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Quantum field theory in spaces with closed timelike curves
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Gott spacetime has closed timelike curves, but no locally anomalous stress energy. A complete
orthonormal set of eigenfunctions of the wave operator is found in the special case of a spacetime
in which the total deficit angle is 2x. A scalar quantum field theory is constructed using these
eigenfunctions. The resultant interacting quantum field theory is not unitary because the Geld
operators can create real, on-shell, particles in the noncausal region. These particles propagate for
finite proper time accumulating an arbitrary phase before being annihilated at the same spacetime
point as that at which they were created. As a result, the effective potential within the noncausal
region is complex, and probability is not conserved. The stress tensor of the scalar field is evaluated
in the neighborhood of the Cauchy horizon; in the case of a sufficiently small Compton wavelength
of the field, the stress tensor is regular and cannot prevent the formation of the Cauchy horizon.

PACS number(s): 3.70.+k, 4.20.Cv

I. INTRODUCTION

Spacetimes with closed timelike lines have generally
been considered unphysical [1] because of logical para-
doxes, the lack of a well-posed Cauchy problem, or the
sense that they are obviously wrong. Prompted by the
work of Morris et aL [2, 3], there has recently been an
extensive reexamination of the question. The conclusion
of this reexamination is that it is not trivial to decide
whether closed timelike curves are physically allowed. In-
deed, spacetimes with closed timelike curves exist, and
solutions to field equations on these spaces exist. These
solutions are complete on some spacelike surfaces in at
least some noncausal spacetimes [4, 5]. Although the
causality properties of these spacetimes are unfamiliar,
they do not appear to be self-contradictory, and, if one
is prepared to consider them at all, one must address the
question of their acceptability in other terms.

The original wormhole spacetimes of Morris et aL [2]
require that the stress-energy which supports the worm-
hole fail to satisfy the positive-energy condition. Al-

though the matrix elements of the stress energy of a
quantum field do not in general satisfy the positive-
energy condition, their volume integrals over distances
large compared with the wavelengths associated with the
field excitations are in general positive, and it is still
somewhat problematic to reconcile the existence of the
wormholes with the stability of matter. On the other
hand, Gott [6) has pointed out that spacetimes with two
relatively moving infinitely long straight strings can pos-
sess closed timelike curves. These spacetimes are vacuum
spacetimes except for conical singularities at the strings,
and each string alone is a physically acceptable solution
to Einstein's equations. Although Carroll et aL [S] and

See also Deser et aL [7].

Deser et al. [9] have pointed out that such spacetimes
cannot arise from a spacetime which initially contains
no closed timelike curves and has a positive-definite to-
tal energy, the Gott spacetime itself does not have any
local properties which are physically unacceptable. The
existence of the acausal region in which future directed
nonspacelike curves can intersect each other is the only
peculiarity of the spacetime.

These considerations suggest that it is worth studying
the properties of Gott space in more detail. A point
mass in 2 + 1 dimensions produces a spacetime which
is everywhere flat. Coordinates may be chosen in which
the metric is the flat Minkowski metric, but with a wedge
removed from the space, and the points along the edges of
the wedge identified. The resultant cone has a singularity
at its tip where the point mass which produces the space
is located. The circumference of a circle of radius r is
(2vr —8)r, where 8 is the deficit angle of the cone and
is a measure of the mass [7, 10—12]. The Gott spacetime
is generated by two such point masses moving relative
to one another. The scalar wave equation is particularly
easy to analyze in the special limiting case in which the
deficit angles of the two points are both m. (That space is
open, whereas if the sum of the deficit angles were greater
than 27r the space would be closed [13].) In particular,
a scalar quantum field may be constructed on the space
using a path integral to calculate the propagators. The
resultant free field theory appears to be fully acceptable;
however, an interacting field theory is not unitary.

The procedure for constructing the field theory is fairly
straightforward. Coordinates may be chosen in which
the metric is the Minkowski metric, but with the edges
of the removed wedges identified with additional boosts.
Because of the boosts, the point (in 2+ 1 dimensions)
or string (in 3+1 dimensions) singularities are moving.
Despite the unusual boundary conditions, it is possible
to solve the scalar wave equation on the spacetime. A
complete orthonormal set of functions which are eigen-
functions of the wave operator is exhibited in Sec. IV.
Using these eigenfunctions, the functional integral which
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defines, in causal spacetimes, the time-ordered matrix el-
ements of the field operators in the vacuum will be eval-
uated in Sec. V. The resulting matrix elements appear
as an infinite sum of terms corresponding to the various
possible winding numbers of paths around the singular-
ities. Alternatively, each term may be viewed as corre-
sponding to a given image under (boosted) reHection in
the boundaries. In this acausal spacetirne the individual
terms are precisely the functions which one would naively
write down, however, with each term in the sum being
separately time ordered according to whether the field
point is in the past or future of the source point image.
As a result, when both the points of the matrix element
of a pair of field operators (or Green's function) are in
the acausal region, the points may be connected by a
future-directed timelike curve for some winding numbers
and by a past-directed timelike curve for other winding
numbers. Because of this, the functional integral result
for ((P(x)P(x'))+) cannot be regarded as a matrix ele-

ment in which the field associated with the earlier time
lies to the right of the field associated with the later time.
When both points are in the acausal region, each point is
both in the future and in the past of the other point. The
functional integral defines the matrix element by having
either Geld create positive energy excitations which travel
along future directed timelike curves to be annihilated by
the other field.

To put this another way, time-ordered products can-
not be constructed because there is not a well-defined
time ordering for pairs of points in the acausal region.
However, the propagation of particles (or waves) is well

ordered in that they propagate forward in time. (These
spacetimes do have a well-defined direction of time. )

The complete set of eigenfunctions of the wave opera-
tor then provides a complete set of solutions of the wave

equation. These are complete on a given spacelike surface
in the causal region, and that completeness constitutes a
special case of the theorem proven by Morris and Fried-
man [5]: It is possible to arbitrarily specify the positive-
frequency field on an initial spacelike surface which lies

entirely outside the acausal region; this uniquely deter-
mines the positive frequency field throughout the space-
time.

If a Hermitian product of field operators acts at the
same spacetime point in a causal spacetime, its vacuum
matrix element must be real because it can only create
virtual particles which are reabsorbed at the same point.
If the point is in the causal region of an acausal space-
time, the same result holds, but in the acausal region one
field can create an excitation which propagates forward
in time, accumulating an arbitrary positive phase, to be
annihilated by another field acting at the same space-
time point. Since no negative phases can be produced
(particles always propagate forward in time), the ma-

trix element of the product of the field operators in the
vacuum will not in general be real. The fact that matrix
elements of "physical" operators such as current densities
and stress-energy tensors no longer possess the expected
reality properties in the acausal region can be ignored in a
noninteracting theory because these operators are uncou-

pled in that theory. The lack of Herrniticity appears only

in multiplicative factors of the matrix elements which are
canceled in the renormalization process.

The situation is quite different for an interacting Geld.
The equation for the field itself contains products of more
Chan one field. In a causal spacetime and in the causal
region of an acausal spacetirne, the vacuum expectation
value of the interaction term becomes a real effective po-
tential in which the excitations propagate. In the acausal
region of an acausal spacetime, the vacuum expectation
value gives an effective potential which is complex due to
the phases of the particles which are created and reab-
sorbed. This potential does not yield unitary propaga-
tion, and the lack of unitarity is not associated wiCh the
creation of particles which appear at future infinity I+. It
is associated with the real creation of particles which are
reabsorbed by the same interaction. That is, it is associ-
ated with what happens within the acausal region. In the
case of an interacting field, complete information about
what happens there is not available on spacelike surfaces
restricted to the causal region, and the data which es-
tablishes the state of the system in the acausal region
cannot be given on such surfaces. The first-order correc-
tions due to the complex potential produce probabilities
which may be greater than one, thereby violating unitar-
ity in any sense.

There has been some discussion of the response of the
metric to the stress tensor induced by the existence of an
acausal region [14,15]. In the model discussed here, since
the propagator is calculated exactly, it is straightforward
to calculate the matrix element of the stress-energy ten-
sor. In the causal region it has the correct Hermiticity,
and, after it has been renormalized, it is regular every-
where in the causal region but becomes singular as the
Cauchy horizon is approached. This singularity is of or-
der 1/[z+ ln (z+x )], where x+ = 0 defines the Cauchy
horizon. When this is inserted into Einstein s equations,
the resultant metric is of the form

d82 g2Q( —x x d~+d~ + g2y( —x x dy2

where e '~ —+ (—x+x )
'"'"~ o~~ ~ * ~1 as —z+x

0+. For zero mass fields, this singularity is fairly weak,
and it is not clear what a simultaneous solution of Ein-
stein's equations and the field equations would yield as a
self-consistent solution. Nor is it clear how this relates to
Hawking's chronology protection conjecture [15]. How-

ever, for nonzero mass fields and for sufficiently small
relative rapidity of the point masses relative to their sep-
aration, there is no singularity of the stress energy and,
therefore, no mechanism for chronology protection.

