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Covariant formalism for I'-wave quarkonium production and annihilation:
Application to 'FJ -gg decays
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We derive a covariant formalism to describe F-wave quarkonium production and annihilation process-
es in the context of nonrelativistic potential models. We apply it to evaluate the decay rates for the pro-
cesses 'FJ~gg (where J=2,3,4). Such a calculation may be useful in evaluating the prospects of pro-

ducing the predicted narrow F states in the Y system. Related predictions for the two-photon widths of
such F states could also be used in testing the validity of nonrelativistic potential models in the light

quark system. We also explicitly calculate the two-photon decay width of the 64 state using similar

techniques to compare to a recent general calculation.

PACS numberis): 13.25. +m, 12.40.Qq, 13.40.Hq, 14.40.6x

The study of the spectroscopy of the charmonium and
Y systems [1] in terms of @CD-motivated potential mod-
els now has a long history. While there are many new
avenues open for study in the g and Y systems (ranging
from searches for exotics at the Beijing Electron-Positron
Collider [2] to CP violation studies on the Y(4S) [3]), the
search for the additional level structure predicted by oth-
erwise successful potential models will no doubt continue
to be an important aspect of heavy quarkonium physics.
The recent high-precision study of the g& and gz char-
monium [4] states and the apparent discovery of the'P,
state in exclusive pp collisions by the E760 Collaboration
[5] suggest that searches for charmonium D states in this
manner may be possible and predictions for their produc-
tion rates using the methods of exclusive QCD have re-

cently appeared [6]. Other detailed studies of the produc-
tion prospects of Y D states also exist [7).

Nonrelativistic potential models (perhaps supplement-
ed by relativistic corrections and coupled-channel mixing
effects [7,8]) can be used to predict masses and radiative
decay rates for such quarkonium states are important for
investigating the prospects for producing new states.
Other important features which can be addressed are pre-
dictions for the annihilation decays and related processes
in quarkonium production. The two-and three-gluon de-

cays of S- and P-state quarkonia (both at the tree level [1]
and including higher-order corrections [9,10]) have been
used to describe the hadronic decay widths of quarkoni-
um states while the ggy decays of the Y [11] have been
used to extract a value of a, . In this context, the calcula-
tion of the hadronic decay widths of D-state quarkonia
are more recent than earlier calculations for 5- and P-
wave states with the rate for'D2 ~gg appearing sometime

ago [12] while the calculations for DJ~ggg (J=0,1,2)

have appeared more recently [13,14].
Potential model studies indicate [7] that there should

be one set of narrow (i.e., below threshold} F states in the
Y system and it would be useful to extend the studies of
Ref. [7] to investigate the production prospects of these
states via radiative decays. As indicated above, a similar-

ly important aspect of such a study would be the ealeula-
tion of the hadronic decay widths of the 'F3 and FJ

(1=2,3,4) states via their ggg and gg decay modes, re-
spectively, to assess the extent to which their annihilation
widths compete with their radiative decays. The calcula-
tion of F'( Fz~gg) would also provide a first estimate of
the production prospects for triplet F states in hadronic
collisions where the dominant subprocess would likely be

gg ~ Fz (similarly to the case of hadronic production of
P wave state-s [15]).

Another possible motivation would be the study of
light quark mesons via two-photon production. Nonrela-
tivistic potential model predictions for the S-, P- and D-
states two-photon widths have been compared with ex-
perimental data [16], but it seems that large relativistic
corrections and/or mass effects are needed to fully repro-
duce the data [17]. A calculation of the two-photon
widths of the triplet F states would add further informa-
tion. Finally, changes in trivial color factors yield the
two-photon decay widths of triplet F-state positronium
states.

Because of the computational difficulty of such calcula-
tions involving D and F states, a covariant formalism for
describing such decays (which can then be used with pop-
ular algebraic manipulation programs) is of value and an
extension of the formalism by Kiihn, Kaplan, and Sa6ani
[18] (KKS) to D states exists [19] and has been used for
several calculations involving D-state annihilation decays
[14] and production processes [20]. In this paper, we ex-
tend this formalism to F states and use it to calculate the
two-photon decay widths of Fp 3 4 quarkonium states
(which are then trivially related to the two gluon widths

by well-known color factors). We also extend the formal-
ism to singlet G states in an attempt to explicitly repro-
duce a recent general result for the two-photon decay
widths of spin-singlet states [17]. We begin by briefiy re-

viewing the formalism of Ref. [18] and then extend it to
I. =3 quarkonia.

