative
for the global density in the whole central volume (32)
(with ~z[ & 1 fm), as can be seen in the last plots of Figs.
4 and 6. A similar behavior is found for the particle
density and the entropy density for all of the considered
beam energies. Moreover, the time t measured with re-
spect to the nuclear center-of-mass at z = 0 fm in the
central slab corresponds to the proper time r, which I
define as

g(t —tp) z —z2 (39)

such that r = 0 fm/c at t = tp, where tp = tp(~s) is
the energy-dependent point of maximum nuclear overlap
[35],

1 fm/c, ~s = 200A GeV,
0.75 fm/c, +s = 1000A GeV,

tp(y s) =
& 0.55 fm/c, ~s = 2000A GeV,

0.45 fm/c, +a = 4000A GeV,
,0.40 fm/c, ~s = 6300A GeV.

(40)

The definition (39) of r is motivated by the usual choice
of requiring the tip of the forward light cone (which
bounds the longitudinal expansion) to be at 7 = 0 fm/c
and z = 0 fm [21].

The time evolution and the beam energy dependence

the formulas (2)—(4) whereby the Lorentz-contracted cell
volume associated with its momentum relative to the to-
tal center-of-mass was taken into account.

In Fig. 6 the time development of the energy density
profile in the central region, obtained in this fashion, is
shown for a Au + Au collision at ~s = 200A GeV. The
maximum energy density in this case is reached at t =1
fm/c around z =0 fm. The first picture in Fig. 6 is there-
fore already 0.2 fm/c after the maximum density. One
observes that the further space-time evolution is at first
characterized by a large longitudinal fiow of the fast par-
ticles which then escape with progressing time from the
central region in opposite directions forming two reced-
ing fronts. On the other hand, the softer partons expand
slowly and eventually establish an isotropic plateau be-
tween —1 fm & z &1 fm and in transverse direction up
to r~ -4 fm, beyond which the energy density drops
signi6cantly.

To analyze the process of local equilibration as a func-
tion of time in a quantitative manner, it is elucidating
to focus on the time evolution of the energy density and
the particle density in a thin disk centered at z = 0 fm.

For this purpose I define a centrul slab with longitudinal
extent and transverse radius
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streaming system of particles on the other hand n = 1.
The fact that o; & 1 in Fig. 8 indicates a continued
energy deposition in the central region, due to the finite
thickness of the nuclei which results in a smeared-out
time variation of the partons' spatial population around
z = 0 fm. Finally in Fig. 9 the beam energy dependence
of the final densities at s(tf) and n(tf) at tf = 3 fm/c
is shown. As stated above, at this point of time the
densities are isotropic over about a volume of 2 fm in
longitudinal extension and 4 fm in transverse radius.

The most prominent implications of Figs. 7—9 are as
follows.

(i) With increasing beam energy ~s the absolute maxi-

mum of the energy density shows an approximately linear
growth. Its magnitude corresponds to about 60 percent
of the total center-of-mass energy being contained in the
central slab. The maximium values of the particle and
entropy densities achieved, on the other hand, roughly
increase with a logarithmic dependence. An increase in
the beam energy results in earlier times for the maxi-
mum energy densities to be achieved and also in a faster
relaxation of the system [37].

(ii) The energy, particle, and entropy densities decrease
with proper time w as s ~ ~ ~, n 7 r, and s
where a 0.85 —1.1 t9 0.6 —0.7 and p 0.55 —0.65
for +s = 200A—6300A GeV. The decrease is the slowest

Au+ Au
s = 200 A GeV - 6300 A GeV

Au+ Au, s = 200 A GeV

O
O0-0= Central energy density s(t)

LEGEND
200 A GeV

(=) =1000 A Gev
& =2000 A GeV

4000 A GeV
6300 A GeV

EO

O

& 0.2~ 0.4~ 0.6
& 0.8~ 't.0

OE
O-

C

Central particle density n(t)

LEGEND
o = 200 A GeV
o =1000 A GeV
~ = 2000 A GeY
o = 4000 A GeY
& =6300 A GeV

O

E

y n(~)

LEGEND
0.0 ~ lzl ~ 0.2
0.2 ~ lzl ~ o.4
0.4 ~ Izl ~ 0.6
0.6 ~ )zj ~ 0.8
0.8 ~ lzl ~ ~.0

