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Oscillations of pseudo Dirac neutrinos and the solar-neutrino problem
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The oscillations of pseudo Dirac neutrinos in matter are discussed and applied to the solar-neutrino
problem. Several scenarios such as both v, and v„being pseudo Dirac neutrinos and only v, or v„being
a pseudo Dirac neutrino are examined. It is shown that the allowed region in the mass-mixing angle pa-
rameter space obtained by comparing the solar-neutrino data with the calculations based on the stan-
dard solar model and the Mikheyev-Smirnov-%olfenstein effect is not unique. The results depend on the
nature of neutrinos; for example, if both v, and v„are pseudo Dirac neutrinos, the allowed region deter-
mined by the current solar-neutrino data does not overlap with that obtained in the usual case of pure
Dirac or Majorana neutrinos.

PACS number(s): 12.15.Ff, 14.60.Gh, 96.60.Kx
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re MD and rnL, R are the Dirac and Majorana masses,
respectively. The assumption that mL+mR =0 leads to
pseudo Dirac neutrinos generated by a mechanism simi-
lar to that originally discussed by Wolfenstein [7]. In the
following we make the assumption that Mt', »~mL tt ~

which also leads to pseudo Dirac neutrinos [9], i.e., two
almost degenerate (in mass) left-handed neutrino states v',

The observation of solar neutrinos, combined with the
standard solar model [1] and calculations of the
Mikheyev-Smirnov-Wolfenstein (MSW) effect [2] can pro-
vide important clues to understanding the basic proper-
ties of neutrinos. Current data from Homestake [3],
Kamioka [4], and Soviet-American Gallium Experiment
(SAGE) [5] have already narrowed down considerably the
allowed region in the mass-mixing angle parameter space.

Recently there has been a proposal [6] to explain the
solar-neutrino problem by using the MSW effect with
only one generation of pseudo Dirac [7] electron neutri-
nos with a large transition magnetic moment. Majorana
neutrinos emerge naturally in most extensions of the stan-
dard model, but some models (see, for example, Ref. [8])
yield pseudo Dirac neutrinos, which were used, among
others, to explain the solar-neutrino puzzle.

In this paper, we generalize the one-generation picture
to the case of two generations and examine the conse-
quences. In particular, it is shown that in the pseudo
Dirac neutrino case the current data yield entirely
different (nonoverlapping) allowed regions in the mass-
mixing angle parameter space from those in the standard
Dirac or Majorana neutrino cases.

The Dirac-Majorana mass matrix for the neutrino
states vL and vR is given by

and vz (with masses m', -m z-MD) which are expressed
as

vi —l cosOevg l slnOevR

v2=sinO, vL +cosO, vR
(2)

where the factor i guarantees the positivity of the mass ei-
genvalues. The mixing angle O, is given by

tan(26), ) =
2MD

IR PlL
(3)

where the upper limit comes from a cosmological con-
straint [lp] on the oscillation into sterile neutrinos and
the lower limit is necessary in order to have a vacuum os-
cillation length much shorter than the Sun-Earth dis-
tance. In this case, during the Sun-Earth propagation,
one-half of the initial flux of vL will be depleted due to
the maximal (45' mixing) oscillations between vL and vtt
when the time average is taken. Therefore, the ratio of
the vz flux at the Earth and the initial flux is one-half for
the SAGE (S), Homestake (&), and Kamioka (4'), ex-
periments:

(4)

If neutrinos have magnetic moments large enough to
induce a spin flip during their propagation in the magnet-
ic field of the Sun [11], the ratios of the neutrino fluxes

In our case 6), -45' because Mt'z»~mL„~. Therefore,
our pseudo Dirac neutrinos are special ones, with an al-
most 45' mixing angle. In general, however, pseudo
Dirac neutrinos can have any mixing angle and whenever
pseudo Dirac neutrinos are generated with one genera-
tion one has to introduce sterile neutrinos.