We write the amplitude for the annihilation interaction
of a free fermion-antifermion pair as

A =v(f, s }6u (f,s),

where f,f and s, s are the particle and antiparticle mo-
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1/2
1A=

m f 3 g,,(k)v(f, s)8u (f,s),dk
(2m. )

~2 (2)

where

f+f=P=(M, O}, f f=2—k =(0,2k), (3)

menta and spins and 8 is the relevant Dirac operator.
The amplitude for a bound pair can then be described in
a nonrelativistic approximation by

and

g Jdkly, , l'=1. (4)
$$

M and m are the masses of the bound state and quark, re-
spectively, and we work in the rest frame of the bound
state described by the momentum space wave function

P,,(k).
In Eq. (2) we may consider spin-singlet and -triplet

states. This leads to appropriate sums on s and s which
can be expressed in terms of traces as

g u(f, s)8u (f,s)( —,',s; —,', s iS,Sz ) =
QEf +m Ef+m

with

1+yo
Tr (m f )8(f—+m} IIss22 "z (5)

11oo=—rs 11),s, = —~(s, ) (6)

and g(s ) is the S = 1 polarization vector.
z

Then, following Ref. [18],we expand 3 in powers of k/m to the desired order, which in the case of F waves is third
order in k. We find that Eq. (5) then reduces to

(7)Tr[k'8)k, k(P+M)ilss ]+ Tr[[8zbk, kb, k'j+(P+M)ilss ]+—,'Tr[83b'k, kbk, (P+M)IIss ]
2 2 M z 2M

where 8),82, 83 ' are the first, second, and third derivatives of 8 with respect to k', respectively (with k =0). In Eq.
(7), all the terms are of the same (leading) order in I/M.

For the orbital part, the integral of k, kbk, over d k [the analogue of Eq. (6) of KKS] is then given by
' 1/2

J 3 2 kakbkc1(|(3 )(k) =be,(bc) (8)
m (2~)3~2

where

l 35b=—
2 nM

' 1/2

P'"(0)

In the above, e,'b, ' is the symmetric spin-3 polarization tensor which satisfies

g abc (m) p pae (m) p

and P"' (0) is the third derivative of the F-state radial wave function evaluated at the origin.
(M~ )For the S =0 case where J =L =3, we directly associate e,(b, ) with e,b, while for the spin-triplet case where J=2, 3,

or 4, using explicit Clebsch-Gordan coeScients, we find

J=2:
(m) Z
abc d ( ™Z~2MJ } t(gbc ad +gac bd +gabecd } 2 (gcd ab +gbdeac +gad bc3 35

where e,b is the symmetric spin-2 polarization tensor
which satisfies

gab&
J p pae J p

(M ) (M )

and where the sum over polarization states is given by

P,Pb
+ab gab +

M

J=3:
e.'„'ed ' (31;mSzl3Mg &

gab . (13)

M = —2J
(MJ) g (MJ)

M~'12 abz eucdzP +eacz eubdzP

where
(MJ)+ebcz euadz (14}
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(MJ) .
where e,b, is the symmetric spin-3 polarization tensor.
The required sum over polarization states is given by (see,
e.g., Ref. [21])

3
(1) 1 (2)

abc exyz 6 +abc;xyz &p abc;xyz
M = —3J

where

+abc;xyz Pax Pby Pcz +Pax Pbz Pcy +Pay Pbx Pcz

+P,y Pb, P,„+P„Pby P„+P„Pb„P,y
and

(15)

(16)

+abc;xyz Pab Pcz Pxy +Pab Pcy Pxz +Pab cx yz

+P„Pb,P„+P„Pb P„,+P„Pb„P,
+Pb, P„P„y+Pb,P,yP„, +Pb, P,„Py, .

Finally, we have

J=4:
(m) (Sz ) (MJ )

e,b, ed ( 31;msz l 4M& ) =e,b,d

(17)

(18}

gabd J p pae J p
(M ) (M )

The polarization sum is given by

4 (MJ) (MJ) 1 —(i),—(2)
abed wxyz abed; wxyz 84 abed; wxyz

——0
M = —4J

(19)

(MJ) .
where e,b,d is the completely symmetric spin-4 polariza-
tion tensor which satisfies

and all of the appropriate derivatives in Eq. (7} can be
easily calculated from this. The amplitudes for
F2 3 4~y y are then derived using the algebraic manipu-

lation package FQRM making heavy use of the symmetry
and transversity properties of the various polarization
tensors and the resulting amplitudes are squared and
summed over polarization states using the expressions in
Eqs. (11), (15), and (20). The results can then be written
as

2S60 a Q lQ'"(0)l

2S60 a Q lP'"(0)l

117632 a Q lP"'(0)l' 2 yy 15 M8

(23)

(24)