~
~ ~ ~

~~n=
*

~ ~ ~ ~ ~ ~ ~ ~ ~ ~ ~ ~,~, 0 ossisoi \ A""'""""'"""0
o

O
OO=

Ch
O
O

Central entropy density s(t)

LEGEND
200 A GeV

o = l000 A GeV
& =2000 A GeV
& =4000 A GeV
& =6300 A GeV

0
O
N

EO
LD

V)

O

C 0.2( 04~ 0.6
C 0.8
C 1.0

0.0 0.5 1.0
I

1.5

t (fm/c)
2.0 2.5 3.0

FIG. 7. Time evolution of the central energy density e,
particle density n, and entropy density s in the central slab
around z = 0 fm, defined by (38), for Au + Au collisions with
~s = 200A—6300A GeV. Note that for v s ) 2000A GeV, the
exact points of time for the maximum densities to be achieved
lie somewhere between the second and third data points.
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FIG. 8. Decrease of the energy, particle, and entropy den-
sity with proper time 7, defined in (39) and (40), in Au + Au
at ~s = 200A GeV. The symbols correspond to the densities
at selected time steps in different slabs along the beam axis, 0
fm & z & 0.2 fm, , 0.8 6n & z & 1 fm. The full curves are
interpolations obtained by trying to fit the clustered points
to a ~ behavior.
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in the central slab (~z~ & 0.2 fm) and becomes faster
with increasing distance from the center of mass at z = 0
fm. The decrease is slower than what one expexts for a
perfect fluid or a free streaming system.

(iii) The final densities at tf =3 fm/c are still
rather large, with e =15—31 GeV fm 3, n =17.5—
28 fm, and s =67.5—120 fm . Their beam en-
ergy dependence can be parametrized as e 2.3
GeVfm sts+ ln(to), n 4.0 GeVfm sm ee2sln(tU),
and s 12.0 GeVfm sm+e e~s ln(ts), where ts
~s/A GeV.

Au+ Au
s" = 200 A GeV - 6300 A GeV

=00—
~M

C. Entropy production

Next I consider the total entropy S produced by the
secondary partons in the central region. Figure 10(a)
displays the time development of the speci6c entropy
(S/N)(t) for the various beam energies, whereas Fig.
10(b) shows the corresponding number of particles N(t)
present in the central phase-space volume (32) and (33)
at time t. The curves show a rapid buildup of S/N and
relax approximately exponential to reach their final val-
ues between 3.9 and 4.3. Comparing these values with
(S/N)'d'" 4 for an ideal gas of noninteracting massless
quarks and gluons, one sees that the difference between
the resulting entropy of the realistic model calculation
and the idealized case amounts only to +0.2—0.3. Al-
though the model includes massive quarks and accounts
for interactions among the partons (which however at 3
fm/c have reduced to relatively infrequent, mostly elastic
scatterings), the system of partons looks from this point
of view effectively like an almost ideal gas. The variation
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FIG. 9. Beam energy dependence of the final energy, par-
ticle, and entropy densities at tf =3 fm/c when the calcula-
tions were stopped. The points are the computed values for
the considered beam energies ~s = 200A—6300A GeV.

FIG. 10. (a) Increase with time of the total entropy per
particle (S/N)(t) produced by the secondary partons in the
central region of Au + Au collisions with v s = 200A—6300A
GeV. (b) Number of particles N(t) present in the central
phase-space volume at time t, which contribute to the en-
tropy production shown in (a).
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with beam energy is probably due to a weak temperature
dependence of the ratio between entropy and the num-
ber of partons. As will be shown below, the temperature
in the central region grows slowly with the beam energy,
so that the effective number of plasma degrees of free-
dom are expected to increase too [21]. This in turn leads
naturally to a larger entropy per particle.

The relaxation times 7«i,„(thetime it takes to reduce
the deviation from the equilibrium value by a factor of
e) associated with the entropy production depend signif-
icantly on the beam energy in accord with the similar
behavior of the time dependence of the densities in Figs.
7 and 8. This beam energy dependence ~„i,„

is evident
in Fig. 11 where 7„i,„

is plotted versus Y s/A.
The contents of Figs. 10 and 11 may be summarized

as follows:

(i) The entropy per particle produced in the central
region is slightly increasing with the beam energy. The
resulting final values of S/N at tf =3 fm/c are 3.87,
4.02, 4.14, 4.21, 4.29 for +a/A =200, 1000, 2000, 4000,
6300 GeV, respectively, which come close to the specific
entropy of an ideal noninteracting parton gas with a value
of 4.