In the following, we assume that

IP» eyz gmz (me)z (me)z&1P ' ey
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are

1 —2a 1 —2a
VL'VL'vR. vR =a

2
:a (5)

In the muon-neutrino sector, we assume that

10 " eV 5 hm —=(m" ) —(m" ) ~ 10 eVP

with 0 ~ a ~ 0.5. Since a is related to the spin-flip proba-
bility Ps„as a=(1—PsF)/2, any deviation from a=0.5

is an indication that spin flips actually took place. The
detection rates are then

where the upper limit is due to the cosmological con-
straint [10]. However, both the mixing angles among the
muon neutrinos and hm, „—(Mg} —(MD) are left un-
known. For simplicity, we assume that hm, „)&km„
hm „and that the mass eigenstates are given by

1 —2a/=&=a, A=a+0. 42 v) cg 0 —s 0g

v'& =i cos8„vL —i sin8„vIR,

sin8„&L +cos8„&R
(7)

where we have used cr(vre )=0.42o(vLe }. Assuming
that the standard solar model [1]gives the correct vL flux

produced in the core of the Sun, the ratios of the ob-
served fluxes and the initial flux are &,„~,=0.27+0.04
[3],%',„~,=0.46+0.08 [4], and $,„~,=0.15+0.27 [5]. The
range of the parameter a for which Eq. (6) explains the
observed ratios is 0.29 ~ a ~ 0.31.

Now we generalize the above one-generation picture to
the case of two generations and study its consequences.
We assume that, before the mixing between the electron
and muon sectors, the muon neutrinos are also pseudo
Dirac particles, i.e., Mg »~mg„~ so that 8„-45'. The
two almost degenerate (m", -ml2 -Mg) mass eigenstate
muon-neutrino states v", and v22 are given by
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where cg ——cos8,„and sg ——sin8, „. The mixing angle 8,„
is practically equivalent to the usual mixing angle be-
tween v, and v„ in the Dirac or Majorana cases. Also, in
Eq. (8) the pseudo Dirac mixing angles 8, and H„have
been approximated to 45'. The mass matrix in the weak
basis M~ is given by

m, 2cg+m 34$g+ A,
—2 2 —2 2

hm &2cg+km 34$g
2 2 2 2

—2 —2 2
(11134 m 13 )Cgsg

(Em 34 Am l2 )cgsg
2 2

hm &2cg+Am 34$g
2 2 2 2

—2 2 —2 2m &2cg+m 34sg

(hm 34 6m l2 )cgsg2 2

—2 —2
( m 34 m, 2 )cgsg

—2 —2(m 34
—m, 2 )cgsg

(bm 34
—b, m 13 )cgsg2

—2 2 —2 2m &2sg+m34cg+ Aq

Am )2$ g +Am 34c g
2 2 2 2

(b m 34
—b, m 12 }cgsg2

—2 —2(m 34
—m, 3 )cgsg

hm &2$ g +hm 34c g
2 2 2 2

—2 2 —2 2m &2sg+m 34cg

(9)

with

—2 — 1+ 2 —2 —m +2 2 2 2

m )2
—=

2
m 34

——
2

2
m;

2
2 m2 —m)

hm )2
—=

2

2 2
m4 —m3

Am 34 —=
2

(10}

2
rn4

2
m3

A, = Acc+ ANC, A„=ANC,

A CC =2&2GFEN„A Nc
= &2GFEN„, —

where m, , m2, m3, and m4 are the mass eigenvalues.
The values of the effective mass squared in matter are
shown in Fig. 1 for v, , v2, v3, and v4 and their antiparti-
cles as functions of the matter density p. In Fig. 1 there
are two MSW resonance regions R 1 and R 2 and two pos-
sible spin-flip resonance regions R 1 and R2 in addi-
tion to the region R discussed in Ref. [6]. In the region R
the maximal vacuum oscillations lead to the —,

' suppres-
sion of the vL Aux, as discussed above.

2
mp

2
m,

FIG. 1. Effective masses squared in matter for the energy
eigenstates vl, v2, v3, and v4 as functions of the matter density p.
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First we discuss the case in which neutrinos have large
enough magnetic moments to induce resonant spin flips
and the resonance regions R 1 and R 2 are in the con-
vection zone. In this case the right-handed neutrinos vz,
vR, vz, and vR can be generated from the original vz by
the resonant spin-fbi processes directly or indirectly, e.g. ,

e e w e
vL R vL L vL vR vL R vL

Regardless of whether or not the resonance spin-flip
processes are adiabatic, the flux ratios at the Earth are
expressed as

vL 'vL 'vR 'vR '+L '~L '~R '+R

1 —2a 1 —2a
b

1 —2p
b

1 —2]t3 „

with a+b =1 and 0~a,P~0.5. The detection rates are
then

PR1=exp

2 —2 —2
20 34 12

4hR, C2

with

1 Bp
h R1

p BX

The mass factor in the exponent, (m 34 m ]p) ]s
equivalent to the usual hm, „.