Hartle [20] has studied the problem of unitarity in
acausal spacetimes using the decoherence approach of
Gell-Mann and Hartle [21]. He too finds that there is a
lack of unitarity, but for cases where there is an acausal
region to the future of the spacelike surfaces on which
measurements are made, in addition to the case where
the acausal region lies between the surfaces. The pro-
cedure followed in this work exhibits a lack of unitarity
only when the acausal region lies between the surfaces on
which measurements are made. This seems more reason-
able in that our ability to make consistent measurements
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now should not be compromised by the behavior of the
system at points which are in the future of the entire
region in which the measurements are made.

The order of presentation is as follows. The following
section consists of a brief outline of Gott space, estab-
lishing the conventions used here. The causal properties
of the space are discussed in Sec. III, followed by, in Sec.
IV, a derivation of the complete orthonormal set of eigen-
functions of the wave operator on the space. The Green's
function and operator products derived in Sec. V are used
in Sec. VI to derive the properties of the matrix elements
of the stress tensor and the operator Pz. These results
are used in Sec. VII to discuss the properties of the in-
teracting field, and exhibit the lack of unitarity of the
interacting field. The effect of the quantum field on the
metric is discussed in the last section.

II. GOTT SPACE

FIG. 1. The space for a single point mass of deficit angle
The space consists of the region above the line with the

tick marks denoting the identified lines.

The general matter-f'ree solution to Einstein's equa-
tions in 2+ 1 dimensions is everywhere flat, and the so-
lution with point masses is flat except for conical singu-
larities at the locations of the masses [7]. The masses
are proportional to the deficit angles at the singulari-
ties. A (3+1)-dimensional spacetime with infinitely long
straight strings running parallel to the z axis is also flat
with conical singularities along the strings.

Gott [6] pointed out that two relatively moving point
masses in 2+ 1 dimensions (or two strings in 3 + 1 di-

mensions) produce a spacetime which has closed timelike
lines. He considered the physically realistic case in which
the deficit angles of the masses are small, and, as a conse-
quence, the relative velocity of the masses must be large
in order to produce an acausal spacetime. The space
is open only if the sum of the deficit angles associated
with the masses is less than or equal to 2vr [7]. Only
the limiting case of two equal masses with deficit angle
n will be considered in this work; in that case it is easy
to obtain explicit solutions to the various equations. In
general, only the expressions in 2+ 1 dimensions will be
presented; the straightforward generalizations to 3 + 1
dimensions will be given when required for comparison
purposes.

The spacetime produced by a single point mass with
deficit angle ir may be described by a half plane, as shown
in Fig. 1, with the edge identification z =' —z at y = 0.
This physical space may be extended to a covering space
consisting of the entire z-y plane, and an arbitrary func-
tion on the physical space may be represented by a func-
tion on the covering space which satisfies the condition

f(»y t) = f( » —y t)— (2.1)

Such a function is uniquely determined by the function on
the physical space. An arbitrary C~ function P(z, y, t)
on the covering space yields a C function on the phys-
ical space provided that P(z, 0, t) = P(—z, 0, t) The
eigenfunctions of the wave operator on the physical space
are eigenfunctions of the wave operator on the cover-
ing space which satisfy this continuity condition. Given
P(z, y, t), an arbitrary eigenfunction of the wave operator
on the covering space, an eigenfunction f(z, y, t) on the

physical space may be constructed as

f(z y t) = 0(»y t)+ 0( » y t—)— (2.2)

In order to find the functions on Gott spacetime which
is generated by two relatively moving point masses, this
condition must be expressed in a frame in which the point
mass is moving. The Lorentz transform to the moving
frame is most conveniently done in null coordinates:

x+ =xkt;
then, in boosted null coordinates,

(2 3)

(2.4)

x~ =' —e~'~x+, at y = —Yp, (2.5)

where the primes on the coordinates have been dropped.
The condition that a function on the covering space de-
fines a function on the physical space is

f(z+, z, y) = f( ez, —e —z+, —y —2YO), (2.6)

where f is now regarded as a function of the null coordi-
nates x+ rather than as a function of x and t.

If a second mass point moving in the opposite direction
is added at y = Yp, there is then the further identification

x+ = —e+2 x+ at y= Yp. (2.7)

The resultant space shown in Fig. 2 is restricted to the
regiop —Yp ( y ( Yp. For a total deficit angle less than
2m, the space is asymptotically a cone. In this case, the
cone has a zero opening angle; i.e., it is asymptotically
one end of a cylinder for point masses relatively at rest.
Because of the relative motion of the point masses, the
cylinder must be regarded as two cylinder halves joined
with a relative boost.

The mass point that was at z = 0 = y in the original
coordinates is at z' —t' tanh n = 0 = y' + Yo in the new

coordinates, corresponding to a mass point moving with
velocity tanh n in the new coordinates. Since the metric
was Minkowskian in the original coordinates, it is still the
Minkowski metric but with the boosted identification



4424 DAVID G. BOULWARE 46

~p2nn~+x+= ~+2K&

y+ 2nYp,
-y+ 2nV„

n even,
n odd)

n even,
n odd.

(2.12)

FIG. 2. The space for two point masses of deficit angle
vr. The space consists of the region between the lines with
the single and double tick marks respectively denoting the
identified lines.

The continuity conditions for functions on this space
are those of the original string, Eq. (2.6), as well as

f(x+,x, y) = f( ex,——e2 x+, —y+2Yp);

these may be combined to yield the condition

f(x+,x, y) = f(e 4 x+, e4 x, y+4Yp),

(2.8)

for a function on the covering space to define a function
on the physical space. This condition may be combined
with either of the two previous conditions to form a suf-
ficient set of conditions for a function on the covering
space to define a function on the physical space. When
the rapidity n vanishes, the masses are stationary, and
the functions are periodic in y and even under inversion
in the location of each of the masses. In the general case,
the functions are even under boosted inversion in the lo-

cation of each of the masses which implies that they are
periodic under simultaneous translations in y by 4Yp and
in rapidity by —4n.

Just as with the single mass, an arbitrary function
P(x+, x, y) on the covering space may be used to gen-
erate a function on the physical space which explicitly
satisfies the continuity conditions [Eqs. (2.6), (2.8), and

(2 9)]

6~a}(x—x') = ) 2b(x+ x„'+)—6(x x'„)—b(y y„'),—

(2.14)

and the source in the physical spacetime is represented as
a sum of image sources in the covering spacetime. Note
that this expression is symmetric in x and x' so that
either may be taken to be the independent variable, with
the other being the location of the source point. As a
result, this delta function defined on the covering space
is a good function on the physical space when regarded
as either a function of z or of x'. In 3+1 dimensions, the
delta function has an additional overall factor of b(z —z').

The Green's function equation

(—8 + rn )G(x, x') = b(z —x'),

has the solution

(2.15)

' i exp[—ms(x, x')]
4vrs(x, x')

irnKg (ms(x, x'))
27r's(x, x')

2+ 1 dimensions

3+ 1 dimensions

(2.16)

in the covering space, where s(x, x') = y (x —x')2, and
the choice of analytic continuation into the region where
s ( 0 determines which Green's function is obtained.
The solution in the physical space then has the image
form

Two cases of particular interest are the point source
and the Green's function which it produces. On the cov-
ering space a single source at the spacetime point 2." is
described by

~"'(*- ') =~(t-t')~(*- ')~(v-u')
=2~(x+-x+)~(z--x-)~(&-, ). (2.13)

The point source on the physical space is thus given by

G(x, x') = ) Gp(x, x'„). (2.17)

f(z+ x, V) = ) [A(e
'" x+, e4" x, y+4nYp)

+y( &
—(4n+2}a — (4n+2}~

)

—
V + («+ 2)Yp)], (2.10)

The choice of analytic continuation is critical; it will be
discussed at length in Sec. V.