These results can then be multiplied by the color factor
2a, /9a Q to yield the expressions for their two-gluon
decay widths. (After the submission of this paper, we
learned of recent work by Ackleh, Barnes, and Close [23]
who derive the two-photon widths for positronium and
quarkonium states with arbitrary angular momentum.
Our results for the two-photon decays widths of the FJ
states are in agreement with their expressions. }

These calculations for FJ—+yy can be trivially
modified to yield results for the radiative decays of the Z
to FJ states and we find that

r(z ~ F2+y)
r(z' 's, +y)

where

+—'n")
& p5 abed; wxyz (20) R

64 —9+912p+9983p, —17218@ +5514@
27 (1 —p)

Q,b,d.„„,=P, Pb„P, Pd, + permutations,

0',b',d.„„,=P,bP „P, Pd, + permutations,

II',b',d. „y, =P,bP,d P,P», + permutations .

3584R 6+@+5@2
(1—p)'

I (Z F3+y)
r(z' 's, +y)

(21)

I (Z F4+y } —2+Sp, +Sp=512Rr(z' 's, +y) (1—
p, )'

For quarkonium decays to color-singlet final states, the
appropriate color factor in Eq. (7) is simply &3 (as in
Ref. [18])in the amplitude.

We note that the formalism employed here (and in
Refs. [18] and [19]) does give rise to infrared logarithms
in various decay processes. These logarithms, which are
in general nonperturbative in nature, can be more suit-
ably treated by a new formalism developed by Bodwin,
Braaten, and Lepage [22] who illustrate their method
with an improved calculation of P-wave decay rates.

We can now make use of this formalism to evaluate the
previously uncalculated two-gluon decay rates for the
triplet F wave quarkonium -states, i.e., I ( FJ~gg) where
J=2, 3, 4. As the gg decay widths are trivially related to
those for two photon decay, we present the results for
I ( FJ~yy ). The basic operator 8(k) can be written as

(28)

where

(29)
M'ly(0) l'

and p=M /Mz. The dissimilarity in form between the
J=2 and J=3,4 cases is easily understood as arising
from angular momentum barrier effects. The J=3,4 F
states can only be produced in a relative state of orbital
angular momentum leading to a suppression factor of
(1—p) while the I=2 state can proceed with no such
suppression. Thus, the complicated numerator in Eq.
(26) need not factor to yield additional powers of (1—p)
as the corresponding expressions in Eqs. (27) and (28) do.
[A similar phenomena is noted in Ref. [19] for
Z ~ D +y. The differences in numerical factors in

Eqs. (23)—(25) are due to similar arguments. ]
Extensions to even higher-orbital angular momentum

states are conceptually trivial but computationally(22)

1 1@(k)=ie'Qf' e, e, +a,
(f g, —m) (g, —f m)——
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NR(e e yy) = (30}

where m is the electron-positron mass. One identifies m
with half the quarkonium mass and adds the appropriate
color factors for spin singlet quarkonia.

We can extend our formalism to singlet 6 states and
find

A = Tr[k82 k, ksk'(J'+M)II' ]
1 1

2 2 2M Z

+ Tr[[(t)3 'k, k kb„g]+(++M)llss ]

+ ,', Tr[—84b'"k,ksk, ke(P+M}llss ] (31}

dif6cult. One relatively easy calculation involving 6
states (i.e., L =4) is the two-photon width of the '64
state. Recently, Ackleh and Barnes [17] have derived a
remarkably simple form for the two-photon decay widths
of singlet positronium or quarkonium states in the nonre-
lativistic approximation for arbitrary orbital angular
momentum which for positronium reads

where
1/2

y(4)(0)
4 mM

(33)

(m) [ J~ ~For the spin-singlet case, we use e,b,& =e,b,& . With these
expressions we can calculate the two-photon width of the
'G4 state directly and (after a long FQRM calculation) find
agreement with Eq. (30) for L =J =4.

In conclusion, we have set up a general covariant for-
malism, well suited for calculations using computer alge-
bra, for the coupling of F-wave quarkonium states and we
have applied this formalism to the previously uncalculat-
ed two-gluon decays of FJ quarkonium states which
should describe their hadronic decays and production
cross sections in hadronic collisions as well as their two-
photon widths. A similar extension to singlet 6 states
reproduces a known general result for the '64~ay de-
cay width as well. While most applicable to heavy quark
systems, our results can, perhaps, be used to analyze fu-
ture results in two-photon production of light quark reso-
nances.

d k
,~2 k, kbk, keg' '(k)=be,'s,„'

(2n) i (32)

and we restrict ourselves to II= —y5. For the orbital
part, the integral of k, kb k, k& over d k is then given by

' 1/2
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