(2) Second resonance (R 2). This is a resonance between

vz and vR and occurs when the first and fourth diagonal
elements of M]v are equal, i.e., for A, =(m 34 m ]2)c2g.
In the neighborhood of the resonance the MSW evolution
equation is dominated by the vL —v'R 2 X2 sector:

The Landau-Zener transition probability at the resonance
is given by

S=&=aa, X=au+0. 2la(l —2a)+ —,', (1—a ), (12) m ]2cg+m 34sg+ A, (bm34 hm]2)cgsg
' —2 2 —2 2 2 2

where we have used o ( v]t' e ) = ]cr(vt—e ) and

cr(v]Le ) = —,'cr(vL e ) instead of cr(v]Le ) = ,'cr(v—Le )

for simplicity. This approximation makes the second
equation in Eq (12).free of the parameter 13. The results
in Eq. (12) are consistent with ]]',„„%,„„and R,„,for
the parameter ranges a ~ 0.93 and 0.29 & a ~0.31 within
10.. The fact that a must be very close to unity implies
that the resonances R 1 and R 2 are extremely nonadia-
batic in this model. Since the deviation from a =0.5 indi-
cates the presence of spin flip, the above range of a re-
quires a large transition magnetic moment between vz
and v]] (e.g. ,

—10 '
pg for 8 —10 kG in the convection

zone). Although there exist many models that can yield
such a large magnetic moment, they appear somewhat
unnatural and thus we do not consider this scenario fur-
ther.

In the absence of magnetic moments, no right-handed
neutrinos are produced as vL (=v4 in the core) propa-
gates outward from the core. At the resonance R2, v4 is

split into v4 and v3 with fractions (1—P„2) and P~2, re-

spectively, where PR2 is the Landau-Zener transition
probability [12j at the resonance R2. At the resonance
R 1, the fraction PR2 of v3 is further split into v3 and v2

with fractions (1 P~])PR2 and Pz—]Pt]2, respectively, Pt]]
being the Landau-Zener transition probability at the res-
onance R 1.

Let us assume that the two resonance regions do not
overlap so that the two resonances can be treated sepa-
rately. Then one can estimate the respective Landau-
Zener transition probabilities as follows.

(1) First resonance (R 1). This is a resonance between

vz and vz and occurs when the first and third diagonal
elements of M~ are equal, i.e., for

Acc =(m 34
—m, z)cog. In the neighborhood of the reso-

nance the MS%' evolution equation is dominated by the
vz —vz 2X2 sector:

h&2
IVX gr (bm 34 him ]2 )cgsg m ]2$ g+m 34c g

2 2 —2 2 —2 2

(15)

The Landau-Zener transition probability at the resonance
is given by

PR2= exp

—2 —2 2 2 2

2g m 34 m 12 gm 34

R2 28 m 34

(16)

with

(b,m 34
—b, m ]~ )

2 2 2

(m 34
—m ]2)

2 2hm 34
—2m 34

Mgmg R

M

m R
2

The numerical value of this ratio is supposed to be small
for the pseudo Dirac neutrinos under consideration.
Therefore, we take the nonadiabatic approximation for
the resonant transition at R2. In order to see the region
of validity for this approximation, let us consider the ex-
ponent of Eq. (16), which is written as

~ sin (20,„) Rc] b,m, „mg~
4 cos(20,„) 10.45 E Mg

1'hR2—:—
p BX R2

The ratio of the mass factors in the exponents of Eqs. (14)
and (16) is

( —2 2 —2 2m 12co+m 34$g+ A

(m 34 m ]p)cgsg

(m 34
—m, ~)cgsg

m, 2$&+m 34c&+ A„
—2 2 —2 2 (13)

sin (28,„) hm, „= —2.6X10
cos(20,„)
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where we have used E=10 MeV and for definiteness

mfa /Mg =0.01, which corresponds to the mixing angle
8 =44.86 . The nonadiabatic region which satisfiesP
~Q„2~ &1 is below the solid line in the upper right-hand

corner in Fig. 2. It will be shown that the solution of the
solar-neutrino problem in the pseudo Dirac neutrino
model indeed lies in this region.