III. NONCAUSALITY

or

f(x', x, u) = ). 4(x+, z. V )

where

(2.11)

In the preceding section, a global set of coordinates for
the spacetime with two moving point masses were found:
The metric is the Hat metric over the region —Yg C y &

Yp with the identifications given by Eqs. (2.5) and (2.7).
Since the causal properties of such spacetimes have been
discussed extensively [6, 16, 17], a brief discussion will

suffice here.
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The conclusion is that this spacetime consists of three
regions: A future region, a past region, and an acausal
region. The past and future regions are causal in that
no timelike or null curves intersect themselves in those
regions, and they are respectively bounded in the future
and the past by the Cauchy horizon which separates them
from the acausal region.

The spacetime may be embedded in the covering space-
time, the causal properties of which are trivial. The
source of a timelike or null curve has an infinite num-
ber of images in the covering space, Eq. (2.12), and a
given spacetime point is within the future light cone of
the source point in the physical spacetime if it is within
the future light cone of any one of the images in the cov-
ering spacetime. A given point in the physical space may
be identified with the n = 0 image in the covering space.
The point can be connected to itself by a nonspacelike
curve in the physical space if and only if the image of
the curve in the covering space is a nonspacelike curve.
If the path in the physical space wraps n' times around
the world line(s) of the point masses, its image in the
covering space goes from the rr = n' image of the source
point to the identified, n = 0, image point.

Consider the past region P shown in Fig. 3. A source
point in P has z+ & 0 & x, and its images at (x+, y„)
all lie on the same hyperbolic surface but displaced in y.
The hyperbolic surface z+z = const & 0, z ) 0, and
—oo & y & oo is a spacelike surface so that all the images
have spacelike separations from each other in the cover-
ing space. Thus, no future directed nonspacelike curve
can connect the source to any of its images in the cover-
ing space, and, therefore, no future directed nonspacelike

I r r
)

r r I r ( I I I I ( I I I I ) I I I I t I r r I J

curve can connect the source point to itself in the physi-
cal space. A similar argument holds for the future region

de6ned by x+ ) 0 & x . Hence both regions are
causal; i.e., no nonspacelike curve can intersect itself in
either region.

The argument does not hold for the noncausal region
A shown as two separate regions AI and AII in Fig. 3.
(Note that although the two regions appear to be sepa-
rated, they are not since they are connected at y = +Yp.)
Since these regions are defined by, respectively, x+ ) 0,
and z+ & 0, the images given by Eq. (2.12) appear alter-
nately in the left and right branches on the hyperbolas
shown. In addition, the images are displaced in y perpen-
dicular to the diagram. The two surfaces in the covering
space on which the images lie are each timelike surfaces
which are asymptotically null at infinity, and each sur-
face is everywhere spacelike relative to the other surface.
As a result, no nonspacelike curve can connect a point
to an image on the reflected hyperbola, but, since each
surface is timelike, the images on the same hyperbola can
in general be connected to each other by a nonspacelike
curve. That is, nonspacelike curves which start out in
A and wrap around both masses some number of times
may intersect themselves. Because successive images are
displaced in y, there is a spacelike component of the sep-
aration in the y direction. As a result, the projection of
the light cones into the x tplane -is narrower than 45',
and some, but not all, images can be connected by a
nonspacelike curve.

Points in the noncausal region can actually be con-
nected to themselves by nonspacelike goedesics. To see
this, note that the image of the geodesic in the physi-
cal space is the usual straight line in the covering space.
The tangent vector of the curve is g/8~ = (k+, k, kl),
where the affine parameter 7 is normalized so that
dy/d7. = +1 in the covering space. The geodesic is
a future directed nonspacelike curve if Ir+ ) 0 ) k
and —A:+k ) 1. Thus k+ = he+"v, where v ) 1.
The curve starts at the image point given by (2.12),
(e 4" z+, e4" z, y+ 4nYp), and then, in the covering
space, is given by

x+ (r) = e 4"~z+ + verr,
z (7) =e z —ve p7r,

y(r) = y + 4n Yp + ~ .
(3.1)

The geodesic reaches (z+, y) provided there is a value of
7. such that z+(7.) = z+, x (r) = x, and y(7 ) = y. A
solution exists only if the plus (minus) sign is chosen in
(3.1), and n and x+ are all negative (positive). In the
case where the initial point is in the left segment AII, let
x+ = —Xe+~, n = —N, and the solution is

I r I r r I I I r r I r r I i I I I I I I I I I I I I I-6 -4 0 2 4

= 4NYo )

v = X sinh 2Ncr/(2NYp),
eP+2Ncx

(3 2)

FIG. 3. The hyperbolae show the surfaces on which im-

ages of a point in the physical region lie. The past and future
regions are shaded and the acausal region is unshaded. The
y axis is perpendicular to the graph, and the physical space
consists of the region —Yo & y & Yo.

The number N is just the winding number of the path
which connects the point (x+, y) to itself. Typical curves
for winding numbers 1 and 2 are shown in the physi-
cal space in Fig. 4. A future-directed nonspacelike curve
with winding number N connects the point x with itself
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The surfaces x+x = const & 0 are spacelike surfaces
restricted to the causal region Ii (P) if x+ ) 0 (x+ ( 0);
however, they are not Cauchy surfaces because there are
future-directed nonspaeelike curves which do not inter-
sect the surfaces. (For example, a null curve coming in
along the Cauchy horizon does not intersect a surface in
the past region. ) It is true that every timelike geodesic
intersects every such surface in both the past and the
future regions and, as will be discussed in Sec. IV, arbi-
trary solutions to the wave equation may be specified in
terms of data on these surfaces.

FIG. 4. The left and right figures respectively show closed
future-directed timelike curves of winding number 1 and 2.
The identified points are labeled in increasing temporal order
from A to B (D) along the respective curves.

in the physical space provided that the curve is nonspace-
like. This is true if v = X sinh 2Nn/2NYo & 1. For large
enough winding number every point with X ) 0 can be
connected to itself. Thus, the acausal region consists of
all those points with x+x ) 0. The Cauchy horizons
are, by definition, the boundary of the acausal region;
these are the null surfaces x+ = 0 and x = 0. The
Cauchy horizons are not part of the acausal region be-
cause the images of a source point on the Cauchy horizon
are all spacelike with respect to the source point, hence no
nonspacelike curve can connect the image to the source
point.

The surfaces for which v = 1 (X = 2NYo/sinh2No, )
are the surfaces consisting of points at which null geo-
desics intersect themselves; Kim and Thorne [14] refer to
them as polarized hypersurfaces. They will be discussed
further in Sec. VI, where it will be shown that they are
the loci of weak singularities of the stress-energy.

IV. EIGENFUNCTIONS

8 g(x+, x, y) = mQ(x+, x, y), (4.1)

where m is the eigenvalue of the wave operator. The
general eigenfunction is given by

I4(x'* y) =
2

A special case is

dk+ dk dk„.-l"'* +" *'+""~

x 6(k+ k + k„+m) f(k+, k, k„).
(4.2)

For various purposes it is convenient to have an ex-
plicit set of complete orthonormal functions on the phys-
ical space; it is even more convenient if they are eigen-
functions of the wave operator. In the case of the Gott
space considered here, it is easy to construct eigenfunc-
tions on the covering space. To construct a complete set
of orthonormal eigenfunctions of the wave operator on
the physical space is not much more diflicult. The main
problem is showing that they are, in fact, a complete set.

On the covering space the eigenfunction Q of the wave
operator satisfies the equation

1
V,I„(x+,x, y) =

2
(4.3)

where f now depends only on the ratio k+/k . This function must be invariant under the transformation, (2.9),
x+ ~ e+ x+ and y ~ y+4Yo, or

f (k+/k ) = '"" 'f (e k+/k )

which implies that a special solution with periodicity n and homogeneous in k+/k with power irI is

f,„(k+/k-)= .'+'~+ "'(k+/k )'«'-
The general solution is then a superposition of the special solutions

(4.4)

(4.5)

1
,„,(x+,x, y) =-

4m
dk+dk-. 'l"'* +" *' ~'l~( k+-k+') '+'='+ "'(k+/k )' ~'- (4.6)

where m' = m+(n7r/2+arl)z/Yo2 and k„=(nor/2+oral)/Yo The function . still does not satisfy the reHection conditions,
(2.6) and (2.8), around the world lines of the two masses separately, and the ranges of the k+ integrations are not yet
determined. Under the re6eetions x+ ~ —e+2~x+ and y ~ —y + 2', the corresponding change of variables

k+ ~ —e+' k+, (4.7)
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which, along with n ~ —n and g ~ —)7, yields, modulo the question of the phases in the factor (k+/k )'«2,

,&, (~' * ~) (-I)"@,—.,--(~' ~ u) . (4 S)

If u)' ) 0, the two-dimensional vector (k+, k ) is timelike, and the transformation (4.7) preserves the signs of k+.
The positive-frequency solution may then be taken to be

(z+ T ) = — dt:+ f dk 6(k+0 +w')e'~" * +
(2~)s/2 2

i+~ ("~ yaR) ( k+ ) iR/2 —i+( ~ +ay)
/ k+ ) iq/—2

x
v'2Yoi (—k-) q-k-q (4.9)

where, because of the explicit minus sign in the k+/( —k ) factor, there are no phase ambiguities. The expression for
negative )) and n ~ n i—s the same as Eq. (4.9); hence r) may be taken to be positive. The overall normalization is
shown to be correct in Appendix A, where the orthonormality and completeness of the functions are shown.