(ii) The relaxation times for the various beam ener-
gies ~s/A = 200A, 1000A, 2000A, 4000A, 6300A GeV
are estimated as r„i» 0.41, 0.24, 0.18, 0.13, 0.11
fm/c, respectively, and decrease with growing beam en-

ergy roughly as 7;,& „

ln(~a/A).

D. Temperatures

s(~) I.=. = 3 a(~) T'(~) I.=.,
s(t) I,—p = 4 a(t) T (t) I, p,

&(&)I.=o = &(&) T'(&) I.=o

with

27 s4(t) & 27 (s(t') l() = 256,,(,) t() =
64 (~) I(,(,) I

(41)

scription of the further space-time evolution, that is, the
initial energy density, pressure, temperature, etc. , at the
time when the Quid dynamical expansion is supposed to
start. To measure the temperature associated with the
parton distributions in the central phase-space volume,
one has to ask how well the corresponding energy, par-
ticle, and entropy densities reflect thermalization of the
system. Since the temperature is space-time dependent
it only makes sense to define this quantity locally through
s, n, or s within the rest frame of a sufficiently small vol-
ume in which the matter is approximately thermalized.
Therefore, in order to estimate the time variation of the
temperature of the produced quark-gluon matter as it
expands, I tried to extract local temperatures in the thin
central slab, defined in (38), from the time-dependent
densities e, n, and s in this slab. Recall that from the
preceding results it appears as if the system approaches a
state that effectively exhibits the properties of a perfect
gas of quarks and gluons. In analogy to the ideal gas
case, one may therefore parametrize the energy, particle,
and entropy densities in the central slab in the form of
Eq. (12),

In order to extract the equation of state (Sec. IVE),
knowledge of the temperature dependence of the pres-
sure or the energy density is required at a point of time
when the system of partons has attained an equilibrium
state. The magnitude of the temperature at this point
then fixes the initial conditions for a hydrodynamical de-

O

Relaxation time 7 fe)QX

V n
E c5

X
CQ~e~—
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2000
I I

4000
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FIG. 11. The relaxation times v;,~ „associated with the
entropy production shown in Fig. 10(a), as a function of the
beam energy. The points are the values estimated from the
approximate exponential relaxation of the speci6c entropy for
the considered beam energies v s = 200A—6300A GeV.

Then the time-dependent central temperature can be es-
timated by

T(t)l.-p =
I 3
f s(t) l'~

(n(t)l"' (4 s(t)&
k5(&)) = k3 s(t)) =o

(43)

The resulting time development of the temperatures
T(t) = T(t)

I
—p in the central slab for the various beam

energies considered is shown in Fig. 12(a). Note that
the origin of the t axis is set to t =1 fm/c. In fact, the
curves represent effective temperatures at earliest prob-
ably from t 1.2 fm/c on; before, it does not make sense
to speak of temperatures, since the parton distributions
are highly nonequilibrated, even in the central slab. At
the final time of the calculations, tf =3 fm/c, the tem-
peratures in the central slab also represent the global
temperatures within a volume of about 2 fm in longitu-
dinal extension and about 4 fm in transvere radius, in
which the densities of the partons reach a constant value
throughout [see Figs. 4(b) and 6]. In Fig. 12(b) the
dependence of the final temperatures T(ty) on the beam
energy v s/A is plotted. Also shown are the curves that
correspond to the case of an ideal noninteracting gas of
massless partons, Eqs. (12) and (13), with the same en-

ergy and entropy densities and nf = 3, 4 quark Havors
(dotted lines).
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The implications of Figs. 12(a) and 12(b) are the fol-

lowing.
(i) The central temperatures at z = 0 fm drop rela-

tively slowly for t ) 1.2 fm/c, approximately t
(= 7 /s at z = 0 fm). The decrease with time depends
only weakly on the beam energy.

(ii) The magnitude of T at ty =3 fm/c increases slowly

with the beam energy, with a logarithmic dependence

ln(vs/A). The final values are T(ty) =297, 319, 332,
341, 343 MeV for +s = 200A, 1000A, 2000A, 4000A,
6300A GeV, respectively.

(iii) The fact that T ~ ln(+s/A) whereas the relax-
ation time behaves as 7;,&

„~in(+a/A) (Fig. 11) im-

plies that T7„~~ const —a property that one expects
already from the uncertainty principle.

