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Remark on the effective action of three-dimensional QED at finite temperature
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From three-dimensional massive QED, we obtain the temperature-dependent Chern-Simons action by

calculating the vacuum current at finite temperature.

PACS number(s): 11.15.—q, 11.30.Er

There has been much attention paid to the parity
anomaly of three-dimensional quantum electrodynamics
(QED3) [1,2]. For massless fermionic QED;, the Chern-
Simons action as a quantum effective action is obtained
by introducing the Pauli-Villars regularization [2]. Re-
cently many authors have studied the fractional quantum
Hall effect or high-7, superconductivity by using the
Chern-Simons term [3]. On the other hand, the finite
temperature effect of QED; has been studied in terms of
the imaginary time formalism [4] by calculating the
Feynman diagram of vacuum polarization, or by consid-
ering the vacuum expectation value of two-dimensional
current [5].

In this Brief Report, we study the generation of a
Chern-Simons term by calculating the vacuum expecta-
tion value of source current at finite temperature and dis-
cuss the parity anomaly of QED;.

Now let us start with the action [6],

Se[A,9]= [ dx[igy (3, —ied, W+mPy] . (1)
Then the effective action W[ 4] is given by
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where [0%) , means the fermion Fock vacuum state un-
der the gauge field background at the time t >+ . By
using the effective action, we obtain the relation
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where J#=e{y*y is a source current. Then we calculate
the vacuum expectation value of this current with the
gauge field background to obtain the infinitesimal arbi-
trary variation of the effective action [2]:

(J*) ,=ie Tr(y*G) ,

G(x)=<x

— x> ’
iD+m '

where G is a Green’s function of Dirac equation of origi-
nal action (1). Rewriting Eq. (4), we obtain
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where the first term vanishes because the integrand is an
odd function with respect to the momentum integral,
which will be shown below. Considering the second term
in Eq. (5), we rewrite
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m
where we use the relation B*+m?=D?+m?

—(ie/4)[y,,v,]F", and the complete set of Dirac opera-
tors, and redefined (ik“ —ieA u )—ik u with the fixed
background gauge field. At this stage, we know the first
term vanishes in Eq. (5) because it is an odd integral after
redefining of momentum variable. By integrating out in
the imaginary time formalism [4], we obtain the following
expression at the large mass limit:
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where 3 is the inverse of the temperature. By performing
the series sum [7] we find the parity-violating term

K
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which is the well-known result [5], and gives the correct
result in the limit of zero temperature [2]. Note that in
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Eq. (6), the linearly divergent first integral vanishes due
to the traceless property of gamma matrix. Now we in-
tegrate out (J#) , with respect to the background gauge
field by using the relation (3). Then the Chern-Simons ac-
tion is obtained as follows:

_ X8 3 v
w=o-[dxeva,0,4,. ©)

As a comment, the parity anomaly seems to be tempera-
ture dependent from Eq. (9) in contrast with the even-
dimensional chiral anomaly [4]. However, we could not
regard the Chern-Simons action as a term of parity
anomaly because the original action (1) has the parity-
violating fermionic mass term at the outset. If we start

with the massless fermionic theory with the Pauli-Villars
counterterm, we could obtain the temperature-in-
dependent Chern-Simons action in the framework of
finite temperature formalism. As a result, the Chern-
Simons coefficient is (e2/87)(M/|M|) when M is an
infinite Pauli mass. This calculation is very similar to the
massive case and we do not present it here.
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