The complex conjugate of Q(+) is a negative-frequency solution which is independent of the positive-frequency
solution; it may be vrritten in the form

i.','„,.(*',*,v) = (i.",'„,.(*',*,u))
*

(2n.)s/z 2 o
dk /)(k+k +u)')e '(" * +" * )/

i+ (~+ay) / + ) ig/2 -i+(~+~o)
/ k+ ) io/2—

v'2Yoi" E
—k i v'2Yoi " (4.10)

For u)' & 0 the momentum (k, k ) is spacelike, and the transformation, Eq. (4.7), changes the sign of k; instead
of Eq. (4.7), the change of variables

k' e+"k+

is used, and the solution to the wave equation on the physical space, Eq. (4.1), is

1 1 +g„' „„(x+,x, y) =
s/

— dk+ dk b(k+k +u)')
—OO

ei(k+* +k ~+)/z i-+(~+~~) ~k+~'viz
X

/2Yoi" gk-y
—i(k+z +k z+)/ze i +~(~+a'o) / ky ) ——ig/2+'

v'2Yoi-"

(4.11)

(4.12)

where w' & 0. This solution is real, and changing the sign of )7 does not yield an equivalent solution, hence —oo &
g & oo.

As is shown in Appendix A these functions form a complete orthonormal set,

dx g', „,„.(2:)'g' „„(x)= 6, 6'(u)' —n))b(r)' —rj) b (4.13)

for integration over the physical space, and

2&(z'+ —z+)a(~' —* )&(y' —v) = &~' &v ) (i'.",'„,.(*')'4.",'„,.(*)+ i".
,'„,.(*') i".

,'„,.(*))
0 0

0 oo OO

+ du' dn ). @',„,(~')'4",, (&)
—OO n= —oo

(4.14)

for x' and 2: both in the physical space.
As a corollary to these results, an arbitrary function P on the physical space may be written as
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Ctg / X ~ QJ, 'l7 + / X ~ 8J )'g

+ ) dnM.',„,.(x)f.'(~' ~) (4.15)

dg t)(k+k ——+ iii2 + (~~/2 + ~il)2/Y2)ei(k+z +k z )/2d k
(2~) 2 ()

i+ ("~ +ay) ( ky ) iq/2 ii)(-—("~ +ng) k+ iq/2—

v'2Ypi" (—k ) /2Ypi, " -—k
(4.16)

The solutions to the wave equation, Eq. (4.1), for a given value of u) = m2 are, of course, not complete on the
spacetime. However, they are complete on a given spacelike surface in Minkowski spacetime. That is, using positive-
and negative-frequency solutions, a solution with an arbitrary initial value and an arbitrary initial time derivative on
the surface can be constructed. Alternatively, using positive-frequency solutions, a positive-frequency solution with
an arbitrary initial value (or an arbitrary initial time derivative) can be constructed. In the Gott space, the same
is true with some qualifications. An arbitrary solution can be constructed for an arbitrary spacelike surface solely
within either the future region or the past region. That is, an arbitrary value of either the function or its normal
derivative may be specified. If both positive and negative solutions are used, both the value of the function and its
normal derivative may be specified.

The positive-frequency solution for the wave equation is

y~+~(x+, x, y) = V'27rq~+„„(x+,x, y)

1 1 OO

+

where u) = rn2+ (nor/2+ o;q) 2/(4Yp) 2, and the conserva-
tion condition for solutions to the wave equation reads

~- 0'(x) &" 0(x) =o (4.17)

Then the integral over a surface

(0' 0) = f «.0'(*)- () 6*), (4.18)

(4.19)

where —g is the absolute value of the determinant of the
metric. It is shown in Appendix A that, for an arbitrary
x+x = const surface in either the past or the future
region,

do p~+l(x)'-. c) (j&'„~,+„,(x) = t)(q —r/')6„„. (4.2o)

Thus an arbitrary positive-frequency solution to the wave
equation,

&(*) = f &n ). 4,'+'(*)0(n ~) ,.(4:»)
0 f5=—OO

has the same (positive definite) norm in both the past

is constant, provided that the functions (P', P) drop off
fast enough at infinity. In Appendix A, this integral, in
the case of the basis functions (4.16) and spacelike sur-
faces restricted to either the future or the past, is shown
to be just the orthonormality relation.

The integral over a surface is most easily done by
changing into coordinates appropriate to the surface,
x ~ (~, (), where 7 is the coordinate labeling the surface,
and ( are the coordinates in the surface. The normal to
the surface is n = 8/8~, and the integral becomes

(0' 4) = d(~.V' ~4'(x) ,. & 4(x), -

and in the future regions:

(0' &) = dn ): 4'(n ~)*4(n ~) (4.22)

That is, every particle that starts out in the past region
eventually ends up in the future region, and every particle
which ends up in the future region started out in the past
region.

V. GREEN'8 FUNCTION

(x, *') = (O+ ly(x)y(x')!O —)

g3p ~iP(x —2.")

2' (2vr) s (5 1)

where the initial and final states are respectively the
initial and final vacua. In the case of the free field in
Minkowski space, these vacua are the same. The fre-

quency p = Jp2 + m2. Since the vacuum is the lowest-

energy state, the matrix element has positive (negative)
frequency with respect to t (t'). The time-ordered prod-
uct

The formulation of a quantum field is well understood
in Minkowski space. There are several alternative formu-
lations: one may use the Wightman functions, the time-
ordered product, the Green's function, or a functional
integral to calculate the matrix elements of the field, its
spectrum, and any scattering which may occur.

In summary, the basic quantity is the Wightman func-
tion
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~.(*,")= (0+ I(&(-)~( ')).Io-)
e(t —t') (0+ I&(x)4(x') I

0—)
+ie(t' —t) (0+ Iy(x') y(x) I

0-) (5.2)

both yields the Wightman function and can be con-
structed from it. It satisfies the Green's function equa-
tion

(-a'+m') ~ (x, x') = ~(x-x'), (5.3)

with the boundary condition that it be of positive (neg-
ative) frequency for t ) t' (t ( t'). This equation and
boundary condition uniquely determine the Green's func-
tion to be

d4k e'"*
b.y (x, x') =

(2~) k +m —ie' (5.4)

where the —ie enforces the positive-frequency boundary
conditions. This expression in turn may be represented
as the functional integral over all field configurations on
M4:

face) using the Hamiltonian to propagate the fields from
one time to the next.

In Gott space the above line of argument does not
work. The Wightman function (5.1) must be a solu-
tion to the homogeneous equation. If the state (0+ I

(IO—)) is assumed to be the lowest energy state in the
future (past), then the Wightman function must be a
positive-frequency function; hence it must be expressible
as a superposition of the functions Poi+,„l(x)[Poi,„~(x')].Be-
cause the mass points are moving, the space is not static,
and there is no conserved energy; nonetheless, for a free
field there is a conserved particle number, and the zero
particle state has zero energy which is less than that of
any other state. Since there is particle conservation, one
can require that the Wightman function have positive
(negative) frequency in t (t') on a spacelike surface in
the future region Il (P) in Fig. 3. The Green's function
derived below does satisfy this criterion and yields the
following explicit expression for the Wightman function
in Gott space:

&~(*,*') =i f I&i]I" ]i]ii(*)ii(*')

where

(5.5)
(5.7)

w]p] = ——f d z (8$) +]m. —ic)i] (5.6)

The ie in the integ—rand is needed to allow an analytic
continuation to complex times which enforces conver-
gence of the functional integral and also yields the correct
boundary conditions on hF. The validity of this formu-
lation may be established either (1) by explicitly per-
forming the functional integral or (2) by summing over
all possible field configurations at each time (Cauchy sur-

where P is the on-mass-shell eigenfunction defined in Eq.
(4.16).