E. The equation of state and initial conditions
for hydrodynamics

Turning to the equation of state associated with the
densities e', n, and s at tf =3 fm/c, the question is, how

well do these densities reflect the degree of thermal!za-
tion7 From the analysis in Secs. IVB—IVD, it appears
as if the partons in the central region indeed approach a
state of equilibration. To indicate how close these quark-
gluon plasmas are to ideal gases of noninteracting mass-

less partons, in Fig. 13 the functions a(t) and b(t) [de-
fined in (41)] are shown for t = t/. Figure 13(a) displays
the beam energy dependence of a(ty) and b(tf). In ad-

dition the dimensionless quantity ss/~/n = (3a)s/~/b is
plotted. Obviously, there is a moderate increase of a(tf)
as one proceeds to larger energies, whereas b(ty) is almost

ure T(t)
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290FIG. 12. (s) Decrease with time development of the tem-

peratures T(t) = T(t) ~,—o in the central slab for the various
beam energies ~s = 200A—6300A GeV. Note that the origin
of the t axis is set to t =1 fm/c, corresponding to s proper
time 7 = 0—0.6 fm/c for Qs/A =200—6300 GeV. (b) Beam en-

ergy dependence of the fina temperatures T(ty) (ty =3 fm/c).
The points are the computed values for the considered beam
energies v 8 = 200A—6300A GeV. Also shown are the curves
that correspond to the case of an ideal noninteracting gas of
massless partons, with the same energy and entropy densities
snd ny = 3, 4 quark flavors (dotted lines).
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FIG. 13. The functions a(t) snd b(t) defined in (41), as
well as the dimensionless ratio s /n = (3a)3 ~/b, at time t =
ty = 3 fm/c. (s) displays the beam energy dependence of a,
b, snd s ~ /n, snd (b) exhibits the temperature dependence.
The shaded areas indicate the range of a, b, snd s ~ /n for
the case of a perfect gas of noninteracting massless quarks and
gluons with ny ——2 —4 quark Qavors and the same energy and
particle densities as the real system.
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T
—1

3 ( a(T) BT )
where the last equality is justified, because, as is obvious
from Fig. 13(b), Ba(T)/BT (( 1. The temperature T
and the function a(T) refer here to the initial time for
fiuid dynamics, t," —= ty =3 fm/c after the first instant
of collision, which corresponds according to Eq. (39) to
a proper time ~," after the maximum nuclear overlap at
z=0fm:

(44)

T(7;",tu) = 86.2 MeV m ln(iU)',

(45)

constant. As a consequence ss~4/n rises very slowly. The
shaded areas indicate the range of a, 6, and r ~ /n if the
partons would be a perfect gas of noninteracting mass-
less quarks and gluons with ny = 2 —4 quark flavors,
according to Eqs. (12) and (13), and the same energy
and particle densities as the real system. In Fig. 13(b)
the temperature dependence of a, b, and es~ /n is exhib-
ited. The variation of a with increasing temperature is
small and 6 is practically constant, which in view of Fig.
13(a) is not surprising, since the temperature itself in-
creases only logarithmically with the beam energy. The
shaded areas refer again to the corresponding behavior
of an ideal parton gas.

From these considerations it is evident that at ty =3
fm/c, measured in the center-of-mass frame, the partons
in the central region of the nuclear collisions indeed estab-
lish an equilibrated state that closely resembles a dense
and hot gas of quarks and gluons. Therefore one may
assign this point of time to the initial time t", for a sub-
sequent hydrodynamical expansion for the quark-gluon
plasma and introduce in analogy with Eq. (11) an effec-
tive equation of state interrelating pressure p and tem-
perature T, together with the associated magnitude of
the initial temperature at time t, . Using Eqs. (12) and
(41), the equation of state may be represented in the form

It is important to realize that the physical content of
Eqs. (45) and (47) is, so to say, the condensed history
of the early space-time evolution of the partons, as they
approach an equilibrated state. In other words, the dy-
namics of the partons in phase space during the preequi-
librium stage fixes the initial conditions for the further
space-time development.