Therefore, one has the ratios of fluxes at the Earth,

vL.vr"= ,'[P—a,cos 8,&+(1—Pa, }sin 8,„]:—,'[Pz, sin 8,„+(1—PR, )cos 8,„],

leading to

4=&=—,
' [—,

' —
—,'(1 2', —)cos(28,„)],

W =
—,', + —,', [—,

' —
—,
' (1 2P„,)—cos(28,„],

(19)
with the Landau-Zener transition probability PLz. Equa-
tion (21) can reproduce S« „%«,and R,„„,within lo. if

where we have used the fact that, because of the maximal
mixings between vL v& and vtL H&, only one-half of
the neutrinos can be detected.

Treating Prt, as a constant parameter (neglecting the

energy dependence of the transition probability), 4',„„„
ff,„~„and R,„,are not reproduced by Eq. (19}within la
for any values of P& „but are reproduced within 2o. for

0.26 & [—,
' —

—,'(1—2PLz )cos(28,„)] & 0.31

and within 2a if

0. 19 & [—,
' —

—,
' (1—2PLz )cos(28,„)] & 0.35 . (22)

0.52 & [—,
' —

—,'(1 —2Pa, )cos(28,„)]=0.70 . (20)

The two-generation pseudo Dirac neutrinos discussed
here are a special case of two-generation sterile neutrinos
in which 0, and H„are 45'. Since the only mixing angle
which is relevant in the analysis is 8,„, the above result
should be compared with the usual MSW effect with two
generations of neutrinos with the same mixing angle. In
this case one has

S=%=—,
' —

—,'(1 —
2Ptz )cos(28,„),

%'= —,'+ —,
' [—,

' —
—,'(1 —2P„z )cos(28,„)]

(21)
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FIG. 2. hm, „—sin (28,„)/cos(28,„) plots. The area inside
the dotted line is the allowed region in the standard MSW
efFect, whereas the shaded area is the allowed region in the pseu-
do Dirac case. The transition at R2 becomes nonadiabatic in
the region below the solid line in the upper right corner.

There is an important difference between Eqs. (19) and
(21): In Eq. (19), there is an additional factor —,

' due to the

pseudo Dirac nature of the neutrinos, i.e., vt and vL os-
cillate into v~ and v~, respectively, with 45' mixing, dep-
leting the active (to detection) neutrinos by one-half.

Since Pz~ depends on the energy E and the SAGE,
Homestake, and Kamioka experiments have different en-

ergy thresholdsPz, , can be different for 4, &, and %'.
Using the expressions for Pz, , we have plotted the
bm, „—sin (28,„)/cos(28,„) diagram in Fig. 2 for the
pseudo Dirac MSW and the usual MS% effects based on
S,„„%,„„and%',„,. We have taken (E)=2 OMeV. ,

7.5 MeV, and 10 MeV for I, %, and R, respectively.
The region which satisfies S,„~„A«„and%',„„within
2cr in the standard two-generation MSW effect [with Eq.
(21)] is shown as the area inside the dotted lines in Fig. 2.
The region which satisfies S,„„&,„„and R,„~, within
2cr in the pseudo Dirac case [with Eq. (19)] is shown as
the shaded area inside the solid lines in Fig. 2. It is im-
portant to emphasize here that the two allowed regions in
the b,m,„—sin (28,&)/cos(28, „) plot based on the same
data S«„„%,„~„and %,„„donot overlap, even within
2o. errors, i.e., the two-generation pseudo-Dirac neutri-
nos produce different allowed regions from those based
on the usual two-generation model.

As variations of the above pseudo Dirac neutrino
scenario, we consider the following two cases: (i) The
electron neutrino is a pseudo Dirac neutrino but the
muon neutrino is an ordinary Majorana or Dirac neutri-
no. (ii) The electron neutrino is a Majorana or Dirac neu-
trino but the muon neutrino is a pseudo Dirac neutrino.
In case (i) there is one MSW resonance region and the
neutrino fluxes at the Earth depend on the corresponding
Landau-Zener transition probability Pz &. By assuming a
mixing between v„and v2 with mixing angle 0,„,we have
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vL .vL,
= ,

'
[—Pti)cos 8,p+ ( I P—~ ) )sin 8,„):[P~ )sin 8,q+ ( I P—

R ) )cos 8,„]
leading to

S=&=—,'[—,
' —

—,'(1 —2P~, )cos(28,„)], %'= —,'+ —,'[—,
' —

—,'(1 2P—R, )cos(28,„)] .