Because there is no time ordering of the points in
the noncausal region A, one cannot construct the time-
ordered product, even given the Wightman function, un-
less at least one of the points is outside this region. That
is, one cannot construct an expression like Eq. (5.2) for
Gott space. One can, however, look for solutions to the
Green's function equation (5.3); the solution to the equa-
tion is

o o
—A + mz —ie+ (nor/2+ ng)z/Yoz

&~,. (x')'&~,, (x)
—A+ m'+ (nz./2+ nri)'/Yo2

(5.8)

This expression is well defined by virtue of the iein-
the denominator which tells how to go around the pole
as in the Minkowski case. Its inclusion assures that the
answer satisfies the conditions given above as long as x or
x' is in the causal region. The expression (5.8) solves the
Green's function equation (5.3) and satisfies the positive-
frequency condition in the regions where it can be ap-
plied. Since Green's functions can only dier by a solu-
tion to the homogeneous equation, and, by the argument
of Sec. IV, a solution to the homogeneous equation is
uniquely determined by its value in the past and future
regions, this must be the unique Green's function which
satisfies the positive-frequency conditions in the causal

regions.
Alternatively, the functional integral definition (5.5) of

the matrix element of the product of two Beld operators
may be used; however, it can no longer be derived from
an operator formulation of the theory. No foliation of the
spacetime using spacelike Cauchy surfaces exists; hence
there is no global time parameter which can be used to
describe the time evolution of the system, a,nd, by the
same token, there is no Hamiltonian which can be used
to generate the time evolution. Thus, the matrix element
cannot be written as a sum over a complete set of states
(field configurations) at each time. However, one can
imagine defining the quantum field theory by the func-
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&(x *') = i [d4] e' ' 4(x)4(x')

where, using the expansion, Eq. (4.15),

(5.9)

W[p] = ) m —ie —A+ (nor/2+ nil) /Y&

+P„'(A,rl)'P„'(A,q)]/2, (5.10)

with the g sum running over positive values for the P~+l

terms and over all values for the P' terms. The A sum
runs over positive (negative) values for P&+l (P'). The
result of the integration is precisely that of Eq. (5.8). It is
shown in Appendix B that Eq. (5.8) is precisely equal to
the sum of images given in Eq. (2.17) with the additional
information that the intervals s(x, x'„)are to be defined
by the analytic continuation

tional integral. The nontrivial causal properties mean
that the classical field theory also has no Hamiltonian
and no global time parameter. This does not prevent one
from defining the field theory and deriving its equations
of motion by varying an action defined over the space.
That procedure yields all the usual structures in the case
of a causal space and provides a generalization in the case
of an acausal space. The corresponding generalization of
the quantum theory is to define the matrix elements as
the functional integral over field configurations with the
complex measure given in Eq. (5.5).

If this procedure is adopted, the resultant propagator
from Eq. (5.5),

past (future) of x have positive (negative) frequency in
t. Those terms that are associated with images that are
spacelike with respect to x are independent of the choice
of frequency.

The particles created by the operators propagate for-
ward in time with positive frequencies. That is, if a field
operator acts at x creating a particle, it can be annihi-
lated at any point within the future light cone of x', and
it carries a positive frequency if that happens. Of course,
as in Minkowski space, operators at spacelike separations
can create and annihilate a particle. This is because a
positive-frequency excitation cannot be localized, but is
spread out over the Compton wavelength of the particle
with an amplitude that decays exponentially with dis-
tance. Those terms in the Green's function that corre-
spond to a spacelike separation between x and the image
of x' decay exponentially with increasing separation.

Although there is a perfectly good interpretation of
the Green's function in terms of the particles produced,
there is no such interpretation in terms of the ordering
of the field operators. As long as at least one point is
outside the acausal region, there is a well-defined time
ordering of the points, and the Beld operators may be
interpreted as having the corresponding order. However,
when both points are in the acausal region, the fields can-
not be ordered in accord with the points; the ordering is
that annihilation occurs to the future of creation. Thus
the "ordering" is an ordering of propagation, not an or-
dering of the field operators. It is precisely this ordering
that occurs when an interacting field theory is considered.
This will be discussed further in the following section.

s(x x') = v'(y —y')'+ (x —*')' —(It —t'I —i~)'

(5.11)

with the requirement that the real part of the square root
be positive. As a result of this, the Green's function can-
not be regarded as a function of x with t given a fixed
imaginary part; the different terms in the sum have differ-
ent imaginary parts for t because t may be greater than t'„
for some terms and less than t'„for other terms. However,
s(x, x') is an analytic function of t: Suppose that x' is in
the noncausal region and that x is in the future region.
Then all the terms in the sum may be defined by giv-
ing t a negative imaginary part. The function is analytic
in t with branch points at t„'+ g(y —y„')z+ (x —x'„)z.
As t is continued past each of the branch points there is
a perfectly well-defined continuation: t goes below every
branch point with a positive square root and above every
branch point with a negative square root. The result is
that those terms that are associated with images to the

VI. OPERATOR PRODUCTS

The Green's function derived in Sec. V gives an explicit
representation for the vacuum matrix element of free-Geld
operator products. It may be written as

((4(x)4(x')) ) = -i ) &p(x x.'), (6.1)

where x'„is the position of the nth image of the point x'
in the covering space. If either x or x' are outside the
acausal region, the ordering is a time ordering. Otherwise
it is not an ordering of the field operators, but rather an
ordering of the propagation of the field excitations.

As x' ~ x, the n = 0 term in the sum diverges;
this is just the standard divergence of Beld theory in
Minkowski space. It is associated with various renor-
malizations which are not of concern here and will be
dropped.

The remaining terms are in general finite as the points
approach each other; in particular

(
I

) ( ) (—x+x )sinh nu+ (2nYp)

Q(x+e~ + x e~&)2 + (2y +—2n&p)2,

n even,

n odd,
(6.2)

As a cursory examination of Fig. 3 will show, the terms with odd n are always spacelike, and no choice of n can make
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sn go to zero except along the world lines of the point masses, where 2:+ = —e+~ x, y = pYp. The terms with even
n are spacelike for z outside the acausal region.

The expectation value of Pz can now be written as

(P'(z)) = i)—[Go(z, x„)+G,(z, z „)]—:—iG(z, z).
n=l

(6.3)

Each term is finite for x in the causal regions. The first question is the convergence of the sum. For nonzero mass, the
sum is always convergent because —iGp e '/s~, where q is 1 for 2+ 1 dimensions and 3/2 for 3+ 1 dimensions.
In either case, the exponential assures convergence of the sum. In the zero mass case —iGp 1/s~, where q is 1 for
2+ 1 dimensions, and 2 for 3+ 1 dimensions. Again, the sum converges because the asymptotic behavior of s„is
e-qna

As the Cauchy horizon is approached, the convergence is more delicate. The odd n terms still have the same
asymptotic behavior in n as before (except at the intersection of the Cauchy horizons z+ = 0 = z ). The even n
terms still converge for a nonzero mass

) .2exp( —4nYpm) 1 t' 1

4&4nYp 8z'Yp E1 —e-4~0~) '

(y'(z)), = ~
"„='

+ .2mKq(4nYpm)

, n=l 2+~4n Yp

2+ 1 dim,

3+1 dim.

(6.4)

In the massless case, the sum diverges as z+z ~ 0
in 2+ 1 dimensions but is finite in 3+ 1 dimensions.
This divergence is logarithmic and therefore integrable; it
appears for low dimension and reflects the limited phase
space available for the wave to spread in.

In the acausal region the situation is more complicated.
For large n, s„is imaginary with an infinitesimal posi-
tive real part which assures convergence just as in the
causal region. There are series of surfaces defined by
z+z = (4nYp/sinh4no, )z on which the interval sz„(z)
vanishes. These are precisely the polarized hypersurfaces
[14] discussed in Section III, where the point z can be
connected to itself by a lightlike geodesic with winding
number n. The expectation value of Pz(z) is singular on
these surfaces since the point z is on its own light cone.
Furthermore, the surfaces are dense as the Cauchy hori-
zon is approached; that is, there are an infinite number of
such surfaces between every point in the acausal region

and the Cauchy horizon. The singularity is the stan-
dard light-cone singularity s ~, where q is 1 (2) in 2+ 1
(3+1) dimensions. An imaginary s„(z)indicates that z
is within its own future light cone (for paths with wind-
ing number n), and, therefore, a particle can be created
at z to propagate forward until it is annihilated at the
same point. The propagator is then complex with a pos-
itive phase (because of the positive-frequency condition).
This will be important in determining the properties of
an interacting field in Sec. VII.