F. Multiplicities of pions from quark-gluon plasmas

dS ( S ) (dN«» l
4 &N~"l) E dv ),=,

(48)

where the entropy per parton S/N «» is given by the final
equilibrium values at t =3 fm/c, S/N«» = 3.87 —4.29
for vs = 2002—6300A GeV [Fig. 10(a)]. Inserting the
computed dS/dy into formula (21),

Finally let me return to the question of measuring the
amount of entropy produced during the early stage of
a nuclear collision up to the formation of a quark-gluon
plasma. As pointed out in Sec. IIA, the entropy pro-
duction vanishes in space-time when the system reaches
a steady state of equilibrium. Furthermore, since the
entropy is a constant of motion, once it has reached its
final value, it is conserved throughout the subsequent ex-
pansion. Therefore the amount of entropy created in the
central region allows for a direct estimate of the central
multiplicity of final pions. This is the idea behind Eq.
(21) which relates the entropy per unit rapidity dS/dy
around y = 0 to the pion multiplicity dNi l/dy at zero
impact parameter. The possibility of additionally pro-
duced entropy during the hadronization process will not
be considered here.

In the model calculations dS/dy is obtained from
the computed rapidity distribution of secondary partons
dN«~l/dy via

a(x;", w)=4. 95 + 0.3 ln( )
where

N (vr)

(0.19 2 0.06)
dV ) g=o dV

(21)

e'(w,",u)) = 2.3 GeV fm w ' ln(w),

n(~,",m) = 4.0 fm u) in(m),

s(~,",m) =12.0fm m+o s in(m)

(47)

These estimates are valid at least within a volume of 2 fm
in longitudinal extension and 4 fm in transverse direction
around the center of mass, i.e. , a volume of about 100
fm . The equation of state and the initial conditions are
therefore solely determined by the beam energy ~s.

7;" = 2 ——2.6 fm/c for ~s/A = 200 ——6300 GeV,

(46)

+s
AGeV

The initial conditions for Quid dynamics at the proper
time ~," can be expressed in terms of the associated en-
ergy density, particle density, respectively, entropy den-
sity, which may be parametrized as

therefore gives an estimate for the central multiplicity of
pions per unit rapidity, resulting from the quark-gluon
plasma.

As shown in Fig. 14, the pion multiplicities in the
central rapidity region around y = 0 predicted by this
formula would be huge, because of the enormous amount
of produced entropy: between dN~ l/dy = 1935 6 550
(~s = 200A GeV) and dN& &/dy = 3430 + 980 (~s =
63002 GeV), increasing logarithmically with the beam
energy. Even if these numbers are overestimated by a
factor of 2, or so, such large pion production rates still
would clearly reflect the tremendous entropy content of
quark-gluon plasmas formed during the very early stage
of the nuclear collisions. This is of particular value, since
the total conserved entropy can be measured independent
of the details of the equation of state and the further
space-time evolution through the final pion spectra.

For comparison, also plotted in Fig. 14 is the more
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Estimated pion multiplicity
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FIG. 14. The pion multiplicities in the central rapidity re-
gion around y = 0 estimated from the amount of total entropy
in the central unit of rapidity, dS/dy, produced by the sec-
ondary partons during Au + Au collisions with ~a = 200A-
6300A GeV. The points result from the computed values
of dS/dy for the beam energies ~8 = 200A—6300A GeV.
Note that the predictions are based on the estimated ratio
r = 0.7+0.2 of entropy densities between pion gas and quark-
gluon plasma, which results in relatively large uncertainties
as indicated by the shaded strip between the full curves. For
comparison, the dotted curve corresponds to a more moder-
ate empirical estimate for the multiplicity of pions obtained
by extrapolation from pp and pA data.

moderate empirical estimate [38] for the multiplicity of
pions around y = 0,

dp ~ a=o (2A) (49)

obtained by extrapolation from pp and pA data, with
o, = 1.1.

V. SUMMARY AND CONCLUSIONS

In this work I presented results of a complete phase-
space analysis, obtained on the basis of the parton cas-
cade model of Refs. [27,28]. The space-time development
of central Au + Au collisions with i/s = 200A—6300A
GeV during the first 3 fm/c was examined in terms of
the evolution of energy, particle, and entropy densities
of the secondary partons in the central collision region,
defined as a cylindrical volume of 2 fm in length and a
radius RA„=6.7 fm centered at the nuclear center of
mass. The thermodynamics of the preequilibrium stage
and the process of parton thermalization was analyzed
in both the center-of-mass time t at z = 0 fm and the
proper time 7 = i/'(t —to)z —zz, where to = to(vts) is
the point of maximum nuclear overlap and z is the lon-
gitudinal distance from the center of mass (the collision
point).

The results may be summarized as follows.