(23)

(24)

When we neglect the energy dependence of the detection rates, there is a region which satisfies the three detection rates
within 2o. uncertainties:

0.40 & [ —,
' —

—,
'

( 1 2'—, )cos( 28,„)] & 0.70 . (25)

The allowed region is similar to the case in which both neutrinos are pseudo Dirac type [see Eq. (20)] since in both cases
there is only one adiabatic MSW transition region.

In case (ii) there are two MSW resonance regions, but in the region R2 the transition is extremely nonadiabatic, i.e.,
P„2-—1. The neutrino fluxes at the Earth depend on the Landau-Zener transition probability Pz&. By assuming a mix-

ing between H and v, with mixing angle 8,„,we have

vL:vL =[Pz&cos 8,„+(1—P~, )sin 8,„]:—,'[Pz, sin 8,„+(1 P„,)c—os 8,„] (26)

leading to

4=&=—,
' —

—,'(1 2Ptt, )c—os(28,„),
R= —,', + —'„'[—,

' —
—,'(1 2P„,)co—s(28,„)] .

(27)

When we neglect the energy dependence of the detection
rates, we find a region that satisfies the three detection
rates within 2e uncertainty as

0.24 & [—,
' —

—,'(1 2PR &)cos—(28,„)] &0.35 . (28)

This allowed region is similar to the case of the ordinary
MSW result [see Eq. (22)]. Note that this case is different
from the previous one and the case of both neutrinos be-

ing pseudo Dirac types because the electron neutrino flux
is not depleted in half.

In summary, the allowed regions in the mass-mixing
angle parameter space obtained from the SAGE, Home-
stake, and Kamioka experiments are very different de-

pending on the particle content of the neutrino sector.
For example, the region allowed when both v, and v„are
pseudo Dirac neutrinos is very different from the region
allowed by the analysis based on the usual two-generation
MSW effect. Consequently, in order to pin down the
values of Am, „and t9,„from future solar-neutrino experi-
ments, it is necessary to have a complete understanding
of the neutrino sector, in particular whether or not sterile
neutrinos actually exist, and if they do, what their nature
would be and so on.

Finally, we conclude with some short comments on the
apparent atmospheric neutrino puzzle and the neutrino-
less double-P decay. First, the atmospheric neutrino puz-
zle is that [13]

+v ~+v 0.65+0.08+0.06 Kamioka

0.64+0.09+0.12 IMB,
V Ve e

where 4' ' and N"' are the observed and calculated
p e' p

fluxes of atmospheric neutrinos, respectively. This puzzle
can easily be solved in the scenario in which both v, and

v„are pseudo Dirac neutrinos, as mentioned in Ref. [6],
or in scenario (ii) discussed above as long as the con-
strain s 4m, 10 eV and 10 eV 5m ~10 eV'

I

are met. The upper limits are both due to the cosmologi-
cal argument [10] and the lower limit for b,m„ is neces-
sary in order to have an oscillation length much shorter
than the radius of the Earth. In these scenarios, v„ is
depleted in half simply because of its pseudo Dirac na-
ture. Furthermore, a value hm„—10 eV, which cor-
responds to an oscillation length equal to the Earth diam-
eter for E —500 MeV, could explain the observed
suppression of the flux of low-energy muon neutrinos and
a value between 0.5 and 1 for the ratio given in Eq. (29).
Note that, in the case in which both neutrinos are pseudo
Dirac type, v, is not depleted because the oscillation
length is much longer than the radius of the Earth due to
the cosmologica1 limit mentioned above. Second, as al-
ready discussed in the past [14],neutrinoless double-P de-
cay rates are naturally suppressed because they become
proportional to mL, for the pseudo Dirac neutrinos that
we have discussed. This implies that nonobservation of
neutrinoless double-P decay cannot automatically lead to
the conclusion that the electron neutrino is a Dirac parti-
cle.

Note added in proof After the s. ubmission of this pa-
per, the first result of GALLEX has been published [P.
Anselmann et al. , Phys. Lett. B 285, 376 (1992)]. The in-

clusion of the GALLEX data in our analysis modifies the
shapes of the allowed regions in Fig. 1. In fact the al-

lowed region for the pseudo Dirac neutrino case dis-
cussed in this paper becomes considerably smaller. The
qualitative result of the paper, however, still remains the
same, i.e., the allowed region in the b m -sin (28) plot de-

pends on the nature of the neutrinos. If the errors of the
GALLEX data become smaller than the present values
while the present central value remains the same, the
pseudo Dirac neutrinos discussed in the paper may be
ruled out, although more general cases with arbitrary
mixing angles cannot be eliminated.
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