The stress energy of the field is given by

T'p = 4(z),~4(z), —n~. z .0( z)'"4( )z~ +m'&'(z).

(6.5)

To compute its matrix elements, note that derivatives of
the function

sz„(z,z') = g(z+ —e4" z'+)(z —e-4"&z'——
) + (y —y~ —4nYp)& (6.6)

are given by

Bsz„(z,x') z+ —e+4" z'+
Bx+ 2sz„(z,x')

Bsz„(z,z') y —y' —4nYp

By sz„(z,x')

Bsz„(z,z') z'+ —e+4" z+
Bz'+ 2sz„(z,z')

Bsz„(z,z') —(y —y' —4n Yp)
By' sz„(z,x')

(6.7)

which imply that
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B f(82„(x,x'))
Bz+Bx'+

B f(s2„(x,x'))
Br+By'

B2f(s2„(x,x'))
ByBx

B2f(s2„(x,x'))
Bx+Bx'+

B2f(82„(x,x'))
ByBy'

which in turn yield

(x+) sinh 2nn f'(s2„)
)

$2n $2n

+(4nYp)e+ " z+ sinh2nch f'(s2„)
S2n, S2n

S2n

x+x+e+ " sinh 2no,

S2n

(4nYp)2 f'(s2„) '

S2n S2n

$2n

f'(s2„)
$2n

f'(s2„(x,x'))
S2n S, X

+(4nYp)e+ " x+ sinh2nch f'(s2„)

f'(82 (x x'))
2 s2„(x,x')

(6.8)

Moreover, for f(s2„(x,x')) = G(x, x2„),it obeys the wave equation

I

0 = (—B +m )f(s) = —3
~ ~

—8
~ ~

+m f(s),s p ( s )
where f(s2„)= —iGp(x, xn).

In 2 + 1 dimensions the matrix elements of the stress tensor are therefore given by

—8x+x+ sinh 2na 2 3f'(82„)
n=1 2n 82n,

(T+"(x)) = 0,

T+x = 2 2 m s2„
$2n S2n S2n,

(T""(x))=
—2(4n Yp) 2 3f'(s2„) f '(82n)

2 82n
S2 S2nn=1 2n

4@+x sinh 2+a ~ 3f'(sq„) f'(sg )

)—cosh 4na —1 m S2n
S2n 82n S2n

S2n

I

B"Bzf(s2„(x,x'))+rn f(s2„), = (cosh4no. —1) 2 ~

m f(82„)— 2 If'(s2„) .
S2n

(6.9)

(6.10)

(6.11)

For m g 0 and x+x g 0, these sums are convergent,
yielding a finite stress energy tensor at all points in the
causal regions. As rn -+ 0, the convergence provided by
the exponential e ' disappears, but the sums still con-
verge because f'/s 1/ss, and the asymptotic behavior
in n is e 2n~ leading to convergence. As x+x —+ 0
the sums are more delicate. For m g 0 and x+x = 0,
$2„——4nYO, and the asymptotic behavior of the terms
in the sums is e n~~ +'~; the sum converges provided
a ( mYO. Thus, for suKciently small relative rapidity
of the mass points, the stress tensor is regular on the
Cauchy horizons. For m = 0 the sums diverge on the
Cauchy horizons. The sums, which are somewhat tricky
to evaluate for large rapidity a, are easily estimated for
small n. In that case they are of the form

e4" n&

~ -
[(—x+x-)e4"n + n2(4Yp)2]&

'

which may be approximated as an integral over n, and
then evaluated by using a steepest-descent approxima-
tion. The result is

S (6.13)

(T+'(x))-
(—x+x—

) (4Yp) ln [(4Yp) /( —x+x )]

(T+v(x)) -0,

(T++(x)) finite,

(6.14)

(T""(x))- 1

2(—x+x ) (4Yp) ln [(4Yp) /( —x+z )]

where n ln[(4Yp)2/( —x+x )]. The matrix elements of
the stress-energy tensor are then, as the Cauchy horizons
are approached,
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VIX. INTERACTING FIELDS

For an interacting scalar field, the action (5.6) of the
free field is replaced by

W[P] = —— d'x (BP)'+ (rn' —i~)(t'+ —P' .

6~(z, z') = i f (dii(e*~'i'ii(z)ii(z') (7.2)

the resultant expression for 6~ to first order in the cou-

(7.1)

When this is used in the functional integral expression
for the propagator

pling constant A is, after renormalization,

b,F(x, x') = G(x, x')

+i2 f dv&(*, v)&(w, v)&(i, *'), (7~)

where G, as defined in Eq. (6.3), denotes the Green's
function with the Minkowski space, zero winding num-
ber term, removed. This is nonsingular as the points
approach each other, and the dropped term simply renor-
malizes the mass of the scalar particle.

If x' is in one of the causal regions and in the past of x,
then h~ may be integrated over a spacelike hyperboloid
with (II(~i+,

~ (x'), and the reduction formula, (A38), together
with the orthonormality relation, (A26), yields the result

(old(*)ln ( ')) = 0,",.'( )+ — dyG(* y)G(y y)4,'+,.'(y)
y&o (x')

(7 4)

where cr(x') denotes the spacelike surface over which the integral was done, and y ) (r(z') means that the integral is
restricted to points in the future of o(x').

Applying the reduction formula (A38) again with P~+~, the matrix element becomes

(rIi, ni, o (x) [gi n; o (x') ) = h„„„b(gi—g) —i- dyl,"„'., (y)'V(y) 4„",.'(y)
~(~)&u& ~(~')

(7 5)

where V(y) =——iG(y, y). As was discussed in Sec. VI,
V(y) is real for y in the causal regions. As long as the
region of integration does not include any of the acausal
region, the additional contribution to the matrix element
is purely imaginary and only contributes terms of order
Az to the unitarity relation. But V(y) is complex in the
acausal region, and the matrix element contains a real
part coming from the integration over that region. As a
result, the eigenvalues of the scattering matrix (7.5) are
not associated with real phases. Furthermore, the imag-
inary parts of the phases have no definite sign so that
some probabilities will be greater than 1 (but of first
order in A), and the failure of unitarity cannot be asso-
ciated with a failure to include all possible final states
Unitarity, expressed in terms of the particles that start
in the past causal region and end in the future causal
region, fails because real (rather than virtual) particles
are created in the acausal region, are propagated around
a closed timelike path, and are annihilated at the space-
time point at which they were created. If one could treat
the terms with di6erent winding numbers as physically
distinct events so that there was no interference between
them, there would be no problem with unitarity: The
speci6cation of the state would include a specification
of whether an on-shell particle was created and, if so,
what its winding number was. Then, the sum over states
would include the sum over winding numbers and the
phase would be a kind of 6nal-state phase which would
cancel in the sum over 6nal states. The interference term
between no production and production with some wind-
ing number would not enter and, in this approximation,

there would be no lack of unitarity. Since the on-shell
particles appear in neither the future causal region nor
the past causal region, there is no way to specify, in terms
of data on the initial or final surfaces, what on-shell par-
ticles were created with what winding numbers never to
emerge from the acausal region.

Deutsch [18] has discussed this problem by describing
the behavior of the system in the acausal region by means
of a density matrix. Although the density matrix does
provide partial information about what happens in the
acausal region and is precisely the kind of information
that is required in order to address the unitarity prob-
lem, it is additional information imposed from the out-
side (subject to some consistency conditions) and does
not arise naturally from the theory.

The unitarity problem is directly associated with the
absence of a global Cauchy surface. If there were such a
surface one could specify data or the state of the system
on that surface, and the propagation would uniquely de-
termine the state for the entire spacetime. Here, the data
on spacelike surfaces in the causal regions completely de-
termines the noninteracting field but not the interacting
quantum field. (The spacelike surface is not a global
Cauchy surface. )

To summarize, the potential V in Eq. (7.5) may be
written as a sum of terms arising from paths with dif-
ferent winding numbers. The contribution of each term
to the amplitude contains information about a real par-
ticle which was created, then annihilated at the same
spacetime point after winding around the singularities n
times; but the specification of the state does not include
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the information about what particles were produced. It
is hard to see how the specification of the state could be
enlarged to include such information: The real potential
that arises from the virtual creation and annihilation of
particles cannot and should not be separated into contri-
butions with different winding numbers, and one expects
that the analytic continuation from virtual to real pro-
duction be valid here as well as in causal spaces. If one
could extend the surface on which the data is specified
into the acausal region, one could then expect to have
a unitarity relation in which the probabilities added to
unity. However, there is no surface in the acausal region
on which unrestricted data may be specified, and no way
to separate the contributions from difFerent winding num-
bers so that they do not interfere with the zero winding
number contribution. The inclusion of higher order cor-
rections in A cannot save the situation because the failure
is first order in A. Furthermore, the work of Friedman et
at. [19] shows similar results in order A2; the theory is
not unitary by any usual standard.