(i) By a time t/ =3 fm/c after the first instant of a
central nuclear collision, very hot and dense plasmas of
deconfined quarks and gluons with an effective number
of quark flavors n/ =3—4 have been formed in the cen-
tral region. The equilibrated quark-gluon matter extends
over a volume of at least 100 fms. An extracted equa-
tion of state of the form p(T) = a(T)T [see (vii) below]
where p and T are the pressure and the temperature of
the matter, describes the state of the plasmas in a way
that closely resembles an ideal gas of partons.

(ii) During the first 3 fm/c the system of partons ex-
pands exclusively in longitudinal direction along the z
axis. All volume elements expand approximately linearly
with time and move in straight lines from the collision
point at z = 0 fm with flow velocities that increase from
the slowest expansion in the center of mass at z = 0 fm

up to the speed of light; in the fragmentation region of
the receding beam fronts.

(iii) The maximum energy density is achieved between
1 fm/c and 0.4 fm/c, depending on the beam energy, and
grows roughly linear with +s. The maximum particle
density and entropy density show a moderatea, proxi-
mately logarithmic, increase.

(iv) The energy density s, particle density n, and en-

tropy density s reach spatially constant values around

t/ =3 fm/c in the central collision region within about a
volume of 2 fm in longitudinal extent and 4 fm radius in
transverse extent. The magnitudes of s, n, and s increase
~ In(i/s/A) with s =15—31 GeVfm s, n =17.5—28 fm s,
and s =67.5—120 fm s for +s = 200A—6300A GeV.

(v) The decrease with proper time w of s, n, and s
from their maximum values is beam energy dependent.
For the various beam energies ~s = 200A—6300A GeV,
the energy densities drop as s v, n =0.85—1.1, the
particle densities as n ~ 7 P, P 0.6—0.7, and the en-
tropy densities as s r ~, p =0.55—0.65.

(vi) The temperatures associated with the time evolu-
tion of the densities s, n, and s decrease as T
This proper time dependence is almost independent of
the beam energy. The final temperatures at ty =3 fm/c
are in the range T =297—343 MeV for +a = 200A GeV-
6300A GeV and show an approximate logarithmic in-
crease ~ In(i/s/A).

(vii) The equation of state that determines the further
evolution of the produced plasmas after t/ = 3 fm/c may
be stated in the form p(T) = a(T) T4 with initial tem-
perature T(7;") = T(t/), where w,

" = g(t/ —to) —z
is the initial proper time for the hydrodynamic expan-
sion. This equation of state can be parametrized in terms
of iii = i/s/A GeV through T(tii) = 86.2 MeV iii

In(ts) and a(iii) = 4.95 + 0.3 [In(io/200)]0 s. It is the re-
sult of the space-time evolution of the partons during
the preequilibrium stage of the collisions and implicitly
takes into account the interactions among the partons,
the time variation of the quark-gluon admixtures, and
the efFeets associated with 6nite quark masses and non-
vanishing central baryon density.

(viii) The total entropy per unit rapidity produced
by the partons is related to the 6nal pion multiplic-
ity, dN& )/dy dS/dy, which results in the prediction
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of huge central pion multiplicities between dN& )/dy =
1935+550 (~s = 2002 GeV) and dN{ )/dy = 3430+980
(~s = 63002 GeV).

I have not addressed questions of experimental observ-
ables and signatures other than the final pion multiplicity
associated with the entropy produced during the colli-
sions. I do not intend to append here an ad hoc discus-
sion of widely studied presumable quark-gluon plasma
signatures [3—18]. However, I emphasize the important
point that the particle production rates for direct pho-
tons, dileptons, strangeness, and charm essentially in-

volve the knowledge of the amount of entropy produced.
This quantity has generally been guessed in the past,
thereby being a major source of uncertainty in estimates.
Having in this work rigorously computed the entropy pro-
duced in ultrarelativistic nuclear collisions over a wide

range of beam energies, it is appealing to reconsider the
questions of characteristic particle production with these
values as input.

It should be clear that the results presented here have
been obtained within the specific framework of the parton
cascade model. The reliability of this model essentially
rests on the assumption that the nuclear dynamics dur-

ing the first few fm/c, from the first instant of collision to
the formation of an equilibrated quark-gluon plasma, is
predominantly governed by independent parton-parton
collisions plus associated parton emissions and absorp-
tion processes. If this assumption is correct, then the
analysis presented in this paper is probably the most ap-
propriate description of the early space-time evolution of
ultrarelativistic nuclear collisions to date and the results
should definitely have predictive power.
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