VIII. BACK REACTION

The matrix element of the stress tensor is of the form
Eq. (6.14) for the divergent parts. These terms are in-
variant under boosts in the (z, t) plane and reflections in

y, and they are independent of y. The most general met-

ric in the (2 + 1)-dimensional space that satisfies these
symmetries is

ds = e ~~~~dx+dx + e ~~~~dy

where ( = —z+x
The Einstein tensor for this metric is

G++ = -4x+x+ (y'e(4 '~))' e-~,
t"+~ =0,
G+7 —4 ( (PIe4) e (4+&-@)

G» = 4 (—(Q')' e

(8 1)

(8 2)

The expression for the stress energy must be equal to
this to lowest order; hence,

/~ ji~b' G
2$[(4') in [(4YO) /Qj'

a 2G
([(4& )' »'[(4&o)*/Q["'

(8.3)

The kp equation is nonsingular at ( ~ 0, and it does
not provide any additional information. The coefficients
of the right-hand sides of Eqs. (8.3) are nontrivial func-
tions of o. which cannot be determined by the methods
used here; however, Newton's constant 0 is included so
that the units come out correctly. In 3+ 1 dimensions,
the powers of 1/2 and 3/2 become 1 and 2 respectively
because the propagator is, for m = 0, 1/s rather than
1/s. The solutions to the equations are then

—C(G/Yp) ln[(4Yp) /(](1+ lnln[(4Yp) /(]), 2+ 1 dim,
—C(G/Yp2) ln ln[(4Yp) 2/(], 3 + 1 dlQl)

P(() finite,
(8.4)

where C is a positive constant depending upon the dimension and upon o.
Since Q —oo as ( 0, the resultant metric is singular at the Cauchy horizons (the coefFicient of dz+dx, e &,

vanishes there). The calculation of the stress tensor as modified by the change in the metric is beyond the scope of
this paper.
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APPENDIX A: ORTHONORMALITY

The functions defined in Eq. (4.9),

'+(~+~a) ( k+ ) &&/'2 ~+(~+~a)
/ g+ ) —'«2

v'2Ypi" &
—k r v'2Yp& "

&
—k )

+

Eq. (4.10),
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4.','„,.(e', *,y) = ((4",'„,.(e' * y))

dk+ dk 6(k+k +u)')e '" * +" *
(2~)s/~ 2 p

i+(~+ay)) /' k+ ) iq/2 i—+(~+4yy)) f k+ ) ig/2

x . I I
+

+2Y()i" (—k ) 42Ypi
( 2)

and Eq. (4.12),

1 1g'„p„(x+,x, y) =
s

— dk+ dk 6(k+k —v')
—OO

ei(A+s +k z+)/2&i+~ (~+4yy)) ~k~ ~
iy)/2

/2YoP

e i(g-+* +Ig z+)/2 -i+~(~+ay)) (ky ) iy)/2-
+ /2Ypi-" qk-/

form a complete orthonormal set, where m and v are both positive. To see this, calculate the inner product over the
physical space

OO OO Yp

I(u)', rI', n', a'; u), rl, n, a) = — dx+ dx dy Q',„„,(x)Q' „„(x).
—OO —OO —Yp

( 4)

For each combination of functions, the integrations over (x+, x ) yield a 6 function of the momenta (k+, k ), which in
turn forces the momenta in the definitions of the g's to be equal. The integral thus vanishes unless a' = a (otherwise
the ranges of the k integrations do not overlap). Since the two momenta are equal, a factor of 6(u)' —u)) appears.
Hence

I(m', rl', n', a'; u), rI, n, a) = 6' 6(u)' —iv) I (u); g', n'; rI, n),

where

Yp OO OO

I'(u);ri', n';rl, n) = dy dk+ dk 6(k+k +u))E'( yg', n', r,)n),
—Yp 0 —OO

and

e'(e/y)I( — ') /2+ (e—e')I)()ny; — ') (y+p y-)'( )/ e ee-
W

+(n', g') ~ ( n', —r)') +—(n, r)) ~ ( n, —g), a =—+,
E„'(y;g', n', g, n) = i

e (e/y)I( )/2+ (e e )I(—()n') ( -o')-('/e+)y )
(e e )/e-*'—'

+ (n', g', n, ri) ~( n', —g', n, —g—),—a=s.

The integrations over k now yield 2m 6(rI + r/'), with the terms with the plus sign appearing only for a = +, in
which case they vanish because g & 0. The integral becomes

Yp

I( ',u))', r' na'; , u)), ran) = 6', 6(m' —m)6(rI' —iI) dy E „(y,n', n),
—Yp

where

yl „(y, n) =n(e'(e/ ')((" " "/ )/4Ye( ")+ (n, n') ( n, —n'). —

The integration over y then yields b„„and
I(iv', r)', n', a', u), g, n, a) = 6 . 6(u)' —to)6(g' —g)6

The functions thus form an orthonormal set.
Completeness is established by calculating

(A8)

(A9)

(A10)
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I(x'+, x', y'; x+, x, y)

OO

n= —Oo

4.",„',.( ')*0",,',.( )+4',„',.( ')*0.',„',.(*)

dn ). 4.',„,.(*')*4.',„,.( ) (All)

The sums over n are of the form

in'(y —y')/2

4Y0
= b(y —y') (A12)

or

in''(y+y'+2Yp) /2

4Y.
= b(y+ y'+ 2Yp);

the second form vanishes for —Yp ( (y, y') ( Yp. Hence the sum over n yields

OO

d& ). &'+,
&,

(z')"&'+,,', (x)+&',„',.(x')'0', „', (x) =6(y' —y)I+(~;z'+, x';z+, x ), (A14)

where

I+(m, x'+, z', z+, x ) = dk' 6(k+k +u))
1 1 + 1 I+dq, — dk+ dk-- dk'+

—oo 0 —OO

cr r ]+ ~ I— i i(k+x +k x+ —k'+x' —k' x'+)/2 —i(k+x +k x+ —k'+x' —k' x'+)/2

x (k+k' /k k'+)'~~ +(k+k' /k k'+) '"~

dk+ dk dk'+— dk'
(2m.)~ 2 p 2 p

x 6(k+k- + ~)6(k'+k'- —k+k-) 6(in(k+k'-/k-k'+)'~')
i(k+x +k x+ —k'+x' —k' x'+)/2 —i(k+* +k + —k'+ ' —k' x'+)/2

OO OO

dk+ dk 6(k+k +m) e'~" ~*

(2vr)~ 4
(A15)

A similar argument leads to the result

dq ) Q' „„(x')'Q'„„(x)= b(y' —y) I'(u); g, x'+, x'; z+, x )

= 6(y' —y) — dk+1 1 dk-6(k+k-+~) .*~"'i* -*' ~+" ~*'-*'»~'

If Eqs. (All), (A14), (A15), and (A16) are combined the result

(A16)

I(x'+, x', y', x+, x, y) d. ): ~~;i,.(-') ~.",„',.(-)+~'-,„',.(-') ~.'-,„',.(*)

0 OO OO

+ d~ dn ) @„'„,„(x')*0„'„„(*)
—OO n= —oo

26(y' —y)6(x'+ —x+)b'(x' —z )

is obtained, and completeness is established.
In order to calculate the functional integral in Sec. V, the integral

(A17)

1I'(m', g', n', a'; m, q, n„a)= — dx+
—OO Yo

dye"Q„',„,„,(z)0„$„„„(x) (A18)
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past and in the future regions. They are orthonormal under integration over the surface in Eq. (4.18). In particular,
for a spacelike hyperboloid in the past or future region, let 2:+ = k~e+~, where ~ is positive (negative) in the future
(past) region; the metric becomes

d2s = d~-+ 7' d( + dy (A25)

and the integral over the spacelike hyperboloid w = const is

d( dy7i Pi+i„,(re~, 7.e—~, y)'i P„+„(~e~,—7e ~, y)
~. 0

—Yp
gy Ay & & +71

= 7 K'gy Z7 QJ l K g l7 5)
III 8

p ~ p g + l& ~ p g + 01

d( dy i"& (2n )/2Yp i-"&(2~) /2Yp

a~(~+ay) —.~ (~+aq)
x ~

—if'
i"(2vr) v'2Yp i-"(2m) v'2Yp

= b(rig —r/)b„„„, (A26)

where the Wronskian z(K„(—iz) i 8 /BzK„(iz))= m is used to evaluate the overall factor. Note that the integral with
P~+l' replaced by P& l' vanishes because the Wronskian then vanishes.

In the noncausal region, the specification of a surface is more complicated. Because of the boost, the surface must
have its intersection with the boundaries y = &Yp be continuous; that is, the identified point is also in the surface.
This can be achieved in a variety of ways, but in no case is the resultant surface everywhere spacelike. One particularly
simple choice is to let the surface be defined by

(e+repya/Y&x+=
(eW~eWya/ Yo

x+ ) 0,
x+ &0, (A27)

where ~ is constant. With this change of variables the metric for the space becomes

ds = d( +dy —( (dwpndy/Yp) (A28)

where the p sign is negative for the x+ ) 0 region, and positive for the z+ ( 0 region. The normal one-form is d~,
and the normal derivative becomes

8 /'o, l 8 /'a&

q(z) B~ (Yp) By (Ypy B~
(A29)

The integral over the surface ~ = const is

In„g,;n, g
=

Yp

y([ p + ((e ap/Yp (e T+a y)*i n p(+) ((e ap/Yp (e +a+/Yp
y)'gg )A$

where

+0„'+,'., ( (e " ' -(-e+ y)*i &- 4„'+'(-(e " ' (e+ " ', y)]-g$ )Aj (A30)

and

P„+„((e "/ ', (e + " ', y) =
~

—
~
K,„(gm(n,g) [e "E (y, ~;g)+e "E „(y,w; —r/)],

/' 1 l
'IC P

(A31)

(A32)4 '+.'(—( " ' —( + " '
y) =

l

—
I
~* (v' ( n) [ "E (y» n) + "E (y»—n)]-1)

vr

with

inlay/2Yp ig~
E„(y,r; r/)—: (A33)

The integral I„,z, .„„requiresthe y integral
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Yp

(d,g E, g, 7", 'Qy 4 A+ E g, 7;g + fl, Ay ~ —A, —'Ay

—Yp

and

= b„,„e'« "& —(il' —rI', )/('+ m(n, g) —u)(n, il~) /(il —g, ) (A34)

—(fp —lp))/( + ul(n, 'g) —Ul(n, 'gl) Ku, ((Jul(n, , F/1)) Ku ((Jul(n, F/))

K'u (flu(n q&)) K'u (gism(n q)) . (A35)

The integral over ( of this result would vanish if it were not for the singular behavior as (~ 0 and the pole at g = rjq.

The term that gives the singularity is

~

~

~

K,„,((a') K,„((a) d( I I
r(iilq)((a'/2)'"' + I'(—iilq)((a'/2)

x r(ill)((a/2) ~+ I ( i(7)((a/2)-')

I+(ni ni) +((—g —n)I).& 4(~ ni ——i~) i
+(n~ ~ -n~)&g(& —z, )r(i~)r(-iq)

2
W

( irsb(q —qg) &

These results may be combined to show that

(A36)

I „q,;,g
= 4„~(iver—ri) (A37)

These results imply that the reduction formula can be written in the form

(A38)

where the o in the specification of the state denotes the surface over which the integral is done. In the case of the
free field, the result is independent of the surface, but in the case of interactions the result depends upon the surface.
These results also imply particle conservation for the free theory. The number of particles that reach the final surface
is the same regardless of whether or not they traverse the acausal region between the initial and final surfaces.

APPENDIX B: IMAGES

In order to evaluate the sums over modes that appear at various places, the following expression must be evaluated:

~i(n~/2+ay) (y/ Yp)

a+ (nor/2+ o.g)~/Yg
' (Bl)

where 0 ( y ( 4Y(). It may be rewritten as

~i(zx/2+ay) (y/Yp) 1
I(y, a, rI) = dz

e ' —I a+ (zir/2+ o.rI) /Yos
' (B2)

where the contour C encloses all the integers along the real axis, but does not enclose the zeros of the second
denominator. Because of the bounds 0 ( y ( 4Y(), the integrand goes to zero exponentially as Im z ~ +oo, and the
contour can be opened out to infinity, picking up the poles at the zeros of the second denominator. This evaluation
yields
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/'2Yp) e yv eye
I(yan) =

I I
+( Vta ) 1 —e 4Yp+ pe '4a~ e4Yo Jae —i4ag 1

—(y+4nqYo) ~a —i4nq ay + (y —4(nq+1) Yo)~a +i4(nq+1) ag/'2Yo I„,;tv &-

) ~~
P

~
e

—Iy+4 Yo Iv e '4 — n„,-„&v. r
(B3)

where Re ~a) 0. If —4Yp ( y ( 0, the same result is obtained by noting that I(y, a, r)) = I(—y, a, —q) and replacing
the summation index nq by —nq, thus the result holds for —4Yp ( y ( 4Yp.

Similarly, the sum

ei(y/Yp) (no /2+ay)
( 1)n

I y, a, r]) =
a+ (n7r/2+ aq)2/Yp2

'

where 0 ( y ( 4Yp, may be rewritten as

ei[(y+2Yp)/Yp](zm/2+ay) e—i2aq 1I (y, a, r)) = dz e2ziz 1 a + (z7r/2 + ar)) /Y

Then,

I-
( )

P e-I y+(4n~+2) Yp
I &p i(4ni+2—)aq(2Yp ')

&va) „,
where Re vta ) 0, and —4Yp ( y+ 2Yp ( 4Yp.

The sum over the Q(+) modes in the expression for the Green's function may now be expressed as

n= —oo
OO OO

drl
4(2vr)s p

op
ei(A:x-k'2. "}

X
k+k + tn —it+(nor/2. + nr/) /Y

dk+dk dk'+dk' b(A+k+k )6'(k+k —k'+k' )

dn ). 0",„',.(*')*4",„',.( )+0',„',.(*')'4',„',.(*)

ei [(y y')/Yo](nor/2+a—q) k+ ( kr —
)

'9/2
X

2Yp (—k —
)k'+ + C.C.

ei[(y+y')/Yp](nz/2+aU)
( 1)n

2Yp

0+k'+

(—k-)(—k'-)

- iq/2

1

4(2vr)s
drI dk+dk dk'+dk' b(A+ k+k )$(k+k —k'+k'

)

'
k —k'

~a (—e4n~ak-)k'+)

(e—(4n1+2) o, k+ )k, l+
+ e

—ly+y'+(4ni+2) Yol Va

( e(4n, +2)ak —
)( kf)—(B6)

where a = k+k + rn —ie, Revta ) 0, and kx = (k+x + k z+)/2. The k+ integration variables can then be
scaled by e+4a; the latter factors then appear multiplying x+, and, using the image variables defined in Eq. (2.12)
and letting k+ —+ —k+ in the second set of terms, the expression may be rewritten as



46 QUANTUM FIELD THEORY IN SPACES WITH CLOSED. . .

f
dic

). 0'+,„',.(*')'@'+,„',.( ) + @',„',(*')'0',„',.(*)
D

dridk+dk dk'+dk' b(A+ k+k )6(k+k —k'+k' )4(2vr)s

x ) e~(rex, —A."z'l, I +( ki )-
e lu &

—u'Iv+
~a (—k-)k'+

The ri and k' integrals can be done directly yielding

f 0'+,„',.(*')'0'+,„',.( ) + 0',„',.( ')'0', „',.( )
0 A= —OO

OO ik(x„-2.")

) dk+dk b(A+ k+k )
' -Iw, —s'IW (B8)

4(2~)'

where A ) 0, and a similar argument yields

f
OO OO OO ~iA:(~„,-~')

dn ) A', ,~( ')'&~, ~( )=, ) dk+dk ~(A+k+k )
n= —OO

—OO

where A (0.
The familiar result for the Green's function in Minkowski spacetime is given by

G I dsk iA, (z-z'1e

(2.) k+
ik(x-x') —ly —y'l gm +k+k-

4(2~)' g~&+ k+k-

where k x = kx+ k„y.When these results are included in Eq. (5.8), the full Green's function becomes

(B9)

(B10)

G(x, x') = ) Gp(x„,x') = ) Gp(x, x„'), (B11)

where the x'„arethe images given by Eq. (2.12).
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